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The solving processes of the homogeneous balance method, Jacobi elliptic function expansion method, fixed point method, and
modified mapping method are introduced in this paper. By using four different methods, the exact solutions of nonlinear wave
equation of a finite deformation elastic circular rod, Boussinesq equations and dispersive long wave equations are studied. In the
discussion, the more physical specifications of these nonlinear equations, have been identified and the results indicated that these
methods (especially the fixed point method) can be used to solve other similar nonlinear wave equations.

1. Introduction

Nonlinear partial differential equations are widely used to
describe complex phenomena in various fields of sciences
such as biology, chemistry, communication, and especially
many branches of physics like condensed matter physics, field
theory, fluid dynamics, plasma physics, and optics, and so
forth. In this paper, we consider nonlinear wave equation of a
finite deformation elastic circular rod, Boussinesq equations,
and dispersive long wave equations with same physical
behavior. The elastic circular rod is one important component
in the structures, in which the dynamics of these components
are governed by double nonlinearity and double dispersion
wave equation [1]. The Boussinesq equation, which was first
introduced in 1871, arises in several physical applications. The
dynamics of shallow water waves, which are seen in various
places like sea beaches, lakes, and rivers, are governed by the
Boussinesq equation. In recent years there has been much
interest in some variants of the Boussinesq systems [2-6].
These coupled Boussinesq equations [7] arise in shallow water
waves for two-layered fluid flow. This situation occurs when
there is an accidental oil spill from a ship which results in
a layer of oil floating above the layer of water. The (2 + 1)-
dimensional dispersive long wave equations [8, 9] were first
derived by Boiti as a compatibility condition for a “weak”

Lax pair. A good understanding of the solutions for these
equations is very helpful to coastal and civil engineers in
applying the nonlinear water model to coastal harbor design.

In the field of nonlinear science to find exact solutions
for a nonlinear system is one of the most fundamental
and significant studies. The evaluation of exact solutions
of nonlinear wave has complicated nonlinear defects; such
equations are often very difficult to be solved. Although
intensive investigations have made significant progress in
recent years, many methods have been proposed to construct
exact solutions, such as Weierstrass elliptic function method,
the homogeneous balance method, sine-cosine method, the
nonlinear transformation method, the hyperbolic tangent
functions finite expansion, improved mapping approach, and
further extended tanh method.

The homogeneous balance method is a powerful tool to
find solitary wave solutions of nonlinear partial differential
equations. Fan introduced the homogeneous balance method
into the search for Backlund transformations and obtained
more solutions [10].

The mapping method is a very effective direct method to
construct exact solutions of nonlinear equations. Zhang et al.
make use of the auxiliary equation and the expanded map-
ping methods to find the new exact periodic solutions for
(2 + 1)-dimensional dispersive long wave equations [11].
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The basic idea of the fixed point methods consists in
finding an iteration function, which generates successive
approximations to the solution [12].

Many periodic solutions have been recently expressed in
terms of various Jacobi-elliptic functions for a wide class of
nonlinear evolution equations, which have been obtained by
means of Jacobi elliptic expansion method [13].

The longitudinal wave equation of a finite deformation
elastic circular rod, Boussinesq equations, and dispersive long
wave equations are nonlinear partial differential equations
of different scientific field. We find that they have the same
characteristics. In this paper, the analytical solutions of the
differential equations for the elastic circular rod, Boussinesq
equations, and dispersive long wave equations are solved by
using homogeneous balance method, Jacobi elliptic function
method, fixed point method, and modified mapping method.
The more physical specifications of these nonlinear equations
have been identified and the results indicated.

2. Three Types of Nonlinear Wave Equations

The longitudinal wave equation of a finite deformation elastic
circular rod is [1]

5 3E, E ; R
utt_COuxx: 514 +ZM + >

2
(utt -G uxx) >
xx

)

where ¢, = \/E/p is the longitudinal wave velocity for a linear
elastic rod and ¢; = +/y/p is the shear wave velocity. p is the
density of the material. v is the Poisson ratio. R is the diameter
of bar. E is Yong’s modulus of material. y is the elastic shear
modulus of material. t is the time variable.

