Hindawi Publishing Corporation
Abstract and Applied Analysis

Volume 2014, Article ID 454375, 10 pages
http://dx.doi.org/10.1155/2014/454375

Research Article

Analysis of Approximation by Linear Operators on Variable LZ;(')
Spaces and Applications in Learning Theory

Bing-Zheng Li' and Ding-Xuan Zhou®

! Department of Mathematics, Zhejiang University, Hangzhou 310027, China
? Department of Mathematics, City University of Hong Kong, Kowloon, Hong Kong

Correspondence should be addressed to Ding-Xuan Zhou; mazhou@cityu.edu.hk

Received 7 May 2014; Accepted 30 June 2014; Published 16 July 2014

Academic Editor: Uno Hamarik

Copyright © 2014 B.-Z. Li and D.-X. Zhou. This is an open access article distributed under the Creative Commons Attribution
License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly

cited.

This paper is concerned with approximation on variable Lf)(') spaces associated with a general exponent function p and a general

bounded Borel measure p on an open subset Q of R?. We mainly consider approximation by Bernstein type linear operators.
Under an assumption of log-Hoélder continuity of the exponent function p, we verify a conjecture raised previously about the
uniform boundedness of Bernstein-Durrmeyer and Bernstein-Kantorovich operators on the Lf,(') space. Quantitative estimates

for the approximation are provided for high orders of approximation by linear combinations of such positive linear operators.
Motivating connections to classification and quantile regression problems in learning theory are also described.

1. Introduction

Approximation by Bernstein type positive linear operators
has a long history and is an important topic in approximation
theory. It started with Bernstein operators [1] for proving
the Weierstrass theorem about the denseness of the set of
polynomials in the space C[0, 1] of continuous functions on
the interval [0, 1]. These classical operators are defined as
B,(f,x) = ZZ:O f(k/n)p,;(x) for x € [0,1] and f € C[0,1]
with the Bernstein basis given by p, . (x) = (1) xF(1 - x)"™*.
The Bernstein operators have been extended in various forms
for the purpose of approximating discontinuous functions, by
replacing the point evaluation functionals by some integrals.
The classical examples for approximation in L?[0,1] (with
1 < p < 00), the Banach space of all integrable functions

1/p
f on [0, 1] with the norm | fll,, = (JOI |f(x)|Pdx) ~, are
Bernstein-Kantorovich operators [2]

K, (f,x)

= i(n+ 1)
k=0

(k+1)/(n+1) (1)
J f®dtp,(x), xe€[0,1]

k/(n+1)

and Bernstein-Durrmeyer operators [3]

n 1
D, (fix)=Y (n+1) j i (8) F () dtp ().
=] 0 @)

x €[0,1].

Quantitative estimates for approximation by Bernstein type
positive linear operators in C[0, 1] or LP[0,1] have been
presented in a large literature (e.g., [4, 5]). See the book [6]
and references therein for details and extensions to infinite
intervals and linear combinations of positive operators for
achieving high orders of approximation.

In this paper we provide a general framework for approx-
imation by linear operators on variable L‘;(')(Q) spaces on an
open subset O of R?. Here p : QO — [1,00) is a measurable
function called the exponent function and p is a positive
bounded Borel measure on . The variable space Lf;(')(Q) is

a generalization of the weighted L? spaces with a constant
exponent p € [1,00]. It consists of all the measurable
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functions f on Q such that fﬂ (If(x)I/A)P(x)dp < 0o for some
A > 0. The norm is defined by

p(x)
"f||L§<'>:inf{)t>0:L<|f)(t—x)|) dpgl}. (3)

The space Lf,(')(Q) is a Banach space [7]. The idea of

variable LP") spaces was introduced by Orlicz [8]. Motivated
by connections to variational integrals with nonstandard
growth related to modeling of electrorheological fluids [9],
these function spaces have been developed in analysis and
research topics include boundedness of maximal operators,
continuity of translates, and denseness of smooth functions.
We will not go into details which can be found in [7,
10] and references therein. Instead, we only mention the
following core condition on the log-Holder continuity of the
exponent function which leads to the boundedness of Hardy-
Littlewood maximal operators and the rich theory of the

variable LJ;(')(Q) spaces.

