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We discuss the feasible interval of the parameter k and a general expression of matrix X which satisfies the rank equation (A —
BXC) = k. With these results, we study two problems under the rank constraint r(A — BXC) = k. The first one is to determine the
maximal and minimal ranks under the rank constraint 7(A — BXC) = k. The second one is to derive the least squares solutions of
|IBXC — Allp = min under the rank constraint (A — BXC) = k.

1. Introduction

We adopt the following notation in this paper. The set of
m x n matrices with complex entries is denoted by C™".
The conjugate transpose of a matrix A is denoted by A*. The
symbols I, and r(A) are the k x k identity matrix and the rank
of A € C"™", respectively. || - || stands for the matrix Frobenius
norm. The Moore-Penrose inverse of A € C™" is defined as
the unique matrix X € C™"" satisfying

(DAXA=4, ()XAX=X,

@)

(3)(AX)" = AX,  (4)(XA)" = XA,

and is denoted by X = AT (see [1]). Furthermore, we denote
Ey=1,-AA"andF, = 1,- ATA.

In the literature, ranks of solutions of linear matrix
equations have been studied widely. Uhlig [2] derived the
extremal ranks of solutions of the consistent matrix equation
of AX = B. Tian [3] derived the extremal ranks of solutions
of BXC = A. Liand Liu [4] studied the extremal ranks of
Hermitian solutions of AX = B. Li et al. [5] studied the
extremal ranks of solutions with special structure of AX =
B. Liu [6] derived the extremal ranks of solutions of AX +
YB = C. Wang and Li [7] established the maximal and
minimal ranks of the solution to consistent system A, X, =
C,A,X, = C),and A, X, B, + A, X,B, = C;. Wang and

He [8] derived the extremal ranks of the general solution of
the mixed Sylvester matrix equations

A, X-YB, =C,,
(2)
A,Z -YB, =C,.

Liu [9] derived the extremal ranks of least square solutions to
BXC = A. Sou and Rantzer [10] studied the minimum rank
matrix approximation problem in the spectral norm

m}in rank (X) subject to ||JA - BXC||, < 1. (3)

Wei and Shen [11] studied a more general problem

m)}n rank (X) subject to ||A — BXC]|, <&, (4)
where £ > 6 and 0 = miny||A — BYC|,. More results and
applications about ranks of matrix expressions and solutions
of matrix equations can be seen in ([2, 3, 8, 11-13], etc.).

Motivated by the work of [2, 3, 7-9, 14, 15], we consider a
general problem. Assume that k is a prescribed nonnegative
integer and A € C"™", B € C"™?, and C € C™" are given
matrices. We now investigate the problem to determine the
maximal and minimal ranks of solutions to the rank equation
r(A — BXC) = k. This problem can be stated as follows.

Problem 1. Given matrices A € C™", B ¢ C"™?,and C ¢
C?" and nonnegative integer k,, characterize the set

S, ={X1XeC,r(A-BXCO) =k}, (9
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and determine the maximal and minimal ranks of solutions
of the rank equation (A — BXC) = k;.

In [16-18], Wang, Wei, and Zha studied least squares
solutions of line matrix equations under rank constraints,
respectively. In [19], Wei and Wang derived a rank-k Her-
mitian nonnegative definite least squares solution to the
equation BXB* = A. In Problem 2, we discuss the least
squares solutions X of |BXC — Al = min subject to r(A —
BXC) = k. This problem can be stated as follows.

Problem 2. Given matrices A € C™", B € C"™?, and
C € C?" and nonnegative integer k, determine the range
of k, such that there exists a least squares solution X of
[BXC — Al = min subject to r(A — BXC) = k; that is,
characterize the set

|A - BXC|| = min subject to r (A — BXC) = k}.
(6)

The paper is organized as follows. In Section 2, we provide
some preliminary results; in Sections 3 and 4, we study
Problems 1 and 2, respectively; and finally in Section 5, we
conclude the paper with some remarks.

2. Preliminaries

In this section we present some preliminary results which will
be used in the following sections to study Problems 1 and 2.

