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U
We study the Cauchy problem of the fractional Navier-Stokes equations in critical Fourier-Besov spaces FB;;‘M/P . Some
properties of Fourier-Besov spaces have been discussed, and we prove a general global well-posedness result which covers some
recent works in classical Navier-Stokes equations. Particularly, our result is suitable for the critical case § = 1/2. Moreover, we prove
the long time decay of the global solutions in Fourier-Besov spaces.

1. Introduction
We study the mild solutions to the fractional Navier-Stokes
equations in R* x R’ as follows:

U+ u(-APu+ - V)u+Vr =0, (tx)eR xR

V-u=0, (t,x)€R xR 1)

u(0,x) =uy(x), xc¢€ R.

Here u(t, x) = (u,(t, x), u,(t, x), u5(t, x)) denotes the velocity
vector, 4 > 0 is the viscosity coefficient, and the scalar
function 71 denotes the pressure. The initial data u, is a

divergence free vector field and the operator (—A)ﬁ is the

Fourier multiplier with symbol [& |2/3 .

The fractional Navier-Stokes equations, which are also
called generalized Navier-Stokes equations, enjoy an invari-
ance under the scaling

uy (t,x) = APy (Azﬁt, Ax) ,
pr(t.x) = A7 p (A1 Ax), )

Uy = /\zﬁ_luo (Ax).

We say that a function space is -critical for (1) if its norm is

invariant under the scaling u,(x) — A2P _luo(/\x). There are

many examples of critical spaces, for instance, BMO @D,

(21
ch()ci ), and the spaces we will discuss in this paper.

The classical incompressible Navier-Stokes equations (i.e.,
B = 1) have been intensively studied. Leray first [1]
introduced the concept of weak solutions and obtained the
global existence of weak solutions. Fujita and Kato [2] gave a
different approach to study the equations in their equivalent
form of integral equations and proved the well-posedness

- 1/2
in the space frame H "2 A series study of mild solutions in

different function spaces then arose, for instance, Kato [3] in
Lebesgue space L*(R?), Cannone [4] in Besov space B;c:/p ,
and the important well-posedness in BMO™" by Koch and

Tataru [5]. These works naturally lead one to study the well-
posedness in the largest critical space B;;’Oo. In fact, all the
above spaces are critical spaces and satisfy the following
continuous embeddings in the 3 dimensions:

- —1+3/p

- 1/2 — . —1
B s o BMO B . ()

. -1 . .
However, in the space B, , the Navier-Stokes equations are

ill-posedness (see Bourgain and Pavlovi¢ [6] and Cheskidov
and Shvydkoy [7]).


http://dx.doi.org/10.1155/2014/463639

As for the generalized case (1), Lions [8] proved the global
existence of classical solutions in 3 dimensions when 3 > 5/4
(see also Wu [9] in n dimensions). For the important case

B < 5/4, Wu [10, 11] studied the well-posedness in B ’6+3/p
Inspired by Xiao [12] in the classical case (f = 1) L1 and
Zhai [13, 14] studied (1) in some critical Q-type spaces for
B € (1/2,1), and Zhai [15] showed the well-posedness in
BMO ") swhen 8 € (1/2, 1). For the biggest critical space

B;(,zfo_l), Yu and Zhai [16] proved the well-posedness when

B € (1/2,1), Cheskidov and Shvydkoy [17] showed the ill-
posedness when 3 € [1,5/4). Very recently, Deng and Yao

[18] studied (1) in Triebel-Lizorkin spaces F;li and obtained

the well-posedness in F;/ﬁ( p-1),2 and ill-posedness in F ;/ﬁ( B-1)r
(r > 2) in the case 3 € (1,5/4).
In this paper, we will study (1) in the Fourier-Besov spaces

FBP ;- We observe that although the Fourier-Besov spaces

FB 1,q appear in the literature very recently, they have received
a lot of attentions in studying Navier-Stokes equations,
although sometime people gave these spaces several different
names. An early paper by Cannone and Karch [19] worked
in the space P.4", which is in fact the space FBZO,Do (see

Section 2 for details). Biswas and Swanson [20] studied the

Gevrey regularity of Navier-Stokes equations in F32 o

Konieczny and Yoneda [21] used FB’ ,,q 10 study the Nav1er—
Stokes equations with Coriolis (see also Fang et al. [22]). Lei
and Lin [23] proved global existence of mild solutions in 2 -1

which is in fact equal to the space FBII1 Cannone and Wu
[24] extended the result in [23] to the Fourier-Herz spaces

. . .1
%’;. ‘We may notice that %’; = FB, . Also, some properties

of solutions in the space 2" have been studied recently; see
Zhang and Yin [25] for the blow-up criterion and Benameur
[26] for the long time decay. All the above-mentioned works
are involved in the classical Navier-Stokes equations. Those
indicate that the Fourier-Besov spaces FB;’ , might be good
work frames in the study of Navier-Stokes equations. Inspired
by these observations, in this paper, we will study generalized
Navier-Stokes equations in FB’ .- We obtain a global well-
posedness result which is more general than those in [23, 24].
Particularly, our well-posedness is also valid in the critical
case 3 = 1/2. Moreover, the long time decay of the solutions
in Fourier-Besov spaces is also proved, which fully extends
the result of [26].

