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We establish the existence of positive solutions to a class of singular nonlocal fractional order differential system depending on two
parameters. Our methods are based on Schauder’s fixed point theorem.

1. Introduction

Differential equations of fractional order have recently
proved to be valuable tools in the modeling of many phe-
nomena in various fields of science and engineering. Particu-
larly, fractional derivatives provide an excellent tool for the
description of memory and hereditary properties of many
materials and processes. With this advantage, fractional order
models are more realistic and practical than the classical
integer-order models in physics, biology, economics, control
theory, signal and image processing, biophysics, blood flow
phenomena, fitting of experimental data, and so forth [1-16].
Recently, Rehman and Khan [17] studied the fractional order
multipoint boundary value problem:

Diy(t)=f(ty(®),Diy(®), te(01),

m—2 (1)
ny 1 - Z(iny (&) =y

i=1

y(0) =0,

where 1 < o« < 2,0 < 8 < 1,{ € [0,+00), 0 <
& < 1, with Y ?¢E < 1. By using the contraction
mapping principle, the existence and uniqueness of positive
solutions were established. In [18], Zhang et al. discussed

the existence and uniqueness of positive solutions for the
following fractional differential equation with derivatives:

~25x (M) = f(Lx(0,-2 1), te (1),

p-2 (2)
gtﬁx (0) =0, 2/x(1) = Zajgzt}’x (Ej)’
j=1

wherel <a<2,a->1,0<<y<1,0<¢§ <&, <

- <&, < La; € [0,4+00) with ¢ = ‘;:12 ajf;’.‘_y_l <1,
and P, is the standard Riemann-Liouville derivative. f :
(0,1) x [0,+00) X (—00,+00) — [0,+00) is continuous,
and f(t,u,v) may be singular at + = 0,1. By means of
monotone iterative technique, the existence and uniqueness
of the positive solution for a fractional differential equation
with derivatives are established, and the iterative sequence of
the solution, an error estimation, and the convergence rate of
the positive solution are also given.

However, the research on the systems of fractional differ-
ential equations has not received much attention. So moti-
vated by the results mentioned above, in this paper, we study
the existence of positive solutions for the following singular
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nonlocal fractional order differential system depending on
two parameters:

~Dju(t) = Af (£, DP'v (1)),

~DPv(t) = ug (t, Dfu (1)),

0<t<l,
m—2 (3)
Df'u(0)=0,  Dl'u(1)= Y bDl'u((;),
j:l
5 s m-2 s
D'v(0) =0, D,'v(1) = Zathlv(fj),

j=1

wherel < a, <2, 0—y, 21,-8, 21,0 <, <6,

0 < a < y,a;b € [0,+00), &, € (0,1) with 0 <

Z;":_lz ai;, 231_12 bi; < 1, Df, Df are the standard Riemann-
Liouville derivatives, and A and y are positive parameters.
f:(0,1) x (0,+00) — [0,+00) and g : [0, 1] x [0,+00) —
(0, +00) are continuous and f (¢, x) may be singularatt = 0, 1
and x = 0. The system (3) is an abstract model arising from
biological dynamic system, which was introduced by Perelson
[5] to describe the primary infection with HIV in integer-
order version, and was extended to a fractional order version
of HIV-1 infection of CD4" T-cells by Arafa et al. [11].

The present paper has several interesting features. Firstly,
the system depends on two parameters and the nonlinear
terms f and g are allowed to have different nonlinear
character; that is, f is decreasing on y and g is increasing
on x; secondly, f may be singular at y = 0 and ¢t = 0, 1; so
far fewer work was done when f can be singular at y = 0;
thirdly, the boundary conditions of the system are nonlocal
and involve fractional derivatives of the unknown functions.

2. Preliminaries and Lemmas

In this section, we firstly define an appropriate invariant set
and then make a change of variables for the system (3) so
that Schauder’s fixed point theorem can be applied. Our work
is based on fractional framework; for further background
knowledge of fractional calculus, we refer readers to the
monographs [1-4] or the papers [6, 8, 17, 18] and the
references therein.