Definition 1. We say that the exponent function p : Q —
[1,00) is log-Holder continuous if there exist positive con-
stants A, > 0 such that

Ap

1
—) b Q) - )
Toghe oy WSRO

(4)

lp(x)-p(y)| <

We say that p is log-Holder continuous at infinity (when Q is
unbounded) if there holds

A
_ P
lpx) - p(y)] < sy T = 1. )
Denote
p-= ;Ielgp (x), py = ilelgp (x). (6)

The issue of approximation by Bernstein type positive
linear operators on variable Lﬂ(')(ﬂ) spaces was raised by the
second author in [11]. It turned out that the variety of the
exponent function p creates technical difficulty in the study
of approximation. In particular, the uniform boundedness
of the Bernstein-Kantorovich operators (1) and Bernstein-
Durrmeyer operators (2) is already a difficult problem. The
key analysis in [11] is to show that the Bernstein-Kantorovich
operators and Bernstein-Durrmeyer operators are uniformly
bounded when the exponent function p is Lipschitz « for
some « € (0,1]. It was conjectured there that the uniform
boundedness still holds when p is log-Hélder continuous.
The first main result of this paper is to confirm this conjecture
in Theorem 6 below.

Our second main result is to abandon the positivity and
present quantitative estimates for the high order approxi-
mation by linear operators including linear combinations of
Bernstein type positive linear operators, extending the results
in [11] for the first order approximation by positive operators.
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2. Motivations from Learning Theory

Our main motivation for considering the approximation of
functions by linear operators on variable L‘Z(')(Q) spaces is
from learning theory. Besides the example of extending the
Bernstein-Durrmeyer operators (2) to those associated with
a general probability measure p on Q in [12, 13] for the
multivariate case, we mention two learning theory settings
here. Since error analysis for concrete learning algorithms
in terms of the introduced noise conditions involves sample
error estimates which are out of the scope of this paper, we
leave the detailed error bounds to our further study.

2.1. Noise Conditions for Classification and Approximation.
The first learning theory setting related to approximation
on variable Lg(')(Q) spaces is noise conditions for binary
classification. Here ) is an input space consisting of possible
events while the output space is denoted as Y = {1,-1}.
A Borel probability measure P on the product space Q x Y
can be decomposed into its marginal distribution P, on Q
and conditional distributions P(- | x) for x € Q. A binary
classifier f: Q0 — Y makes predictions f(x) € Y for future
events x € Q. The best classifier f_, called Bayes rule, is given
by f.(x) = 1if P(1 | x) > 1/2 and -1 otherwise. The
probability measure P fits the binary classification problem
well if the conditional probabilities P(1 | x) and P(-1 | x)
are well separated from the boundary 1/2 for most events
x. Their separations are equivalent to the separation of the
value fp(x) of the regression function fp(x) = fy ydP(y |
x) = P(1 | x) = P(-1 | x) from 0 and can be measured in
various quantitative ways. The Tsybakov noise condition [14]
with noise exponent g € (0, 0o] asserts that for some constant
¢, > 0, there holds

Py(fxeQ:0<|fp)|<ct})<t?, vt>0. (7)

When g = 0o, Tsybakov noise condition (7) means | fp(x)| >
¢, almost surely, and fp(x) is well separated from 0. The
case ¢ < 00 means the measure of the set of events x
with fp(x) not well separated from 0 decays polynomially
fast as the threshold ¢t tends to 0. More details about the
Tsybakov noise condition, the so-called Tsybakov function,
and its applications to the study of classification problems can
also be found in [15]. Here we introduce a noise condition
by allowing some noise situations measured by an exponent
function p.

Example 2. We say that the probability measure P satisfies
the noise condition associated with an exponent function
p:Q — [0,00) if for some A > 0, there holds

plx)
| (Iﬁ_ﬁﬂ) ip, < co. ®)
Q

Remark 3. The above condition can be applied to the regres-
sion setting for dealing with unbounded regression functions.
When p takes values on [1,00), the above condition is

equivalent to the requirement f, € Lf,(')(Q) with p = P,.
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When d = 1 and Q = R, we apply the classical identity
[agdPy = [“Pyfx € Q : g(x) 2 thdt to the

nonnegative function g(x) = (| fp(x)|/A)? *) and find that the
above condition is equivalent to

[ rafre: fo ol 2 107 de <o, 0
0

This illustrates some similarity between the noise condition
(8) and Tsybakov noise condition (7).