Make the traveling wave transformation

ult)=u@), E=k(x-A). )

Substituting (2) into (1) and integrating it with respect to

& twice, we can obtain

Ku' + Biu+ Bou’ + By’ = N, (3)

where N is the second integral constant. The first integral
constant is zero and

2 (AZ = Cg) 3(:3
Pi= PR (A = ¢2)’ b= PR (A2 = ¢2)’
(4)

%
Bs= o2y
V2 R? (A2 = ¢2)

The variant Boussinesq equations were discussed in [7].
They are coupling wave equations which can be expressed as
follows:

H, + (Hu), +u,,, =0,

XXX

()

u, +H, +uu, =0,
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where u(x, t) is the velocity and H(x,t) is the total depth.
Make the traveling wave transformation
H (x,t) = H(§),

u(x,t)=u(), E=k(x-At).

(6)

Substituting (6) into (5) and integrating with respect to &,
we have
1
-AH + Hu + kK" = a, H=\u- Eu2+b1, (7)
where a,, b, are integral constants.

Substituting the second formula of (7) into the first one
and assuming 3, = %)1—/\2,/32 =(3/2)A, B35 =—-(1/2),N = a;+
Ab,, we can obtain (3). So the solutions of (7) are equivalent
to that of (3) and the second formula of (7).

(2 + 1)-dimension dispersive long wave equations were
discussed in [8, 9]. They can be written as follows:

Ly
uty + hxx + E(Li )Xy =0, (8)

h, + (hu+u+uxy)x =0.

Suppose that the traveling wave solutions for (8) can be
given in the following forms:

u(x, p.t) =u@,  h(xyt)=h@),

€
E=x+ny+wt.
Substituting (9) into (8), we have
3
'+ (1 - nwz) u-— Enwuz - ng =Ny,
(10)

1
h = —nou — ~nu?,
2

where N; is the second integral constant.

Obviously, the first formula of (10) and (3) have the same
characteristics. On the other hand, the solutions of (10) and
(7) are same with each other except for the coeflicients. There-
fore, in following parts, the solutions of (5) are presented.

3. Homogeneous Balance Method

In [14, 15] the homogeneous balance method is used to
solve nonlinear wave equations. For example, the following
equation was solved in [15]:

u; + 6un, +u,,, = 0. 1)

The exact solution of the following corresponding equa-
tion was given by using the same method:

u, —Du,, + A (u3 +ou’ + ﬁu) =0. (12)

To solve (5), the homogeneous balance method was
improved in this paper.
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Now, suppose that

u(x,t) = f'wx + b, H (x,t) = g’wi +c, (13)

where f(w), g(w),and w(x, t) are the undetermined functions
and b, ¢ are undetermined constants.

Substituting (13) into (5), the equations can be rewritten
as follows:

"1 rn 4 4 " 2
(f 9 +fg +f( ))wx+6f wxw2x
+ f" (cwi + 3w§x + 4wxw3x) +g" (bwi + wiwt)

12 !
+ 3f g wwax + f (Cwa + w4x)

+ 2g' (bw,w,, + w,w,,) =0

(" + £ 1") @y + £ (w0, +bwy) + fPw,s,

+ f’ (th + bex) + Zg,wwaX = 0’
(14)

where w,,, = W, W3, = Wy Waye = Wyryye- 1N (14), let
n rn

f'g+fg v ff=0 gaff =0 09

Integrating the second formula of (15), we have
g+ % f?=o. (16)

Furthermore, we can obtain

1
gl _ —Eflz, gll — —f’f”. (17)
Substituting (17) into the first formula of (15), we have
fO-2r" =0 (18)
Integrating (18), we have
f/n _ %fIS -o. (19)
We know the solution of (19) is
f=2ho. (20)
Obviously, we have
fIZ — —2f”, flfll — —f’”,
1 n 13 n (21)
fg=-f" fr=2f"