Throughout this paper, we mean by CI[0, 1] the Banach
space of all continuous functions on [0, 1] with the usual
norm ||x|| = max,.,|x(t)[. Let

P={xeC[0,1]: x(t) >0,t € [0,1]}; (4)

then P is a normal cone in the Banach space E. Thus the space

C[0, 1] can be equipped with a partial order given by

x,yeCl0,1],x—yeP = x(t) > y(t), fortel0,1].
©)
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Now define a subcone of P as follows:
B= {x (t) € P : there exist two
positive numbers L, > 1 > [,

such that Lt* ™" < x(t) < Lt t € [0, 1]}.
(6)

Obviously, B is nonempty since t* ' € B.

Lemmal. Let u(t) = I x(t), v(t) = Iﬁly(t), x(t), and y(t) €
C[0, 1]. Then system (3) is turned into the equivalent one:

=D x () = Af (£, y (1)),
—-DF Py () = pg (6, x (1)),
0<t<l,

m—2 (7)
x(0)=0,  DI"Mx(1)= ) bD}"“x((;),
j=1

m-2
Dfl_ﬁly(l) _ ZajD‘:l_ﬂly (E]) ,
i

y(0)=0,

and if (x, y) € C[0,1] x C[0, 1] is a solution of the problem
(7), then (I x(t), Iﬁly(t)) is a solution of the system (3).

Proof. By using semigroup property of the fractional integra-
tion operator (see [1] page 73, Lemma 2.3 or [4] Sections 2.3
and 2.5), one has

Ll
dt"
d’ -0

— %In—[xﬂxlx (t) _ Dt

Dru(t) = =— (I"“I"x (t))

x(t),

Dlut) = j—; (I 1% x (1) ®)

dﬂ
= Zw (0 = DI (1),

Di'u(t) = DI TN x () = x (t).
And then, it follows from (8) that
D;'u (0) = x(0) =0,
D" %x (1) = D!"u(1)
)

m—2 m—2

= 2.b5,D1u(g;) = 26,01 x(¢)).
=1 =1

In the same way, we also have

m-2
DX Py =Y aDPy(E). o)
j:l

y(0) =0,
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It follows from u(t) = I“x(t) and v(t) = Iﬁly(t) that
x(t) = D;'u(t) and y(t) = Df‘ v(t). So substituting the above
formulas into (3), we obtain (7).

On the other hand, if (x, y) is a solution of (7), (8) yields

n n

(24 d n— yx d n—o—o
—Dtu(t):—ﬁl I 1x(l‘):—%l Tx (1)

= -D{ " x(t) = Af (t.y (1) = Af (6 DPv (1)),
~DPv(t) = -DF Py (t) = ug (6, x (1) = ug (6, DPu (1)),
Di'u(t) = DT x (t) = x (t), Dl'u(t)=DI" “x (),

Divity=Dl1Pyt)=yt),  DMv)=D} Py,

(11)
So from (11), we have
m—2
D{'u(0) = 0, Dl'u(1)= Y bDl'u((;),
=
(12)
m=2
Df;‘v(O) =0, Dflv(l) Zaij‘_ﬁlv(Ej).
=
Moreover
“x(t), Py ecio1]. (13)

Consequently, (I x(t), I B y(t)) is a positive solution of (3).
O

Now we recall some useful lemmas by [18], which are
important to the proof of our main results.

Lemma 2 (see [18]). Leth € L'[0,1], if 1 < a — ) < 2; then
the unique solution of the linear problem

-Dfx(t)=h(t), te(0,1),
L m-2 —vc (14)
x(0)=0, DI'Mx(1)= ) b;D!'""x((;),
=1
is given by
1
x(t) = J K, (t,s) h(s)ds, 15)
0
where
K, ()
t(x—ocl—l mz—:2 ( )
=K, (t,s)+ a1 2. biKaa ((55) s
1 1- Z]_le bj{j 4 1j=1 Jra2 \5j