Lemma 3 (see [20]). Let A € C™" B e C™*, C e C™" and
D € C™* be given. Then

r[A B]l=r(A) +r(E,B) =r(B)+r(EgA), (7)

r[é] =r(A) +r(CF,) =r(C) +r(AF.), (8)

A B

r[c 0

where By = E B and C,; = CF,.

] =r(B) +r(C) +r (EzAF.), (9)

Lemma 4. Let A € C™" be given. Then
i A-X)= -r(A),r(A) -k},
rgggkr( ) =max{k-r(A),r(A) -k}, (10)

A-X)=mi ,n, k A)}.
rI(I)l(?fkr( ) = min{m,n,k +r (A)} 1)
Lemma 5 (see [21]). Let A € C™", B e C™?, C ¢ CT", and
D € CT? be given. Then
A"AA* A*B

r(D-CA'B) :r[ cat D ]—r(A). (12)
Lemma 6 (see [22, 23] (the Eckart-Young-Mirsky theorem)).
Let A € CI™", k be a given nonnegative integer in whichk < r
and the singular value decomposition [24] of A be

> 0], .
AzU[O O]V, (13)
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where X = diag {A,,..., A, LA, 2> A, >0,andU and V
are unitary matrices of appropriate sizes. Then

r
min |A - X|* = A2 14
min A - X]| i:kzﬂ ; (14)
Furthermore, when Aj, > Ajq,

X =Udiag{A,...,A,0,...,0} V7 (15)

whenp<k<q<randd,>A, =-=1 >

X =Udiag{A,,...,A1,,1,QQ",0,...,0} V', (16)

x(k—p)

where Q is an arbitrary matrix satisfying Q € C°P and

QQ=1,

3. Solutions to Problem 1

In this section, we study Problem 1 proposed in Section 1.
Suppose that the matrices A € C"™", B € C"™?,and C €
C%" are given. Let

A B] . 1)

zzr[‘é]+r[A B]—r[c 5

Then from [25] there exists X such that r(A — BXC) = ky, if
and only if

min{r[A B].r [A” >k >l 18)

Furthermore, let

2 0]
B:Ul[ol O]Vl,

be singular value decompositions of B and C with unitary
matrices U; € C™, U, € CT1,V, € CP*?,and V, € C™".
Write U AV, in partitioned form as

2, 0],
CZUZ[OZO]V2 (19)

* — All A12
U AV, = [Au Anl (20)

Cr(B)xr(C), A12 c Cr(B)X(n—r(C)), A

where A, € a1 €
Clmr®xr© “and A,, € Crm B Also assume that
the singular value decomposition of A ,, and the correspond-
ing decompositions are given by

T3 0] . J
A22:U3[03 O]V3, U3A21:[K],

2, 0]«
AV, = [E F], F=U4[040]V4,
(21
25 0],
kv [5 O

* -1 _ le le
Ui (-5 3 22,
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where U; and V; are unitary matrices of appropriate sizes in
which i = 3,4,5, ] € C'4=2© g ¢ clmriB)- r(Azz))Xf(C),
EecC B)Xr(Azz) JF ¢ Cr(B)xn r(C) 7(Ay)) A\ll ¢ Cr(F xr( ))
¢ CrBrENxriK

T € CrPxEO-rK), i,

12 ,and A,, €
Cr@B-rENx(r(C)-r(K))

We have the followmg result.

Theorem 7. Suppose that the singular value decompositions of
matrices B, C, A,,, F, and K are given in (19)-(21). U; AV,
Ui Ay, Us Ay, A Vs, and U (A —EZ;' J)V; have the forms
in (20) and (21). If k satisfies (18), then any solution X to the
rank equation r(A — BXC) = k, has the form

Y, Y

1 11 12

X=V [210U4 T ‘ ] [YZI Axp +T] i
por® X1 2

where X12 € Cr(B)X(q—r(C))) X21 € C(p—r(B))Xr(C)’ X22 €
C(p—r(B))x(q—r(C))’ Yl e C" (F)xr(K) Y e C" (F)x(r(C)-r(K)) and

Y, € CO®TENXK) groarbitram, T € CUB-ENXO- ),
and r(T) =k; — L.

