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As an important tool in theoretical economics, Bellman equation is very powerful in solving optimization problems of discrete time
and is frequently used in monetary theory. Because there is not a general method to solve this problem in monetary theory, it is
hard to grasp the setting and solution of Bellman equation and easy to reach wrong conclusions. In this paper, we discuss the rules
and problems that should be paid attention to when incorporating money into general equilibrium models. A general setting and
solution of Bellman equation in monetary theory are provided. The proposed method is clear, is easy to grasp, is generalized, and

always leads to the correct results.

1. Introduction

In recent years, many economists applied business cycle
approaches to macroeconomic modeling so that monetary
factors could be modeled into dynamic general equilibrium
models. As an important method of monetary economics
modeling, infinite horizon representative-agent models pro-
vide a close link between theory and practice; its research
framework can guide practice behavior and be tested by
actual data. This method can link monetary economics and
other popular models for studying business cycle phenomena
closely. There are three basic monetary economics approaches
introducing money to economic general equilibrium models
in the infinite horizon representative-agent framework. First,
it is assumed that utility could be yielded by money directly
so that the money variable has been incorporated into utility
function of the representative-agent models [1]. Second,
assuming asset exchanges are costly, transaction costs of some
form give rise to a money demand [2, 3]. Clower [4] considers
that money is used for some types of transactions. Brock [5],
McCallum and Goodfriend [6], and Croushore [7] assume
that time and money can be combined to yield transaction
services. Third, money is treated as an asset that can be used
to transfer resources between generations [8].

Dynamic optimization is the main involved issue during
the modeling process. It is represented and solved by Bellman
equation method, namely, the value function method. The
method will obtain a forward-looking household’s path to
maximize lifetime utility through the optimal behavior and
further relevant conclusions. The setting of Bellman equation
is the first and crucial step to solve dynamic programming
problems. It is hard to grasp the setting and solution of
Bellman equation and easy to reach wrong conclusions since
there is not a general method to set Bellman equation or the
settings of Bellman equation are excessively flexible. Walsh
[9] used Bellman equation to set and solve dynamic general
equilibrium models of money. However he does not give
a general law of Bellman equation setting. The setting and
solution of the equation in his book are ambiguous and not
clear. To the best of the authors’ knowledge, there have been
no studies of uniform setting of Bellman equation.

In this paper, we provide a set of general setting and
solution methods for Bellman equation with multipliers. It
is very clear and easy to grasp. The most important thing is
that the proposed method can always lead to correct results.
We apply our method to monetary general equilibrium
models that are in the framework of the first two basic
monetary economic approaches which incorporate money
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into economic general equilibrium model and make some
extensions. At the same time, we compare our method with
other current methods of setting and solution for Bellman
equation to display the clarity and correctness of the proposed
method. It is assumed that all the relevant assumptions of
applying Bellman equation are satisfied. This is to ensure the
feasibility of analysis and solution. For the convenience of
discussion and suitable length of the paper, we mainly discuss
the certainty linear programming problems. The Bellman
equation’s setting and solution of uncertainty problems are
similar to those with certainty problems essentially.

2. A New Method of Setting and Solution of
Bellman Equation

First of all, we provide the theoretical details of the new
general method and steps when applying Bellman equation
to solve problems. It has many advantages. The relationship of
the results is very clear through the connection of multipliers.
There are no tedious expansions during the derivations. It
differs from the expansion method because it does not need
to consider which control variable should be replaced. The
technical details about the equivalence of Bellman equations
and dynamic programming problems and the solvability of
set problems can be found in [10]. Actually, it is easy to
reach wrong conclusions using other settings and solutions
of Bellman equation with multipliers, or it has to find some
particular skills to get the right results. But our method
does not meet the problem. The proposed method can be
described as the following five steps.

Step 1. List the expression of target problem.
Consider the dynamic programming problem as

[ee]
H = max Z,Bth (xlt,xzp .. ,xpt) 1)
=0
91 (xlt’x2t> coXpp Xpip e ’xqt) =0, p<gq,
s.t. ()
9a (xlt’x2t"'"xpt>xp+1,t"" qt) =0, p=<gq

where the objective function (1) represents the maximum
sum of present value of a forward-looking behavioral agent’s
every period objective function h(xy;, Xy ..., X,). In mon-
etary theory, h(:) usually represents the utility function of
a family and f is a subjective rate of discount. Equation
(2) is constraints; g,(-),...,g,(-) are dynamic constraint
functions and usually are intertemporal budget constraints.

