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We provide some conditions for 2 x 2 operator matrices whose diagonal entries are M-hyponormal operators to be subscalar. As a
consequence, we obtain that Weyl type theorem holds for such operator matrices.

1. Introduction and Preliminaries

Let H be a complex separable Hilbert space and let B(H)
denote the algebra of all bounded linear operators on H. If
T € B(H), we write N(T), R(T), o(T), and 0,(T') for the null
space, the range space, the spectrum, and the approximate
point spectrum of T, respectively. An operator T is called
Fredholm if R(T) is closed, a(T) := dim N(T) < oo, and
B(T) := dim N(T™) < oo. The index of a Fredholm operator
T is given by i(T) = a(T)— S(T'). An operator T is called Weyl
if it is Fredholm of index zero. The Weyl spectrum of T [1] is
defined by w(T) := {1 € C: T — A is not Weyl}.
We consider the sets

@, (H)
={T € B(H) : R(T) is closed,x (T) < co}; (1)
® (H):={Te€B(H): T e, (H),i(T) <0}
and define
O (I):={AeC:T-1¢ D, (H)};
7o (T) :={A €isoc (T): 0 < (T —A) <o0}; (2)
7go (T) :={A € iso0, (T) : 0 < a(T - A) < o0},

where iso 0(T') denotes the isolated points of o(T).

Following [2], we say that Weyl's theorem holds for T' if
o(T) \ w(T') = m,,(T) and that a-Weyl’s theorem holds for T
if 0,(T) \ 0,4(T) = 10,(T).

Let T € B(H). As an easy extension of normal oper-
ators, hyponormal operators have been studied by many
mathematicians. Though there are many unsolved interest-
ing problems for hyponormal operators (e.g., the invariant
subspace problem), one of recent trends in operator theory
is studying natural extensions of hyponormal operators. So
we introduce some of these nonhyponormal operators. An
operator T is said to be M-hyponormal if there exists a real
positive number M such that

MY T -V (T-M)>T-M)T-1)" VrieC. (@3

Evidently,
T is hyponormal = T' is M-hyponormal. (4)

There is a vast literature concerning M-hyponormal opera-
tors (see [3-5], etc.). We also note that an operator T' need
not be hyponormal even though T and T* are both M-
hyponormal. To see this, consider the operator

U K
T=<O U*>:12@12—»12ea12, )

where U is the unilateral shift on [, and K : [, — [, is given

by K(xy, x,, X5,...) = (2x,,0,0,...). Then a direct calculation
shows that

%II(T—Z)xII <|(T-2)"x| <2WT-=2)x|  (6)
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forall z € C and for all x € I, ® I, which says that T and T~
are both M-hyponormal. But since

. 1 0
T"T=\, +3c ) 7)
2
while
3
TT* = I+EK 0 i (8)
0 I

T is not hyponormal.

Let z be the coordinate in the complex plane C and let
du(z) denote the planar Lebesgue measure. Fix a complex
(separable) Hilbert space H and a bounded (connected) open
subset U of C. We will denote by L*(U, H) the Hilbert space
of measurable functions f: U — H, such that

1/2
o = ([ I @FPdu) " <o ©

The Bergman space for U is defined by A*(U,H) = L*(U,H)n
O(U, H), where O(U, H) denotes the Fréchet space of H-
valued analytic functions on U with respect to uniform
topology. Note that A*(U, H) is a Hilbert space. Let us define
now a special Sobolev type space. Let U be again a bounded
open subset of C and let m be a fixed nonnegative integer. The
vector valued Sobolev space W™ (U, H) with respect to 0 and
of order m will be the space of those functions f € L*(U, H)

whose derivatives df; ... 0 f in the sense of distributions
still belong to L*(U, H). Endowed with the norm

U1t = SJEALL, (1)

W™ (U, H) becomes a Hilbert space contained continuously
in L*(U, H). A bounded linear operator S on H is called scalar
of order m if it possesses a spectral distribution of order m,
that s, if there is a continuous unital morphism of topological
algebras

®:Cy' (C) — B(H) (11)

such that ®(z) = S, where z stands for the identity function
on C, and Cj'(C) stands for the space of compactly supported
functions on C, continuously differentiable of order m,0 <
m < 00. An operator is subscalar if it is similar to the
restriction of a scalar operator to an invariant subspace.
Let U be a (connected) bounded open subset of C and
let m be a nonnegative integer. The linear operator M, of
multiplication by f on W™ (U, H) is continuous and it has
a spectral distribution of order m, defined by the functional
calculus

@y : Cy' (C) — B(W™ (U, H)), @y (f) =M (12)
Therefore, M, is a scalar operator of order m.

