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The aim of this work is to investigate a class of boundary Cauchy problems with infinite delay. We give some sufficient conditions
ensuring the uniqueness, existence, and regularity of solutions. For illustration, we apply the result to an age dependent population
equation, which covers some special cases considered in some recent papers.

1. Introduction

Consider the following problem:

d d
au(t,a)——au(t,a)—‘u(t,a)u(t,a), t>0, ax=0,
u(t,0)=f(@), t=0,
u(©0,0)= @), a=0,

)

where u(t, a) represents the density of the population of age
a at time t, y is the death rate, and f(f) is the number of
newborns at time t. Such models were introduced by Lotka in
1925 and have been studied by many authors. For a detailed
discussion, we refer the reader to [1, 2].

The problem (1) can be transformed into the following
abstract boundary Cauchy problem:

%u(t):du(t)+d)(t)u(t), t>0,

Lu(t)= f(t) €0, t=0, (2)

u(0)=x¢,

where &/ is an unbounded operator on a Banach space (Z,
[I-11) of functions on [0, co) with domain D(&f), u(t) = u(t,-) €
D(gf) foreacht > 0,L : D(&/) — 0X is the operator defined

by L(v(-)) = v(0) for v(:) € D(&), and 0 := {v(0); v(:) € X’}
is a “boundary space”” For each ¢t > 0, ®(t) is a bounded linear
operator from 2 to Z.

Equation (2) can be further transformed into a Cauchy
problem. To do this, suppose that the domain D = D(«)
of & and 0X are Banach spaces such that D is dense and
continuously embedded in X. &/ € B(D,X) and L ¢
B(D, 0Z). We make the following hypothesis.

(S1) A = |y generates a Cy-semigroup T(-) on &
where ker(L) denotes the kernel of L.

(S2) Lisasurjection from Dto 0X. Llye.()- ) hasacontin-
uous inverse for any A € p(A) (the resolvent set of A).

If assumptions (S1) and (S2) hold, then the operator Py :=

(Llerr- v(z;,))f1 is continuous from 0 to ', and forall y € 0
the operator Py satisfies

A-g)P,y =0, LPyy = y. (3)

At least formally, we can rewrite (2) as
d
Eu(t):A(u O -Pf@)+ AP f ) +@ ) u(t), t=0,

ul0)=xeX.
(4)
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It is easy to see that (4) is a form of the following abstract
Cauchy problem:

Do) = A () + CG, (1 (1) + Gy (hu (1)),

t>0,
dt

u(0)=x¢ X,
(5)

where A is the infinitesimal generator of a C,-semigroup on
a general Banach space X, C is a bounded linear operator
satisfying certain conditions, and G;, G, : R*xX — X.

In this way, the problem of solving (1) or (2) is trans-
formed to that of solving (5). Equations of the form like
(5) were considered in [3-5]. An important tool used is the
multiplicative perturbation which was first studied by Desch
and Schappacher [3] in 1989 for C,-semigroup. In recent
years, this type of perturbations has been further developed
and applied by many authors (cf., e.g., Engel and Nagel [6],
Piskarév and Shaw [7]). In this paper, our proof will also be
based on an application of the multiplicative perturbation
theorem.

Equation (2) has been considered in [8, 9] for the cases

f) = [ Bt,a)u(t,a)da and f(t) = [ [ Pa, Ou(t +
0,a)dd da, respectively. Suppose that & is a linear space
of functions from (—00,0] to 2. Then these two cases can
be viewed as a function from 9% to . That says that f(t)
depends on the “history” of u. Thus, for such functions f, (2)
becomes a retarded Cauchy problem.

The following abstract retarded Cauchy problem has been
considered by many authors (see [10-13] and the references
therein):

d
Y (t) = Au(t) + F(t,u,), t=0, ©)

Uy =@ P,

where A generates a C,-semigroup T'(-) on X, & is a linear
space of functions from (-0, 0] to X satisfying some axiom
which will be described later, F is a function from [0, 00) X P
to X, and, for a solution function # : R — X and for every
t > 0, the function u, : (-00,0] — X, defined by

u, 0)=ut+06), for0 e (-00,0], (7)

is required to belong to 2.