Let control variables {x\, x\?,...,x} € {x,, %y, ... .

Xpi1pr-- > Xg)s the remaining Varlables {16 X060 X0
() (o) xO = (s) ()

Kpirpre o X = XYy Xpps e s X} = {xlt’x2t""’xnt}are

state variables.
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Step 2. Set up Bellman equation with multipliers to express
dynamic optimization problem in Step 1:

V(xgst),xgst),...,x())

= max {1 (%1 %002 %)
BV (1)1 X515 X )} 3)
+ A1G1 (X100 X pps X o5 Xgr)
oot AgeGa (Xipo s Xy X1 o0 Xt ) »

where V(-) is the value function and A;, is the multiplier of
the ith constraint g;(-),i = 1,2,...,d.

Step 3. Compute the partial derivatives of all control variables
on the right side of the equation at Step 2 to derive first-order
conditions:
() ,.(s) (s)
v (xi, x5, &)

nt

(0)
0x X ¢
~ oh (xlt,th, . ,xpt)
(c)
ox X
(s) (s)
B oV (x1 t+1""’xn,t+1) . ax§SZ+1
(s) (c)
0x4 0x Xit
(s) (s) )
av(x1t+1’ "’xn,t+1) axilst+1
s PO P
nt+1 ]t
99, (x1t> qt) 994 (xw qt)
+ Alt (© + Agt (©) = 0’
axjt o0x Xy
j=12,...,m.
(4)

During the derivation, it should be taken into account
that next period state variables can be represented by other

control variables according to the constraints, that is, to

expand xﬁ +1,x§ ZH,...,xf” +1- Because the constraints are

dynamic and are usually intertemporal budget constraints,

: (s) (s) (s) :
those control variables x;, , x5, ..., %,;, at time ¢ +
1 can often be represented as expressions of the previ-
ous period control variables. Attention should be paid to

compute the derivatives of control variables hiding in

V(x, ;szﬂ,... nm) But there is no need to expand
x5 xS) .., xC), | after the multipliers during the deriva-

tion. Other than that, no particular attention should be paid

to other current skills; for example, some control variables
(s) (s) (s)

should be replaced after x), +1’x2 t+10+-+> X1, represented
(s) (s)

by other control variables in V(x1 10 X2 4410+ > X pyp) aNd SO

on.
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Step 4. By the envelope theorem, take the partial derivatives
of control variables at time ¢t on both sides of Bellman
equation to derive the remaining first-order conditions:

ov (xgst), e xift))
(s)
ox it

094 (xlt,... xqt) 094 (xlt,... xqt)

=A "+ Ay

) () ’
0x 0x
j=L2,...,m
©)
Still, it does not need to expand xgsiﬂ,xg ZH,...,x; gﬂ

after the multipliers during the derivations. Requirements are
the same as Step 3.

Step 5. Obtain the new relevant results about target problem
through recursion and substitution according to the above
results.

We could combine several state variables to one as
you need according to specific economic significance and
constraints when there is no need to describe the relevant
economic significance of state variables one by one. For exam-
ple, xlt , xgst) could be combined as a(xgst),x%)) = A,. A, 1s a

state variable in value function V(a(xlt s X )) P )

SV
that is, V(At,xgst), ... (5)) And then we follow the above
five steps to solve spec1ﬁc problem. The rest of state variables
could be operated similarly. But combinations should not
be overlapped over state or combined state variables. For

instance, suppose that xlt), x(s) have been combined as

a(x), x)) = A, Ttis inflexible to take x{) as an independent

state variable in value function V(At, xg?, e (S)) or put the

combination of xgst), x3t , b(xgst), X5 )y = B, in Value function
V(A,B,...,x"%)) as a state variable.