Substituting (17) and (21) into (14), the equations can be
rewritten as follows:

wi (Bw,, +bw, +w,) f"

2 2 "
+ (cwx + 35, + 4w,ws, + 2bw, w,, + 2wxth) f

+ (Cw2x + w4x) f’ = 0’

Wy (wt + wa) f” + (th + bex) f’ =0.
(22)

3
Letting all coefficients of f in (22) be zero, we have
3w,, +bw, + w, =0,
cwfc + 3w§x + 4w, ws, + 2bw,w,, +2w,w,, =0, 23)
23

Cwy, + wy, =0,

w; +bw, =0, Wy +bw,, =0.

From first and fifth second formula of (23), it can be
obtained that
w=a)x+p(1), (24)

where () is undetermined function and S(t) is arbitrary
function.
From second formula of (23), we have

o (t) _ e*(c/Z)Hk, (25)

where k is the integral constant.
Therefore, from (13), (20), (24), and (25), we know the
solutions of (5) are

B 20 (t)
met) = oxr B Y
(26)
2
H, (x,t) = Lﬂz e
[ () x + B(D)]

4. Jacobi Elliptic Function Method
In [16], the NLS equation and Zakharov equation were

studied by using the Jacobi elliptic function method. In this
paper, (1) and (5) are discussed by using this method.

4.1. Jacobi Elliptic Sine Function Method. Let

u = ay + a;sné. (27)
We know
Z—g = g;cnédné,
dz_u =- (1 + mz)a sné + 2m’a,sn’é
dg 1 1 > (28)

2 2 2 2
u” = ag + 2aya,sn& + a;sn’g,

3_ 3 2 22 33
u” = ay + 3aja;sné + 3aya;sn”E + a;sn’E,

where cné and dné are the Jacobi elliptic cosine function
and the third type Jacobi elliptic function, respectively, and
m (0 < m < 1) is module.

Substituting (27) into (3), we have

2 3
Biao + Pady + B3ay = N
+a, [—kz (1 + mz) + By + 2,0, + 3ﬁ3a§] sné

+a; (B, +3Bsa,) sn’E +a, (2k2m2 + /33af) sn’E = 0.

(29)



Let the coefficients of all derivatives of sn be zero and we
have

K = —— (B + 2oty + 3P, G0
N = Bia, + ﬁzag + [33a§.
Therefore the solution of (3) is
u, (x,t) = ay + a;snk (x — At), (31)

where a,, a,, and k are denoted by (30), and A is arbitrary
constant.
Whenm — 1,sné — tanhé,

u, (x,t) = ay + a, tanh k (x — At). (32)

Thus, the solutions of (5) are (32) and the following
formula:
I,

H, (x,t) = b + Au, — St (33)

Assuming A = -1, b, = 1.5, 3, = 0.5, 3, = -1.5, and

B3 = —0.5, it can be obtained that a; = —-1,a, = 2,and k =

1. The solutions of (5) are u(x,t) = —1 + 2 tanh(x + t) and

H(x,t) = 2 — 2 tanh®(x + t). The solitary wave and behavior

of the solutions u(x,t) = —1 + 2 tanh(x + t) and H(x,t) =

2 — 2 tanh®(x + t) are shown in Figures 1 and 2, respectively,

for0 <t < 1and -10 < x < 10. The waveform is similar to
the result in [17].

4.2. Jacobi Elliptic Cosine Function Method. Let
u = ay + a;cné. (34)
Thus
u' = —a snEdné, u" = (Zm2 - 1) a,cné - 2m’en’é,
U’ = ag + 2aya,cné + afcnzf,

3_ 3 2 2 2 33
u’ = ay + 3aya;cné + 3apa;cn”E + ajen’E.