Proof. From the singular value decompositions of matrices of
B,C, F, and K, we observe that

U, [AO“ 8] v, = BB'AC'C,

o 3 A

*_ t
U, [Am 0]V2 = EzAC'C,
0 0 ]V; = EzAF,
22
(23)
0 Ap,
U [0 Azz]v =4fe

0 0 *
U V = E A,
! [Az1 Azz] ? P

* 0
[0 F] Vi = A12FA22’ U; [K] = EA22A21)

Then by repeated application of Lemma 3, we have

r(4) =1 (BaFe) =1 & 0| -r®)-r @), )

PE) = ([0 FV?) = r (AnFa,) = r [ﬁz] —r(Ap)

=r(AFc) -

et [e )

r (EgAF.)

(25)
r(K) = r<U3 |:IO<]> = r(EA22A21)
=r [A21 Azz] - ”(Azz)
(26)
=r (EBA) -r (EBAFC)
=r(C)+r[A B] —r[é Ig]

Furthermore, write
. X2 X
Vl XU2 = [ 1 Xll 2 12] R

Y, Y,
U*X..V. _[ 11 12]
21 X5, 4411Ys

Y21 Y22
(27)

€ Cr(B)X(q—r(C)), X, €
€ Cr(F)xr(K))

in which X,, ¢ C'®© x
CrrB O] x ¢ C(p—r(B))X(q—r(C)), Y,
Y, € OOy o ctBTEXE gy e

CUrB-rENX(rO-r(K) 1 follows that

r (A - BXC)

2 0], - 3, 0
= (U AV, - [0 O]Vl XU2[02 0]) (282)

(A, - X;; [E F] ]
L]

(A, —EX'J-X,, F
1 K3' 1 0]+"(A22)

[ le 212] * |:Z4 0:|
“u fi|_yrx, v,

[AZI A22 4T 00

3 0

00

(28b)

0

+7(Ay)



Ap-Yy Ap-Yy 2, 0

_ | An—Yy Ap-Yy, 00

s 0 00

0 0 0 0
+7(Ay)

=r(Apy - Yy) +r(Ap) +7(F) +7(K).
(28¢)

Since (A — BXC) = ky, from (28c), we obtain
r(zzz_Yzz) =k1—r(A22)—r(F)—r(K). (29)

The identity (A ,, — Y,,) = k, — I follows by substituting
(24)-(26) into (29). Hence, any solution Y,, to the rank
equation 7(A,, — Y,,) = k; — [ has the form

Y, =A,, +T, (30)

where r(T) = k; — 1.
Substituting (30) into the second partitioned matrix in
(27), we obtain

Yl 1 Y12

K= [Yzl Zzz +T

] Vo, (31

where 7(T) = k; — I. The expression of X in (22) follows by
substituting (31) into the first partitioned matrix in (27). O

Let X = 0. From (28b), we have

r[Au —KEZ?I g] —r(A)-r(Ay).  (32)

Substituting (24) into the above identity, we have

r[A” ~E3'] F

o 0]:r(A)+r(B)+r(C)—r[A B].

Cco
(33)

By applying Lemma 3 (9) to the final identity in (23), it follows
that

r(Ay) =r(Ep (A, - EZ;'T) Fy)
=r [All _KEZ;lI g] —r(F)-r(K)
(34)
:r(A)+r[é ]3] —r[é‘] -r[A B]

r(A) -1
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We have the following result.

Theorem 8. Let A, B, and C be as in Problem 1 and let k,
satisfy (18). Then

r(A—%l)i(ICl)=klr (X) = max {r (A) — k;, k; —r (A)}, (35)

max 7 (X)
+(A-BXC)=k,

=min{p,q,k1+p+q+r(A) (36)

—2r(B)—2r(C)+r[é] Fr[A B]}.

Proof. From a general expression of X for the rank equation
r(A — BXC) = k, given in (22), (10), and (34), we obtain

min r(X)= min r(A,, +T
(A-BXC)=k, (X) H(T)=k,~1 ( 22 )

= max {kl —l—r(zzz),r(gzz) -k + l}

=max {r (A) - k;, k; — 7 (A)}.