An operator T € B(H) is said to have the single-valued
extension property (or SVEP) if for every open subset G of C
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and any analytic function f: G — H suchthat (T'-2) f(z) =
0 on G, we have f(z) =0onG.

An operator T € B(H) is said to have Bishop’s property
(P) if for every open subset G of C and every sequence f,, :
G — H of H-valued analytic functions such that (T'-z) f,,(z)
converges uniformly to 0 in norm on compact subsets of G,
f,.(z) converges uniformly to 0 in norm on compact subsets
of G. It is well known that

Bishop’s property () = SVEP. (13)

In 1984, Putinar showed in [6] that every hyponormal
operator is subscalar, and then in 1987, Brown used this result
to prove that a hyponormal operator with rich spectrum has
a nontrivial invariant subspace (see [7]). There have been
a lot of generalizations of such beautiful consequences (see
[8-11]). In this paper, we provide some conditions for 2 x 2
operator matrices whose diagonal entries are M-hyponormal
operators to be subscalar. As a consequence, we obtain that
Weyl type theorem holds for such operator matrices.

2. Subscalarity

Lemma 1 (see [6, Proposition 2.1]). For a bounded open disk
D in the complex plane C, there is a constant Cp, such that for
an arbitrary operator T € B(H) and f € W2(D, H) we have

[(1-P) f||2,D <Cp <||(T - Z)*éfnz,D * ”(T - Z>*52f”2,1()>;
14

where P denotes the orthogonal projection of L*(D, H) onto the
Bergman space A*(D, H).

Corollary 2. Let D be as in Lemma 1. If T € B(H) is an M-
hyponormal operator, then there exists a constant Cp, such that
forallz € Cand f € WX(D, H)

”(I -P) f"z,D < MCD

(=231, ,+[a-271],,)
(15)

where P denotes the orthogonal projection of L*(D, H) onto the
Bergman space A*(D, H).

Proof. This follows from Lemma 1 and the definition of M-
hyponormal operator. O

Lemma 3. Let T € B(H) be an M-hyponormal operator
and let D be a bounded disk in C. If {f,} is a sequence in
W™D, H)(m > 2) such that

Jim [z-1)3f, (16)

=0
2,D

fori=1,2,...,m, thenlim, _, I3 f,ll,p, =0fori=1,2,...,
m — 2, where Dy is a disk strictly contained in D.
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Proof. Since T is an M-hyponormal operator, it follows from
Corollary 2 that there exists a constant Cp, such that

—i —it+l
[a-p3'1),, < Mo <H(T =231,
(17)
—i+2
tfa-2371],,)

fori =0,1,2,...,m— 2. From (17), we have

Tim_ ||(1 -P)af,,, =0 (18)
fori =0,1,2,...,m— 2. Hence,

Jim (T - 2) P3 f, =0 (19)

fori=1,2,...,m - 2. Since T has Bishop’s property () [12],
we have

lim “Péi I

n— 00

- =0 (20)

fori =1,2,...,m— 2, where D, denotes a disk with o(T) &
ﬁo & D. From (18) and (20), we get that

lim ‘51 Iu

n— 00

. (21)

fori=1,2,...,m-2. O

Lemma 4. Let T = (% %) € B(H & H), where T; are

mutually commuting, and both T, and T, are M-hyponormal
operators. For any positive integer m and any bounded disk D
in C containing o(T), define the map V,, : He H — H(D)
by

V.h=10h
(22)

+(T -z)W™ (D,H) e W™ (D,H) (= 1®h),

where

H(D) = W™ (D,H)e W™ (D, H) (23)
(T-z)W™(D,H)® W™ (D, H)

and 1 ® h denotes the constant function sending any z € D to
h € H @ H. Then the following statements hold.

(i) If T, T; = 0 for some nonnegative integer r and s, where
T = Ty = I, then V., is one-to-one and has closed
range, where N := max{r, s}.

(ii) If T, = Ty, T, = T, and T, is algebraic of order k, then
Viiesa is one-to-one and has closed range.

(iii) If Ty + T, is an M-hyponormal operator and T\T, =
T,T;, then Vy is one-to-one and has closed range.

