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Some new generalized n dimensional Ostrowski type and Griiss type integral inequalities on time scales are established in this
paper. The present results unify continuous and discrete analysis, and extend some known results in the literature.

1. Introduction

In recent years, the research for the Ostrowski type and
Griiss type inequalities has been an interesting topic in the
literature. The Ostrowski type inequality can be used to
estimate the absolute deviation of a function from its integral
mean, and it was originally presented by Ostrowski in [1] as
follows.

Theorem 1. Let f: I — R be a differentiable mapping in the
interior IntI of I, where I C R is an interval, and let a, b €
Intl.a<b. Iflf'(t)l < M, Vt € [a,b], then one has

1 b
lf(x)—mL Fde

S [ 1, (x=(@+b)/2)) 0

2 b—ay ](b—a)M,

for x € [a,b].

The Griiss inequality, which can be used to estimate the
absolute deviation of the integral of the product of two functions
from the product of their respective integral, was originally
presented by Griiss in [2] as follows.

Theorem 2. Let f, g be integrable functions on [a,b] and
satisfy the condition m < f(x) < M, n < g(x) < N. Then
one has

b b
ot [ rweeas- (1 [ rwa)

— .
1 b

X (E L g(x) dx) )

<L M -m)(N-n)

_4 m n).

In the last few decades, various generalizations of the
Ostrowski inequality and the Griiss inequality including con-
tinuous and discrete versions have been established (e.g., see
[3-14] and the references therein). On the other hand, Hilger
[15] initiated the theory of time scales as a theory capable of
treating continuous and discrete analysis in a consistent way,
based on which some authors have studied the Ostrowski type
and Griiss type inequalities on time scales. For example, in [16],
Bohner and Matthews established the following Ostrowski type
inequality on time scales for the first time.
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Theorem 3 (see [16, Theorem 3.5]). Leta, b, s, t € T,a < b,
andlet f: [a,b] — R be differentiable, where T is an arbitrary
time scale. Then

b

1 o
f(t)—mj fo(s)As

a

(3)
M

b-a
where M = sup,_,_,| f(t)|. This inequality is sharp in the

sense that the right-hand side of it cannot be replaced by a
smaller one.

<

(hy (t,a) + hy (1, 1)),

In [17], Ozkan and Yildirim established the following
Griiss type inequality for double integrals on time scales.

Theorem 4 (see [17, Theorem 2.2]). Leta, b € T, ¢, d €
T, and f, € CCid([a, b] x [¢,d], R), where T, and T,are two
arbitrary time scales. Then

1

‘E J Lf(xw)g(x,y)AzyAlx

J, 900,00 8,78,%)

51 [] F @ @m0 aa.s)
X % Lg(x,y)AzyAlx>
55 | | @)+ 1 ()G () 890 ¢
<3 | | M ) B @ H, () 8,98, .,
4
wherek = (b - a)d - ¢), Flx,y) = (d -

C)J:f(al(t),y)Alt + (b - a)Ldf(x,Oz(s))Azs,and

b d
G(x,y) = (d=c) [ glo (), )A t+(b=a) | glx,0,(s)A,s.
In [18], Liu and Ngé established an Ostrowski-Griiss type
inequality in one independent variable as follows.

Theorem 5 (see [18, Theorem 4]). Supposea, b, s, t € Tand
f:1a,bl — Ris differentiable, where T is an arbitrary time
scale, fA is rd-continuous, and y < fA(t) < T, Vt € [aD].
Then one has

1 (b,
f(t)—mLf (s) As

_f(b) AG) _ (5)
(b _ a)z (h2 (t) 61) h2 (t) b))
1
< Z(b—a)(r—)/),

Vt € [a,b].
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Other results on the Ostrowski type and Griiss type
inequalities on time scales can be found in [19-25]. These
inequalities on time scales unify continuous and discrete
analysis and can be used to provide explicit error bounds for
some known and some new numerical quadrature formulae.

Motivated by the above works, in this paper, we estab-
lish some new generalized Ostrowski type and Griiss type
inequalities on time scales involving functions of n inde-
pendent variables, which extend some known results in the
literature to n dimensional case.

We first give the following definition for further use.
Definition 6. by : T> — R,k =0,1,2,... are defined by

t

hk+1 (t, S) = J hk (T, S) AT,

S

Vs, t €T, (6)

where T is an arbitrary time scale and h(t, s) = 1.