(37)

From (11), (22), and (34), we obtain

max 7 (X)
r(A-BXC)=k,
Yll AYIZ X
= max r| Y,y Ap+T 12
r(T)=ky =1, Y11,Y12,Y51,X15,X51, X5
X21 X22

([Kzzm o] [o 0 ]
max r -Y
r(T)=k-1,YeCP~4,ZeCP*a 0 0 0 I (o)+r()

1o 1] ?)
pr(By+r(F)

=minqp.q,p+4q
Ay +T 0 0 0
0 0 01
p-r(B)+r(F)
(ol |0 o 0 0
0 I O 0
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= min {p, 9 rarﬂr)lj(x_f (Zzz +T) +p+q
+r(F)+r(K)—r(B)—r(C)}

:min{p,q,p+q+r(K)—r(C),

p+q+r(F)-r(B),
ki +p+q+r(A)-2r(B)-2r(C)

+r[é]+r[A B]}

(38)

Since B € C"™? and C € CT", we see that p+q+r(K)-r(C) >
pand p+q+r(F)—r(B) > q. To simplify expression (38) by the
two inequalities, we obtain expression (36) for the maximal
rank of solutions to the rank equation 7(A — BXC) = k;. O

Remark 9 (see [3]). Let A, B, and C be as in Theorem 7. The
matrix equation BXC = A is consistent, if and only if there
exists X such that (A — BXC) = 0. Therefore, applying
Theorem 8, we have the extremal ranks of solutions to the
matrix equation BXC = A:

Jnin r (X)=r(A),

Jnax (X) =min{p,q,p+q+r(A)—r(B)-r(C)}.
(39)

Remark 10 (see [9]). Let A, B, and C be as in Theorem 7 and
let S = {X € CPY | |BXC — A| = min}. Since X € S,
if and only if B*AC* = B*BXCC", and the matrix equation
B*AC* = B*BXCC" is always consistent, we can use B* AC",
B*B, and CC” to replace A, B, and C in (39). Then we have
the extremal ranks of least squares solutions of the matrix
equation BXC = A:

i (X) =7 (B ACT)

||Bxg}gﬁ(=minr (X) = min {p’ 9ptq

+r (B*AC") —r(B) - r (C)}.
(40)

In [14], Liu and Tian derive the extremal ranks of
submatrices in a Hermitian solution to the consistent matrix
equation BXB" = A. In the following theorem, we derive the
range of k; such that there exists a Hermitian solution X to
the rank equation r(A — BXB*) = k,, and the maximal and
minimal ranks of X which may be proved in the same way as
Theorem 8.

Theorem 11. Let A € C™ and B € C™" be given, and let A
be Hermitian. Then from [15] there exists a Hermitian matrix
X satisfying r(A — BXB") = ky, if and only if

r[A Bl >k >2r[A B]—r[;* g]. (41)
If k, satisfies the above inequalities, then
i X) = A) -k, -r(A)f,
rm_g}{l}g):klr( ) = max {r (A) - k;, k, —r (A)}
max 7 (X) = min{nk, +2n+r(A) (42)
r(A-BXB")=k,

—4r (B) + 2r [A B]}.

4. Solutions to Problem 2

In this section, we study Problem 2 proposed in Section 1.
Let

10
A becen

It is obvious that
2>r(A-BXC) >0 (44)

and there do not exist the least squares solutions of
BXC — Al = min subject to r(A — BXC) = 2. Therefore,
we should study the range of k, such that there exists a least
squares solution X of |BXC — Az = min subject to 7(A —
BXC) = k.

Theorem 12. Let A, B, and C be as in Theorem 7. Then there
exists a least squares solution of ||A — BXC| = min under the
rank constraint r(A — BXC) = k, if and only if

A AC" B
r|BPA 0 0|-r(B)-r(C)=k
C 0 O

(45)
A A B

Zr[c]+r[A B]—r[c O]'

Proof. LetE, F, ], K, Z,, U, and V; (i = 1,2,3,4,5) be as in

Theorem 7, and let U, (EX;"J)V; be partitioned in the form

" _ D,, D
U; (B=) Vs = [D; DZ]’ (46)

where D,, € C(r(B)—r(F))X(r(C)—r(K)))D21 c C(r(B)—r(F))xr(K)

5

D,, € CTEX©O=) and D, € CE¥K) Let D,, have
the singular value decomposition

%, 0],
D22=U7[ 0 0] vy, (47)

where X, = diag {0;,...,0,p,)}6; = -+ = 8,p,) > 0,and
U, and V; are unitary matrices of appropriate sizes.



