Hindawi Publishing Corporation
Abstract and Applied Analysis

Volume 2014, Article ID 484323, 7 pages
http://dx.doi.org/10.1155/2014/484323

Research Article

Local Fractional Variational Iteration Method for Local
Fractional Poisson Equations in Two Independent Variables

Li Chen,' Yang Zhao,” Hossein Jafari,>*

J. A. Tenreiro Machado,’ and Xiao-Jun Yang6

"'School of Mathematics and Statistics, Zhengzhou Normal University, Zhengzhou 450044, China

? Electronic and Information Technology Department, Jiangmen Polytechnic, Jiangmen 529090, China

3 Department of Mathematics, University of Mazandaran, Babolsar 47416-95447, Iran

* Department of Mathematical Sciences, University of South Africa, Pretoria 7945, South Africa

> Department of Electrical Engineering, Institute of Engineering, Polytechnic of Porto, Rua Dr. Antonio Bernardino de Almeida 431,

4200-072 Porto, Portugal

% Department of Mathematics and Mechanics, China University of Mining and Technology, Xuzhou Campus, Xuzhou,

Jiangsu 221008, China

Correspondence should be addressed to Xiao-Jun Yang; dyangxiaojun@163.com

Received 13 March 2014; Accepted 25 March 2014; Published 10 April 2014

Academic Editor: Jordan Hristov

Copyright © 2014 Li Chen et al. This is an open access article distributed under the Creative Commons Attribution License, which
permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

The local fractional Poisson equations in two independent variables that appear in mathematical physics involving the local
fractional derivatives are investigated in this paper. The approximate solutions with the nondifferentiable functions are obtained by

using the local fractional variational iteration method.

1. Introduction

As it is known the Poisson equation plays an important
role in mathematical physics [1, 2]; that is, it describes the
electrodynamics and intersecting interface (see, e.g., [3, 4]
and the cited references therein). The solution of this equation
was discussed by using different methods [5-9]. We notice
that recently fractional Poisson equations based on fractional
derivatives were analyzed in [10] and the existence and
approximations of its solutions can be found in [11]. The Leg-
endre wavelet method was used to find the fractional Poisson
equation with Dirichlet boundary conditions [12]. In [13], the
Dirichlet problem for the fractional Poisson’s equation with
Caputo derivatives was reported. Furthermore, the fractional
Poisson equation based on the shifted Grinwald estimate was
obtained in [14].

The variational iteration method structured in [15-17]
was applied to deal with the following type of equations:
Helmbholtz [18], Burger’s and coupled Burger’s [19], Klein-
Gordon [20], KdV [21], the oscillation [22], Schrodinger [23],
reaction-diffusion [24], diffusion equation [25], Bernoulli

equation [26], and others. The extended variational iteration
method, called the fractional variational iteration method,
was developed and applied to handle some fractional dif-
ferential equations within the modified Riemann-Liouville
derivative [27-31]. More recently, the local fractional varia-
tional iteration method, initiated in [32], was used to find
the nondifferentiable solutions for the heat-conduction [32],
Laplace [33], damped and dissipative wave [34], Helmholtz
[35] and Fokker-Planck [36] equations, the wave equation on
Cantor sets [37], and the fractal heat transfer in silk cocoon
hierarchy [38] with local fractional derivative.

We mention that developing a numerical algorithm for
local fractional differential equations on Cantor set is not
straightforward. Thus, in this paper, we deal with the local
fractional Poisson equation in two independent variables,
namely,

*u(x,y) 0™u(x,y)
x| oy =f(e),

)
(x, ) € [0,+00] x [0,1],
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where the nondifferentiable functions u(x, y) and f(x, y)
are adopted the local fractional differential operators and
« denotes the fractal dimension, subject to the initial and
boundary conditions

u(x,0) =0,
u(x,1)=0,
u(0.) = ¢(y), @

(4

2 u(0,3) =9 ().