3
K, (t,s)
t(xfoclfl(l _ S)tx—yl—l _ (t _ S)oc—le—l,
_ 1 0<s<t<,
= r((x — (Xl) t(x—ocl—l(l _ S)Oé—yl—l’
0<t<s<,
Ky, (t,s)
O R ML
_ 1 0<s<t<l,
CT(a-a) | @ =5
0<t<s<1.
(16)
Moreover, for any t,s € [0, 1],
(1-s)*nt
K, (t,s)  ——————, i=12 17
w9 S TS (17)
By Lemma 2, similar results are valid for the problem
DI Py =h(t), telo1],
(18)

m-2
Dfl’ﬁly (1) — Z aijl’ﬁly (E]) .
Jj=i

y(0) =0,

For convenience, we adopt the following corresponding
notations:

Kg (t,s)
B-pi-1 m-2
t
= Kpi (t,5) + m—2 _ ¢p0,-1 ZajKﬁZ (EJ"S) >
1- Zj:I ajfj =
K[Bl (t’ S)
tﬁ‘ﬁl—l(l _ 5)13*51’1 _ (t _ S)ﬁ’ﬁlfl)
_ 1 0<s<t<l,
L(B-p) [P -9,
0<t<s<l,
KﬁZ (t, S)
(£ (1= )P — (¢ = 9)f 7,
1 0<s<t<l,
T(B-py) |E@=s)",
0<t<s<l.

(19)

Lemma 3 (see [18]). The Green functions K (t,s) and Kﬁ(t, s)
have the following properties:

(1) K, (t,s) > 0 and Kﬁ(t,s) >0 fort,s €(0,1),



4
(2) there exist functions m(s), mﬁ(s), M, (s), and Mﬁ(s)
such that
my ()t <K (t,s) < M, ()t 7Y, t,5€(0,1),
mg ()PP < Kg(ts) < Mg ()PP, tse(0,1),
(20)
where
ZT 12 b]Kocz (C )
Ma (S) - X=y1—
N Zj:l bj(j
m—2
LK, C
M, (s) = — +Z ! Z(ay)
Flaa) 1 yr b
| ()
Y K (§59)
mg (s) = 1 m-2 p-6,-1
- Zj:l ajfj
Mg (s) ! i K (§5)
B m— —0,—
F(B=P) 1-377a™!

Clearly, the following maximum principle is direct conclusion
of Lemma 2.

Lemma4. If1 < « — oy <2 and x € C([0, 1], R) satisfies

m—2
=YbDMx(y), (22
j:1

and —Df‘_“lx(t) > 0 foranyt € (0,1), then x(t) > 0 fort €
(0,1).

x(0) =0, D' %x (1)

It is well known that (x, y) € C(0,1) x C[0, 1] is a solution
of the system (7) if and only if (x, y) is a solution of the
nonlinear integral system of equations

1
x(t)=A L K, (t,5) f (s, y(s))ds,
(23)

1
y O =p| K09 g(sx(6)ds

and the system (23) is equivalent to the following nonlinear
integral equation

x(t)=A J- K, (t, s)f(s yJ Kﬁ(s,r)g(r,x(‘r))d‘r>ds,

te[0,1].
(24)
Let us define a nonlinear operator (Fx)(t) by

(Fx) (t)

=1 Jl K, (t,s) f (s,y Jl Kg (s, T)g(T,x(T))dT) ds, (25)
0 0

tel0,1].
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Then the existence of solutions to the system of (7) is
equivalent to the existence of fixed point of the nonlinear
operator F; that is, if x* (¢) is a fixed point of F in C[0, 1], then
system (7) has at least one solution (x*(¢), y*(t)) which can
be written by

x(t) =x" (1),
1 (26)
Y (t)=p L Kg(t,5) g (s, x7 (s)) ds,
and then system (3) has at least one solution:
(1% 1), 1P y* (). (27)

In order to find the fixed point of F, we need the
definitions of the upper solution and lower solution for the
following integrodifferential equation:

1
-Dy Mx(t) = Af (t,u L Kg(t,5) g (s,x(s)) d5>’

m—2
= Y 5D x(G5).
=1

Definition 5. A continuous function ¢(t) is called a lower
solution of the problem (28), if it satisfies

(28)

x(0)=0,  D'"*™x(1)

D90 <27 (6 || Ky 299 (5.99) ds).
@)

m—2
$0)20,  DI"™M¢(1)= Y ;D" (L))
=1

Definition 6. A continuous function ¢(t) is called an upper
solution of the problem (28), if it satisfies

-Df Mo (t) = Af (t ”J K (t,9) g (s, go(s))ds)

m=2 (30)
9(0)<0,  DI"™p(1)< ) bDI" ¢ ((;).
j=1
3. Main Result

For the convenience in presentation, we now present some
assumptions to be used in the rest of the paper.