(35)
Substituting (35) into (3), we can obtain
Biag + ﬁzaé + Ba“g -N
+a, [k2 (Zm2 - 1) + By + 2,0, + 3ﬁ3a§] cné
(36)

+ af (B2 +3B5a) cn’e

+a (—2k2m2 + ﬁSaf) e’ = 0.

Journal of Applied Mathematics

0 -10

FIGURE L: The solitary wave and behavior of the solutions u(x,t) =
—1+2 tanh(x +¢)for0 <t <1land-10 < x < 10.

0 -10

FIGURE 2: The solitary wave and behavior of the solutions H(x,t) =
2—2tanh’(x +t) for0 < t < 1and -10 < x < 10.

Let the coefficients of all derivatives of cné be zero and we
have

——& a, = tkm 2
W= Tapy T \/ﬁs
kz _ ﬁg B 3ﬂ1/33 (37)
S 3B (2m?-1)

N = Bia, + ﬁzag + ﬁ3a3.
Therefore, the solution of (3) is
us (x,t) = ay + acnk (x — At), (38)

where a,, a; and k are denoted by (37), and A is arbitrary
constant.
The solutions of (7) are (38) and the following formula:
H; (x,t) =

by + Aus (x,t) - —u3 (x,1). (39)
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0 -10

FIGURE 3: The solitary wave and behavior of the solutions u(x,t) =
1+2sech(x—t)for0<t<1land-10< x < 10.

Takingm — 1,cné — sech, (38) can be rewritten as
follows:

uy (x,t) = ay + a;sechk (x — At). (40)

Assuming A = 1, 3, = 0.5, 3, = —1.5, and f3; = 0.5, it can
be obtained thata, = 1, a; = 2, and k = 1. The solution of (3)
isu(x,t) = 1+2sech(x—t). The solitary wave and behavior of
the solutions are shown in Figure 3, respectively, for0 < ¢ < 1
and -10 < x < 10.
4.3. Third Kind of Jacobi Elliptic Function Method. Let

u = a, + a;dné. (41)
Thus
u' = —-m’a;sné, u' = (2 - mz) a,dné - 2a,dn’¢,
u’ = a +3aja,dné + 3agardn’E + a’dn’E.

(42)
Substituting them into (3), we can obtain
Brao + Baay + Bay
- N+a [k2 (2 - mz) + B+ 2Bay + 3[33(13] dné

+a; (B, +3B;a,) dn’E +a, (—2k2 + afﬁ3) dn’¢ = 0.
(43)

Letting the coeflicients of all derivatives of dné be zero,
_ A

we have
B
= , a, = tk+|—,
3B; : \//33

2 = 1 <3ﬁ1ﬁ3 -5 )) (44)

m* -2 3B

2 3
N = Biag + Bray + Bsay.

ay

Therefore the solution of (3) is
uy (x,t) = ay + a;dnk (x — At), (45)

where a,, a,, and k are denoted by (44), and A is arbitrary
constant.
Thus the solutions of (7) are (45) and the following
formula:
H, (x,1) = by + Aty (x,1) - %ui 1.  (46)
Lettingm — 1, then (45) equals (38).

4.4. Jacobi Elliptic Function cs& Method. Let

u = ay + a;csé, csé = g& (47)
sné
Then
u = -a, (1 + cszf) dné,
(48)

u' = (2 - mz) a,csE + 2a;cs°E.
Substituting (47) and (48) into (3), we can obtain
2 3
D = Biag + Pray + Bsa
-N+a [k2 (2 - mz) + By + 2,0, + 3,83a§] csé

+a; (B, +3Bsa)) cs’E +ay (2k2 + afl%) cs’é.
(49)

Let the coeflicients in above formula be zero, and we have

- 2
“0:3—2, a :ikz\j—_&’

oo 1 (3BB-F (50)
(M)

2 3
N = Biag + Bray + Bsay.

According to (47), the solution of (3) is

us (x,t) = ay + a;csk (x — At), (51)

where a,, a,, and k are denoted by (50), and A is arbitrary
constant.