Throughout this paper, the notation A ~ B means that
there exist positive constants C; < C, such that C;A <
B < C,A. We use B;) 4 to denote the classical homogenous

Besov spaces and H the homogenous Sobolev spaces. Also,
C denotes a positive constant which may differ in lines if not
being specified; p’ is the number satisfying 1/p + 1/p' = 1
for 1 < p < oo. The inverse Fourier transform is denoted by
F.

We organize the paper as follows. In Section 2 we give
the definition of Fourier-Besov spaces and discuss some basic
properties of these spaces. Our main results are also stated in
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this section. In Section 3 we prove the global well-posedness
and in Section 4 we prove the long time decay property.

2. Preliminaries and Main Results

We first introduce the definition of Fourier-Besov spaces in n
dimensions. Let ¢ € C:°(R") be a radial real-valued smooth
function such that 0 < ¢(§) < 1 and

supprpc{&eR“:ZﬂﬂS%},

Yo(278) =1, (4)

Jj€Z
for any & + 0.

We denote (pj(§)
The space of tempered distributions is denoted by S'.

= go(z_j &) and P the set of all polynomials.

Definition 1. Fors € R,1 < p,q < 00, set

<Z oJsd (ij"qp )1/‘1, )
1Ak, = \iez ! (5)

Supzj “q)Jf"LP’

One defines the homogeneous Fourier-Besov space FB;’ .38

o= {fe Sl <o ©

We see that the Fourier-Besov spaces are defined in a
similar way with the classical homogeneous Besov spaces, but
there are lack of the inverse Fourier transform. This allows
us to derive estimates by Holder’s inequality directly, instead
of using Bernstein’s inequality. Now we explain that Fourier-
Besov spaces contain some known spaces applied in studying
Navier-Stokes equations.

Cannone and Karch [19] introduced the spaces 2.4* as
follows:

P = {veS Vel

loc>

7)

E*[v(®)] < oo} .

IVl = €5550Pgere

L7

We easily see that 2.4 = FB

The norm of Fourier-Herz spaces 95’; in [24] is defined as

1/q
<2215q ‘ijA”;) , g < 00

jez (8)
sup2”Jg, f] .
Jj€Z

Obviously, we have @; = FB;) 2
The space 2" introduced by Lei and Lin [23] is

g = {f S (R"): Lﬂ & 7] e < oo}. )
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We claim that " = FB;l1 This fact can be seen by the
following proposition (proof in [21]).

Proposition 2. Define the spaces X as

w=lred (] o

s _ p’
Then one has XL° = FBP’P

_p P
f'ag) " < oo} . Q0)
and the norms are equivalent:

e, ~ ([ 1et?

We discuss some inclusion relationships in FB i

i)’ an

Proposition 3. Let s € R, 1 < p, q < o00o. One has the
follwoing.

() If p = 2, then FB;q = B;q.
o s
(2) If p < 2, then FB,, C By,
s s
(3) Ifq, < q,, then FB,, CFB, .

(4)Ifl1<q<o00,1<p, <p, <00, ands,,s, € R satisfy
s, +n/p, =s, +n/p,, then

FB} CFB) . (12)

(5)Ifs=(1-6)s, +0s,, 1/p=1-0)/p, + (1 -6)/p,,
and1/q=(1-0)/q, + (1 -0)/q, for0 <0 <1, then

1-0 6
s, <0 1 03)

Proof. (1) is a consequence of Plancherel’s identity, and
Hausdorft-Young’s inequality gives (2). Equation (3) is just
the inclusion " ¢ I% for 1 < g, < g, < oo. To conclude
(4), we use Holder’s inequality to get

[ 7] < 2P, 7]

Since s, and s, satisty s, + n/p, = s, + n/ p,, we immediately
get

(14)

jizn

2j$1 "(PJf”LPl s szsz (P]f“[,l’z (15)
Taking the I7-norm on the above inequality we have

Il <l (6)

1/q
q
LP>

< (Zzﬂle)slq" ¢, f”;;_e)qu&zq
- 1
j

-0 0
< Al I, -

To prove (5), we have

uﬁﬂh=<zﬁq
J

|‘Pff '1_9|‘ij |6

‘ij| LP2

O

Now we are ready to state our main results. From now on
in this paper we take the dimension n = 3.