(A1) f: (0,1) x (0,+00) — [0,+00) is continuous and
decreasing on yin (0, +oo) and g : [0, 1]x[0, +00) —
(0, +00) is continuous and increasing on x in [0, +00).

(A2) For any real numbers [, y > 0,

J-l M, (s) f <s, 7 Jl Ks(s,7) g (T, l'r“*“l*l) dT) ds < +oo0.
0 0
(31)

Theorem 7. Suppose (Al) and (A2) hold; then for any (A, p) €
(0,+00) X (0,+00), the system (3) has at least one positive
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solution (u*,v"), and there exist positive constants r{, r,, dj,
and d; such that

a—1

N <ut (1) <t

"
dif <yt () < djtf (32)

te[0,1].

Proof. We start by showing that (3) has at least one positive
solution (u*,v"). For this purpose, we firstly prove that the
operator F is well defined and F(B) C B.

For any x € B, there exist two positive numbers [, < 1 <
L, such that [ t* ™" < x(t) < L t**, s0 it follows from
(25), (20), and (31) that

(Fx) (t)

-2 Ll K, (&)

x f <s,y Il Kg (s, T)g(T,x(T))dT) ds

0

< /\tocfal—l

XJIM“(S)

0

1
x f (s,y J Kg(s,7) g (T, lxro‘_“l_l) d‘[) ds

0

< +00,

(Fx) (t)

1 1
> et J my (s) f <s, 7 J Kg(s,7) g (1,x (1)) dT) ds

0 0

> At(x*otlfl

X J-Ol my (s) f (s, Y Ll Ks(s,1) g (T, Lx‘r“*“‘*l) dT) ds.
(33)

Take

ll

=min{l,){
1
XJ my, (s)
0

xf (s,y Jl Kg (s, T)g(T,LxT“_“‘_l)dT> ds} ,

0

5
LI
= max {1, A
1
X J M, (s)
0
1
xf (S,[/l J Kg(s,1) g (T, lxr"‘*“l*l) dT) ds} ;
0
(34)
then
L < (Fx) (t) < L% 7, (35)

So (Fx)(t) is well defined and F(B) € B. It follows from (A1)
that the operator (Fx)(t) is decreasing on x. Moreover, by
Lemma 2, we have

1
=Dy (Fx) (t) = Af (t,u L Kg (t,5) g (s, Fx (s)) ds),

m—2
D' (Fx)(1) = ) b;DI" “Fx ({;).
j=1

(Fx) (0) =0,
(36)
Let
e(t) = min {t*" 7L F ()],

(37)
e(t) = max {t“_“l_l,F (t“_“‘_l)};

ift* 4t = p(t* 71 then

1

=l y ) =pu JO Ky (t,5) g (s, s° ) ds,
(38)

x" (t)

is positive solution of (7). Thus the system (3) has at least one
solution

(1x" (1), 1P y* (1)) (39)
which satisfies Theorem 7. If t* 17! # F(t*"*17"), we have
e(t),e(t)eB, e(t)<t* ' <e®). (40)
Let
pt)=(Fe)(t),  ¢()=(Fe)(t). (41)

From (A1), we know that F is nonincreasing on x; thus by (37)
and (40), one gets

¢ (1) = (Fe) (t) < Fe(t) = ¢ (1),
(F)(t) < F(t" ") <21, (42)

(F)(®) 2 F(t“ ) 2e),



and ¢(¢) and ¢(t) € B. Thus from (36)-(42), we have
1
Dy M () + Af (t, 7 L Kg(t,s)g (s 9(s)) ds)
1
=D;" (Fe) () + Af (t, u JO K (t,5) g (s, (Fe) (s)) ds)