The following is an example to show some differences.

Example 4. Letd e Nand Q = {x € R : |x| < 1/2}. If Py, is
the normalized Lebesgue measure on Q and fp(x) = e /¥,
then the measure P satisfies the noise condition associated
with the exponent function p(x) = |x| but does not satisfy the
Tsybakov noise condition (7) with any g € (0, co]. In fact we
have [ |fp(x)|"*)dP, = 1/e < oo while for any g € (0, 00)

and ¢ > 0, we have Pp(fx € Q : 0 < |fp(x)| < cqt}) =

2/ - log(cqt))d > t1for t € (0, min{t", l/cqez}) with t* being
the positive solution to the equation ta/d log1/c,t = 2.

2.2. Noise Conditions for Quantile Regression and Approxima-
tion. The second learning theory setting related to approx-
imation on variable Lf)(')(Q) spaces is noise conditions for
quantile regression. Here the output space is Y = R. Similar
to the least squares regression [16] for learning means of
conditional distributions P(- | x) but providing richer
information [17] about response variables such as stretching
or compressing tails, the learning problem for quantile regres-
sion aims at estimating quantiles of conditional distributions.
With a quantile parameter 0 < 7 < 1, the value of a quantile
regression function fj_ at x € Q2 is defined by its value fp_(x)
as a T-quantile of P(- | x), that is, a value t* € Y satisfying

P({yevy:y<t}lx)>1,
(10)
P({yeY:y>tT}|x)>1-1

Quantile regression has been studied by kernel-based regu-
larization schemes in a learning theory literature (e.g., [18,
19]). For optimal error analysis of these learning algorithms,
asymptotic behaviors of the conditional distributions near the
T-quantiles are needed. In particular, one is interested in how
slow the following function decays as ¢ decreases:

Fp,(x)=min{P({y eY:t" -t <y<t'}|x),
(11)
P({yeY:t"+t>y>t"} | x)}.

A noise condition was introduced in [18] by requiring lower
bounds Fp (x) > bti" for every t € [0,a,] and some
q € (1,00), p € (0,00) and constants b, a, > 0
satisfying (bal ™')™ € Lé’)ﬂ. This condition was extended to
a logarithmic bound in [19] by replacing a1 by (log(1/t))™1
and a?™! by (log(1/a,)) ™. Here we introduce the following
noise condition which is more general than the one in [18] by
allowing the indices g, p to depend on the events x € Q.

Example 5. We say that the probability measure P satisfies the
quantile noise condition associated with exponent functions
q:Q — (l,o0)and p: Q — (0,00) if for every x € X,
there exist a T-quantile t* € R and constants a, € (0,2], b, >
0 such that for each u € [0, a,]

Fp (x) = b t17! (12)

and that for some A > 0, there holds

[, (1/Ab,a?® Y dp, < oo,

While the lower bounds (12) imply polynomial decays
of the conditional distributions near the 7-quantiles with a
power index depending on the event, the finiteness of the
integral is equivalent to the requirement that the function
1 /bxajz(’c)_1 lies in the variable LI;,((;)(Q) space (when p takes
values in [1, 00)).

3. Main Results for Approximation on Lf)(')

Our first theorem is about the uniform boundedness of a
sequence of linear operators on the variable Lf)(') spaces. These

operators take the form
L,(fix)= JQ K,(.t) f0)dp(), xeQ fel?) (13)
in terms of their kernels {K, (x, )}, defined on Q x Q. We

assume that the kernels satisfy the following three conditions

with some positive constants C, > 1, b, C,, and C,
(depending on r € N)

sup J;) K, (x,1)| dp (x) < C,,

teQ
(14)
supj K, (x,1)| dp (t) < C,,
xeQ JQ
sup |K,, (x,1)| < Ebnb, Vn e N, (15)
x,teQ)
J J |K,, (x, )] It = x| dp (t) dp (x) < C,n ™",
ala (16)

VneN,r € N.

Then the uniform boundedness follows, which will be
proved in Section 5.