Therefore, the solutions of (7) are (51) and the following
formula:

H, = by + Auig (x,1) - %ué (x,1). (52)
Whenm — 1,
us (x,t) = ay + a,cschk (x — At). (53)

Assuming B, = (1 — nw?)/n, B, = —(3/2)w, B; = —(1/2),
N = —(N,/n), and k = 1, we can obtain (3). Choosing



FIGURE 4: The solitary wave and behavior of the solutions u(x, y,t) =
-1+2csch(x—-2/3y+t)fort =0,-4<x<4,and-4< y <4
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FIGURE 5: The solitary wave and behavior of the solutions h(x, y,t) =
-1/3+4/3 cschz(x—2/3y+t) fort =0,-4<x<4and-4< y<4

n=-2/3), w = 1, then B, = —(5/2), B, = —(3/2).
Substituting f3;, 35, f3; into (50), it can be obtained that
a = -1,a, = 2,and k = 1. The solutions of (8) are
u(x, y,t) = =1+ 2csch(x — (2/3)y + t) and h(x, y,t) =
—(1/3) + (4/3)csch?(x — (2/3)y + t). The solitary wave and
behavior of the solutions u(x,t) = =1 +2 csch(x —(2/3)y +1)
and h(x, y,t) = —(1/3)+(4/3)csch2(x—(2/3)y+t) are shown
in Figures 4 and 5, respectively, for t = 0, -4 < x < 4,
-4 < y<4,and x - (2/3)y#0.

5. Fixed Point Method

In general, fixed point theory can be divided into two types.
The first type is only used to discuss the existence of solution.
The second type is used not only to discuss the existence and
uniqueness of solution but also to search the fixed point. We
are more interested in the second type.
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Lemma 1 (see [18-20]). Suppose E is a real Banach space
which has normal cone. Consider uy, v, € E, uy, < v,. The
operator A : [ugy, vyl x [ty vyl — E is mixed monotone and
satisfies

)

uy < A(ug, vp) A (vg,up) < v (54)

(2) for all u,v (uy < u < v < vy), 3 constant « € (0, 1),
satisfies

IA (v, u) = A(u, V)| < alv—ul. (55)

Then there exists a unique u (U € [uy, v,]) which satisfies
A(u,u) =u, (56)

where u is called the fixed point of A.
In [uy, vyl for all wy, letting w, = Alw,_,w, ), n =
1,2,..., we have

u= lim w,. (57)

n— 00

In this paper, E is taken as a continuous function
space C[0, 1] which is defined in the closed interval [0, 1].
Introducing equivalent norm, it is easy to know that C[0, 1]
is real Banach space which has normal cone. Let

v = 1. (58)
Integrating (3) with respect to &, we can obtain

du S
- JO [Buit () + Botd® (5) + Pyt (5)] dE + NE+C,,
(59)
where C, is integral constant.
Integrating the above formula with respect to £ and using
the formula in [12], we have

g
u=-k? J &-3) [ﬁlu (s) + By (s) + Bors’ (s)] ds
’ (60)

1
+ ENEZ +CE+C,,

where C, is integral constant.
IfB, >0, > 0 (ie, A* > ¢),and B; < 0 (i.e, A> < ),
suppose

3
A,v) =k L &-y3) [/3114(5) + By (s) + By’ (s)] ds

1
+ §N€2 +C, &+ C,.
(61)

Theorem 2. In (61), supposing 3, > 0, 5 >0, 3, <0,C, 20,
C,20,andk™ < N/(By+B5) < 2(1+C, +Cy) /(By+ B3~ o)
there exists unique fixed point u € [uy, v,] for the operator A
which is defined by (61). Then (57) is true.
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Proof. Obviously, A :
monotone. Consider

[Ug, Vol X [ug, vy] — CI0, 1] is mixed
A(ug, vy) = A(0,1)
1 _
=5 [Nk (B, +Bs) | E+CiE+Cy 2 0= uy,

Alvpn) = 5 (N - BKZ)E+CE+C,

B
B+ Bs

S%N(l— >+C1+C251=vo.
(62)