The steps above give a general setting and solution of
Bellman equation. These can be summarized as follows: first,
set Bellman equation with multipliers of target dynamic
optimization problem under the requirement of no overlaps
of state variables; second, extend the late period state variables
in V(-) on the right side of Bellman equation and there is
no need to expand these variables after the multipliers; third,
let the derivatives of state variables of time ¢ equal zero and
take the partial derivatives of these variables on both sides of
Bellman equation to derive first-order conditions; finally, get
more needed results for analysis from these conditions.

Different from some current settings which allow overlap
of state variables in value function, our method does not
permit overlaps. In fact, overlap of state variable is easy to
reach wrong conclusions or it has to find some particular
skills to get the right results [9]. These methods are hard to
generalize. More details will be seen in the following sections.

Now we will take several discrete time dynamic optimiza-
tion problems that are under framework of the basic two
methods of incorporating money into general equilibrium
models as examples to show the applications of our setting

and solution method and compare with current popular
methods.

3. Setting and Solution of Bellman Equation in
Basic Money-In-Utility Model

3.1. Model and Solution Using Previous Approach. The basic
Money-In-Utility model has few features. The labor-leisure
options of families are ignored temporarily in utility function.
Only family consumption and real money balances are
involved in utility function; that is, real money balances yield
utility directly. We ignore the uncertainty of currency impact
and technological changes temporarily for convenience.

The total present utility value of family life cycle is
U = Y2, Bulg,m). Usually the per capita version of
intertemporal budget constraint is

k,_ 1-8
wfzf(lir;)H’Jr(Hn)kt‘l

(1+iy) by +my
(1+m)(1+n)

(6)

=¢g+k +m,+0b,

where ¢, b, k,, m,, t,, i,.;, and m, are the per capita
consumption, bonds, stock of capital, money balances, net
lump-sum transfer received from the government, nominal
interest rate, and inflation rate, respectively, at time t. § is the
rate of depreciation of physical capital, #n is the population
growth rate (assumed to be constant), and f(k,_,/(1 +
n)) is the production function assumed to be continuously
differentiable and to satisfy the usual Inada conditions (see
[11]). Note that control variables can be changed and affect
the total discounted value of utility through consumption ¢,
in period t; state variables cannot be changed. Determination
of state and control variables is crucial to derive the first-order
conditions and other results. The control variables for this
problem are ¢, b, k, and, m, and the state variables are b,_,,
k,_y,m,_;, T,,and w,, the household’s initial level of resources.

This problem can be solved by the expansion method
below according to Walsh [9]. It is started with setting up
value function

V(@) = max {u (g, m,) + BV (wp,)} - 7)
Using (6), value function can be expanded as

V (w,)

- max fus(eom)

*ﬁv(f<1lfn> (8)

(1+i,)b, +m, )}
+——Y T .
(1+m,,)(1+n)



Replace k, as w, — ¢, — m, — b,; according to (6), (8) can be
written as an expansion equation as follows:

V@) = mx s com)

+ﬁv<f<w) o

1+n
s 9)
1-
+<1+n>(wt_ct_mt_bt)

s (1+i,)b +m, )}

(1+m,,) (1 +n)

Compute the partial derivatives of control variables to
derive first-order conditions:

P hm) Vo)
L e1-9=0
aVa—th) = BV, (@41 - #)IZIW
S ATMIEE A "
oV (@) BV, (@)
om, M) T Y
v (o) | B0,
and the envelope theorem yields
V, (@) = uc (g, m,). (1)

Another expansion method will replace ¢, as w, —k, —m, —
b,; according to (6), (8) can be written as

V (w,) = max <lu (w, — k, —m, — b, m,)

+[5V(f<llj:n> +Tt+1+<1;i>kt

. (1+i,)b, +m, )}

(1+7m,,) (1 +n)

(12)
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Compute the partial derivatives of control variables to
derive first-order conditions as

oV (w,)
ob, = ~u, (w, =k, —m, — b, m,)
1+i
+ BV, (w,)  —————— =0,
ﬁ w( t+1) (1+7Tt+1)(1+n)
ov
ﬂ = —uc (wt - kt - mt - bp mt) + Vw (wt+1)
ok,
/3 N (13)
L k) v 1-01=0,
oV (w,)
7: = —u, (w0, — k, —m, — b, m,)

+ Uy, (@, = Ky = m, = bymy)

ﬁVw (wt+1) _
(L+myy)(+n)

Using the envelope theorem and computing the derivative
with respect to state variable w,, we get

Ve (wt) = U (‘Ut —k,—m, - b, mt) . (14)

3.2. Our Solving Approach. Now, we use our proposed steps
of setting and solution of Bellman equation to solve the
above basic Money-In-Utility problem. First, let the Bellman
equation with multiplier A, be

V (w,) = max {u (g, m,) + BV (w,41)}

+ A (w, —¢—k,—m, - b,).