Proof. Leth, =h' ®h’> ¢ Ho H and

fo=flofleW"(D,HoW"(D,H)  (24)

be sequences such that
Jim [[(z =T) f, + 1® By yymgyym = 0. (25)
Then (25) implies that

Jim [(z=1) fy + Tofy +10h,

wn =0
(26)

. 1 2 2 _
Tim |T3fy +(z=T,) fi + 18K . = 0.

By the definition of the norm of Sobolev space and (26) we
get

,}Lngo”(z - Tl)éifr} * Tzsifj —
| | @7)
nli_)ng()llﬂ?fi +(z-T,)0 —

fori=1,2,...,m.

(i) Set m = 4N + 2, where N := max{r,s}. We may
assume that s < r. Then m = 4r + 2.

We prove that for every j = 0,1,2,...
equations hold

,s, the following

. r—jrs—j+1a0 £1 _
nlLI%o|T2 Ty 0 fa 2D, 0,
. (28)
. r=jrs—jxt 2 _
nh—>néo| T2 T3 0 f” 2,D; =0

J

fori =1,2,...,4(r — j) + 2, whereo(T) $ D, & --- ¢ D, &
D, g D.

To prove (28), we will use the induction on j. Since T; T3 =
0, then (28) holds when j = 0. Suppose that (28) is true for
some j < s. From (27) and the inductions hypothesis, we have

. B r—j—1pas—jai 1 _
nIeréo'I(Tl 2)T, 77T, 70 f, op, 0,
lim 73775795 £y + (T, - 2) T3S 2| =0
RSN B 3 n 4 2 3 "o,
(29)

fori = 1,2,...,4(r — j) + 2. Since T, is an M-hyponormal
operator, by Lemma 3 we have

i1 s—i=t 1
T, T,

nh—>néo| 2,D; =0 (30)

fori = 1,2,...,4(r — j), where o(T) & D;. ¢ D;. From
(30) and the second equation of (27),

. —j=1rs—j-151
Jim (T, - 2) T3 TG

' 0 @31)

fori = 1,2,...,4(r — j). Since T, is an M-hyponormal
operator, by Lemma 3 we derive

. r—j=1ps—j-151 2
AT T 0

. (32)




fori = 1,2,...,4(r = j = 1) + 2, where o(T) § Dj,, ¢ D;;.
Therefore, the proof of (28) is completed. Let j = s in (28);
we have

nhango’TzriST;i " =0,
(33)
Jim |3
fori=1,2,...,4(r —s) +2. From (27) and (33), it follows that
Jim (1, - 2) T =0 (34)
fori = 1,2,...,4(r — s) + 2. Since T, is an M-hyponormal

operator, from Lemma 3 we obtain that

hm | 2D/ =0 (35)
fori=1,2,...,4(r — s), where 0(T) & D; G D, and hence
: r—s—13% 2 _
Tim_ “(T4 —2)T} 2., =0 (36)
fori = 1,2,...,4(r — s). Since T, is an M-hyponormal

operator, Lemma 3 implies that

lim '
n—oo0o0

2D5+1 - O (37)

fori = 1,2,...,4(r —s— 1) + 2, where o(T) ¢ D,;, & D;.
By repeating the process from (33) to (37), it holds for all j =

0,1,2,...,r — s that
Jim |5 =0 (38)
s+]
fori=1,2,...,4(r —s—j) + 2, whereo(T) ¢ D,,; ¢ D, &
D, %% Dy, & D, Inparticular, letr = s + j,

. = 2
lim 0 f, _ (39)

fori = 1, 2. Hence, from the first equation of (27), we have

Tim_ ”(T1 -0 (40)

fori = 1, 2. Applying Corollary 2, we have
. 1
Jim |0 = P) £,y = 0. (40

where P denotes the orthogonal projection of L*(D., H) onto
AZ(DL, H)ando(T) & D; G D,. By combining (26) with (39)
and (41), we obtain that

JMim [z = T) P, + 1@h,|, 1 =0, (42)

where Pf, := (113;:; )

Let ' be a curve in D; surrounding o(T'). Then forz € T

Jim [Pf, ) + (e -1 (1oh,) (@) =0 (43)
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uniformly. Hence, by the Riesz functional calculus,

1
|5 ], 2
B4 2mi Jr fn

n— oo

(44)

But (1/271) .fr Pf,(z)dz = 0 by Cauchy’s theorem. Hence,

lim,_, ,h, = 0, and so V,,,, is one-to-one and has closed

range.