The theory of partial differential equations with infinite
delay has attracted widespread attention. In [14-16], the vari-
ation-of-constant formula

u()=T{t) ¢ (0)+ LtT(t—s)F(s,us)ds, t>0, ®)

Uy=peP

is used to study existence of solutions, regularity, existence
of periodic solution, and stability for (6) when the delay is
finite. In [10], a similar argument is used to solve (6) when
an operator A (not necessarily densely defined) satisfies the
Hille-Yosida condition (maybe nondensely defined) and the
delay is infinite. For a detailed discussion about infinite delay
equations, we refer the reader to [13].
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The main purpose of this paper is to consider the fol-
lowing more general boundary Cauchy problem with infinite
delay:

%u(t) =du(t)+G, (t,u), t=0,

Lu() =G, (tu), t=0, )

U, =¢ € P,

where G, is a function from R" x & to & and G, is a
function from R" x & to 02. G, and G, may be nonlinear.
This abstract boundary delay problem has been studied by
Piazzera [8] in some special cases. The case without delay
also has been studied in [9]. Similar to the way that (2) is
transformed into the form of (5), we can transform (9) into
the following generalized retarded abstract Cauchy problem
with delay:

d
s (t)=A(u(t) +CF, (t,u,)) + F, (t,u,), t>0, (10)

Uy=¢ €P,

where F|, F, are functions from R* x & to X. It is a
generalization of (5) (and hence of (2)) as well as of (6).

In Section 2, we show the uniqueness and existence of
solution of (10). It will be solved by using a variation-
of-constant formula similar to (8). The obtained result
(Theorem 7) can be viewed as a partial generalization of [8, 9].

Then we apply Theorem 7 in Section 3 to investigate an
age dependent population equation for the situation that the
birth process depends on the past of the population, as the
following system describes:

0 0 ©
au(t,a) = —au (t,a) + f; (t, L u(t-r1,8) dE,a) ,

t>0,a>0,
co 0
u(t,O)zj j GO.a)u(t+6,a)d0da+ f,(t), >0,
0 —00
ut,0)=w(t0), t<0, 0ecR".
(11)

This equation contains as particular cases those equations
that are considered in the recent papers [8, 9].

Finally, we study in Section 4 regularity of mild solutions
of (10). The property about equilibrium will be studied. The
precise definition of equilibrium will be specified later. In [10],
it is shown that the equilibrium of the solution semigroup
associated with (6) is locally exponentially stable when its
linearized solution around this equilibrium is exponentially
bounded. We extend this result to a special case of (10).

2. Solutions to (10)

Let (X, | - ) be a Banach space. Throughout this paper, (A4,
D(A)) is the infinitesimal generator of C,-semigroup T'(-) on
X with domain D(A) and | T(t)|| < Me* forsome M > 1, w €
R, and ¢t > 0. In this paper, we assume that the phase space
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(Pl - ll») is a Banach space consisting of some functions
from (—00, 0] to X and satisfies the following axioms, which
were introduced first by Hale and Kato in [17].

(A1) There exist a positive constant H and functions M, (-),
M,() : R* — R, with M, continuous and M, lo-
cally bounded, such that, for any 0 € Rand a > 0, if
x:(—00,0+a] - X, x, € %P and x(-) is continuous
on [0,0+al], then for everyt € [0, 0 +a] the following
conditions hold:

(i) x, € &,
(i) lxI < Hllx,ll
(iii) ”xtllgv < Ml(t - U)Supassgt”x(s)" + Mz(t -
o)lx4l -

(A2) For each function x(-) in (Al), t = x, is a FP-valued
continuous function on [0, 0 + a].

The objective of this section is devoted to investigate well-
posedness results for the Cauchy problem:

d
R (t) = A(u(t) + CF, (t,u,)) + F, (t,u,), t>0, (12)

Uy =@ € P.
Definition 1. Let A generate a C,-semigroup T'(-) on X. One

says that C € B(X) satisfies condition (M) with respect to T'(-)
if there is a continuous, nondecreasing function o : [0, c0)—

[0, 00) with 0(0) = 0 such that [} T(t - s)Ch(s)ds € D(A)
and

HA Jt T(t—s)Ch(s)ds
0

<oc®) sup R, (13)

0<s<t

for each h € C([0,t], X) and t > 0.