Throughout this paper, R denotes the set of real numbers
and R, = [0, 00), while Z denotes the set of integers and N,
denotes the set of nonnegative integers. For a function f and
two integers m, and m,, one has Z:":‘mo f =0, provided that
my > my. T; denotes an arbitrary time scale, i = 1,2,...,n.
For an interval [a, b], [a, bly, = [a,b] T, i=12,...,n

2. Main Results

For the sake of convenience, we present the following nota-
tions:

1 L
L = (bl - ai) > L = )
g ¢ Hf:l (bmi - ami)

AL (xp, %5005 %)

n—1
_ Z(_l)kHLk
k=1

J'bml meZ
a,

A1 m2

x{z

1<ml<m2--<mk<n

By
J JACTI
'mk

a,
Om1 (Sml)""’
am2 (SmZ)""’

Ok (Smk) LR xn)

XAmkSmk’ cee AmZSmZAmlsml} >
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A, (%1, %5005 %) Then one has
n—-1
= Z(_l)k“Lk f(xp %0 sx,) L= AL (%1, %555 X,)
- _ bt bt (B 0" f (515802815 50)
X { rml mez B '[11 Lz -LH Ln AysiAgsy, s Ay 1%, 1 ALX,
1<ml<m2--<mk<n ~%m1 < 9m2

X HPi (%55 8:) A8, 1Sy 155 DySy A 15y + (-1

b i=1
o Te.
L’”" X Jbl Jbz-“JbH Jb”f(al (s1),02(s2) -

Om1 (Sml) > a; Jay a,, Ja,

O0y-1 (Sn—l) >0y (sn))

XA LS AL 1Syt NSy A s
Ok (Smk) de0ed xn) (9)

Gm2 (SmZ)""’

XA S>> AmzsmzAmlsml} , Proof. Suppose that n = 2. Then we have

(x,8) A5, A
0 D158y, ll;[Pz(xz ;) D350 5

Ay (x), %9505 X,) J'b‘ rz Bzf(sl,sz) 2

= (™! {f(xl,xz,...,xn) " ;
Mpl (x1,81) Aysy

= Lbl (b, —ay)

Jbl Jbz , Agsy
X
a; Ja, by by Bf(s » O (S ))
bn—l bn - Jal [pl (XI)SI) J‘“2 lAlszl : AZSZ A151
J J g (o1 (s1), ) of ( )
[ a, 1 S X
= b —a # Xq,S A S
03 ()5 Ll(z ) Asy o1 (s e
b (b of (s, (10)
Ot (Sp-1) > - J J [P1 (x1,5) WAIQ] A,s,
a, Ja 151
o, (s,)) , , ,
KASA 15 e AysyA s, = (b —a,) (b —ay) f (x1.%5) = (b, - ay)
by
+g(x,%..0,%,) XJ F (o1 (s1),%) Aysy

a

b b .
8 Ll LZ - (b - al)J 2 f(x1,05(s)) Assy

a

by (b,
.. b b
L,H Lﬂ f(gl (Sl)’ 7 (52)’“.) +J J f("l (51):‘72 (52))A252A151-
a, Ja,
an—l (Sn—l) > an (Sn))
That is, (9) holds for n = 2. O

XA S A 1S, 15 Ay, A 151} .

@ Suppose that (9) holds for n — 1. Then for n we have

Lemma 7 (generalized n dimensional Montgomery identity).

Let Jbl Jbz e Jbﬂl Jbﬂ anf (51’52’ e Sn—l’ Sn)

a; Ja a, Gy AISIAZSZ""’An—lsn—lAnSn

n—1

S;—a;, S € \apx;|, . -
pi (xinsi) = {Sz _ b:, ls,- G[(;c,,ll?,]] ’ i=12...,n (8 x ll;[Pi (%5 5:) DSyl 1Syt - DS A 18y



= Jbl jbz e Jbﬂ_l (bn - an) an_lf (51,52, — )sn_l,xn)

Gy AysiAysys s ByyS

n—1
X HPi (%5 5) B yiSuots - > D358 15
i=1
Jbl J*bz
a Ja,
bn—l n-l
J [Hpi (x1,5)
-1 | =1
X an an_lf (51’52’ <o Sy-1> 0y (sn))

AisiAysy, oo AL 18,

Ay

X A, s

nTn

XA, 1S, 155 Ay A s,
= (bn - an)

Jbl ,[bz Jbﬂl anilf(sl’sz""’sn—l’xn)
X ..