(ii) Set m = 4k + 2. By the hypothesis and (27), we have

Jim (1, -2)3 £} + 1,9

. (45)
Jim |19 £+ (T

fori=1,2,...,4k+2.Since T, is algebraic with order k, there
exists a nonconstant polynomial p(z) = (z—z;)(z-z,) -+ (z—
z;) such that p(T,) = 0. Set qj(z) =(z - zjﬂ) -+ (z - z) for

7j=0,1,2,...,k—1and g, (z) = 1.
Claim. Forevery j = 0,1,2,..., k, the following equations
hold:
Jim g, (7, =0
(46)
Jim J =0
fori =1,2,...,4(k - j) + 2, whereo(T) $ D & - ¢ D, &
D, ¢D.

To prove the claim, we use the induction on j. Since
qo(T,) = p(T,) = 0, then when j = 0 the claim holds. Suppose
that the claim is true for some j = r, where 0 < r < k.
Multiplying (45) by g,.,,(T,), we obtain

Jim |7y - 2) g0 (1) 7, + 2 -0,
hm Zri19r+1 (T )a f + (T - Z) r+1 (T ) =0
(47
fori=1,2,...,4(k — r) + 2. From (47), we derive
Jim (7~ (2= 2)) 4,0 (1) (3 £ 43 12, =0
(48)
fori = 1,2,...,4(k — r) + 2. Since T, is an M-hyponormal

operator, from (48) and Lemma 3 we obtain

Gt (1) (3 f1 +3 12)

fori=1,2,...,4(k —r), where 0(T) & D: G D,. Combining
(49) with the first equation of (47), we have

lim
n— 00

2D =0 (49)

nlLIréo|l(T1 ~(2+2,41)) 1 (Tz)_ r} )

fori = 1,2,...,4(k — r). Since T} is an M-hyponormal
operator, we obtain from Lemma 3 and (50) that

=0 (50)

2Dr-v-l =0 (51)

hm r+1 (Tz
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fori = 1,2,...,4(k —r - 1) + 2, where o(T) ¢ D,,; § D..
From (49) and (51), we obtain

—i
dr+1 (Tz) 0 fj
fori = 1,2,...,4(k — r — 1) + 2. Therefore, the proof of the

claim is completed.
From the claim with j = k, we have

lim =0 (52)
n— 0o 2>Dr+l

lim |5i 1! (53)

n— oo

= Jim 37

2,D,  n—00

=0
2D

fori = 1,2. From Lemma 1 we derive that

fim "(I =) fi"z,Dk = Jim "(I_P) fj”Z,Dk =0 (54)

n— 00 n—00

where P denotes the orthogonal projection of L*(Dy, H) onto
A*(Dy, H). By applying the proof of (i), we obtain that V.,
is one-to-one and has closed range.

(iii) Set m = 6. By (27), we have

Jlim (1,1, - 2T3)3 £y + LT3 £, =0,
‘ o (55)
Jim. ||T1T35’ fo+ (T =213 £ =0
fori=1,2,...,6.Since T\ T, = T, T, (55) implies that
Jim |z (1,0 £ - 59 ;) |2’D =0 (56)

fori = 1,2,...,6. Since the zero operator is hyponormal
operator, it follows from Lemma 3 and (56) that

Tlim llTléi 2-T3 f! (57)

=0
2D,
fori =1,2,...,4, where 0(T) ¢ D, ¢ D. Using (57) and the

second equation of (27), we obtain

nanéo||(T1 +T,—2) 5ifnz (58)

=0
2,D,

fori =1,2,3,4. Since T} + T, is an M-hyponormal operator,
from Lemma 3 we have

lim [

n— oo

2D, =0 (59)

fori = 1,2, where o(T) ¢ D, ¢ D,. From (59) and the first
equation of (27) we obtain that

Jim (T, -2)3'f,

for i = 1,2. Since T is an M-hyponormal operator, from
Corollary 2 we get that

2, =0 (60)

Jim @ =P £, =0 (61

where P denotes the orthogonal projection of L*(D;, H) onto
A%(D,,H) and o(T) ¢ D; ¢ D,. By applying the similar way
of (i), we obtain that V; is one-to-one and has closed range.