The following are important examples of operators that
satisfy the condition in Definition 1:

(a) C is a bounded linear operator from X to (D(A),
[ - Ipa))> the Banach space D(A) endowed with the
graph norm || x|p4) := [lx[| + [ Ax]|.

(b) Cisaboundedlinear operator from X to F(A), where
F(A) denotes the Favard space of A given by F(A) =
{x € X;limsup,_, o+ [T(t)x — x|| < oo} and endowed
with the norm |[x||g 4 := limsup, o [IT(£)x — x| +
[lx]I.

These conclusions can be found in [3, 4].

In the rest of this paper, we suppose that C satisfies con-
dition (M) with respect to T'(-) and the function o, satisfies
the corresponding properties. Next, we make the hypotheses
about F, fori = 1,2.

(H1) F € C([0,00) x &, X) is continuous and satisfies a
Lipschitz condition; that is, there is a constant L > 0
such that

I (t. 1) = F ()| < Llvy = vl s (14)

fory,, v, € Pandt € R,

Definition 2. Let T > 0. A continuous function u
(—00,T] — X is called a mild solution of (12) on [0, T] if
u satisfies the following conditions:
(i) u(t) = T(t)p(0) + A j; T(t — s)CF, (s, u,)ds + jot T(t -
S)E,(s,u,)ds for t € [0,T],
(if) u(t) = ¢(t) for t € (—00,0].

Definition 3. LetT > 0. A continuous function u : (-co,T)—
X is called a classical solution of (12) on [0, T'] if u satisfies the
following conditions:

(i) u(t) + CF,(t,u,) € D(A) fort € [0, T7,
(ii) ulppry € C'([0,T], X) and satisfies (12),
(iii) u(t) = ¢(t) for t € (—00,0].
First, we show the uniqueness and existence of mild solutions
to (12).

Theorem 4. Suppose that F, and F, satisfy hypothesis (HL).
Then (12) has a unique mild solution on [0,T] for each T > 0.

Proof. By assumptions on F, and F,, there is a constant L > 0
independent of t € [0, T] such that

Z |E; (£, ¢1) = F; (t: )| < L]y = 2| o (15)

fort € [0,T] and ¢,,¢, € FP. Moreover, we define the fol-
lowing real number:

M} = LM M, (16)

where M'T = max{M{,Mé}, Ml' = supg.rM;(s), i = 1,2,
and M, (-) and M,(-) are the functions defined in hypothesis
(Al). Note that M'T' is independent of t € [0,T]. Let [0,7] C
[0, T] and let

Z(r)={y: (-00,r] — X5 3y € P, y|g,; € C([0,7], X)}

17)
be a Banach space equipped with the norm
Iy z, = 7ol + "y"C([O,r],X)' (18)
Let
Zq)(r) = {yEZ(r);yO:go}. (19)

Then Z,(r) is a closed subset of Z(r).

Note that it follows from (A2) and (HI) that Fi(s,v,),
i = 1,2, are continuous in s on [0, r]. Then, since C, satisfies
condition (M), we have A _[Ot T(t — s)CF,(s,v,)ds € C([0,r],
X) (see the proof of Theorem 2.2 in [7]). Thus we can define
81 Z,(r) — Z,(r) by

(Sfv) @)

THe0)+A J:T(t —$)CF, (s,v,)ds

t
+J T(t-s)F,(s,v,)ds, tel0,r],
0

¢ (1), t € (—00,0].
(20)



Note that the closed set Zq,(r) and the operator S? are
dependent on r and ¢. From the definition of SY, one can
see that the fixed point of SY is a mild solution of (12) on
[0, 7]. Furthermore, if r = T and S%. has a unique fixed point,
then the fixed point is the unique solution to (12) from the
definition of S? and the proof is completed. So, it is sufficient
to show that S? has a unique fixed pointin Z »(T). The unique
fixed point will be found step by step. First, we show that there
isan r € (0,T] such that S has a unique fixed point. This
fact will be shown by finding an r € (0,T] such that S? is a
contraction. Suppose that v, v, € Z(P(r). Fort € [0, 7], by the
definition of S?, assumption of C and hypotheses (Al) and
(A2), it follows that

[(87vi = Stv2) 0]