AisiAgsy, oo A8,

a A1

a

n—1
x HPi (%5 5) B piSuets - > D350 15
i=1

]

n

[F o [ T )

a, Ja Ap_1 AISIAZSZ""’An—lsn—l

n—1
x HPi (%5 51) A yiiSucrs - D8y A1sy [ A,
i=1

= (b, a,) {f(xl’XZ""’xnl’xn)

n—

1 n-2 i Lk
[T -a)+ Y (-1)f—E—
1( ) kzl b

i=
J’hml J'bmz
An1 < Ama

X [
1<ml<m2--<mk<n—1

--Jkaf(xl,...,

Ak

Om1 (Sml) >
s Ym2 (SWLZ) >
- Ok (Smk) >

s X1 xn)

n—-1
X A piSmier > D oaSmn B 1 S | + (1)
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v Jbl r’z...f’“:f(al (1), (5,)- .,

a,

—

01 (Sn—l) > xn)

XA, 1Sy g5 DysA s ]’
b,
_ Ln {f(xl,xz,...,xnp% (Sn))
nl (SN
xg(bi—ai)‘*k; D b,-a,

Jhml jbmz
[ )

X [
1<ml<m2--<mk<n—1

-‘mef(xl,...,

Ak

Om1 (Sml) >
o Ym2 (SmZ) >
< Ymk (Smk) >

<o X150y (Sn))

X Amksmk’ T AmZSmZAmlsmlj|

v f ]

"anl f (o (s1),

A1

0, (s) 5.1,

On-1 (Snfl) >0y (Sn))

X An-15n—1s--->A252A151]’ Ays,

= f(x1>x2""’xn)H(bi_ai)

n—1
+ 3 (~1)FLy
k=1

mel meZ
An1 ¥ A

X {
1<ml<m2--<mk<n

bmk
j f(xl,...,Uml(Sml)’
'mk

a,

o Ym2 (st)’
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(Rl mk(smk)""’xn)

XAmkSmk7 ceeo AmZSmZAmlsml} + (_l)n

NS
Ot (Sp-1) 0, ()

XA SN 1Sy 15 DSy A S,

Jb““ Lb flo1(s1),0:(s5)-

A1

(11)
which is the desired result.

Remark 8. Lemma 7 is the n dimensional extension of [17,
Lemma 2.3].

Based on Lemma 7, we present two generalized n dimen-
sional Ostrowski type inequalities on time scales.

Theorem 9. Let a;, b, € T, x; € [a,b]y, i = 1,2,...,n,
and f € Cy(lay, bily % [a, by, X -+ X [a,, b,]¢ , R) such
that the partial delta derivative of order n exists and there exists
a constant K such that sup, . o, i1, al0" f(x1, %05 X,)
[(A %A%, .., A ,x,)| = K. Then one has

f(xp,x0..05%,) L

n—-1
_ Z(_l)kﬂLk
k=1

bml me
S|
a,, Ja,

1<ml<m2--<mk<n m2

[
J e O (Spm)
‘mk

a,
s O (Sp2) s <o e

Ok (Smk) LR xn)

n
XA kSt > B ya S B 1 S ¢+ (=1)

X Jbl Jbz e J'hn1 jb" floy(s1),05(s,)

s ¥n-1 (Sn—l) >

9 (1))

X Ay, A L 18, 15 DS A s,

< K] [l (x0a) + s (5 5)]

(12)

The inequality (12) is sharp in the sense that the right-hand side
of it cannot be replaced by a smaller one.

Proof. From the definition of p;(x;, s;) we can obtain

bl bz bn—l bn
LL-Lo L

Hpi (x55:)
i=1

n—1 n
XA S AL 1Sp_1s s DS A s, (13)
n
= [hy (x5, 4;) + hy (x,,5)] -

i=1

Then by Lemma 7 we have

lf(xl,xz,...,xn)L—A1 (%1, %9, .05 x,) + (=1)"

X Jb1 Jbz -~'an1 J: f(o1(51),05(s2)

a Ja, A1

o ¥n-1 (Sn—l) >

LACH)

XA S, A 18,15 DN yS A S

Jbl Jbz Jbﬂl an anf (51’52" . "Sn—1>5n)
a Ja, a a, DA1siALSy, . A%, A ,x,  (14)

n—1 n

n
XHPi (%15 51) DS 1 Spcts -5 D50 sy
i=1

b (b —E
a Ja, a, a,

n—1 n

HPi (x1,5:)
i=1

" f (51,55
AisiAys,, ...