Definition 4. Lets € R,1 < p,q < o0o,and I = [0,T), T €
(0, 00]. The space-time norm is defined on f (¢, x) by

1/q9
— jsq 1
s, = (Zz o (w)> . (18

Our first result is on the well-posedness of (1).

|t )| ¢if

j€Z

Theorem 5. Let 1 < p,q < 00, and 1/2 < 3 < min{l +
3/p', 5/2}. Then there exists a constant Cy, = Cy(f3, p,q) such

. 1-2p+3/p’
that, for any uy € FB,, |

with V - uy = 0 satisfying
"uO“FBII;Z,BH/p’ < COM’ (19)
q

the Cauchy problem (1) admits a unique global mild solution u
and

- 1-2B+3/p' H1+3/p'
uew(10.000; FBy, " ) 0 2" (10.00: FE, ),
(20)
and it satisfies
||M||$00([0)00);FB;,_;;;+3/F') + [’l"u"gl([o,oo);FB;j:"’,)
(21

<2 (14 ()Yl s
9 FBP:q

Particularly, our result also holds in the critical case q = 1 and

B=1/2.

Remark 6. We emphasize that the case 8 = 1/2 is important,
since it is also the critical case for the fractional Navier-Stokes

equations. Note that when 3 = 1/2, the function spaces we

work on are F B;{f . All these spaces are embedded into F BT,I ,

which is the space that consists of all functions whose Fourier
transforms are in L' (see Proposition 2).

Remark 7. Note that FB;’_;ﬁﬁ/p C B;jﬁ;l by Proposition 3
and the space FB;; FBIP” are also critical spaces. In fact, for

Uy, = AP g (Ax), we have ity = AP 7 (A71E). Set
9; (&) = g (277 lee e ) s &) (22)
Then we have
2y,
_ 2j(1—2ﬁ+3/p')|| ¢ (2— j+[log,A]-log, A f) /\zﬁ—4ﬁa ( A f)“
LP

o ([log,A]-log, )(1-2p+3/p")

 li-llog,AD(1-2B+3/p) “q) (2—j+[log2/1],7) i (,7)"
Lp

o A1 ’ —it[log A —
~ pli-llog; AN 2ﬁ+3/p)“¢(2 jHllog, ]’7)”0(’7)"LP‘

(23)



4
This implies that
1/q
jq(1-2B+3/p") q
< szq 1=2p+3/p 'lgj"Lp) ~ ”uO"FBI*Zﬂ’rS/p’ . (24)
j€Z P4
On the other hand, by
9 © @)= ) ¢;©g®), (25)
|k—j|<2

we can easily deduce that

1/q9
s (1 !
ol yisprsret ~ (szu #318)) gj||zp> (6
pa Jj€Z

Unfortunately, Theorem 5 is not suitable for the case § =
1,p = 1, in which similar existence has been proved by
Cannone and Wu [24]. To address this case, we also get the
following theorem.

Theorem 8. Let 1 < p < q < 2and B € (1/2,1 + 3/2p'].
Then there exists a constant Cy = Cy(p, p, q) such that, for any

Uy € FB1 23y with V - u, = 0 satisfying
[l < Cote 27)

the Cauchy problem (1) admits a unique global mild solution u
and

nl-2B+3/p 1 1+3/p'
ue%([O,oo),FBM )n:‘f ([o 00); FBY )
(28)
and it satisfies
”ullgm([o,oo);FB;quﬂ+3/P’) + [4“ "31([0 co)iF 11:';/1? )
(29)

16\#
<2 (1 +(3) ) Jtl g

Particularly, our result also holds in the critical case p = q = 1
and 3 =1/2.

Remark 9. In comparison with Theorem 5, although we have
a limitation 1 < p < g < 2, the regularity index f in
Theorem 10 lies in a larger interval when p = 1.

Our third result is on the decay property of the global
solutions

Theorem10. Let1 < p < g <2and f3 € (5/6,1]. Assume that

u € C([0, 00); FB1 2318 ) is a global solution of (1). One has

lim suplu(®)|_

t— o0

1 2[3+3/p’ - 0 (30)

Remark 11. Recently, Benameur [26] obtained the same

property in the space ' = FB1 | for the classical Navier-
Stokes equations (8 = 1). Our result improves and extends
his result.

Abstract and Applied Analysis

3. The Well-Posedness

First, we study the linear estimates of (1). For this purpose we
consider the dissipative equation:
B, — + o R
u, + u(-A)"u="F(t,x), (t,x) € R" xR’
(31

u(x,0)=uy(x), x eR’.

It is easy to see that the equivalent integral equation of (31) is
(-0 " —ut-n-)
u(t,x)=e" Uy — I et F(r,x)dr. (32)
0

By taking F(t,x) = 0 or uy(x) = 0, we obtain the linear
term or the nonlinear term of the equation, respectively. This
indicates that the following lemma is very useful in our later
proof.