< D™ (Fe) (0+ Af (w j K5 (6,99 (s.e(5) ds) -0,
0
m—2
p()=0.  DI™p(1)= Y 5D e (()),
j=1

1
DM () + Af (t, 7 J-o Kg (t,5) g (s, ¢ (5)) ds)
1
= Df‘*txl (Fe) () + Af (t,y JO Kﬁ (t,s) g (s, (Fe)(s) ds)
> D™ (Fe) (t)+ Af <t,y Jl Ky (t,5) g (s,e(s)) ds) =0,
0

m—2
$(0)=0, DI ™¢(1)= Y 6D ¢(¢;).
i=1
' (43)

So it follows from (42)-(43) that ¢(t) and ¢(t) are, respec-
tively, upper solution and lower solution of the problem (28)

and ¢(t), ¢(t) € B.
Define a function W: (0,1) x E — E as follows:

W (t, x (1))
1
f <t>.”JOK[§ (t, S)g(s,¢>(s))ds>, x(t)<¢(t),

1
= 3 f<t,‘uJ'0Kﬁ (t, s)g(s,x(s))ds) , o) <x(t) <o(t),

1
f <t,yJ0Kﬁ (t, s)g(s,(p(s))ds) , x() > @(t).

(44)
Obviously W € C((0, 1) x [0, +00)).
Next we define an operator T in C[0, 1] by
1
(Tx) (£) = AJ K, (L)W (sx(s)ds (45
0
and consider the following boundary value problem:
-D™Mx(t) =AW (t,x (1)),
(46)

m—2
x(0)=0,  DI"Mx(1)= ) b;D]'"x(;).
=1

It is easy to see that the fixed point of T' is the solution of (46).

Abstract and Applied Analysis

Note that

(Tx) (t) < A% Jl M, (s)W (s,x(s)) ds
0
1
a—o;—1
<M L M, (s)

x f <s,y J-Ol Ks(s,7) g (7.9 (7)) d'r) ds

1
< At J M, (s)
0

1
x f (s, 7 L Kg(s,7) g (T, l¢ro‘_“‘_l) dT) ds

< 4003
(47)

then T is uniformly bounded. From the uniform continuity
of K,(t,s) and Lebesgue dominated convergence theorem,
we get T' is equicontinuous. So T' is completely continuous.
It follows from Schauder’s fixed point theorem that T has at
least one fixed point x* (¢) such that x* (t) = (Tx")(¢t).

In what follows, we prove

Ppt)<x" ) <p(t),

In fact, as x* (¢) is a fixed point of T, we have

teo,1]. (48)

m-2
Dz’l—oqx* (t) — ijDzﬁ—mx* (C]) ) (49)
=

x*(0) =0,

We firstly prove x*(t) < ¢(t). Otherwise, suppose x*(¢) >
@(t). According to the definition of W, we have

=DM X" (t) = AW (¢, x7 (t))

=Af (t,y J: Kg(t,5) g (9 (9) ds) ) 0

On the other hand, as ¢ is an upper solution of (28), we have
1

-D; Mo (t) = Af <t,/4 J Kg(t,5) g (s, 9(s)) ds) . (51
0

Letting z(¢) = @(t) — x™ (¢), (50)-(51) imply that

D™z (t) = D Mg (t) - Dy x" (1) <0,

_a m-2 » (52)
z(0)=0, D]'"™z(t)= ) b;D]'""z((;).
=1
It follows from Lemma 4 that
z(t) = 0; (53)

that is, x*(t) < ¢(t) on [0, 1], which contradicts x* () > ¢(t).
Thus ¢(t) = x*(t), t € (0,1). In the same way, x"(£) > ¢(¢).
Consequently,

) <x (1) < (1), (54)

and then x* (¢) is a positive solution of the problem (28).
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It follows from ¢(¢), ¢(t) € Bthat there exist four numbers
0< l¢, lq, <1, L¢, L(p > 1 such that

It g (1) S Lyt
(55)

—x,—1 —x, -1
It <) <Lt ™

and (54)-(55) yield

Pt T = 1T <X (1) S Lt T = 1yt (56)
Furthermore,
dltﬁ’ﬁl 1
1
< utP P! L mg(s) g (s, <! (s)) ds<y* ()

1
< ‘utﬁfﬁ‘*l L Mg (s) g (s, rys* ! (s)) ds < dtP Pt
(57)

where

d, = min {%,[4 Ll mg(s) g (s, ppst ! (s)) ds]» ’
(58)

d, = max {2,;4 JOI Mg (s) g (s, rys® ! (s)) ds} .