From the partitioned form for U, (A, - EZ;1 J)Vs in (21),
Uy Ay Vs =U; (EZ5'T) Vs + [é“ 412] . 48)
Ay Ap

Since the Frobenius norm is invariant, we have the following
identities by substituting (22) into |A — BXC|| and applying
(46) and (48):

m1n ||A BXC||
#(A-BXC

2

Yo Yy x
I:AH_U4 [YZI A\zz"'T Vs An
Ay A

+ min_ Uy (EZS'T) Vs -

Y1110, Y50,r(T)=k—1
g |
A21 A22

Therefore, there exists a least squares solution X satisfying
|A - BXC|* = min subject to (A — BXC) = k if and only
itr(D,,) > r(T) > 0, that is, if and only if

+ min [Dy, - T

(49)

r(Dy)+1>k>1. (50)

From the partitioned form for UZ (EZ;1 J)Vs in (46) and
the decompositions of F and K in (21), we have r(D,,) =
r(EpEZ;' JFy). Applying (9) gives

-1
1) =[P S rm v e

The identity
A-BB'AC'C [0 A“] 52
( ) A21 A22 ( )

follows from applying the decompositions of B and C in (19)
and the partitioned form for U} AV, in (20) Substituting the

decomposition of A,, in (19) into [ A, Alz ], applying the

partitioned forms for Uy A, and A ,V; in (21), we conclude
that

-1
r(A—BB*AC*C):r[EZ}g] €]+r(A22). (53)

Hence,

r(Dy,) =r(A-BB'AC'C) -

r (Azz) -r(F

) -7 (K).
(54)
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It follows from applying (12) that

A AC* B
r(A—BBTAcTc):r!B*A 0 —r(B)-r(C).
C 0 0
(55)

Substituting (24)-(26) and (55) into (54), we have

A AC' B
r(Dy)=r|B"A 0 0 +r[é B]
c 0 0 0
(56)

_r[é]_r[A Bl - r(B)-r(C).

Therefor, the inequalities in (45) follow from substituting (17)
and (56) into (50). O

Theorem 13. Let A, B, C, E, F, ], K, Z, 1, and V; (i =
1,2,3,4,5) be as in Theorem 7, and let U, (EZ "NV, and D,,
be partitioned as in (46) and (47), respectively. If k satisfies
(45), then any least squares solution X € {X | r(A-BXC) = k}
satisfying ||A — BXC|| = min has the form

Y, Y
-1 11 12
X=V [ZIOU4 I 0 ] [Ym A\22*'T] X2
pr® X X2 (57)
*e—1
y [v5 50 ]U;’
0 Lo

where X12 (S Cr(B)X 1-1(©) X21 € C(p—r(B xr(©) X22 €
C(p r(B))x(g—r(C)) Y € Cr(F)Xr(K) Y c Cr YX(r(C)-r(K)) Y c

CrB-r(E)xr(K and T ¢ cU®- HXO-r () are arbztmry

matrices, such that r(T)=k-1

(1) When &i_; > 8111

T = U, diag {8,,...,8,_1,0,...,0} Vs (58)
() whenp <k-l<qg<randds>As, =-=0;>
5q+1»

T = U, diag{3,,...,858,,QQ",0,...,0} V', (59)

where Q is an arbitrary matrix satisfying Q € CaPxk=p)
Gll’ld Q*Q = Ik—l—ﬁ'
Proof. When k satisfies the inequalities in (45), then, by
applying Lemma 6 and (48), we obtain the desired form of
T in (58) and (59), respectively. O
5. Conclusions

In this paper, we have discussed the solutions to Problem 1

Si, ={X| X eCP9,r(A-BXC) =k}  (60)
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and the solutions to Problem 2
S={X|XeS|A-BXC|* = min}. (61)

We first derived the expression of solutions to r(A —
BXC) = k, when Problem 1is solvable. Based on these results,
we obtained the extremal ranks of the expression of solutions
to Problem 1, the solvability conditions of Problem 2, and
the expression of least squares solutions when Problem 2 is
solvable.
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