Lemma 12 (linear estimate). Let I = [0,T), 0.S< T < oo,
s € R, 1 < p,and q < co. Assume that uy € FB, and F €

P FB;)q). Then the solution u(t, x) to the Cauchy problem
(31) satisfies

"uHS’W(I;FB;,q) + M"””S’I(I;FB:‘:IS)

1618 (33)
< (1 +(5) ) (ol + Flope, )
Proof. By taking the Fourier transform we have
o1 +ulefa=F. (34)
Multiplying ¢; and taking the L -norm on both sides,
9 528
il (%) el <[Pl o

where we denote #; = ¢;il. Integrating with respect to time
on [0, 1), we get

_ 9
5+ (5) 12 s, < Il +

JILY(L;Lp)”
(36)

By the definition of FB;’ q
is easy to obtain our desired inequality. O

and the triangle inequality for /7, it

Next we consider the bilinear estimate, which is the key
estimate in solving the Navier-Stokes equations.

Lemma 13 (bilinear estimate). Let 1 < p, g < 00, and 1/2 <
B < min{l + 3/p', 5/2} and set

X =™ (I FB" ”*3/")031 (I FB“3/P ) (37)

with the norm

”u"X = "u”;Yw(I;FB;;ﬁH/P,) + [-4" ”3’1(1 FBI+3/p ) (38)
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Then there exists some constant C = C(3, p,q) > 0 depending
on B, p, and q such that

IV- el

-1
SI(I,FB;;/;H/"/) S CM "u”X"V”X (39)

Particularly, it is true for the cases q = 1 and 3 = 1/2.

Proof. We will use the technique of the paraproduct. Set

>
<
I
—~
N
3
~
*
&

\(l)
I
™M
D.

b
=

(40)

for Vj e Z.

By Bony’s decomposition, we have for fixed j

Aj(uv)= Z
[k—j|<4
+ Y A (S vAu)
[ke—j|=<4 (41)

+ Z (AkuAkv>

k>j-3

A, (S by

=1 + I + 1.

For simplicity,we can view V - (4 ® v), as the first derivative of
two scale functions u, v. Consider

IO I—

1/q
8 (1-2p+3/p")jq Jq" "
< — 2 27 A
- 3<Z gl s

1/q
<Z2(22ﬁ+3/p )Jq“ ||L1(I LP>> (42)

J

8
< —
3

1/q
(Zz(z 28+3/p' )Jq”I "L1 w’)>

1/q9
<Zz @-2p+3/p’ )1‘1|'IH]”L1(I Lp)>

The terms I; and II; are symmetrical. Using Young’s inequal-
ity and Holder’s inequality we have

Z “Sk by ”LI(ILP)

I3y <

|k-jl<4
< O Wl 2 I@log
|k—j|<4 I<k-2
< > IWloae
|k—j|<4
1/q (43)
(1-2p)lq
< Z 2 “ L°°(IL‘ )
I<k-2
1/q'
x < Z 2(2/3_1)151 )
I<k-2
@B-1k
<C Z 2 "Vk”Ll(] LP)””"Z"O(IFBI 28, .
|k-j]<4
1-26+3 1-2
Using the conclusion FB Pl FB p , we have
1/q
(2—2ﬁ+3/p’)jq
(2,
j (44)
< /.
< C"u“gmu FBI 2B+3/p’ )” "31(1;1:3;13/;: )
In a similar way we can prove that
1/q9
(2- 2ﬁ+3/p )jiq
(2, )
j (45)
< C"V" IFBI 2p+3/p' ”ullyl(l FBI+3/p )

For the remaining term, we first consider the case p < 2 in
which 8 < 1+3/p’. By Holder’s inequality with 1/p = 1/p’ +
1/p - 1/p' and by Young’s inequality with 1 + 1/p — 1/p’ =
1/p + 1/ p, we have

S L7 FS

<cy 2(2=2B+3/p1j31p")j

ok Y

k>j-3 |l-k|<1 LI(I;Lpp’/(plfp))
_ Iy - . .
<C Z 222sle )]”uk”Ll(I;LP) Z "Vl"L‘x’(I;LI’)
k>j-3 li~kl<1
<C Y LRI
k>j-3 '
x Z P )l" l|L1(ILP)
|lI-k|<1

(46)



When g > 2, we take l7-norm of both sides of (46) and use
Young’s inequality with 1 + 1/q = 1/q' + 2/q to get

1/q
(2o,

J

< C[2" M o g1,

(47)

x 3 2P )
l1-kl<1

l'i/Z(k)

< Cllu|

300(1 FBI 2ﬂ+3/p " "

LU FB‘”/" )
1+3/p q
When g < 2, since FB' », q FB b o We take /7-norm of

both sides of (46) and use Young’s inequality with 1 + 1/q =
1+ 1/qto get

1/q
(2o,

J

< C M

(48)

x 3 2 gl
I-kl<1 '

I' (k)

< Cllu]

gm(I,FB;;;ﬂ”/P,)" "31(1 FBl+3/p )

< Cllu”?""(I,FB;j:ﬂ”/P’)" "31(1 FBHS/p )