Thus A satisfies the term (1) of Lemma 1.
Forall u, v € [uy, vol,u < v,

AW,u)—A(u,v)
£
_ 1.2 _
-k L@ 9
X [Byv () + Byut® (s) + By’ (s)
—Byua(s) = Bov* (s) = B3v’ ()] ds
3
| (€= 9 ™ () - u o]
0
x =B+ B v(s) +u(s)]
+; [v2 () +u(s)v(s) +u (s)]} ds

3
< (=B +2B, +3Bs) K v —ul J eds
0

< —Pi+2B,+3p5 v = uf .
kKM
(63)
Then, we have
[A(v,u) = A(u, V)| < e, (64)

where & = (=3, + 23, + 3f35)/(kK*M), and when M is large
enough, & € (0, 1).

Therefore, operator A which is defined by (61) satisfies the
term (2) of Lemma 1. The proof is completed. O

Obviously, the fixed point of the operator defined by (61)
is equivalent to the solution of (3). We denote

ug (x,1) = 7 (). (65)

By using the classical iteration algorithms, such as Mann
iteration method, Ishikawa iteration method, and Noor
iteration method, the solutions can be obtained. Then, the
traveling wave solutions of (5) are (65) and the following
formula:

Hy (5,£) = by + Mtg (x,1) - %ué x5,  (66)

6. Modified Mapping Method

The modified mapping method was introduced and the
nonlinear evolution equation was solved in [21, 22]. In
[22], several hundreds of Jacobi elliptic function expansion
solutions were obtained. We also use this method in this
paper.

Let

u=A,+A f+Bf, (67)

where f"' = pf+qf’ & f? =r+pf>+ (1/2)qf*. r, p,and
q are constants.
Thus
u' = A1f’ - Blfizf,’
u' = Apf + Aqu3 + 311in1 + 2317f73’
= AL+ 2AB, +2A0A, f +2A,B, f 1+ AL+ BIf 2
u’ = Ay +6A,AB, +3A, (A +AB,) f
+3A0A 2+ AL f +3B, (A)+ A By f

+3AB f P+ B f.
(68)

Substituting (68) into (3), we have
BiAg + By (Af +2A,B,) + Bs (A} + 6A,A,B,) - N
+A, [kzp + B+ BrAy+ 355 (A%) + AIBI)] f
+ A% (B, +3BsA,) 2+ Ay (Kq + BsAY) £
+B, [Kp+ B+ 2, A0+ 35 (Ah+ AyB))| f
+ B} (B, +3PsAo) f 2+ B, (2kr + B3B7) 7 = 0.
(69)
Notice that we get the same algebraic equations when the

coefficients of f, ™' and f2, f~* in (69) are zero. Therefore
there are only five algebra equations. Solve them and we have

B - —2r
A, = —=, A, = tk+|—, B, = +k+|—,
"~ 36, FTEN B PTEN R

. Jﬁ%—zﬂlﬁrzkzﬁwz_qr
- 3Bsp '

(70)

In order to make A,, B, be real number, q and r should
be different signs with S;.

(i) Choosingr = 1, p = =2,and q = 2, we have f = tanh&.
Then the solitary wave solutions of (3) are

u, (x,t) = Ay + A, tanh & + B tanh ™ '&. (71)



FIGURE 6: The solitary wave and behavior of the solutions u(x, y,t) =
142 tanh(x—2y+t)+2tanh71(x—2y+t) fort =0,-4<x <4,
and-4 < y <4
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FIGURE 7: The solitary wave and behavior of the solutions h(x, y,t) =
7 + 4 tanh®(x — 2y +1t) + 4tanh™?(x - 2y+t)fort =0,-4<x <4,
and -4 < y <4

Assumingn = -2, w = 1,k = 1,and 3; = —(1/2), it
can be obtained that 3, = —(3/2), B, = —(3/2), A, = -1,
A, =2,and B, = 2. The solutions of (8) are u(x, y,t) = -1 +
2 tanh(x -2y +1t) + 2tanh™!(x — 2y +t)and h(x, y,t) =7 +
4 tanh®(x-2 y+t)+4 tanh % (x—2 y+t). The solitary wave and
behavior of them are shown in Figures 6 and 7, respectively,
fort=0,-4<x<4,-4<y<4,andx-2y#0.