We recall that the local fractional Laplace equation presented
in [33] is a special case of the local fractional Poisson equation
with source term f(x, y) = 0. Taking all the above thinks into
account, the aim of this paper is to find the nondifferentiable
solutions for (1) with different conditions by utilizing the local
fractional variational iteration algorithm.

The paper has the following organization. In Section 2
the concepts of local fractional complex derivatives and
integrals are briefly reviewed. In Section 3 the local frac-
tional variational iteration method is recalled. In Section 4
the nondifferentiable solutions for local fractional Poisson
equations are presented. Finally, Section 5 outlines the main
conclusions.

2. A Brief Review of the Local
Fractional Calculus

Definition I (see [32-38]). Let the function f(x) € C,(a,b),
if it satisfies the condition

|f () = f (x0)] < &% (3)
where |x — x| < §,fore > 0,0 < < 1,and e € R.

Definition 2 (see [32-38]). Let f(x) € C,(a,b). The local
fractional derivative of f(x) of order « is defined as

Ti)_NU@-SE)

dx* (x = x,)"

where

A (f) = f(x) =T A+ ) [f ()= f(x0)]. ()

The formulas of local fractional derivatives of special func-
tions [37] used in the paper are as follows:

doc xnoc x(n— 1o

dx*T(1+ne) T+m-Da)

n €N,

D™ag (x) = aDWg (x), ©)

DY [D®f (x)] = D f (x),

where g(x) is a local fractional continuous function, a is a
constant, and N is a set of positive integers.
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Definition 3 (see [32-38]). Let f(x) € C,la,b]. The local
fractional integral of f(x) of order « in the interval [a, b] is
defined as

b

(@ _ 1
A S )= I(1+a) L

JGICHN
R Y
BT LR RAUCOR

where the partitions of the interval [a,b] are denoted by
(tjtin) j = 0,...,N—-1£ = a,and ty = b with At; =
tiq —tjand Af = max{Atg, Aty, A, ).

The formulas of local fractional integrals of special func-

tions used in the paper are presented as follows [37]:
OI)(C“) ag(x)=a OI}(C“) g(x),

I(zx)< (t_s)(xtnoc ) ~ t(n+2)zx
ot \Tl+a)IT(1+nx)) TA+m+2)a) @

@ x(n—l)oc xmx

1 = R €N,
o TA+m-1)a) TO+na)

where g(x) is a local fractional continuous function, a is a
constant, and N is a set of positive integers.

3. Analysis of the Method

Thelocal fractional variational iteration method structured in
[32] was applied to deal with the local fractional differential
equations arising in mathematical physics (see, e.g., [33-38]).
In this section, we introduce the idea of the local fractional
variational iteration method.

Let us consider the local fractional operator equation in
the form

Lu+Nu=g(t)), ©)

where L, and N, are linear and nonlinear local fractional
operators, respectively, and g(t) is the source term within the
nondifferentiable function.

Local fractional variational iteration algorithm reads as

U1 (t) =u, (t) + OIt(LX) {71 [Locun (S) + chun (S) -9 (S)]} >
(10)

where 7 is a fractal Lagrange multiplier and L, = 0"*/ou™.
Therefore, a local fractional correction functional was
structured as follows:

Uy () = 1, () + oI {E [Lout, (5) + Nyiiy, (5) = G (9)]}
(11

where 1, is considered as a restricted local fractional varia-
tion and 7 is a fractal Lagrange multiplier. That is, 6%, = 0
[27, 30].

After the fractal Lagrangian multiplier is determined, for
n > 0, the successive approximations u,,,, of the solution u
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can be readily given by using any selective local fractional
function u,. Consequently, we obtain the solution in the
following form:

u= nlLI%o U,. (12)

The local fractional variational method was compared
with the fractional series expansion and decomposition
technologies.

If L, = 0°*/0u’®, then we have the local fractional
variational iteration formula [32-34, 36, 37] as follows:

Upi1 (t) = Uy (t) - OIt(a)

X {1"(;1_-:)@ [Lou, (s) + Nyu, (s)— g (s)]} .
(13)
The above formula plays an important role in dealing with

the 2a-order local fractional differential equation with either
linearity or nonlinearity.