Theorem 6. Let Q < R be an open set, and an exponent
function p : QO — (1,00) satisfy 1 < p_ < p, < 0o and the
log-Holder continuity condition (4). If the kernels {K,,(x, )},
satisfy conditions (14), (15), and (16), then the operators {L,} .2,
on Ll;(') defined by (13) are uniformly bounded as

IL.| <M,y VneN 17)

by a positive constant M, ;, (depending on p and the constants
in (14), (15), and (16), given explicitly in the proof).



Our second theorem gives orders of approximation when
the approximated function has some smoothness stated in
terms of a J-functional. Define a Holder space with index
r € Non Q by

7,00 _ p()
W™ = {g € LP

P : "g“p,r,oo < OO} > (18)

where IIgIIP’,)oo is the norm given by IIgIIP,r)OO = IIgIILg(-) +
Yiat,zr ID* gl with D¥g = 21 /axT -+ 0x% and |af, =
Z?:I o; for « = (a,...,5) € Zf. The J -functional

T (fo1) () 1s defined by

t>0.

T )y = inf ALF =l + tlallr o0}

(19)

Denote C;°(Q) as the space of all compactly supported
C® functions on Q. From [7], we know that when p* <
00, Cg°(€Q) is dense in Lf,(')(Q). Hence for any f € Lf,(')(Q),
there holds % .(f, t)P(.) — Oast — 0.

The following theorem, to be proved in Section 5 and
extending the results for » = 1 in [11], gives orders of

approximation by linear operators on Lf,(')(Q) when the %-
functional has explicit decay rates.

Theorem 7. Under the assumption of Theorem 6, if Q is
convex, r € N and the kernels satisfy rp_ > 2, and

J K, (x,t) (t —x)%dp (t) = 8,4, V€ 7% with leel; <7
Q
(20)

pC)
for almost every x € €, then there holds for any f € L”,

120D = fligo < Appa(fn ™) 00 D)

where r_ is the integer part of rp_/2 and the constant A ,;, 4 is
. PC) fo: P
independent of f € LI (given explicitly in the proof).

The vanishing moment assumption (20) corresponds to
Strang-Fix type conditions in the literature of shift-invariant
spaces, for example [20, 21]. It has appeared in the literature
of Bernstein type operators when linear combinations are
considered, as described by (34) in the next section.

4. Approximation by Bernstein Type Operators

In this section we apply our main results to Bernstein type
positive linear operators and give high orders of approxima-
tion by linear combinations of these operators on variable
LJ;(')(Q) spaces. We demonstrate the analysis for the general
Bernstein-Durrmeyer operators in detail and describe briefly
results for the general Bernstein-Kantorovich operators as an
example of other families of operators.

The Bernstein-Durrmeyer operators on an open simplex

Q=8={xeR?:|x|, <1} (22)
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associated with a general positive Borel measure p on S are
defined as

¢ f ® pua ) dp(®)
> = :

D (f"x) = R x))

’ lady<n Is Paa O dp®) T (23)

fe L;,x €S,
where for x = (x,,...,x,) € SC R, a = (a),..., ) € Zf,

we denote

” lecly
x7(1—|x . (24
pn,amnfu |(xll‘[( |xl,) (24)

The classical Bernstein-Durrmeyer operators (2) on Q =
(0,1) (d = 1) with dp(x) = dx have been well studied (e.g.,
[22]) and extended to a multivariate form with respect to
Jacobi weights dp(x) = H‘;zlx?jdx (e.g., [23]). Bernstein-
Durrmeyer operators on 0 = (0,1) with respect to an
arbitrary Borel probability measure were introduced in [12]
and applied to error analysis of learning algorithms for
support vector machine classifications. The multidimensional
version of such linear operators (23) was introduced in [13]. In
[24], the first author showed for a constant exponent function
p(x) = p € [1,00) that lim, _, |l f - Dn(f)||L1; = 0 for any
f e Lf,. The case p = oo was studied in [25, 26]. Here we
consider the case with a general exponent function satisfying
1 < p_ < p, < oo and the log-Holder continuity condition
(4).

By applying Theorem 6, we can prove the uniform bound-
edness of the Bernstein-Durrmeyer operators (23).