’Sn—1>5n)

> An—lxn—lAnxn

X A, A 1S, 15 DNy, A s,

n
< KH [k, (x,a;) + hy (x,5)]
i=1
which is the desired inequality. O

The proof of the sharpness of (12) can be referred to [16,
Theorem 3.5], which is equivalent to the case in Theorem 9
withn = 1.

Theorem 10. Under the conditions of Theorem 9, if there

exist constants K, and K, such that K; < 0" f(xy,x,,
co X)) (A xA x5, .. AL x,) < K, then one has

f (x5, %5 ..05x,) L

n-1
_ Z (_1)k+1Lk
k=1



6
by by
y { Z J’ 1 J‘ 2
1<ml<m2--<mk<n ~9m1 ~ Im2
bk
I F(xees Oy (S)»
Ak
o Ym2 (SmZ) 4
R mk(smk)""’xn)
x Amksmk’ tee AmZszAmlsml} + (_l)n
bl bZ bn—l bn
XJ J J J f oy (s1),
a Jay p1 Y0,
0, (s)5-1,
0y-1 (Sn—l) >0y (Sn))
XA, AL 1S, 155 NS A s
K, +K, &
-— 2 H [hz (xi’ ;) —h, (x;, bz)]‘
i=1
K, - K,
B %H [hy (x;4;) +hy (x;,5)] -

i=1
(15)

Proof. We notice that Jbl b --~Jb”’l Ib" [TL, pilxsss)
a; a A1 a,
A sy 1St oo DysyAysy = [T, [hy(x; a)) — hy(x;, )]

We also have [0" f(x], x5, ..., x,) /(A x,A,%5, ..., A ,x,)
—(K; +K;)/2| < (K, - K;)/2and

Jbl jbz rn—l an< 0" f (S15S35+ > Sp_15Sn)
a; Ja, a a, \A 1818585, A 18,0 ,s,

n—1
n
_w> HP:‘ (x5
i=1

2

XA, s,A, ;s yA s, A s,

n—1>+ "+

_ b b b, b, |1
Kok Kljlr...J IJ' I
2 a, Ja Ay YOy

i=1

pi(xis:)

XA S AL 1S 15 N80 s

KZ_KI

_ H [y (xiv ) + iy (x0B,)]

2

(16)

Collecting the information above and Lemma 7 we can get
the desired result. O

Remark 11. Theorem 9 is the n dimensional extension of [16,
Theorem 3.5].
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In Theorem 9, if we take T;, i = 1,2,...,n, for some
special time scales, then we immediately obtain the following
three corollaries.

Corollary 12 (continuous case). Let T, = R,i=1,2,...,n, in
Theorem 9. Then h,(t,s) = (t — $)?/2, and one obtains

‘f(xl,xz,...,xn)L

bl sm27

bk
J F(xXp e S -

s S+ Xy

17)
X dsmk,...,dsmzdsml} +(-1)"
b b
1,
a Y4
bn—l hn
J J F(s158+e5Sets
Ap-1 YOy
s,) ds,ds,_,...,ds,ds,
2 2
<K - [(xi_ai) . (xi - b) ]’
il 2 2
i=1
where K =sup, .\, ic12,.n 10" f(x1, %55 .. .5 X,,)/
(0x,0x,, ..., 0x,)|.
Corollary 13 (discrete case). Let T, = Z,i = 1,2,...,n, in

Theorem 9. Then hy(t,s) = (t — s)(t — s — 1)/2 for Vt,s € Z,
and one has

If(xl,xz,...,xn)L

n-1
_ Z (_1)k+1Lk
k=1

S

1<SmMI<M2+<MKSN Sy =0 +1 S,p=0pp+1

bmk
Z F (XSt oo So>

Sk =i +1
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e St -+ Xy)

+(-1)"

sp=a;+1 s,=a,+1

Sy

Spo1=0y_1 +1 5,=a,+1 70 7%

bn—l bn
J J f(SI’SZ""’Sn—l’Sn)
aﬂ

[2

n—1

L - a) (x—a;— 1)+ (x; - b) (x; b~ 1)
2

<K

>

i=1
(18)

where K denotes the maximum value of the absolute value

of the difference A |A,,..., A, f over [a;, b, — 1], X [ay, b, —
1], ---x[a,, b, —1],.