4. The Nondifferentiable Solutions for Local
Fractional Poisson Equations

In this section we investigate the nondifferentiable solutions
for the local fractional Poisson equations in two independent
variables with different initial-boundary conditions.

Example 1. We analyze the local fractional Poisson equation
in the following form:

Pusy) Pulny) w
0x2 oy r(l+a)

subject to the initial and boundary conditions, namely,

u(x,0) =0, (15)
u(x,l)=0, (16)
y3¢x
0,y)= ——, 17
u(0,y) T(1+3a) 7)
o —u(0, y) = sin, (¥"). (18)
0x“
In view of (17) and (18), we take the initial value given by

3a (o4
_ y . o X 19
t(60) = T P O vy

From (13), the local fractional iteration procedure is given by
Uy (X, y)
=u,(x,y)+ OI)(C“)

" (s —x)* [ 0*u, (s y) .\ **u, (s, x) - y* )
I(+a) 052 dy* Fl+a) /|’
(20)

Making use of (19) and (20), we get the first approximation as
follows:

u (%, 7)
() I

X{u—m“(#wuaﬂ

0% u, (s, x) ~ y* )}

I'(l+a) 0s* " oy I'(l+a)
3 (2i+1)a
y X
y—
" T30 o y)Z( )F(1+(2i+1)oc)

(D)
The second approximation can be written as
uy (%, y)

=u (x,y)+ OI)(C“)

y { (s - x)" (62“u1 (7)

*u, (%) y* )}

I'(l+a) 0s2* oy I'(l+a)
3a (21+1)0c
Y kn (S
S Trae T )Z( )F(1+(21+1)oc)

(22)
The third approximation reads as
us (x, )

=u,(x,y)+ OI)(C“)

x{u—w“(ywxaﬁ

**u, (s, x) A )}

I'(l+a) 0s2* " oy I'(1+a)
30 Qi+1)a
_y oy

" T 130 "o y)Z( )r(1+(2i+1)<x)'

(23)
The fourth approximation is as follows:
uy (%, )

= us (x, y) + ola(c“)

X { (s —x)" (amu3 (s,y)

% us (s, X) - " )}

I'(l+a) 0s2* " oy I'(1+a)
30 (2i+1)a
Y oy

" T30 o y)Z( )F(1+(2i+1)cx)

(24)

and so on.
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FiGURE 1: Plot of the nondifferentiable solution of (14) with the
parameter & = In2/In 3.

Finally, by direct calculations we obtain

y3o¢

I'(l+3a)
x(2i+1)(x

n
x Y (1) — .
i:z() Fra+QRi+1)«)
Hence, we report the nondifferentiable solution of (14)

u(xy) = limu, (x,y)

u, (x,y) = +sin, (y%)

(25)

3a

= ﬁ + sing (y*) sing (x%)
and its graph is shown in Figure 1.

(26)

Example 2. Next we discuss the local fractional Poisson
equations as

*u(x, y)

a xZLX

aZa
| ulxy)
achx

= E. (%), (27)
with the initial and boundary conditions given as follows:

The third approximation becomes

us (x,y)
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where the initial value is given by

(v4

X o

. 30
Tara =00 GO
Making use of (29) and (30), the first approximation reads as
follows:

uy (x, y)

Uy (x,y) = E (%) +

=uy(x, y) + OIJ(C“)

=" (U (s )
I'ld+a)

. 0™ 1y (s, x) ~

o)) T g )]
i . 1 ; x(2i+1)¢x
= E, (y") + cos, (¥ );(—1) T0+Qi+Da)

(31)

The expression of the second approximation is as follows:

u, (x, )

=uy (x,9) + OI)(:X)
-0t (i (sy)
T'(l+«)

0s2«
2 .
= E, (y") + cos, (¥ );(—1) m'