Next we consider the case p > 2 and hence 8 <
Holder’s inequality we have

5/2. By

<cy 2(@=2B+31P)jHB3/P)j|| 7
k>j-3

YW

li~k|<1

LY(I;L®)

<C Z 26" 2ﬁ)]" "Loo a:L'y Z “T}\’"LI(I;LP) (49)
=, I-kl<1

<C 2(5-2B)(j=k) 5 (1= 2B+3/p’ )k"

x Z il g (2 "L11LP)
I-kl<1

||L°°(I ;LP)

Following the same steps as in the case p < 2, we obtain the
same estimate for p > 2. Collecting the above estimates we
finish our proof. O

Next we introduce an abstract lemma on the existence of
fixed point solutions [16, 24].
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Lemma 14. Let X be a Banach space with norm || - |x and let
B: X x X — X be a bounded bilinear operator satisfying

1B, )l < el Il (50)
for all u,v € X and a constant n > 0. Then for any fixed
y € X satisfying |ylly < € < 1/4n, the equation x :=
¥y + B(x, x) has a solution X in X such that |[xX|x < 2lylly.
Also, the solution is unique in B(0, 2¢). Moreover, the solution
depends continuously on y in the sense that if ||y'||X < g
x' = y’ + B(x',x"), and ||x'||X < 2¢, then

Jx-~|, < Iy -1 (51)

46;7

This lemma allows us to solve the Cauchy problem (1)
with bounded bilinear form and small data. The mild solution
of (1) is the solution to the equivalent integral form:

t
VN PPV
u(t,x)ze"t(A)uO—Je”(tT)( & gy
0

~(ueu)(r,x)dr (52)

Y.
= e MYy 4 B(u,u),

where & = I + V(-A)"" div is the Leray-Hopf projector. To
make B(u, v) become a bilinear form, we simply take (1/2)u®
v+ (1/2)v ® u instead of u ® v in the integral.

Proof of Theorem 5. We begin with the bilinear operator
B(u, v). Observing that B(u, v) can be viewed as the solution
to the dissipative equation (31) with uy; = 0, F = -2V - (u®v).
Thus we can use Lemma 12 with s = 1 — 2 + 3/p’ and
Lemma 13 to obtain

IB ()l
<1+(196) )u AL L AN

16\P _
< (1 N (3) )CM el IVl

By Lemma 14 we know that if ||e_"t(_A)ﬁuO|| x < RwithR =

(4/4(1+(16/9)ﬁ)C, then (52) has a unique solution in B(0, 2R),
where

IN

B(0,2R) :={x € X : ||x||x < 2R}. (54)

—ut(=A)P c .
Now we need to derive [|e % ully < R. Similarly,

BT
e M=A)"y, is the solution to the dissipative equation (31) with

uy = Uy and F = 0. By Lemma 12 we obtain

Al 16\°
“e u(=4) uoux < (1 + (3) >||u0||FB;H2ﬁ+3/P" (55)
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Thus we conclude that if ”u‘)"FBl'Z’m”" < Cyu with C, =
P

-1
(4(1 + (16/9)/3 )ZC) , then (52) has a unique global solution
u € X satisfying

(- 16\#
< of|e -2 " < (-) )
lullx < 2||e U, %S 211+ 9 HMO"FBL;M/P .

(56)

The continuity with respect to time is standard and thus we
finish our proof. O

Proof of Theorem 8. The method is the same with the proof
of Theorem 5. But we substitute Lemma 13 by the following
lemma. O

Lemmal5. Let1 < p<g<2andf e (1/2,1+3/2p'] and

X is the same as in Lemma 13. Then there exists some constant

C = C(B, p,q) > 0 depending on f3, p, and q such that
IV-wewvl <Cu'l

Zl(I;FB;;/iH/P,) |u||X"V||X~ (57)

Particularly, it is true for the cases p = q =1 and = 1/2.

Proof. The proof is also same with Lemma 13. In fact by Bony’s
decomposition, we divide Aj(uv) into three parts I;, I1;, and
II1;. The parts I; and 11 satisfy the same estimate. Hence it is
sufficient to deal with the part I11;. In fact when q > p, we have

1/q9
<22(2—2ﬁ+3/p’)1"1||1/11\]-”il W )
J

2-2B+3/p")j
< Z J- 9(2-2p+ /P)J(pj(a
k>j-3 71
X [1,7,;* z T/j] dt
I-k|<1
. L g

2],

J’ 5(2-28+3/p))pj
R3

1/p
dt
19/ (j<k+3)

P
XWA&V[@* EjW]ds

|I-k|<1

1/q
< S‘?(Z"’j(f)q) 22(2—2ﬁ+3/1’ )(k+3)
j

k
xj dt
i

U * Z Vi
li-kl<1

)4
L

7
3(2-28+3/p") (1-2B)k ||~
<2 ZZ ””k||L°°(I:L1)
k
(143/p") (k1) 5 (143/ p" ||~
X Z 2 2 "Vl"Ll(I;LP)
|I—-k|<1
= C””Hyw(I;FBL;Z’B) ”V||$1(1;FB},;3“”)'
(58)

In the last inequality we use a similar conclusion with (3)

in Proposition 3; that is, L FB:;/P ) ¢ PN FB;;,/P ),
when q € [1,2].