<

A [ TE-9CE (5.(1)) - F (5 (), s

+

[ Ta-9E 6000 - E ), s

<oc(t) 0S<ul<)t ||F1 (s, (Vl)s) - F (s, (VZ)S)" (21)

t
# M | (5, 1)) = B (5. (1)) ds
< o (t) LMy ||v, - VZ"Z, + Mel"’ltLM'Tt”v1 - VZ"Z,
< (oc (r) + 1) My, lvi - Vz”z,'

So, by the assumption on o, there exist N € Nand r € (0, T]
such that Nr = T and (o(t) + t)M'T' < 1foreacht € [0,r].
On the other hand, (SYv, — $%v,)(t) = ¢(t) — ¢(t) = 0 for
all t < 0. It follows that S? is a contraction on Z,(r). Hence
S? has a unique fixed point u' € Z,(r) by the contraction
mapping principle.

If » = T, then the proof is completed. Next, if 2r < T,
then the previous argument will be repeated. Let us define
the function ¢ : (00, 0] by

a1 B ul(t+r),
s =(u') ()= {WH))

te [_r$ O] >

t € (—oo0,-r1]. 22)

Since u' € Z(P(r) implies ul : (—00,r] > X with u! €
C([0,7], X) and (ul)o = ¢, it follows from the hypotheses
(AD)(i) that ¢ = (u'), € P.

Now, we can define the closed set Z (r) of Z(r) and define
the operator from Z (r) to Z (r) by

(Spv) (8)

T(t)c(0)+AjtT(t—s)CF1 (s+7,v,)ds
, 0
+J. T(t—s)F,(s+r,v,)ds,

0
(1),

telo,r],

t € (-00,0],
(23)
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foreachv € Z (r)andt € [0, r]. Repeating the previous argu-

ment, S¢ has a unique fixed point #” in Z(r). Define w :
(—00,2r] by

p(), —00<t<0
wt)y=1u' (), o0<t<r, (24)
w*(h), r<r+h=t<2r.

Then, we show that w is a fixed point of Sf, on Z(p(2r). Ifo <

t < r, then w(t) = u'(t) = Sf(ul)(t), so that it follows from
(20) that

w(t) = T(l‘)(p(O)+ALtT(t—s)CF1 (s,w,)ds

t
+ J T (t—s)F, (s, w;)ds.
0
In particular, for t = r, it becomes

G(0) =u' (r) = w(r)

=T () g(0)+A L T(r-9)CF (sw)ds ()

+ J T (r-s)F, (s,w;)ds.
0
Ifr <t <2r,lett =r+ h; then by (26) one has

w(t) =’ (h) = (Siu?) (h)

=Th)g(0)+ A J:T (h-s)CF, (s +7, (uz)s) ds

h
+J T(h-s)F, (r+s,(u2)s)ds
0
=T(r+h)(p(0)+A‘|>TT(1’+h—s)CF1 (s,w,)ds
0
+JTT(1’+h—s)F2 (s,wy)ds
0

h+r
+AJ T (h+r-s)CF, (s,w,)ds

r

h+r
+J T (r+h-3s)F, (s (w),)ds

r

:T(t)go(O)+AJ:T(t—s)CF1 (s, wy)ds

+ Jt T (t-s)F, (s,w,)ds.
0 @)

Hence w is a fixed point of Sfr in Z(P(Zr). Since u! and u? are
the unique points in Z,(r) and Z(r), respectively, it follows
that w is the unique fixed point in Z,(2r). This argument can
be repeated until Nr = T. At the end, we can find the unique
fixed point of S;’i on Z(p(T). O
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Next, we want to give a sufficient condition for the exis-
tence of classical solution to (12). To do this, we need the dif-
ferentiability of mild solutions. We give the following more
restrictive conditions.

(B) If (¢,,) is a Cauchy sequence in & and if (¢,,) converges
compactly to ¢ on (—00,0] (ie., for each compact
subset E of R7, f,| is convergent uniformly to ¢|),
then¢ € P and ¢, — ¢ll,, — 0,asn — oo.

(C) For a sequence (¢,,) in &, if |¢,ll,, — Oasn — oo,
then [|¢,,(0)| — 0,asn — o0, for each 6 € (-0, 0].