Proposition 8. Let Q) =S, p be a Borel probability measure on
S, and an exponent function p : S — (1,00) satisfy 1 < p_ <
P, < oo and the log-Hélder continuity condition (4). If there
exist positive constants b and C, such that .[s Pra()dp(t) =
CZn_b forn € N and |a|; < n, then for the Bernstein-
Durrmeyer operators defined on L‘:)(')(Q) by (23), there exists
a positive constant M, , depending only on p,b,C,, such that

ID.|| < M,y VneN. (25)

Proof. Define a sequence of kernels {'¥,,} on S x S by

pn,ac (t) pn,oc (X)
Z L VI e 7

\Pn ( > t) = .
¥ |l <n ,[g Pn,zx (t) dP (t)

(26)

Then the Bernstein-Durrmeyer operators (23) can be written
as

D, (fx) = L ¥, (o) f (1) dp (t). 27)

So we only need to check the three conditions (14), (15), and
(16) of Theorem 6.
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Since ¥, (x,t) > 0, we know that
[ 12, Gl dp @) = [ ¥, 0dp )
s s
_y P () Js Pra (%) dp (%)
lal,<n JS pn,oc (t) dP (t)

= ) Pa®=1.

o]y <n

The same is true for Js W, (x, t)|dp(t) = 1. So we know that
condition (14) holds with the constant C, = 1.

Applying the lower bound Js Pra(dp(t) = C, n™ and
the inequality p, ,(t) < 1, we see that for any n € N, and
x,teS

Z pnzx(x) 1 b.

|¥, (x,1)| < Cont C*

(29)

laly<n

Hence condition (15) holds with C, = 1/C;.
As for the last condition, we separate t — x into t — (a/n) +
(a/n) — x and find that for any r ¢ Nandn e N

[ [ 1 e 0le = xdp ) dp o)

Pra (£) P (%)

< 22r Pra () P (x)
) { JS J; |‘Xé" Js Pra (H)dp(t)

(er
t— —

P () Ppa (%)
i L L aizn g Pra () dp (£)

l(x (30)
x |- —x
n

2r
dp (t)dp (x) }

_ “ |a|z<npm(t) ‘t——l dp (1)

ol <n

AN ACIEE x|2rdp (x)}

_ 22r+1 J-S Bn (( _ x)Zr’ X) dP (X) ,

where B, is the multidimensional Bernstein operators on the
closure S of S defined by

B,(f,x) = Zf( )p,m , xeS,feC(s). (31)
lael, <n

It is well known [6] for the multidimensional Bernstein
operators that there exists a constant C;, depending only on
d and r such that

B,((-x)¥,x)<Cyn”, VxeS. (32)

It follows that
j J ¥, Go,0)| It - x[Zdp (1) dp (x) < 27 'Cn™ (33)
S JS

and condition (16) holds true with C, = 22”1C

With all the three conditions Ver1ﬁed the desued uniform
bound (25) for the Bernstein-Durrmeyer operators follows
from Theorem 6. This proves the proposition. O

The Bernstein-Durrmeyer operators (23) are positive,
which prevent from achieving high order approximation due
to a saturation phenomenon. Linear combinations of such
operators can be used to get high orders of approximation.
The idea and literature review of this method can be found in
[6] while further developments will not be mentioned here.
The linear combinations are defined as

mg,,

L, (fix)= ZCi (n) D, (f.x), (34)
i=0

where m;, = (d +r —1)!/d!(r — 1)! is the dimension of the
space of polynomials of degree at most » — 1, and with two
positive constants B,, B, independent of 1, we have

Y [C ()] < B
0 (35)

n=ny<n <---<n, <Bn

mg,,
Y C;mD, ((-x)%x)=08,, VYo<lal, <r-L

i=0

For the classical Bernstein-Durrmeyer operators with respect
to the Lebesgue measure (or even the Jacobi weights), the
existence of the above linear combinations can be seen
and found in the literature. The existence of such linear
combinations with respect to the arbitrary measure p is
a nontrivial problem and deserves intensive study. This
technical question is out of the scope of this paper and will
be discussed in our further work. Here we concentrate on the
variable LI;(')(Q) spaces and state the following result for the
high orders of approximation under the condition (35) which
is an immediate consequence of Theorem 7.