O

Theorem 5. Let T = (2 %) € B(H ® H), where T; are
mutually commuting, and both T, and T, are M-hyponormal
operators. If {T;}._, satisfy one of the conditions in Lemma 4,
then T is a subscalar operator of order m, where m is the

appropriately chosen integer as in Lemma 4.

Proof. Let D be a bounded disk in C containing o(T) and
consider the quotient space

HD) W™ (D, H) ® W™ (D, H) ()
(T -z)W™ (D, H)® W™ (D, H)

endowed with the Hilbert space norm, where m = 4N + 2,
N := max{r, s} for (i), m = 4k + 2 for (ii), and m = 6 for (iii)
in Lemma 4. The class of a vector f or an operator S on H(D)
will be denoted by f, S, respectively. Let M be the operator of
multiplication by z on W"(D, H) ® W™(D, H). Then M is a
scalar operator of order m and has a spectral distribution ®.
Since R(T - z) is invariant under M, M can be well defined.
Moreover, consider the spectral distribution @ : Cj'(C) —
B(W™(D,H)®W™(D, H)) defined by the following relation:
forgp € C'(C)and f € W™(D,H)eW™ (D, H), ®(¢) f = ¢f.
Then the spectral distribution ® of M commutes with T —
z, and so M is still a scalar operator of order m with D as
a spectral distribution. As in Lemma 4, if we define the map
V,,: H,®H, — H(D)by

V,h=1®h
(63)

+(T-z)W" (D,H) @ W" (D,H) (= 1&h),
then V,, is one-to-one and has closed range. Since
V,Th=19Th=zeh=M(1®h)=MV,h  (64)

foralh € He H,V, T = MV, In particular, R(V,,) is
invariant under M and R(V,,) is closed; it is a closed invariant
subspace of the scalar operator M. Since T is similar to the
restriction M| Rr(v,) and M is scalar of order m, T is a subscalar
operator of order m. O
Corollary 6. Let T = (2 %) € B(H & H), where T,
are mutually commuting, both T, and T, are M-hyponormal
operators, and {T;},_, satisfy one of the conditions in Lemma 4.
Then T has property () and the single-valued extension
property.

Proof. From section one, we need only to prove that T has
property (). Since property (f3) is transmitted from an
operator to its restrictions to closed invariant subspaces, we
are reduced by Theorem 5 to the case of a scalar operator.
Since every scalar operator has property (f) (see [6]), T has
property (). O

Define the quasi-nilpotent part of AI - T

Hy(AI-T) = {x € H: lim (A1 -T)"x|"" = o} . (65)



Definition 7. An operator T € B(H) is said to belong to the
class H(p) if there exists a natural number p := p(A) such
that

Hy(AI-T)=NQAI-T)? VAeC. (66)

Theorem 8 (see [13]). Every subscalar operator T € B(H) is
H(p).

Definition 9. An operator T' € B(H) is said to be polaroid if
every A € iso o(T') is a pole of the resolvent of T'.

Note that

T is polaroid & T is polaroid. (67)

The condition of being polaroid may be characterized by
means of the quasi-nilpotent part.

Theorem 10 (see [14]). An operator T € B(H) is polaroid if
and only if there exists a natural number p := p(A) such that

Hy(AI-T)=NQAI-T)? VAce€isoo(T). (68)

Corollary 11. Every H(p) operator is polaroid.
Since a subscalar operator is H(p), we have the following.

Corollary 12. Every subscalar operator is polaroid.

Corollary 13. Let T = (2 %) € B(H ® H), where T,
are mutually commuting, both T, and T, are M-hyponormal
operators, and {T};_, satisfy one of the conditions in Lemma 4.
Then T is polaroid.

If T € B(H) has SVEP, then T and T~ satisfy Browder’s

theorem. A sufficient condition for an operator T satisfying
Browder’s theorem to satisfy Weyl's theorem is that T is
polaroid. Then we have the following result.
Corollary 14. Let T = (2 %) € B(H & H), where T,
are mutually commuting, both T, and T, are M-hyponormal
operators, and {T,}}_, satisfy one of the conditions in Lemma 4.
Then Weyl’s theorem holds for T and T™.

Observe that if T € B(H) has SVEP, then o(T) = a,(T*).
Hence, if T has SVEP and is polaroid, then T" satisfies a-
Weyl’s theorem [15, Theorem 3.10].

Corollary 15. Let T = (2 %) € B(H @ H), where T,
are mutually commuting, both T, and T, are M-hyponormal
operators, and {T,}._, satisfy one of the conditions in Lemma 4.