Corollary 14 (quantum calculus case). Let T, = qz\“’, i =
1,2,...,n, in Theorem 9, where q; > 1, i = 1,2,...,n. Then

one has

‘f(xl,xz,...,xn)L
n—1

_ Z (_1)k+1Lk
k=1

N

1<ml<m2--<mk<n L i=1

b1/ @mramD]y | [Bm2/ (@m2am2)]
logqy:.nll ml IIqu,:‘zz Im29%m2

X

$,;1=0 S =0

log;l::‘v;(k/ (ki) X
Smi
> {Tla

i=1

S=0

S+l S t1
xf(xl,..., 7 M S BN -

Spkt1
oo O e ,...,xn)

n
n
+(-1) [Hai (a: - 1)]
i=1
loggbll/(q1a1)]10ggb22/(qzaz)]

PIEED)
$,=0 $,=0

[Bn-1)/@n-18n-1)11 1 5 Lbn/ (Gnan)]
n—-1 lqun "

Ty s (i)

$,_1=0 $,_,=0 i=1

Syl

s,+1
’qn—l 1> qn a,

(x; —b) (i - qibi)] ’

1+g;

sy +1 s, +1
Xf(‘h andy; G-

< Kﬁ (xi _ai) (xi —%'ai) +
i=1

1+g;
19)

where K denotes the maximum value of the absolute value
of the q,9,,...,q,-difference Dy, o f(t;,t5,...,t,) over
[a), by /a1y, % (a2, b,/ g, ]y, % -+ X [a,,0,/q,]y, -

Proof. Since hy(t,s) = Hﬁ;é(t - q's)/ ZZ:O qf for Vs,t €

qiN", i=1,2,...,n, then we have

t—s)(t-g
h, (t,s) = M’
1+g; (20)
i=1,2---,n.
Substituting (20) into (12) we get the desired result. O

Next we propose the n dimensional Griiss inequalities in
the following two theorems.
Theorem 15. Let a;, b, € T;, x; € [a,bly, i = 1,2,...,n,
and f, g € C.y([a, bily x [ay, by]y X -+ x [a,, b,]y , R) such
that the partial delta derivative of order n exists and there
exist constants K, and K, such that

1

supa,-<x,-<b,-, i=1,2,.“,n|a f(xl’ Xseees xn)/(A 1x1A2x2’ LR Anxn)l
=Ky, sup, i icin,, 0" g(x1, X5 X )/(A A gy
A ,x,)| = K,. Then one has

L (bt (b b
R -
a Ja

a, a
X g(x1, %, ..., %,)

n—1 n

(_1)n+1
212

b (b, b1 by
XJ J J J f (x5 %0..0,x,)
a Y4 -1 YOy

n

XA XA X 55 DXy A Xy —

XA XA X, e DX A X
b (b b1 (b

oy I TG A Eh
a, Jay Ay-y Y0y

Oy-1 (Snfl) >0y (Sn))

(_1)n+1
212

bl hz hn—l bn
xj J J- J g(x1, %5 ..., %,)
a, Ja, a a

n—1 n

XA, AL 1Sy 15 Ny A s —



8
XA XA X e A yxy A X
b (b —E
T e,
a Y4 -1 Yy
s ¥n-1 (Sn—l) » Oy (Sn))
1
XA, AL 1S, 15 Dy A s — 2
bl bZ bn—l bn
] )
a Y4 A1 Yy
X A (%, %0, ..., %,)
+ f (x, %0000, %,)
X A, (x1,%y,...,%,)]
X Ax, A%, s DX, A X
<K
217
bl bZ bn—l bn
L ] ot
a, @ Ap1 ay
n
Xth (%; ;) + by (x; 171)]
i=1
XA X, AL (X s Ay, A s+ ﬁ
bl bZ bn—l bn
XJ J. J J [|f(x1,x2,...,xn)|
a, Ja, ey Ja,
n
x th (x5 a;) + hy (x; bi):|
i=1
XA, AL (X s DSy A s
(21)
Proof. For a function g(x,,x,,...,x,), from Lemma 7, we
have
g (x5, %50 x,) L= Ay (x9, %55 ..., X,,)