(H2) F: Rx% — X iscontinuously differentiable and the
derivatives D, F, D,F satisty the following Lipschitz
conditions: there is a constant L > 0 such that

|DyF (£, 91) = Dy F (t,4)|| < Ly, = wa| s
|D,F (£, y,) = D,F (t,4)|| < Ly, = wa| s

fort € [0,00) and v, y, € &, where D, denotes the
derivative with respect to the ith variable.

The following lemmas are needed.

Lemma 5 (see [13]). Let & satisfy axiom (B) and let f :
[0,a] = P,a >0, bea continuous function such that f(t)(0)
is continuous for (t,0) € [0,a] x (—00,0]. Then

[roaje-[roea e
for 0 € (—00,0].

Lemma 6 (see [18]). Let & satisfy axiom (C) and let [ :
[0,a] — P, a > 0, be a continuous function. Then for all
0 € (—00, al, the function f(-)(0) is continuous and

“: S dt] ©) = J: f®) @ dt (30)
for 6 € (—00,0].

Theorem 7. Let & satisfy axiom (B) or (C). Assume that F,
and F, satisfy assumptions (HI) and (H2). In addition, assume
that ¢ € P is continuously differentiable with ¢' € P, (0) +
CF,(0,¢) € D(A), and go'(O) = A(p(0) + CF,(0, 9)) + F, (0, ¢).
Ifu(., @) is the unique mild solution of (12) on [0, T], then u is
continuously differentiable on [0, T]. Furthermore, u(-, ) is a
classical solution of (12) on [0, T].

Proof. Consider the following equation:

y (&) =T (t)[A(9(0) +CF, (0,9)) + F, (0, 9)]

t
+A J T (t —s) C(DyF, (s,u,) + DyF, (s,uy) y;)ds
0

t
¢ [ -9 (D () + DoF (s ) ds
0
te[0,T],

Yo = (p' € P
(31)

A similar argument as in the proof of Theorem 4 shows that
there is a unique solution y to (31) on [0,T]. Define the
function z by

t

@ (0) + Joy(s)ds, te[0,T],

z(t) = (32)

o), t € (-00,0].

We first show that if there is an > 0 such that u = z on
[0, 7], then u is a classical solution of (12) on [0, r]. In fact, in
this case, u is a differentiable mild solution. Denote G;(s) =
Fi(s,u,) for i = 1,2. It is easy to see that G; is continuously
differentiable. Using integration by parts, we can write

AJtT(t -5)CG, (s)ds
0

t—s
— A JO T (1) CG, (s) dr[™!
(33)

t rt—s
+AJ J T (r) CG; (s)drds
0 Jo

= Jt T (t —s)CGy (s)ds — CG, (t) + T (t) CG, (0).
0

So, from the definition of mild solution, it follows that u(t) +
CG, (1) = T(H)((0) +CG, (0)) + [, T(t~5)CG)(s)ds+ [ Tt~
5)G,(s)ds. Furthermore, by the assumption, ¢(0) + CG,(0) €
D(A), and Definition 1, we see that u(t) + CG,(t) € D(A) for
each t > 0. Hence,

A(u(t) +CG, (1))
t
=A [T ) (¢ (0) + CG, (0)) + JO T (t - s)CG) (s)ds

+ LtT(t -5)G,(s) ds]

t

=T (t) A(p(0) + CG, (O))+AJ T (t - s)CG) (s)ds
0
+AJtT(t—s)G2(s)ds
0
=T () A(p(0) + CG, (0)) +AJtT(t—s)CG; (s)ds
0

+ rT(t—s)G; (s)ds + T (£)G, (0) = G, (t).
0
(%)

On the other hand, we see that

t t
u(t)y=A [L T(r)e0)dr + JO T (t—s)CG, (s)ds
(34)

+90(0)+LtT(t—S)G2(s)ds.



So,

u(t) - [¢ 0) + Lt T(t-s)G,(s) ds]
(35)

=A|:JtT(r)(p(0)dr+ JtT(t—s)CGl (s)ds].
0 0

Differentiating both sides, we obtain
t
u' () =T ()G, (0) - J T (t-s)G,(s)ds
0

=T(t)A((p(0)+G1(O))+AJ T (t - 5)CG, (s) ds.

0
(%)

Finally, comparing () with (), we see that u is a classical
solution on [0, r].

