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Integrable coupling system of a lattice soliton equation hierarchy is deduced. The Hamiltonian structure of the integrable coupling
is constructed by using the discrete quadratic-form identity. The Liouville integrability of the integrable coupling is demonstrated.
Finally, the discrete integrable coupling system with self-consistent sources is deduced.

1. Introduction

Many physical problems may be modeled by soliton equation.
The Hamiltonian structures of many systems have been
obtained by the famous trace identity [1-6]. The study of
integrable couplings of integrable systems has become the
focus of common concern in recent years. It originates from
the investigations on the symmetry problems and associated
centerless Virasoro algebras [7]. Many integrable coupling
systems have been constructed by using the methods of
a direct method [8], perturbations [9], enlarging spectral
problems [10, 11], creating new loop algebras [12, 13], and
semidirect sums of Lie algebras [14, 15]. The Hamiltonian
structures of the integrable couplings of lattice equations
can be constructed by means of the discrete quadratic-form
identity [16, 17].

Since Mel'Nikov proposed a new kind of integrable
model which was called soliton equations with self-consistent
sources [18] in 1983, many soliton equations with self-
consistent sources [19-23] have been presented in recent
years. For applications, these kinds of systems are usually
used to describe interactions between different solitary waves.
In this paper, we deduce a hierarchy of discrete integrable
coupling system with self-consistent sources which are few
compared with the continuous ones.

The paper will be organized as follows. We first get
a hierarchy of integrable lattice soliton equation with

self-consistent sources in Section 2. In Section 3, a hierarchy
of discrete integrable coupling system is derived by making
use of the discrete zero curvature representation. By means
of the discrete quadratic-form identity we establish the
Hamiltonian structures of the hierarchy. Further, the result-
ing Hamiltonian equations are all proved to be integrable
in Liouville sense. Finally, we give the integrable coupling
systems with self-consistent sources.

2. A Hierarchy of Integrable Lattice Soliton
Equations with Self-Consistent Sources

We first briefly describe our notations. Assume f, = f(n)isa
lattice function; the shift operator E and the inverse of E are
defined by

Ef,=f(m+1), E'f,=f(n-1), neZ
M
Ef,=f(n+k), nkeZ
A system of discrete equations
atmun = Km (un) (2)
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is said to have a discrete Lax pair
Ep, = U, (4, 1) 9,

atm(Pn = VVEm] (un’ A) P>

if it is equivalent to the compatibility condition
atm Un (un’ /\ )

(3)

- (EV,E’“] (u,, A)) U, (u,A)-U, (u,A) Vim] (w,,A).

(4)
In [16], a Lie algebra is presented as
G = span {w,, w,, ws, Wy, W5, Wg, W5, Wg} , (5)
where

1000 0000
(o000 0100
“@=too010)]" “ Vo000 |
0000 0001
0100 0000
(o000 1000
“=1oo001)]° ““loooo |
0000 0010

(6)
0000 0000
(o000 (o000
“=11000)] ““\oo0o00 |
0000 0100
0000 0000
(o000 (o000
“=10000 )" “Tlo100
1000 0000

Set G; = span{w,, w,, w;, w,} and G, = span{ws, wg, w,, Wg};
itis easy to see that G, G;, and G, construct three Lie algebra,
and

G=G,®G, [G,G]=GG,-G,G, <G, (7)

So G, isan Abelian ideal of the Lie algebra G. The correspond-
ing loop algebra G is defined by
G =spaniw, (m),i=1,2,...,8}, w;(m)=wA". (8)

In [15], a new discrete matrix spectral problem has been
proposed:

Ep,=U,(rp,A) b U, (r,A) = rw, (1) + w5 (0), (9)
by solving the stationary discrete zero curvature equation
(ET,)U,-U,L, =0, (10)
where
I, = a,w, (0) — a,w, (0) + b,w; (0) + ¢,w, (1),

=S =Y g
! mZOQn mzz:o ! (11)

00
C, = Z Cr(lm)A_m,
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and introducing the auxiliary spectral problems associated
with the spectral problem (9)

0, by =V", m=0,

m
b Z [afl')wl (m—1i) - a,(ql)w2 (m —1i)
= (12)
()

+ br(li)a)3 (m-i)+c,’wy (m—i+ 1)]

~
g
I

- afqm)wl 0) + aflm)wz 0),

a hierarchy of integrable lattice soliton equations with a
potential 7, has been presented:

Oy Ty =Ty (af:fi - aflm)) , mz=0, (13)
where
1 1
aE,O) _ , ar(,l) _ ,
2 Tnlp-1
(14)
1 1 1 1
a® = ( ; + )
Tnn-1 Tnln-1 Tp—2Tn-1 Tnt1Tn