(15)

Second, computing the partial derivatives for the control
variables, we obtain the first-order conditions as

oV (w,)

Ttt = U (Ct’mt) =1y

oV (‘Ut)

ob,

oV (w,)
ok,

1+,

A

=BV, (wt+1) : (

1+7m,,,)(1+n) -

= BV (@) i (k) +1-8] = 2,, (16)

oV (w,)
om,

= u,, (¢.m;) + BV, (@)

1

. (1+m,)(1+n) — o

Third, using the envelope theorem and computing the
derivatives of both sides of Bellman equation with respect to
state variable w,, we get

V, (w,) = A,. 17)
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Finally, based on the above results, it is easy to get
uc (6my,) = A, = uy, (6, m,)

v 1 (18)
+ /5 @ (wt+1) (1 + 7Tt+1) (1 + n)

This expression indicates that the marginal benefit of
increased money holdings should be equal to the marginal
utility of consumption on period ¢. Similarly, we can easily
obtain the allocation of initial level of resources w, among
consumption, capital, bonds, and money balances, and the
same marginal benefit must be yielded by each use at an
optimum allocation.

These results with multiplier are open-and-shut, and it is
easy to find the economic significance of marginal utility of
consumption. Comparing with current approach mentioned
above, during the process of solving problem, there is no need
to consider which variable should be replaced. There are no
tedious expanded expressions. Using expansion method, if
we replace k,, the derived first-order conditions are seen to
be messy and it is not easy to find the relationships of results.
If we replace ¢, the derived results are a bit more clear, but we
might not think of replacing ¢, at the beginning. So expansion
methods are not easy to operate, and it is not clear to replace
variable.

4. Setting and Solution of Bellman Equation in
Shopping-Time Model

4.1. Model and Solution Using Previous Approach. In Shop-
ping-Time Model, shopping time is a function of consump-
tion and money balances. Because consumption needs shop-
ping time, leisure is reduced. Household utility is assumed to
depend on consumption and leisure. Consumption can not
only yield utility directly but also decrease utility indirectly.
In this section, # is time spent in market employment and
n’ is time spent shopping. #° is the function of consumption
and money balances; that is, n* = g(c,m), g. > 0, g,,, < 0.
Total time available is normalized to equal 1. Growth rate of
population is assumed to be 0 for convenience. Let I be the
leisure time. The utility function is u(c,m,l) = v[c,1 —n —
g(c, m)]. It donates utility as a function of consumption, labor
supply, and money holdings.

The household’s intertemporal objective is maximum
discounted utility subject to resource constraint as

00
max Z/jlv (Ct+i’ e 9 (Ct+i> mt+i))
i=0

=max Y BV (cpl)
;) i bt 19)
st flk_pn)+1,+(1-08)k,_,

4 (I +i )by +m

=¢+k +m, +0,.
1+m L

Because controllable factors, labor supply, and consump-
tion affect labor supply, output is affected not only by state

variable k,_, but also by these controllable factors. The left
side of the budget constraint is unsuitable to be combined as
a state variable w,. Combining the money holdings, bonds,
and transfers to a, = 7, + (((1 +4,_)b,_,; + m,_;)/(1 + 7)), the
household’s financial assets, value function can be written as

V(at’ kt—l) = max {V (Ct’lt) + BV (at+1’kt)}' (20)

According to Walsh [9], after replacing a,_,, k;, value
function can be expanded as

\4 (at’kt—l)

_ max{v[cpl—nt—g(cpm»]

(1+i,)b, +m,

+pV |:Tt+1 +  f (keoyomy)