_ Jbl Jbz Jbﬂl Jbﬂ "G (51525 Sp-15n)
a, Ja Ap1 YOy AISIAZSZ"'"An—lxn—lAnxn

n

x HP;‘ (%5 51) D ySp B i Spts - D8 A sy
i=1
+1 bl b2 bn—l bn
T Ve I S I R TCY YR R
a, Jay Ap-y Y0y
Gn—l (Sn—l) > Oy (Sn))
X NS A 1S5 NSy A sy

(22)
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Then multiplying (9) by g(xy,x,,...,x,) and (22) by

f(x1,%5,...,%,), and adding the resulting identities, we
obtain
2f (x1,%5, .5 %,) g (X1, %055 x,) L

=g (x5, %5 ..., %)
X Jbl Jbz anl Jhn O"f (51,855 851554)
a, Ja Ap1 Y0y AISIAZSZ"'"An—lxn—lAnxn

n
X HPi (%1 51) DS By Spts - DA sy
i=1

+ (%, %0000, %,)
x Jbl rz an?l an "G (512525 Sp-15 %)
a; Ja, a a, B1518585 A, X, 1 ALX,

n—1 n

n
x HP;‘ (%5 51) D ySp B 1 Spets - DA sy
i=1

+g(xp %000 x,) Ay (X1, %5, .05 X,,)
+ f (xp, %y,

+ Ay (xp, %y,

%) Ag (X1 %555 )

).
(23)

Anintegration for (23) on [a;, b1y, X [ay, b, ]y, X+ X[a,, b,],
yields that

b (b by (b,
J J ...J J f(x13x2>-..;xn)g(xl,xz,...,xn)

a; Ja [
XA XA 1%, 5 AR A X
1
2L

J.bn_l Jbﬂ anf (Sl’ S25 e Sp-1> Sn)
a,y Ja, N1s1AL8,, A1 x, 1AL,

n—1 n

x HPi (x55:)
i=1

XA S, A 1S, 1 A8 A s,

1
XA XA (X s DX, A x + oL
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b b
I,
a; Ja,
bn—l bn
J‘ J. [f(xvxzw-wxn)

a,
b (b,
a Ja,
aﬂg (51’52’ tee Sn—1>sn)

n—1
Jbﬂ_l an
apy Ja, A1S1A5Sy, A 1x, AL X,

n

X HPi (x5
i=1

XA S, A 1S, 15 Ay, A 151:|

1
XA X, AL X s DX, A x + L
b (b
1,
a Ja

L
[ ] oG
Ap-1 YOy

a,

X A (x, %5, ..., %,)
+ f (%, %0005 %)
%)

XA, (x1, %5, ...

XA X, AL 1 Xy s
1 (b b
il
2L a Ja

bn—l bn
J JA3(x1,x2,...,xn)

4, an

s A A

n—1

XA X, AL X 15 A gx, A X

(24)
So we have
Jbl th

bn—l bn
J J' f(xp%000x,) g (%1, %5505 %)

Gp-1 <0y

XA X, AL X, 55 A yxa A X
1 Jhl Jbz
2L a Ja,

bn—l bn
J J [ (%1 %5505 x,,)

9
X A (x,%0, ..., %,)
+ f (%, %0505 %)
XA, (%1, %5005 %,)]
XA XA Xy 5 Dyxy A X
1 Jbl J'%
2L Ja, Ja,
bn—l bn
J J Ay (x1, %5505 %)
Apy Y0y
XA X, N 1%, 15 A A X
K, Jbl Jbz J’bnl an[
< — X1 X955 X
2L ), )., o g (x1, %, )l
n
X H (hy (@)
i=1
iy () |
XA X, A X, 15 DX A X
K, J'bl jbz J‘@x—l an[
+—= X1> X5 e s X
2L a Ja, a Ja, |f( 1> 42 n)l
n
x H (hy (x; @)
i=1
+h;, (x;, b)) ]
XA LX A X5 DXy A X
(25)

After simple computation we can get the desired result.
O

Remark 16. Theorem 15 is the n dimensional extension of [17,
Theorem 2.2].