Proposition 9. Under the assumption of Proposition 8, if 2 <
r € N and the operators {L, }, .y defined by (34) satisfy (35),

p()
then for any f € L}, we have

I, (f) - f||y;,<'> < Ap,b,d‘%r(ﬂ ”_r‘/p*) (36)

where r_ is the integer part of rp_/2 and the constant A ;, ; is
; p()
independent of f € L.

()’

Let us now briefly describe approximation results for the
Bernstein-Kantorovich operators on S defined [27] as

[, f®dp®)

|oc|15n ( n,(x)

BK, (f,x) = Pua(®), feL,xe€S,

(37)



where {S,, ,}, are subdomains of S defined by

d
o o lal; +1
Sna:{xeS:xGH[ —, ’),lxlls ,
ptn+l n+l n+l1

||, < m.
(38)

In the same way as for the Bernstein-Durrmeyer oper-
ators, we have the following results for the Bernstein-
Kantorovich operators.

Proposition 10. Under the assumption of Proposition 8 for p,
if there exist positive constants b and C,, such that p(S,,) >

CZn_b forn € N and |a|; < n, then for the Bernstein-
Kantorovich operators defined on Ll;(‘)(Q) by (37), there exists
a positive constant M, , depending only on p,b,C,, such that

IBK,] < M

o Y EN. (39)
If2 < r € N and, with D, replaced by BK,,

{L,. }uen defined by (34) satzsfy (35), then

||Ln,r(f) - f”L{;(') = Ap,b,d‘%r(f’ e )p(.)’

the operators

p()
VieL," .
(40)

5. Proof of Main Results

In this section we give detailed proof of our main results. Let
us first prove Theorem 6.

Proof of Theorem 6. Let f € LP) have norm 1, which implies
JQ If(t)lp(t)dp(t) < 1. Choose y =b/(p_—1) > 0.
and Q:@x

For x € ), we define two subsets Q,, of Q) as

Qn,x - {t €Q: |f (t)l < ny’ |t_x| < n_1/4}a

(41)
Q, ={teQ:|f®]<nlt-x>n"}
Set
Lo (£5) = | K, (50 f (0 dp ),
O\(Q,, U0, )
Lo (f0)= [ K (an f()dp @), (12)
L (f0)= | K, F0dp (o).
Then the value L ,(f, x) can be decomposed into three parts
as
Ln (f’x) = Ln,l (f,X) + Ln,Z (f’x) +Ln,3 (f"x)’ X € (K)’ )
43

and we have

[, a0 g0 23 | [10y 0l 0
1
i (44

In the following we estimate the three terms in (44) separately.
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Step 1. Estimating the First Term of (44). By the definition of
p_,wehave p(t) = p_ > 1.Fort € Q\(Q,, U Q,'m), we have
| f(t)| > n" and thereby

lF @ <1f O O™ = [ (0 On
< |f(t)|P(f)ny(lfp,) _ n*blf(t)|P(t).

It follows from condition (15) that

")
O\, U

< n_bEbnb j
Q\(QH,XUQ;,X)

y(1-p(t))

(45)

1L, (f)] < K tonllf O dp®)

[f @ dp ).
(46)
So by the assumption JQ LFOIPDdp(t) < 1,
L., (f,.x)| <G, L IfOF%dp(t) <, (47)
Consequently,

L Loy ()" Pdp ) < p (@) (C, +C). (48)

Step 2. Estimating the Second Term of (44). By the condition
_[Q |K,,(x,t)|dp(t) < C, in (14) with C, > 1, we know by the
Holder inequality

J |Ln 2
K, (e.0)] | f 0] dp (1)

Ll

plx)-1
X (L K, (x,1)| dp (t)) }dp (x) (49)

sci [ Kol OF L ot
QJQ,,

|P(x) dp (x)

x dp (t)dp (x)
=[] Gl O de0rdp ),
Q Qn,x

where

T, (fixt) =K, | [f O DY, teq,.xeq

(50)

)| < n' and the

restriction |x — t| < n~ /", From the log-Holder continuity
of the exponent function p, there exists a constant A, only
dependent on p such that