0™ u, (s, x) -
ayZ(x

50}

(32)

x(2i+1)oc

=u,(x,y)+ OI)(C“)

-0t (s y)
T'(l+«)

. 0% u, (s, x) -

E (09
852“ ayza o (y ))}
3 ) x(2i+1)0¢
=E * « -1
1 (x,0) = 0, "‘(y)ﬂos"‘(y);( T+ @+Dw
u(x,1) =0, (33)
u(0,y) = E, (%), (28) The fourth approximation is given by
C u(00y) = cos, (47) )
——u(0,y) = cos, (y"). y
| o N =1 (6,9) + 41
In view of (13), the local fractional iteration procedure
becomes “ { (s —x)" (82“u3 2(s, y) . 0*us, 2(s, x) E, (ya))}
Uy (% 7) T(l+a)\ o0 e
_ (e) 4 ) (2i+1)a
=1, (%, y) + I =E, (y%) + cos, (y%) Z(—l)l—r Al
« /0 2 < (1+Q2i+1)a)
o (s—=x)* (0 u(s,y)+a u(s,x)_E (59
I'(l+a) 0s% oy>* a Y ’

(29)

(34)
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u(x, y)

FiGURE 2: Plot of the nondifferentiable solution of (27) with the
parameter & = In2/1n 3.

Therefore, we get the nondifferentiable solution of (27)
(5 y) = lim w, (3, ) = By (5%) + cos, (%) sing (57,
(35)
and the corresponding graph is depicted in Figure 2.

Example 3. The next particular case is the local fractional
Poisson equations as follows:

0™ u (x, y)
0x2*

*u(x, y)
ayZOc

= sin, (x%), (36)

subject to the initial and boundary conditions
u(x,0) =0,
u(x,1) =0,
u(0, y) = sin, (),

(o4

@u(o, y) = E, (=5%).

We start with the initial value as follows:

x[X

F(1+<x)E‘X(_y ).

Uy (x,t) = sin, (y*) + (38)

The local fractional iteration procedure leads us to

Uiy (%, 1)
= un (X,)/)
[@ { (s —x)"
Y T +a)

(Lute2

a 52¢x

u(s,x) . o
+ oy —sing (y ))}

(39)

In view of (38) and (39), we obtain the following successive
approximations:

u; (x, )

=uy(x, y) + OI)(C‘")

(s=x)* (U (sy) U0 o
8 { I(1+a) ( o oy sing (%)

(2i+1)a

1
. « o i d
= sin, (y%) + E, (— );(—U TA+@i+Da)
U, (x,y)
=1y (3, y) + (I

X { (s —x)* (amul (5’)’)

I'(l+a) 0s2%

**u, (s,x) . .
+ a)l,za —sin, (¥ ))}

x(2i+1)0¢

2 .
=sin (/) + B () L0 vy
Us (x, }’)

“ iy (3) + o1

Jemr (Ple

I'(l+a) 0s%*

20
VT )]

x(2i+1)0¢

s
= sin, (y*) + E, (—y );(‘1) T(l+Q2i+hHa)
uy (x, )

= Uy (x, y) + Olia)

X { (s-x)*" (82““3 (s,y)

I'(1+a) 0s2*

20
e )]

x(2i+1)o¢

4 .
= sin, (y*) + E, (-y );(—1) T(+Qi+Da)
(40)

and so on.
Thus, the nondifferentiable solution of (36) has the form

u(xy) = limu, (x, y) = sing (y*) + Eq (=3") sing (x),
(41)

and its graph is shown in Figure 3.

5. Conclusions

Thelocal fractional operators started to be deeply investigated
during the last few years. One of the major problems is



FIGURE 3: Plot of the nondifferentiable solution of (36) with the
parameter & = In2/In 3.

to find new methods and techniques to solve some given
important local fractional partial differential equations on
Cantor set. In this line of thought we consider that three
local fractional Poisson equations with differential initial and
boundary values were solved by using the local fractional
variational iteration method. The graphs of the nondifferen-
tiable solutions were also obtained.
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