Next, we show that there does exist an r > 0 such that
u = z on [0, ]. Recall the integrated semigroup S(-) generated

by A; that is, S(f)x = fot T(s)xds for each x € X. One can
obtain that

[[relaeocr @) +E 0.9l as

= Lt T (s) (p' (0)ds
=S(t) ¢ (0),

t s )
J J T(-r)C (D;F; (r,u,) + DyF;(r,u,) y,) drds
0 Jo

¢t ,
= J J T (s—r)C*" (D,F, (r,u,) + D,F; (r,u,) y,) dsdr
0

r

- jtsa-r) C* (D, F (r,,) + DyF (ry) y,) dr,
0
(36)

for i = 1,2. Here C° denotes the identity map. Therefore, by
the closedness of A and the assumption on C, z becomes

z(t) = ¢ (0) +S(t) ¢ (0)

2 t

+ gAz"' L S(t-s)Cc*’
X (DyF (s,ug) + DyF (s,uy) ;) ds,
(37)

fort € [0, T], where A° denotes the identity map. By Lemma 5
or Lemma 6, we obtain

t

Zt=¢+J ysds

0

for t € [0,T]. (38)
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By the elementary properties of S(-),
()¢’ (0) =T (t) (¢ (0) + CF, (0,9))
= (¢ (0) + CF, (0,9)) + S() F, (0, 9)
=T (£) 9 (0) - 9 (0) + AS (t) CF, (0,¢)

+S(t) F, (0, ¢)

2 . .
=T (£)9(0) - @ (0) + Y A'S(t) C*'F,(0,9),
i=1

(39)

fort € [0, T]. Moreover, using integration by parts and simple
computation, one can derive that

. t .
A J T (t-s)C*'F,(s,z,) ds
0
= A¥S(t) C*F; (0, 9)

+ AT J S(t —s)C* " (D,F, (s, z,) + D,F, (s, z,) y,) ds,
0
(40)
fort € [0,T] and i = 1,2. Consequently, by (36)-(40), z

satisfies

2
z(t) =T )@ (0)+ Y A*'S() C*'F;(0,¢)

i=1

: 2—i ! 2—i
+;A HOS(t—s)C
X(DlFi(s’us)+D2Fi(5’us)ys)ds
=T (t)9(0)

+ ) A [— L S(t-s)C*
X (DlFi (S’ Zs) + D2Fi (S’ Zs) ys) ds

t .
+ J T (t-s)C*'F,(s,z.) ds
0
t .
+J S(t-s)C*"
0

X (DlFi (S’ us) + DZFi (S’us) ys) ds >
(41)



International Journal of Differential Equations

for t € [0,T]. On the other hand, by hypotheses (HI) and
(H2), there exists L > 0 such that

2 2
Z "Fz (t.¢) ~ Fi (t, ¢2)|| + Z ”DiFl (t.¢,) - D;F, (t>¢2)"

2
+ Z ID:E, (t:1) = DiE, (£:)|| < Ly = 6o
i=1
(42)

for ¢,, ¢, € P. Moreover, we define the following real num-
ber:

M} = LMMe“", (43)

where M'T = SUpy.,.;-M,(s) and M, (-) is the function defined
in hypothesis (Al). Therefore, by (41) and definition of u, one
can obtain that

llee (£) = 2 ()]

AT Jt T(t-$)C (F; (s;u,) = Fi(s,2,)) ds
0

+ A>T J S(t —s)C* (D,F, (s, uy)
0
_DlFi (S’ Zs)) ds
+ AZ"J S(t—s)C
0

X (DoF, (5.0 - D, (2.) ) ds] .
(44)

Fori = 1, by (13), we have

IIA Lt Tt =) C(F, (s,u) — F, (5,2.)) ds

<oc(t) Os<uI<)t I(Fy (s, u5) = Fy (s, 2))]»

||A jt S(t—$)C(D\F, (5,u,) - DyF, (5,2.)) ds
0

J.t A J-H T (r)C(D,F, (s,u,) - DF, (s,z,)) drds
o Jo

< [ I @-9 - 11e O (s w) - DiF (52 ds

< 2tMe"“" sup |C (D, F, (s,u;) - D,F, (5,2,)),

0<s<t

(45)