4. The Decay Property

We introduce some lemmas which have interest in them-
selves.

Lemmal6. Let 5 < 5/4,s>5/2-2f3,and1 < p,q < 2. Then
we have

[l = LA A" o9

Proof. By definition and Holder’s inequality we have

||f||FB;::/3+3/P,

1/
= < 22(1‘2ﬁ+3/f”)f‘7||¢j ]?“ZP > '

JjE€Z
1/q
a-28+3/p)ja|| . 7|9 »3/p-3/2)jq
(g paron )

Jj€Z
1/q9
q
12
(60)

1/q
n Z 2(5/2—2/3—s>jqzsjq||¢j 7] iz
=M

[ S p6r2mia), 7
. (z Io,7

12
) clzwwﬁsw( 5 ||¢jf||;>
JjE€Z

1/2
2
2 :

Since B;z = H and Bg,z = L* and by Proposition 3, we know
that FB;2 = B;,z; we finish our proof by taking M such that
2M = (e M f ) O

Lemmal7. Let § € (1/2,1] and 1 < p, q < 2. Consider

C.261228-9M( N ssiall ) 7
e

vl s < Clull IVl posr + Clull oIV (61)
P4 P



.S .S

Proof. We use the equivalence H' = B,, = FB,,. To
conclude the result we only need to show that

vl pop < Al 2Vl + Clid oIVl s, (62)
02 1,2

1-2B+3/p’ . 1-28

since we have the conclusions FBP)2 c FBy, and
! _ ’
FB;’ q2ﬁ+3/P C FB;’;'B”/P by Proposition 3. The method is

similar with the proof of Lemma 13. Consider

1/2
a-p)j2|| 7|
”uV”FB;ﬁ < <Z 2 "IJ' L2>

J

1/2
o(soemr) o
J

1/2
(zomimt.)
j

where I;, II;, and III; are the same with the proof of
Lemma 13. Consider

I

2 < Z "Sk_luAkV 2

k—j|=<4

< Z ”ﬂ"L2 Z "il\l"Ll

|k—j|<4 I<k—2

<C ) Il

[k—j|<4

1/2
x ( y z“*ﬁ)’znmuil)

I<k-2

1/2
y ( Z 2(2;31)12)
I<k-2

<C Z 2<2ﬁ71)k"ﬁ”[}"u”FBFZﬁ-
|k~j|<4 "

(64)

Thus we get

1/2
<22<1—ﬁ>1‘2'|fj||i2> < Cllglul e (69)

J
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To estimate the term I1;, we make a minor modification to get

Tl S Jsomil,
|k—j]<4
S Z ”l’Tk“L}’ Z "T/E”LZP/GM)
|k—j|<4 I<k-2
<C > el
[k—j|<4
1/2 (66)
!
X( > 2 )IIVzllizp/up_n)
I<k-2
1/2
% 221(3/p’)>
(2,
<C ¥ 29N a]
|k—j|<4 2p/(3p-2)2
By (4) in Proposition 3, we know that L = FBg’2 c
. 3/ !
FBZP/gp72),2' ’Thus
1/2
_B)iall==12
@2“ P2 Lz> < Clll o Mz (67)

Finally we derive the estimate of the last part as

1/2
(Zetrepm )
J

z(lfﬁ)jq)j 3

=

k>j-3

for 1

|I-k|<1

2
Ll

a-p2j| . e\ |?
5(J, 22

j<k+3

P 1/2
x[fk* Y v,] d§>

li~k|<1

1/2
coo{ 50
§\j
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> W

« Zzu—m(ma) T
k li-k|<1

2
L

Z 2(1—2ﬁ)(k—l)2(1—2,3)l
li~k|<1

< CY 2 [l
k

< Cllul o 719

Hﬁl
(68)
[

Now we can begin our proof of Theorem 10. The method
is based on the work from Gallagher-Iftimie-Planchon [27].