Equation (13) possesses the following Hamiltonian forms [15]:

_OE™M _SEmY

o, r =M , m>=1, (15)
bTn = or, or,
where
J=r,A-E)1+E)'r, M=E-E",
(m) (16)
=om) _ (m) m _ 4
E™ =% F", B === mz1.

nez

Next, we will construct a hierarchy of integrable lattice
soliton equations (13) with self-consistent sources. For n
distinct real A i consider the auxiliary linear problem

o, b,
B 9 )-8, &)
37 37
b4 by, "
17
gy | =Vl g
b/, b,

Based on the results in [24], we show the following equation:

SEM  N.8A;

—JL =y,
or, i 0m, 18)




Journal of Applied Mathematics

where
SA. 1 oU (r A )
it N
or, 2 Ir <WJ or, ’
¢, j¢2 i _‘/’fj ¢3j¢4j _(/)%J'
G buby B by )
Vi= 0 0 ¢y _(/)%j ’

0 0 ¢~

ji=1,2,...,N.

According to the approach proposed in [24-26], through
a direct computation, we obtain the discrete integrable
hierarchy with self-consistent sources as follows:

_( 8F™ XN S8,
b} _ n J
tmrn ]( 8Tn +; 81’,,, >

[ SE ¥
n 1

j=

(20)

Taking m = 1 in the above system, under ¢, — ¢, we can
obtain the following equation with self-consistent sources:

1 1 I
or, = - —r,(1=E)(1L+ E)'r, ) Ay ;6.
j=1

Tn+1 Tn-1

(21)
3. A Hierarchy of Discrete Integrable Coupling
System with Self-Consistent Sources

First, we will give out the integrable couplings of the hierarchy
(13). Consider the discrete isospectral problem

E¢7’l = Un (un’A) ¢n’
U, (u,A) = r,w, (1) + w; (0) + w, (1) + s,wg (1),

(22)

in which u,, = (r,, sn)T is the potential, r,, = r (n,t) and s, =
s(n,t) are real functions defined over Z x R, A is a spectral
T .
parameter, A, = 0, and ¢, = (¢;(n), p,(n), P5(n), p4(n))" is
the eigenfunction vector.
We solve the stationary discrete zero curvature equation

(ET,)U,-U,L, =0, (23)
where
[, =a,w, (0) —a,w, (0) +b,w; (0) + c,w, (1)

(24)
+e,ws (0) — e,wg (0) + g,w; (1) + f,ws (0).

3
Equation (23) gives
bn+1 =Gy
a, + )“’nanrl T a5 = 0,
a,+ Ar,c, +a,.; =0,
Cnv1 — bn T (an - an+1) =0,
(25)

fn+1 = 9w

€nt1 + €y + Arnfn+1 + /\snbn-*—l = 0’
€1 €, + A1, g, + As,c, =0,

_fn T Gni1 T 1y (en - en+1) +s, (an - an+1) =0.

Substituting the expansions

[ (o)
a,= Y alA™" b= Y BT,
m=0 m=0

m=0 m=0
o= YA g Y g
m=0 m=0

into (25), we can get the recursion relation

(m) (m) _ (m+1)
anata,’ = _rnbn+l ’

(m)
an+1

m (m) (m) m_
"n (an - an+1) + Cotl ~ bn =0,

(m) _ (m+1)
+ an = —rncn N

(27)

(m) (m) _

(m+1) (m+1)
e, +e, =-sb -

n+1 nSn+l

(m) (m) (m+1) (m+1)
enrfl +enm = _Sncnm _rngnm >

S, (a(m) - a(m)) +7, (eflm) - e(m)) - f(m) + gfffi =0.

n n+1 n+1 n

The initial values are taken as

C’go) =0,
(28)
(0)
gn =0.

Note that the definition of the inverse operator of D = (E —

1) does not yield any arbitrary constant in computing a,(l'”)

and eﬁlm), m > 1. Thus, the recursion relation (27) uniquely
determines

(m) (m) (m) (m) r(m) _(m)
an ’bn ’Cn € fn ’gn 4

n

m>1, (29)



and the first few quantities are given by

1 1 1
afll) _ , b;il) — , Cy(,l) = —,
Tnln-1 Tp-1 Ty
(1) 1 Sp-1 _ Sy f(l) _ 1 _ Sp-1
! Tn-1"n rﬁflrn rﬁrn—l " Tp-1 Tﬁ,l ’
gL _ 5
P
1 1 1 1
ar(lz) = — < + + ),
Tpln-1 Tnln-1 Tp—2n-1 Tnt1Tn
1 1 1 1 1 1
o (L L), el (L)
rn—l ) r rn Tp-1 Tnt1