1+m,,

+(1—6)kt1+at—mt—bt—ct]}.
(21)

Computing the partial derivatives with respect to control
variables, we get

oV (a,, k,_
M =V [Ct’l M= g(ct’mt)]
o,
-vle1-n-g(em)l g (6.m,)
- BVi (at+1’ kt) =0,
oV (a,, k,_
Mkr) -y ley1-m, - g g,m)
' (22)
+ BVi (@15 k) - £ (keoyomy) = 0,
oV (a, k,_;)
# =V [Ct’ l-n-g (Ct’mt)] Im (Ct’mt)
1
+ BV, (@15 ky) - T+
t+1

- BV (at+l’ kt) =0.

Computing the partial derivatives of both sides of the
value equation with respect to the state variables a,, k,_,, we
get

Va (at’ kt—l) = BV (at+1’ kt)

(23)
Vic(apkiy) = BVic (@ k) [fic (kiopom) +1- 6]

4.2. Our Solving Approach. Now, we use our proposed
method to solve the above Shopping-Time Model problem.
First, let the Bellman equation with multiplier A, be

V(ayk,_y) = max {v(c, L) + BV (a5 k;)}
+ A [a + f (ko) + (1=-0)k,y  (24)

_Ct_kt_mt_bt]’



where state variable a,,; = 7., + (1 +i,)b, + m,) /(1 + 71,,,)).
Then, compute the partial derivatives with respect to control
variables to derive first-order conditions,

oV (a,, k,_
M) _y (6 =61 g om) = Ao
t

oV (at’ ktfl)
ob,

ov (at’ ktfl)
ok,

1+14,

=BV, (at+1’kt) : 147, =Ap

= BV (at+1’ kt) =1y

oV (ay, k,_ V., Kk
(at t 1) =y (Cplt)gm (Cpmt)+ ﬁ a(atJrl t)

=,
om, 1+m,, ‘

(25)

Using the envelope theorem and computing the deriva-
tives with respect to the state variables a,, k,_,, we get

Va (at’ kt—l) =Ap
Vi (@ keoy) = Ay [fie (kpoysmy) +1-6].

Now, we use the above results to compute the opportunity
cost of holding money. Since the utility function is

(26)

u(e,ml)=vl[c,l-n—-g(c,m), (27)
and based on (6), (25), and (26), we obtain
Up (Ct’ my, lt) _ —V (Ct’ lt) Im (Ct’ mt)
U (Cp mt’lt) Ve (Cp lt) -V (Ct’ lt) e (Cp mt)
_ A= ((BV, (@15 k,)) [ (1 + 71,,4))
At
11— ((BV, (ay415k,)) [ (1 + 71,,1))
BV, (@1 k,) - (1 +4) [ (1 +7,,))
B 1 i
1+i, 1+i,

(28)

Obviously, the expressions of the derived first-order
conditions by previous method seem to be tedious and messy,
and it is not so easy to compute the relevant results such as the
opportunity cost of holding money. Our proposed method
is comparatively neat and can easily obtain relevant results
correctly.

5. Setting and Solution of Bellman Equation in
Cash-In-Advance Model

5.1. Model and Solution Using Previous Approach. In basic
Cash-In-Advance model, money is used to purchase goods.
Money cannot yield utility itself, but the consumption of
future can yield utility. Svensson [12] assumed that agents
are available for spending only the cash carried over from
the previous period. This is essentially different from Money-
In-Utility model. Consider a simple form of discounted
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household utility value Y7o f‘u(c,). More complicated utility
function will be discussed in the following sections. Take
Cash-In-Advance constraint form as ¢, < (m,_1/(1 +m,)) + 7,
due to Svensson [12]. This means that the agent enters the
period with money holdings m1,_; and receives a lump-sum
transfer 7, (in real currency terms) for consumption goods.
Bonds and capital may not be purchased by currency. If
capital is assumed to be purchased by money, the Cash-In-
Advance constraint will become (m,_, /(1 +7,)) + 7, > ¢, + k,.
The budget constraint is rewritten in real terms as

f(kt—l) +1,+(1-0)k,,

1+i,_,)b_, +m,_ (29)
+( 1) by tlZCt+kt+mt+bt'

1+m

In monetary theory, constraints are expressed as inequal-
ity frequently. This constraint describes that the represen-
tative agents time t real resources should be more than
or equal to the use of it, that is, purchasing consumption,
capital, bonds, and money holdings that are then carried into
period t + 1. Because of the assumption of rational agents,
the certainty problems we are discussing, and the positive
opportunity cost of money holdings, the constraints become
equations in equilibriums.