Proof of Theorem 10. Let € > 0 be any constant small enough
such that e < Cyu, where C;, is the constant in Theorem 5 and
p is the viscosity coefficient in (1). For k € N, define

={teR:|¢|<kand |m (&) <k}.  (69)

Obviously gfl(xdkﬁa) converges to u, in FB1 23’ . So

there exists some k € N* such that

€
“l/lo g (Xg{ku())" LS 2/§+3/p < E (70)
Set
-1 A
Uy = F (Xﬂkuo) >
(71)
-1 o
Woy =ty = F (Xdk”o)~
Thus uy, € FB1 23y N L* and we have shown that
llw, kII 12/3+3/p < 6/2. Now we consider the following
equatlons.

w, +y(—A)ﬁw+(w-V)w
+Vr=0, (t,x)€R xR

(72)

V-w=0, (tx)eR xR

w(0,x) = wyy (x), x¢€ R’
Sincee/2 < Cyu/2 < Cyu, by Theorem 5, there exists a unique

global solution wy, of (72) such that

w € %([o co); F, 247 ) ng! ([o c0); FBL )
(73)

Moreover,

I A
(74)

< C"wo,k " pR2B
Pq

9
An easy computation gives w, € C([0, 00); FB1 264318 ) and
forall t € [0,00), we have
"wk (t)” 1 2ﬁ+3/p + ,u" k“gl [O t) FBI+3/p )
(75)

< C"wo,k I FBL#I
»q

Now put u;, = u — wy. Then u;. € C([0, 00); FB1 23y ) and

it satisfies
At + p(~=A P + (e V) e + (e - V) wy
+(wk~V)uk+VT[—VT[k =0,
(76)
\ uk = 0,

u (0, x) = ugy (x),

where 77 and 7;, are the correspond pressures to the solutions
u and wy, respectively. Taking the L* inner product with u,
we have

|2 + | (-0)P
S bl + o] o

< [ - V) wi +(wk'v)”k>uk>|'

To estimate |{(u - V)wy, uy)|, we have

(V- (e @ wy) , 1) |

"(_A)Uz—ﬁ/z(uk ® wk)"L2 (78)

[{(u - V) wyo 1) |

IN

o

By Lemma 17, we have

|<(“k V) wk’uk>|

< C”wk"FB;—qﬂw/p’ ””k“L2 ||uk”H’3 (79)

+ Clul s b
pq

By (75), we have IIwkII o 2ﬁ+3/p’ < Ce/2. We further assume €

small enough such that C € < u/4. Using ab < a’)2 + b*)2,
we have

2C? 2 2
[{Gae - V) wo e D] < =Nl loael72
.” Pa (80)

H
Bl

Thus we conclude that

d 2 2 8C? 2 2
Splellze + allude < 7||wk||FB;—qﬁ+a/p' laell - (8D
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Gronwall lemma gives

t
sl o [ ol < sl

- i (82)
<o {55 [kl |-
Since q < 2, by Minkowski’s inequality, we get
t
J, bl
j(1-B+3/p')
< J;ZJ B+3/p)a
¢ L 92\
([ lomt,)")
(83)
<[ Yaru2ppa ” %@“z{j([o,tw)
jez
2/q
« 211+3/p"a/2 ” " k“g?[m ”
< i el nsEs ) lwll,,, (0axEBL" )
Thus, combining with (74) we can obtain
¢
s+ | Dol
(84)

8 NP s
Mz 0,k FB;;;ﬂH/P .

[3 and (75), we know that u; €
L0 [0, +00); FBL /') and

J ” ”4!3/(5 4p)
k 12ﬁ+3/p

< osl o

Using Lemma 16 with s

< C4ﬁ/(5’4ﬁ)![1 "”lo,k"if/(s_w) (85)
16C* 2
o (it |
So by continuity, there is a time ¢, such that
"uk(to)” 1 26+3/p! < 6/2 Then we have
P‘Z
s (o) FB;I”‘”“” < e (o) FB;;Z‘;”/”
+ [|lwi (6)] pp2Bre! (86)
pa
€ €
<-+—-<¢€
2 2
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Finally, we consider the fractional Navier-Stokes equations

starting at t = t,; by Theorem 5 and using a method as
estimating (75) we conclude that
I Oy + il o
(87)

< Cll”(to)llFBl—2ﬁ+3/p’ < Ce.
P4q

for all t > t,. Thus we finish our proof. O

Conflict of Interests

The authors declare that there is no conflict of interests
regarding the publication of this paper.

Acknowledgment

The research was supported by the NNSF of China under
Grants no. 11271330 and no. 11201103.

References

[1] J. Leray, “Sur le mouvement d’un liquide visqueux emplissant
lespace,” Acta Mathematica, vol. 63, no. 1, pp. 193-248, 1934
(French).

[2] H. Fujita and T. Kato, “On the Navier-Stokes initial value
problem. I Archive for Rational Mechanics and Analysis, vol.
16, pp. 269-315, 1964.

[3] T. Kato, “Strong L?-solutions of the Navier-Stokes equation
in R™, with applications to weak solutions,” Mathematische
Zeitschrift, vol. 187, no. 4, pp. 471-480, 1984.

[4] M. Cannone, Wavelets, Paraproducts and Navier-Stokes: With a
Preface by Yves Meyer, Diderot, Paris, France, 1995, (French).

[5] H. Koch and D. Tataru, “Well-posedness for the Navier-Stokes
equations,” Advances in Mathematics, vol. 157, no. 1, pp. 22-35,
2001.