Fort € Q,,, we have a bound [f(¢
~1/4

A 4A
P__-_P° (51)
—logn~*  logn

px)—-p@®) <
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When | f(#)| > 1, we find

[F OO < ()48 < yirhelloen <R (52)

where the constant number M » defined by

= 4yA,/1
M), = sup e R, (53)
neN
is finite because

4yA logn

lOgnM)A‘D/logn — u — 4yA N as 1 — 00.
logn P
(54)

When [f(t)] < 1, we simply use |f(t)[P®P® <

lf(OI? ®, Applying these bounds, we can estimate the core
part of Step 2 as

| [ nGaolr @ dp@rdpeo

nx

: Lz JQ K, (x, 1) |f(t)|p(t) (f\/TP 4 |f(t)|fp(t))

nx

xdp (t)dp (x)

=Eﬂjlmmmvwmwm@m (55)
QJQ

n,x

+j J IK, (x, )| dp (t) dp (x)
QJo, .,

n,.

< M,C, L lf OFPdp )

+Cop (Q) < CoM,, + Cop ().

Here we have used the assumption J lf@®)1P (t)dp(t) < land
(14). So the second term of (44) can %e estimated as

L Lo ()" dp () < CE (M, + p (). (56)

Step 3. Estimating the Third Term of (44). For t € Q;,x, we

have | f(£)] < n” and |x —t| > n /4 Yhix —t] > 1.1t
follows that

yielding n

2r/p(x)
IL,.;(fix)] < JQ: K, (x,1)] n”(nl/4 |x — tl) P dp(t),

nx

(57)

where r is the integer part of 2yp, + 1. Applying the Holder
inequality and (14), we see that

|Ln,3 (f’ x)lp(x)

(58)
< L WP K (x| 1x - 7 dp (1) CEO

So by the bound p(x) < p, and condition (16), the third term
of (44) can be bounded as

LyMMﬂ”%ux%ﬂW”Wm”
=chle P < chlc,.
(59)

Finally, we put the estimates (48), (56), and (59) into (44)
to conclude

[ I, 0l dp )
<3 (p(@(Cy +Cp) (60)
+Ch (M, +p (@) +Ch7'C,).
Take
A=M,,:=1+3" (p (Q) (Eﬁ’ +6£+)

+Ch (M, +p () +Ch7'C,);
(61)

we find

(B2

<(3) [P dp o <1

This implies "Ln(f)"Lz;') < M,,. The bound M, is

independent of f. So we have |[L,| < M,;. The proof
Theorem 6 is complete. O

(62)

We are now in a position to prove Theorem 7.

Proof of Theorem 7. We follow the standard procedure in
approximation theory and consider the error L (g, x) — g(x)
forg e W;’OO. Apply the Taylor expansion

g0=gw+ Y LIy
1<) <r—-1 o (63)
+Ry, (x,t), x,teq,

where the remainder term R, (x, 1) is given by

Ry, (x, 1)

o — 64
4[1(1_11),71 Z D%g(x+u(t x))(t—x)“du. (64)

ol
0 el =r



We see from the vanishing moment condition (20) that

L,(g:x)=gx)

> —Daz!(x) (t - x)*

1<]af, <r-1

=J- Kn(x,t)<|g(x)+
Q

+ Rg,r (x7 t)} dP (t) -9 (x)

ol
|, =r

_ oy Dfgletu(t-x)
_LKn(x,t)“Ou 1) |Z

x (t— x)adu]» dp(t).
(65)

Since Q is convex, x +u(t —x) € Qforanyu € [0,1], x,t € Q.
So [D%g(x + u(t — x))| < |lgll and we have

PoT,00

|Ln (g> x) -9 (x)|

< Ll (1-u)"

Il “
XHZ_ =2 |, ()1t - x1dp ()] du
< dlgly 0 | 1K, CuD] 6= 5T dp 0.