Theorem 17. Let f, g € C(la,bly x [ay, b))y x -+ %
[a,,b,]7 ,R) such that ¢ < f(xy,x,,) < ®andy <
9(x1,%5,...,x,) < T foral x; € [a,b]y, i = 1,2,...,n,

where ¢, @, y, and T are constants. Then one has

Lho(l (b (b
‘ZJ J J J f(xn %0 00x,) g (%15 %5005 X,)

a Ja Gp1 YOy

XA LS, AL 1Sy 15 DS A s

ljbl J'bz an—l an ( )
- = fxpxp..05x,
L a; Ja, a, a, b

n—1 n
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XA SN, 1S, 1

1 bl % hﬁl %
XEJ J J J g (x1, %5505 %,)
a, Ja, a a,

n—1 n

Ays Ay

X Aps,A, s AysyA sy

n—1>+++>

<Lo-g)r-y).

S

(26)
The proof for Theorem 17 is similar to [26, pp: 295-296], which
is omitted here.

Finally, we present one Ostrowski-Griiss type inequality
as follows.

Theorem 18. Suppose that f € C,;([a;,b ]y X [ay, b))y, %

x[a,, b,y , R) such that the partial delta derivative of order
n exists and there exist constants K; and K, such that K; <
0" f(xp, %05 x,) [ (A %8 ,%5, ..., A x,) < K. Then one
has

1 n-1
lf(xl,xz,.-.,xn) -7 Y (0L,
k=1

J‘bml J‘bmz
A1 A2

X {
1<m1<m2--<mk<n
bk
J F ey O (Spn) 55 Oz (S12) »
Ak
mk (smk) LR ’xn)

1
x Amksmk"‘ . ’AmZSmZAmlsml} + z(_l)n

bl lb hﬁl
a Ja, -1

Lbnf(al (51),05(55) 5+
Ot (Sn-1) 0, (50))

XA LS AL 1S5 A8 A s

Z Z Z ( 1)k 1tk +etk,

J(l) 1](2) 1

(27)

xf (Al,jm, Ay j@s - /\,,,jm))
1 n
XZ [hy (x5, 4;) = hy (x;,5)]
i=1
LK -K)

Journal of Applied Mathematics

Proof. From the definition of p;(x;,s;) in (8) we obtain that
max([T, pi(x;> 5)) - min(T T, pi(xis) < TTL, (B —a) = L
On the other hand, we have

Jbl Jbz anl rﬂ O f (51525815 51)
a; Ja, a a, B18518585 .50, s, 1A s,

n—1 n
XA LS, AL 1Syt s NS A S,
2 2 2
Z Z z (_1)k1+k2+<--+kn
=10 = jm=1
X f (/\1)]-(1), Az)jm, cees An’j(n)) > (28)

[ Tiptes

n—1 n o i=1

J’hl Jbz

XA, s,A, S A,ys,A s,

n—l1>+++>

= - (h, (xa;) = hy (x,5)]

i=1

L A o=a;
where A, =a;, A, =b, k; = {0 3 () Z i=12,...,n.S0
)
by Theorem 17 we deduce that
o[ [ s
L a Y4 -1 YOy AISIAZSZ""’An—lsn—lAnSn
n
X HP:' (x15:)
i=1
XA LS AL 1Sy 15 DS A S
1 Jbl Jbz Jbﬂl an anf(sl’sz""’sn—psn)
L a Yay -1 Yy AISIAZSZ"'"An—lsn—lAnsn
XA SN 1S, 1 A8 A s
1 b b by b, 7
X ZJ J J J Hpi(xi’si)
a Ja, [ R |
XA LS AL 1Sy 15 DS A S
- [max ([T, pi (x5 5:)) ; min ([T, pi (x5-5:))] (K, - K,)
L
<3 (K, -K;).
(29)

Then combining (9), (28), and (29) we get the desired result.
O

Remark 19. Theorem 18 is the n dimensional extension of [18,
Theorem 4] and is the n dimensional extension on time scales
of [12, Theorem 2.1].

Remark 20. For Theorems 10, 15, 17, and 18, we can also
obtain similar results as shown in Corollaries 12-14, which
are omitted here.
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3. Conclusions

In this paper, we have presented some new generalized
n dimensional Ostrowski type and Griiss type integral
inequalities on time scales. These inequalities are of new
forms compared with the existing results in the literature
and are n dimensional extension on time scales of some
known continuous and discrete inequalities. Based on these
inequalities, some new bounds as well as some sharp bounds
for unknown functions are derived. These inequalities can
also be used in the estimate of explicit error bounds for some
numerical quadrature formulae.
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