Then a-Weyl’s theorem holds for T*.

Proof. Since T is polaroid and has SVEP, then a-Weyl's
theorem holds for T*. O

In the following, f is an analytic function on o(T') and f
is not constant on each connected component of the open set
U containing o(T').
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Corollary 16. Let T = (2 %) € B(H ® H), where T,
are mutually commuting, both T, and T, are M-hyponormal
operators, and {T;},_, satisfy one of the conditions in Lemma 4.
Then the following assertions hold:

(i) Weyl’s theorem holds for f(T);
(ii) a-Weyl’s theorem holds for f(T™).

Proof. (i) Since T is polaroid and has SVEP, then f(T') satisfies
Weyl’s theorem by [15, Theorem 3.14].

(ii) Since T is polaroid and has SVEP, then f(T™) satisfies
a-Weyl’s theorem by [15, Theorem 3.12]. O

Conflict of Interests

The authors declare that there is no conflict of interests
regarding the publication of this paper.

Acknowledgments

The authors would like to express their cordial gratitude
to the referee for his valuable advice and suggestion. This
work was partially supported by the National Natural Sci-
ence Foundation of China (11201126), the Natural Science
Foundation of the Department of Education, Henan Province
(no. 14B110008), and the Youth Science Foundation of Henan
Normal University (no. 2013QKO01).

References

[1] R.Harte, Invertibility and Singularity for Bounded Linear Oper-
ators, Marcel Dekker, New York, NY, USA, 1988.

[2] R. Harte and W. Y. Lee, “Another note on Weyl’s theorem,”
Transactions of the American Mathematical Society, vol. 349, no.
5, pp. 2115-2124, 1997.

[3] X. Cao, M. Guo, and B. Meng, “Weyl type theorems for p-
hyponormal and M-hyponormal operators,” Studia Mathemat-
ica, vol. 163, no. 2, pp. 177-188, 2004.

[4] R. L. Moore, D. D. Rogers, and T. T. Trent, “A note on inter-
twining M-hyponormal operators,” Proceedings of the American
Mathematical Society, vol. 83, no. 3, pp. 514-516, 1981.

[5] A. Uchiyama and T. Yoshino, “Weyls theorem for p-
hyponormal or M-hyponormal operators”  Glasgow
Mathematical Journal, vol. 43, no. 3, pp. 375-381, 2001.

[6] M. Putinar, “Hyponormal operators are subscalar,” Journal of
Operator Theory, vol. 12, no. 2, pp. 385-395, 1984.

[7] S. W. Brown, “Hyponormal operators with thick spectra have
invariant subspaces,” Annals of Mathematics, vol. 125, no. 1, pp.
93-103, 1987.

[8] S.Jung,Y.Kim, and E. Ko, “On subscalarity of some 22 class A
operator matrices,” Linear Algebra and Its Applications, vol. 438,
no. 3, pp. 1322-1338, 2013.

[9] S. Jung, E. Ko, and M.-]. Lee, “On class A operators,” Studia
Mathematica, vol. 198, no. 3, pp. 249-260, 2010.

[10] S. Jung, E. Ko, and M.-]. Lee, “Subscalarity of (p, k)-quasi-
hyponormal operators,” Journal of Mathematical Analysis and
Applications, vol. 380, no. 1, pp. 76-86, 2011.

[11] E. Ko, “kth roots of p-hyponormal operators are subscalar
operators of order 4k, Integral Equations and Operator Theory,
vol. 59, no. 2, pp. 173-187, 2007.



Abstract and Applied Analysis

[12] K. B. Laursen and M. M. Neumann, An Introduction to Local
Spectral Theory, Clarendon Press, Oxford, UK, 2000.

[13] M. Oudghiri, “Weyl's and Browder’s theorems for operators
satisfying the SVEP, Studia Mathematica, vol. 163, no. 1, pp. 85-
101, 2004.

[14] P. Aiena, M. Cho, and M. Gonzalez, “Polaroid type operators
under quasi-affinities,” Journal of Mathematical Analysis and
Applications, vol. 371, no. 2, pp. 485-495, 2010.

[15] P. Aiena, E. Aponte, and E. Balzan, “Weyl type theorems for left
and right polaroid operators,” Integral Equations and Operator
Theory, vol. 66, no. 1, pp. 1-20, 2010.