(66)

By (14) and the Hoélder inequality,

(L K, (x, 1) 1€ - x|’dp(t>)P(X) o

< I K, G, )] [t = x[P®Pdp (£) CEO
Q

If we denote the largest integer r_ satisfying 2r_ < rp_asr_,
and the smallest integer r, satistying 2r, > rp_, we find

— Ly < 2r+ f _ >1
It x|rP(x) < |t xlr < |t - x| 1 [t —x| =1, (68)
[t —x|P- < |t — x|, if [t—x|<1.
We combine this with (16) and see that for A = d"[|g|| pirio0?

p(x)
G ) dp (x)

L ( L. (g x; -9

<ch™ L L |K,, G, )| {It = x*" + |t = x|} dp (£) dp (x)

<ch (Crm”* + Cr,”i) ol (Cm * C’f) n
(69)
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When n > C(()‘D*_l)/r’ C,, + C, )''™, we take

A=dlg|,,.(Cs(c,. +C,.) n‘f-)” P (70

ps1,00 (

and find
plx)
J (M) dp(x) <1, (71)
Q

which implies

I£.(0) - gl o
(72)
+C

T, [

- _ 1/p, _
<d<dcy M (c ) Perle

" psr,00°

Thus by Theorem 6 and taking infimum over g € W™, we
have

"Ln(f) - f”Lf;(‘)

Sglnf {"L (f- g)"Lp)+||L (9) - g”LP(
Ao~ Ao}
<ot {0+ 1)1 -l

1/p, _
d" 1/p+)<Cr+ + Cr,) g h i "g”p,r,oo}

< Ap,b,d‘%/r(ﬁ “_Lm)

208
(73)
where the constant A, ; is given by
1/ps
Aypa=M b+1+dr 1/‘”*)(C,+ +C,7) b (74)

When n < C(P*_l)/r (C, +C, )" then from the
inequality | f - gIILm + tllgllp,m tIIfIILp> valid for t < 1

we observe
(. n"—/P+)P(.) >pn /P o (75)
and applying Theorem 6 directly yields
"Ln(f) - f’lLﬁ(') < (Mp,b + 1) "f"L‘l’,(')
(76)

< (Mp)b + l)nr’/p*%r(f, n_r’/p*)P(.)

and thereby (21) by setting

T e R L

b

The proof of Theorem 7 is complete. O
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6. Further Topics and Discussion

Approximation by linear operators is an important topic
in approximation theory. It mainly consists of two families
of approximation schemes: Bernstein type positive linear
operators and quasi-interpolation type linear operators in
multivariate approximation.

In this paper, we mainly consider Bernstein type pos-
itive linear operators. We verified a conjecture in [11]
about the uniform boundedness of Bernstein-Durrmeyer and
Bernstein-Kantorovich operators with respect to an arbitrary
Borel measure on (0,1) on the variable L‘Z(') space under
the assumption of log-Holder continuity of the exponent
function p. We also provide quantitative estimates for high
orders of approximation on the variable Lff’,(') by linear
combinations of Bernstein type positive linear operators.

The study of quasi-interpolation type linear operators
started with the classical work of Schoenberg on cardinal
interpolation by B-splines. It has been developed significantly
due to important applications in the areas of finite element
methods, cardinal interpolation for multivariate approxima-
tion, and wavelet analysis. A large class of linear operators for
approximating functions on R take the form

T(f,x) = IW Do) fO)d, xeR,  (78)

where © R? x R — R is a window function
satisfying _[Rd ®(x,t)dt = 1 and some conditions for decays
of |®(x,t) as |x — t| increases. Quantitative estimates for the
approximation of functions in C(RY N L®(R?) or LP (IRd)
with 1 < p < oo can be found in a large literature of
multivariate approximation (see, e.g., [20, 21, 28]). Establish-
ing analysis for approximation by quasi-interpolation type
linear operators on the variable Lf,(') spaces would be an
interesting topic. An immediate barrier we meet with such
analysis is the boundedness assumption of the measure p
(p(Q) < o00). This assumption is not satisfied for most
quasi-interpolation type linear operators or the classical
Weierstrass (or Gaussian convolution) operators %, (f) =

(\/n/Zﬂ)d .[Rd exp{-nllt - xII%/Z}f(t)dt, for which p is often
the Lebesgue measure on R?. It is desirable to overcome
the technical difficulty and establish error analysis for linear
operators with respect to unbounded measures.

We described motivations of our study in learning theory.
It would be interesting to implement detailed error analysis
for some related learning algorithms in classification and
quantile regression by means of our results on orders of
approximation by linear operators.
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