1 1 1 1
D - _ ( L )
TnVn-1 Tntn-1 T+l Tn-2"n-1

2s 1 1 25 1 1
rn—lrn rn+1 rn—l T‘ T —1 ) rn
1 S S
+ — n+1 4 n—2 + °n ,
Tl Ta-1"n"n- T2 Ty

2s
2) _ 1 -2
- ( >+ ( =2-1)
rn 1 Tn—2 n 1 Tn2 \ Ty
)
1,
2s 1 1 1 S,
(Lt o ()
rn Tnt1 Tp-1 rnrn—l Tp-1

1 S
+ 2— n_+1 - 1 .
rnrn+1 Tnt1

(30)
Set

Vn(m) = i [aff)wl (m
i=0

—i) - aff)wz (m—-i)+ b,(li)w3 (m—1)

+c Y, (m—i+1) +e(’)w5 (m—i)—es)w6

X (m—1i) + gS)w7 m-i+1)+ f:)w8 (m - i)] ,
(31)
)

E(V{™)U, -U, v

= —rncr(l'w'l)w3 0) + rnc,(,m+1)w4 (1) - (eflm) + enH) w, (1)

+ (eflm) + e(m)) wg (0).

n+l

(32)

Take 11("') = -
m > 0, and let

a™w,(0) + a"™ w,(0) — e w5(0) + ™ wy(0),

vim = ylm ), (33)
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We introduce the auxiliary spectral problems associated with
the spectral problem (22):

0, by =V\", m=0. (34)

The compatibility conditions of (22) and (34) are

9,U, = (EV")U,-UV™, m=0,  (39)
which give rise to the following hierarchy of integrable lattice
equations:

3, 1 =ra( alm - aﬁlm)) , m=>=0,
(m) (m) (m) (m) (36)
atmsn =Sy (anrrl - anm ) Ty (enm - enrrl) » mz=0.

So (35) is the discrete zero curvature representation of
(36); the discrete spectral problems (22) and (34) constitute
the Lax pairs of (36), and (36) are a hierarchy of Lax integrable
nonlinear lattice equations. It is easy to verify that the first
nonlinear lattice equation in (36), whenm = 1,undert; — t,
is

o, = (E-E") L,

rﬂ
) (37)
s
os, =(E'-E)2 +(E-E")—.
ton ( ) Tﬁ ( ) T
In (36) the first lattice equations
0, 1 =1, (a7 —al™), m=o0, (38)

constitute a hierarchy of integrable lattice soliton equations

with a potential ,;; in the view of integrable coupling theory

[7,13,17], (36) are integrable coupling systems of (13) or (15).
In what follows, we would like to establish the Hamilto-

nian structures for the integrable coupling systems (36).
Seta=Y aw,b=Y bw,andc=Y" cw, €G. We

define a map

va), aeG. (39

8
0:G— R, ar—(a,a,,...

Following [16], we introduce the matrix

10001000
01000100
00010010
00100001

F=1 10000000 (40)
01000000
00100000
00010000

It is easy to verify that F meets F* = F. Under the
definition of the quadratic-form function

{a,b} = a’ Fb, (41)
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we have {ab,c} = {a,bc} and a,b,c € G.Set R, = l"nUrfl;
through a direct calculation, we get

{Rn’ %} = en ;an + r}’l (cn + gﬂ) + SﬂC}’l’

oU oy, “
{Rn,a—rn} = A(Cn+gn), {Rn,a—sn} = Ac,.
By the discrete quadratic-form identity [16]
0 oy, 0 oy,
(o3
or, neZ{ " oA } ( oA " or,
0 oy, (0 oy,
R,—="1=|A V(—)ﬂ) {R —}
ds, neZ{ " oA } ( oA " 0s,,
with y being a constant to be determined, we have
5 2[5 el a) vaa]
(0 ) 14
(SR a),
(44)
J [e"+a"+r (¢, + )+sc]
65n = A n n gn nn
(0
=17 —))W Ac,).
()0
By the substitution of
a,= Y a"A" b= Y BT
m=0 m=0
c, = Z cr(lm)/\fm, e, = Z enm))fm, (45)

3
I
<
3
il
<

(m)A*m

fu= In

M3

fr(tm)/lim’ gn =

M8

0 0

3
Ti
3
I

into (44) and comparing the coeflicients of A7 in (44), we
get

9
or
8n Z [e;m) +ar(lm) +rn( r(lm+1) +gnm+1)) +s C(m+1)]
R nez
s,
(m+1 + g}(:rﬁl)
=(-m+y) 1 .
C’Sm+ )
(46)

When m = 0in (46), a direct calculation shows that y = 0. So
we have

0
or,
9
s,
(m) (m+1) (m+1)
X r;Z ([ 76 ( + In ) (47)