[6] J. Bourgain and N. Pavlovi¢, “Ill-posedness of the Navier-
Stokes equations in a critical space in 3D;” Journal of Functional
Analysis, vol. 255, no. 9, pp. 2233-2247, 2008.

[7] A. Cheskidov and R. Shvydkoy, “Ill-posedness of the basic
equations of fluid dynamics in Besov spaces,” Proceedings of the
American Mathematical Society, vol. 138, no. 3, pp. 1059-1067,
2010.

[8] J.-L. Lions, Quelques Méthodes de Résolution des Problémes aux
Limites non Linéaires, Dunod, Paris, France, 1969.

[9] J. Wu, “Generalized MHD equations,” Journal of Differential
Equations, vol. 195, no. 2, pp. 284-312, 2003.

[10] J. Wu, “The generalized incompressible Navier-Stokes equations
in Besov spaces,” Dynamics of Partial Differential Equations, vol.
1, no. 4, pp. 381-400, 2004.

[11] J. Wu, “Lower bounds for an integral involving fractional Lapla-
cians and the generalized Navier-Stokes equations in Besov
spaces,” Communications in Mathematical Physics, vol. 263, no.
3, pp. 803-831, 2006.

[12] J. Xiao, “Homothetic variant of fractional Sobolev space with
application to Navier-Stokes system,” Dynamics of Partial Dif-
ferential Equations, vol. 4, no. 3, pp. 227-245, 2007.

[13] P.Liand Z. Zhai, “Well-posedness and regularity of generalized
Navier-Stokes equations in some critical Q-spaces,” Journal of
Functional Analysis, vol. 259, no. 10, pp. 2457-2519, 2010.



Abstract and Applied Analysis

[14] P. Li and Z. Zhai, “Generalized Navier-Stokes equations with
initial data in local Q-type spaces,” Journal of Mathematical
Analysis and Applications, vol. 369, no. 2, pp. 595-609, 2010.

[15] Z.Zhai, “Well-posedness for fractional Navier-Stokes equations

in critical spaces close to B;ji;l(R”),” Dynamics of Partial
Differential Equations, vol. 7, pp. 25-44, 2010.

[16] X.Yuand Z. Zhai, “Well-posedness for fractional Navier-Stokes
equations in the largest critical spaces B;Sfoil)(R"),” Mathe-
matical Methods in the Applied Sciences, vol. 35, no. 6, pp. 676-
683, 2012.

[17] A. Cheskidov and R. Shvydkoy, “Ill-posedness for subcritical
hyperdissipative Navier-Stokes equations in the largest critical
spaces,” Journal of Mathematical Physics, vol. 53, Article ID
115620, 2012.

[18] C.Deng and X. Yao, “Well-posedness and ill-posedness for the
3D generalized Navier-Stokes equations in F;3D;’;_1),” Discrete
and Continuous Dynamical Systems. Series A, vol. 34, no. 2, pp.
437-459, 2014.

[19] M. Cannone and G. Karch, “Smooth or singular solutions to the
Navier-Stokes system?” Journal of Differential Equations, vol.
197, 0. 2, pp. 247-274, 2004.

[20] A. Biswas and D. Swanson, “Gevrey regularity of solutions to
the 3-D Navier-Stokes equations with weighted I \ sbp initial
data,” Indiana University Mathematics Journal, vol. 56, no. 3, pp.
1157-1188, 2007.

[21] P.Koniecznyand T. Yoneda, “On dispersive effect of the Coriolis
force for the stationary Navier-Stokes equations,” Journal of
Differential Equations, vol. 250, no. 10, pp. 3859-3873, 2011.

[22] D. Fang, B. Han, and M. Hieber, “Global existence results
for the Navier-Stokes equations in the rotational framework,”
http://arxiv.org/abs/1205.1561.

[23] Z. Lei and E Lin, “Global mild solutions of Navier-Stokes
equations,” Communications on Pure and Applied Mathematics,
vol. 64, no. 9, pp. 1297-1304, 2011.

[24] M. Cannone and G. Wu, “Global well-posedness for Navier-
Stokes equations in critical Fourier-Herz spaces,” Nonlinear
Analysis. Theory, Methods & Applications, vol. 75, no. 9, pp.
3754-3760, 2012.

[25] Z.Zhangand Z. Yin, “Global well-posedness for the generalized
Navier-Stokes sysytem,” http://arxiv.org/abs/1306.3735.

[26] J. Benameur, “Long time decay to the Lei-Lin solution of 3D
Navier-Stokes equations,” http://arxiv.org/abs/1312.2136.

[27] 1. Gallagher, D. Iftimie, and F. Planchon, “Non-explosion en
temps grand et stabilité de solutions globales des équations de
Navier-Stokes,” Comptes Rendus Mathematique, vol. 334, no. 4,
pp. 289-292, 2002.

1