By Lemma 1, (56), and (57), we obtain that the problem (3)
has a positive solution (u* (), v*(¢)) = (I“lx*(t),lﬁly*(t)),
which satisfies

iktoc—l _ r (“r_(:)l) r toc—l < ut (t)
_ 1 ! _ o =1 %
=T @) L (t—s)""x" (s)ds
F(OC _(xl)rZ a-1 _ *toc—l
I (@) v
(59)
it = LP-P)a (ﬁr_(g)dl 7 < v (1)
— 1 ' Bi-1 %
r(ﬁl)L (t— 9Py () ds
CRINLH (g) hpr _ gt
The proof is completed. O

Example 8. Consider the following singular fractional order
differential system

D u() = A [sint + (Dtl/3v(t))_l/3] ,

—Dt5/3v(t) =u [t71/2 + (Dtl/zu(t))z] ,

10
Df/su(l) _ ijDf/su (C]) , (60)

j=1

10
DPv(0) =0,  DPv(1)=YaDv(E),

=

DM*u(0) =0,

where A > 0 and p > 0 are parameters, §; = j/12,a; =

115, ¢ = 1/(j+ 1), and b = (1/2), j = 1,2,..., 10,
Obviously,

10

1/15 _ 1 j Y 1
0<Za£ Zl5jl/15<_2 152 1/15 <1

10 12 10 1 j 1 1/12 1 1/13
0< b2 - (_> <—) < (—) 1.
<;JCJ J:Zl VAVES! 2)
(61)

Letting u(t) = Il/zx(t), v(t) = Il/3y(t), then (60) is turned
into

—Df/4x =2 (sint + y_1/3 (t)) ,

Dy =u (" + 2 0),

x(0) = D*x(1) = Zb D,;"x(¢;), (62)

10
y(© =0, D/ y)=YaD!y(E),
j:I

where f(t, y) = sint + y/> and g(t, x) = t /% + x?%; it is easy

to see that f(t, y) is decreasing with respect to y and g(¢, x)
is increasing with respect to x, and then (Al) is satisfied.
It follows from (20) and (21) that there exists a positive
number m,, < +00 such that
Kg(t,s) 2 mg(s) 13 > m0t1/3, (63)

and for any constants g, [ > 0, we have

f(tyj Kg (t s)g(s Is*™ )ds>
:sint+< J'K/;(t s)g(s [~ )ds>_1/3

1 -1/3
=sint + <(4J Kﬂ (t,s) (5—1/2 + 1252) dS)
0
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1 -1/3
sint + (ymo)_1/3<J sy lzszds)
0

IA

B 1 1 -1/3
sin1 + (umy) 1/3<5 + 512>

1 -1/3
sinl + (E‘umo) ,

1 N Z}gl ijocZ (Cj’ 5) - 1

AN

Ma®) = 5735 I~ " TG/A)
(=92 G/4) 22 GG+1) /2y
+ 1 Py
1 (1+ 210 _9g )
T T (5/4) 21 (1-¢) )’

(64)

wherec, = ¥1° b-(}/lz. So

=1

! ! a—o;—1 )
L M, (s)f(s,y L Kpg (s,‘r)g(r, It )dT ds

1 e 1 -1/3 210 _g
SF(5/4) Jo <s1n1+<5‘um0> )<1+—211(1_%))d5

< 400,

(65)

and thus (A2) is satisfied. So from Theorem 7, for any (A, i) €
(0, +00) X (0, +00), the system (60) has at least one positive
solution (u*, v"), and there exist positive constants r|', 5, d},
and d; such that

rielt <ut (1) < 5Pl dit? < v () < dii?P?, )
66
tel0,1].
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