Output is only affected by state variable k,_; without
considering the effect of labor supply. Following the solution
methods of Walsh [9], let the left side of the budget constraint
beastate variablew, = f(k,_;)+7,+(1-8)k,_; +(((1+i,_;)b,_; +
m,_1)/(1 + m,)). It will be very tedious adopting expansion
method with two constraints. Setting Bellman equation with
multipliers will be better. Let state variable m,_; in value
function get the economic significance of money in first-
order conditions. However, there is an overlapped setting
with w,,

V(@) = max fu(c) + BV (@1, my)}
A

+ t(wt_ct_kt_mt_bt)

(30)

+ o N
‘N1+m, 7

5.2. Our Solving Approach. Let&, = f(k,_)+1,+(1-8)k,_; +
(((1 +4,_1)b._1)/(1 + 7,)). There is no overlap with m, in the
value function. The Bellman equation is set as

V(&smy_y) = max{u(q) + BV (&1 my)}

+A, <€t+

L _
1+, ke —m, bt) (31)

t

+u < Ty g —c)
! 1+m, L

The solution of this problem is similar to the application
of the proposed method in Sections 3 and 4. We will not give
unnecessary details here.

Note that Walsh [9] puts overlapping state variables m1,_;
and w, in value function; it is easy to get wrong results in those
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problems with Cash-In-Advance constraints although it is no
problem setting V(w,,m,_;) with no more results required
now. This will be seen in the following example of Section 6.

6. Setting and Solution of Bellman Equation
in Model considering Both Labor Time and
Cash-In-Advance Constraints

6.1. Model and Solution Using Previous Approach. Assum-
ing that money is used to purchase consumption goods
and investments, the Cash-In-Advance constraint becomes
(m,_ /(1 + 1)) + 1, = ¢ + x;, where x is investment and
x; = k, — (1 = 8)k,_,. In considering of the effects of labor
supply on output and leisure on utility, we have [, = 1 —n,.
The agent’s objective becomes

max Zu (¢ 1)
=0

st flk_)+1,+(1-8)k,_,
+ (L+ip )by +myy
1+m,

(32)
>¢+k +m+b,

my_y

T+ + 7,26+ X

Output is affected not only by state variable k,_, but also
by controllable factor n,; the left side of the budget constraint
is unsuitable to be combined as a state variable. Thinking
of the setting of the Shopping-Time Model and Cash-In-
Advance model above, it is plausible to put overlapped state
variables a, = 7, + (1 +i,_,)b,_, +m,_,)/(1 +m,)) and m,_, in
value function following the solution methods of Walsh [9].
The Bellman equation will be

V(ay, k,_ym,_y)
= max {u (6, 1) + BV (a1, ki my )}
+ A a, + f (kp_pom) +(1=8) K, (33)
—¢—k,—m, - b]
tula,—¢—ko+(1-8)k._,].

The first-order conditions are

av(at’kt—l’mt—l) —u (g l)—l ‘U
=UNCH L) = A T Uy

o¢
OV (apky_y,m,_ '
M = ﬂva (at+1’ kp mt) . 1 i lt = Al”
ob, 1 t+1
oV (a,, k,_y,m,_
M = ﬁVk (at+1,kt) mt) = At + U
ok,
ov (a > k,_ > My )
# = BV, (a1, ks m,)
1
v k., . =A,
+ BVa (a1, ko my) 1+, f
aV )k —1> -
M = -y (Ct’lt) +A S, (ktfl’nt) =0.
ny
(34)

Using the envelope theorem and computing the deriva-
tives with respect to state variables, we get

oay = Vo (apk_pmy) = A, + g,

ok, | =Vi (ar’ kt—l’mt—l)
= A [fi (kmyomy) + (1= 0)]
+ 1% (1 - 8) >

1

1+m,
(35)

oV (at’ ki1, mt—l)
om,_,

=V, (at>kt—1’mt—1) = (At + .”t)