(i) Choosing r = 1, p = —(1 + m?), and q = 2m?, thus

f =sné, (72)

wherem (0 < m < 1) is the module of Jacobi elliptic function.
Therefore the expansion solutions of (3) are

ug (x,t) = Ay + A sné + Bysn”'&. (73)

Lettingm — 1, then (73) equals (71).
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FIGURE 8: The solitary wave and behavior of the solutions u(x, y,t) =
-1+ tanh(x — 2y +t)/(1 + sech(x — 2y + 1)) + (1 + sech(x — 2y +
t))/tanh(x -2y +t)fort =0,-4 < x < 4,and -4 < y < 4.

(iii) Choosing r = 1/4, p = (m? -2)/2, and q= m?/2, we
have

sné
= —\ 74
f (1 +dné) (74)
Therefore the solutions of (3) are
AsnéE B (1 +dné)
) =A L L , 75
g (1) °+1+dn§+ sné 75)
where Aj, A, B, of u; (i = 7,8,9) are denoted by (70).
Takingm — 1, (75) can be rewritten as follows:
A h B, (1 h
Ug (x, t) — AO + ltan E + 1 ( + sec E) (76)

1 + sech& tanh &

Assuming n = -2, w = 1, k = 1, and 3; = —(1/2), it
can be obtained that 8, = —(3/2), B, = —(3/2), A, =
-1, A; = 1, and B; = 1. The solutions of (8) are u(x,
y,t) = =1 + tanh(x — 2y + £)/(1 + sech(x -2y +t)) + (1 +
sech(x — 2y + t))/tanh(x — 2y + t) and h(x, y,t) = 1 +
[tanh(x — 2y +1)/(1 + sech(x — 2y + ] + [(1 + sech(x —
2y +t))/ tanh(x - 2y + £)]?. The solitary wave and behavior
of them are shown in Figures 8 and 9, respectively, for t = 0,
—-4<x<4,-4<y<4,andx-2y#0.

7. Summary and Conclusions

In summary, by using different methods, nonlinear wave
equation of a finite deformation elastic circular rod, Boussi-
nesq equations, and dispersive long wave equations are
solved in this paper, and several analytical solutions are
obtained. Kink soliton solutions are obtained when we use
the homogenous balance method. The Jacobi elliptic function
method is utilized and periodic solutions are obtained. When
m — 1, the solutions reduce to solitary solution. Their
wave forms are the bell type, kink type, exotic type, and
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FIGURE 9: The solitary wave and behavior of the solutions
h(x,y,t) = 1 + tanh*(x — 2y + t)/(1 +sech(x -2y +1))> +
(1 +sech(x -2y + £))*/tanh?(x — 2y +t)fort = 0,-4 < x < 4,
and -4 < y < 4.

peakon type. By using the modified mapping method, peakon
solutions of (3), (5), (8) are obtained. On the other hand,
after proving the existence and uniqueness of fixed point of
operator A, we can use the classical iteration algorithms to
get the solutions. The method has wide application and can
be used to solve other nonlinear wave equations. Fixed point
method may be significant and important for the explanation
of some special physical problems whose analytical solution
cannot be obtained. The results indicate the following. First,
the natural phenomena and the physical properties of the
equations are abundant, which should be further discovered.
Second, there are many kinds of methods for solving these
equations. Third, the arbitrary constant can be determined
by the initial and boundary conditions and we can obtain the
exact solutions for certain engineering or scientific problems.
It is shown that the methods, proposed in this paper for
three types of nonlinear wave equations, are feasible for
determining exact solutions of other nonlinear equations.
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