+5,C nm“ ]( m)~ )

+1) (m+1)
m + gnm
Cr(im+1)

Set
7 (m)
Hn
) Z [_ef{n) _ailm) _ rn( (m+1) +g:lm+1)) Sncy(lm+l)]
nez m
m2>1.
(48)

Now we can rewrite those lattice equations in (36) as

SH™
r, _ 51’n
Os

n

where ] is a local difference operator defined by

— <]11 ]12>) (50)

I T2
where
Ji, =0,
Jio = =1, (1+ E) (1= )y

(51)

Jp=5,1+E) ' 1-E)r,+r,(1+E) " (1-E)s,

+r,1+E) 7 (E-Dr,

Obviously, the operator J is a skew-symmetric operator; that
is, J* = —J. Moreover, we can prove that the operator J
satisfies the Jacobi identity

<], (u?l) []fn] gn’ hn> + CYCIC (fn’gn ’hn) =0. (52)

So we have the following facts.



Proposition 1. ] is a discrete Hamiltonian operator.
Set

= (m-1
sH” . SH™Y
Su " Su,

n

(53)

n

From the recursion relation (27) we can get the recursion
operator (,, in (53).
Therefore, we have

m > 0.

(rn) ~ ]aﬁ,ﬁ’") 1 SH™D Cmaﬁg’)
Sa)y T Su, " Su, " du,’

n n

n

(54)

So (49) are a family of Hamiltonian systems. The hierarchy of
lattice equations (36) possesses Hamiltonian structures (54).
Furthermore, a direct calculation shows that

E-E!
M=]g, = (E _OE—1 ! —E)' (55)

It is easy to verify that the operator M is a skew-symmetric
operator; that is, M* = =M. So we have the following.

Proposition 2. {ﬁftm)}m21 defined by (48) forms an infinite set

of conserved functionals of the hierarchy (36), and H flm), m>1,
are involution in pairs with respect to the Poisson bracket.

Proof. We can find that M* = —M. Namely, (J{,)* = -J(,,
and then (] = J{,. Hence

7(m) 70
J Su,, Su

n

_ Cm_l 81’:11151) ]Cl_l SFIr(ll)
" du, " du,

(OHY sHY
= <r:,, e >
u}’l
o OHY 5H<1>
= <<:n T >
_ {H“(mﬂ) I"_j(l—l)} .= {H(erl—l) ﬁ(l)}
n >t n ] n > )yt
(56)
Similarly, we get
gD Fm))  _ [gim+l-1) 75(1)
{7, 5"} = {H B (57)
This implies that
(YA} - AP AY e
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Thus

(A, 70} o,

) SH™ SH™ SHY
Hm — n , — n R n 59
( " )tz < du,, u"t’> < du,, 4 Su > 59)

n

m,l>1,

={H".H} =0, ml=1

In summary, we obtain the following theorem.

Theorem 3. The lattice equations in (36) or the discrete Hamil-
tonian equations in (49) are all discrete Liouville integrable
Hamiltonian systems.

Now we search for the integrable coupling systems with
self-consistent sources. For n distinct real A}, consider the
auxiliary linear problem

E $3j =Un(un,/\j) $3j ,
J J (60)

zlj ilj

2j _ ysIlm] 2j

6y | Tl hi) g

‘/541' ¢ ¢4j

m

Based on the results in [24], we show the following equation:

8H(m) N, 04
Za— =0, (61)
where
oA oU (u,, A ;
_] = lTr WM s
Su, 2 7 ou,
2 2
¢1j¢2j _¢1j ¢3j¢4j _¢3j
¢§j —¢1 ¢, ‘Pij —¢34; (62)
v = 5 ]
0 0 b1, —¢1j
0 0 ‘/’;1 _‘/’1]"/)2]'
j=1,2,...,N.

According to the approach proposed in [24-26], through a
direct computation, we get the discrete integrable hierarchy
with self-consistent sources as follows:
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8H o i
r
n — ]
(Sﬂ>tm 8H Ii:
™ 63
SH™ N (63)
or le‘/’u‘/)zj
=] ! 7 m>0
| eE™ i C
N s by
Ss,, = JY3jT4j

When m = 1 in the above system, under ¢, — t, we can
obtain the following coupling equations with self-consistent
sources:

or,=(E-E) L

Ty

N
-r,(1-E)1+E)'r, Z Ay jhajs
=

atsnz(E*l—E)—; (E-E )rl-rn(l-E)

n n

=

N N
x (1+ E)_l”n (Z)‘j‘/’u‘/)zj + le¢3j¢4j
=1 =1
~ [0+ B Q= B)r, + 1,1+ E) (1 - E)s,]

N
x> s
=1

(64)
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