When the question is to derive the effect of inflation rate
on the steady-state capital-labor ratio, that is, the steady-
state relationship of k**/n* and *°, assume that the aggregate
production takes the form y, = f(k,_;,n,) = Ak* n ™"
Using (34) and (35),

U (Ct’lt)
U (Ct’lt)
A+ vy
1
- (I:ﬁvm (at+1’ kt’mt) + ﬁVa (at+1’ kt’ mt) ’ 1+ Ty ]
X fo (ki_ysmy) ) (A + P‘t)71
(L e T
= 1 T 1) T oo 41 T 1) T T
X fo (ke_ysmy) ) (A + P‘t)71
1 A + 4
=2B——f, (k,_p,n,) - =L
ﬂl+7‘rt+1f"( 15 1) A+l
(36)
Then
/\[ 1 /\t+1 + Hei1
=2 . (37)
Ap+ ty Ly, Aty
From (35),

Vi (akp_omey) = (1= 8) (A, + )

fie (ko) =

A
(38)
1 A+
=|l--a- 5)] Le T
[ﬁ A
Rewriting the aggregate production as f, = aA(k,_,/
n,)*', we have
e (3) o)
=(aA) | — ~—-(1-6)]. (39)
A+ iy ny B



Using (37), we obtain

(52" (3]

2/3 1 At+1 + U
L+myy A+

Rewriting this equation, we get

_ 1/(1-a)
]ﬁ _ |: 2paA <l -1 +5> P At ¥ b ] (41)
L+ \B Av+

In steady-state, A, = Ayyy = Aoty = i1 = Moo Tpyy =
e ki) = ko, 1, = 1, from (41), we have

ke [l4m, (1 -1
n__[ 20 (B_Hé)] ' “
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This steady-state capital-labor ratio is derived by using
current prevailing methods. However, it is a wrong result. We
will provide the correct result by using the proposed method
of this paper.

6.2. Our Solving Approach. Output is affected by state vari-
able k,_; and control variable #,; it is unsuitable to let the left
side of the budget constraint be combined as a state variable.
We should separate k,_; from it. Let state variable m,_; in
value function alone get the economic significance of money
in first-order conditions. Because overlaps of state variables
are not allowed according to our proposed method, we put
¢ =1+ (((1+i,_)b_,)/(1 + 7)) in value function as a state
variable.
First, set up value function with multipliers:

\4 (cﬂkt—l’mt—l)

= max {u (¢, ) + BV ({1o1s kpomy)}

m,_

+A [(t + — + f (kt—l’nt)

1+
+(1—8)kt,1—ct—kt—mt—bt] (43)

B (1+i1) by + M
1+m,

+ U |:(t

1+m,

—ct—kt+(l—8)kt_1].
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Second, compute the derivatives of state variables and
derive first-order conditions:

oV (a, ky_y,m,_y)

o, =u (6 h) = A + s

ov (ay, k,_y,m,_y) 1+1,
—_— = BV, Sk, . =1,
ab, B ((CHI t mt) 1+7,, t

oV (ap, ky_y,my_y)

ok, = BVi (Cvrokismy) = A + g
oV (a,, k,_y,m,_y)
# =BV, ((Hl’kt’mt) = A
oV (“ﬂ ki1, mt—l)

on, = - (6 l) + A f (kyomy) = 0.

(44)

Third, compute the partial derivatives with respect to (,,
k,_,,and m,_, and the envelope theorem yields

oV (a, ky_y,my_y)
o¢,

ov (ay, ky_y,m,_y)
Ok,

=V ({t’ ki 1 mt—l)
=1 [fk (ktflfnt) +(1- 5)] +u (1-96),

oV (at’ ki mtfl)
om,_,

=V (Cokeorsmy_y) = Ay +

=V, (G krsmyy) = (A, + ) T4n,

(45)

Finally, derive the steady-state capital-labor ratio by the
results above:

’Ez[ﬂc—ua)]w v (46)
n af \B

The process of deriving this ratio is similar to the
deriving process of (42). We will not give unnecessary
details here. Compare (46) with (42); the result of (42) is
(1/2)@D times that of (46). Equation (46) is the correct
result. It is the different partial derivatives with respect
to m, in (34) and (44) that cause this deviation. In (34),
BYV(ars ki my) + BVo(ag,s ks my) - (1/(1 +7,,)) = Ay In
(44), BV, (11, ki, m,) = A,. Fundamentally speaking, the
reason for the deviation is the overlapped setting of state
variables a, and m,_, versus the nonoverlapped setting of state
variables (;, k,_,, and m,_,. One has to use the particular skills
in [9] that is hard to think about and grasp to obtain the right
answer or get a wrong result adopting the overlapped setting
V(ay, k,_,m,_). For this reason, the setting of value function
by Walsh could not be generalized. In this model considering
both Labor Time and Cash-In-Advance constraints, the basic
methods of incorporating money into general equilibrium
models are generalized, and our proposed method of setting

SS
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and solution of Bellman equation demonstrates its clarity
and validity and corrects the defect that some other current
methods of setting and solution are easy to get wrong results.

7. Conclusions

As an important tool in theory economics, Bellman equation
is very powerful in solving optimization problems of discrete
time and is frequently used in monetary theory. It is hard to
grasp the setting and solution of Bellman equation and easy to
reach wrong conclusions since there is no general method to
set Bellman equation or the settings of Bellman equation are
excessively flexible. In this paper, we provide a set of general
setting and solution methods for Bellman equation with
multipliers. In the processes of solving monetary problems,
comparing with other current methods in classic reference,
our proposed method demonstrates its features of clarity,
validity, correct results, easy operation, and generalization.
Bellman equation is used not only in monetary problems
but also in almost every dynamic programming problem
associated with discrete time optimization. Our future work
is to study the applicability of the proposed method in this
paper in other areas.

Conflict of Interests

The authors declare that there is no conflict of interests
regarding the publication of this paper.

Acknowledgments

Wanbo Lu’s research is sponsored by the National Science
Foundation of China (71101118) and the Program for New
Century Excellent Talents in University (NCET-13-0961) in
China.

References

[1] M. Sidrauski, “Rational choice and patterns of growth in a mon-
etary economy, American Economic Review, vol. 57, no. 2, pp.
534-544,1967.

[2] W.Baumol, “The transactions demand for cash,” Quarterly Jour-
nal of Economics, vol. 67, no. 4, pp. 545-556, 1952.

[3] J. Tobin, “The interest elasticity of the transactions demand for
cash,” Review of Economics and Statistics, vol. 38, no. 3, pp. 241-
247,1956.

[4] R. W. Clower, “A reconsideration of the microfoundations of
monetary theory, Western Economic Journal, vol. 6, no. 1, pp.
1-9, 1967.

[5] W. A. Brock, “Money and growth: the case of long run perfect
foresight,” International Economic Review, vol. 15, pp. 750-777,
1974.

[6] B. T. McCallum and M. S. Goodfriend, “Demand for money:
theoretical studies,” in The New Palgrave Dictionary of Eco-
nomics, pp. 775-781, Palgrave MacMillan, Houndmills, UK,
1987.

[7] D. Croushore, “Money in the utility function: functional equiv-
alence to a shopping-time model,” Journal of Macroeconomics,
vol. 15, no. 1, pp. 175-182, 1993.

[8] P. A. Samuelson, “An exact consumption-loan model of interest
with or without the social contrivance of money,” Journal of
Political Economy, vol. 66, no. 6, pp. 467-482,1958.

[9] C. E. Walsh, Monetary Theory and Policy, The MIT Press,
Cambridge, Mass, USA, 3rd edition, 2010.

[10] L. Gong, Optimization Methods in Economics, Peking University
Press, Beijing, China, 2000.

[11] D. Romer, Advanced Macroeconomics, McGraw-Hill, New York,
NY, USA, 4th edition, 2011.

[12] L.E. O. Svensson, “Money and asset prices in a cash-in-advance

economy, Journal of Political Economy, vol. 93, no. 5, pp. 919-
944, 1985.