7
and similarly
t
|4 [ -9 D:F () .~ DoF, (52) 7) s
0
< 2tMe|“’|TOs<uEt ”C (D,F, (5’ u;) ys — D, Fy (5’ Zs) )’s)“ :
(46)

Therefore

HA | (=) C(F, () — F, (52.)) ds
0

t
+ AJ S(t -s)C(D,F, (s,u,) — D,F, (s, z,)) ds
0

t
# A ] SG-9CDAF (s1) 3, Doy (s.2,) ) ds
0

< oc (t) My sup |lu(s) — z (s)|

0<s<t

+2tMy |IC] (1 + sup IIySIIga) sup [ () =2 ()]
<s<t

0<s<T

= My |oc(t) +2t|C| (1 + sup ||ys||@>]

0<s<T

x sup [[u(s) =z (s)l

0<s<t

= Kosup lu(s) =z (),
<s<t

(47)

where
K =M/ [oc () + 2r [C] (1 + gg%"yugﬂ . (48)

By the assumption on o, we can choose N € Nandr > 0
such that Nr =T and K < 1.
Fori =2,

jt Tt - ) (E, (s,u) — F, (5,2.)) ds
0

+ Jt S(t-s)(D,F, (s,u,) - D,F, (s, z,)) ds
0

+

t
Jo S(t-ys) (Dze (5> u;) ys — D,F, (s, z,) )’s) ds

< (Mg + M+ MET % ]

t
X J sup ||u(() —z(()" ds.

0 0<(<s

(49)



Consequently, from (44), (47), and (49), one can derive that
sup [[u(§) -z Q)|

0<{<t

1 " " "
S1-K <MT + My T + MpT X 525?%")}5”9) (50)

x| sup Ju -z @) s,
¢

0 0<l<s

for 0 < t < r. By a standard argument and using Gronwall’s
inequality, we get u = z on [0, 7]. So, we have derived that u is
continuously differentiable on [0, r], and hence u is a classical
solution of (12) on [0, r].

If r = T, then the proof is completed. If r < t = r+h < 2r,
from the definition (Definition 2(i)) of u we see that

u(r+h)

r+h

=T(r+h)<p(0)+AJ T (r+h-s)CF, (s,u,)ds

0

r+h
+J T(r+h-s)F,(s,u,)ds

0

=T(r+h)go(0)+AJYT(r+h—s)CFl (s,uy)ds
0

r+h
+AJ T (r+h—-s)CF, (s,u,)ds

r

+J T(r+h-s)F,(s,uy)ds
0

r+h
+J- T(r+h-s)F,(s,uy)ds

r

=T (h) [T(r)(p(O) +A JrT(r —s)CF, (s,u,)ds
0
+ J-r T (r—3s)F, (s,uy) ds]
0

r+h
+AJ T (r+h—-s)CF, (s,u,)ds

r

r+h
+J T(r+h-s)F,(s,uy)ds

r

h
=T(h)u(r)+AJ- T (h-s)C(F, (r+s,u,,))ds
0

h
+ J T(h-s)E,(s+ru,,)ds.
0

(51)
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It follows that u(r + -) is a mild solution of

%x(t) =A(x(t)+CF, (r+t,x,))+F, (r+tx,),

tefo,r], ©2

Xg =U, € P.

Repeating the previous argument, we can show that u(r +-) is
differentiable on [0, ]. Hence, u is a classical solution of (12)
on [0, 2r]. This argument can be repeated until Nr = T. At
the end, one can show that u is a classical solution of (12) on
[0,T]. O

3. Application to Age Dependent
Population Equations

In this section, the results in the previous section will be
applied to age dependent population equations.

Theorem 8 (see [13]). Let (X, | - |lx) be a Banach space and
let y > 0 be a fixed number. Suppose that & denotes the space

P = 1{p : (~00,0] - X;limy , e"%¢(0) € X} endowed
with the norm |¢ll, = supozeeyelk/)(@)llx; then P satisfies
assumptions (Al), (A2), (B), and (C).

Let X = LY(R",R) with L! norm || - |, and let & be the
phase space {¢ : (-00,0] — X;lim, , _e"¢0) € X}
endowed with the norm (¢, := sup0296V9||¢(6)|| for a fixed
y > 0. Let us consider the following system:

0 0 ©
au (t,a) = —%u (t,a) + fi (t, JO u(lt-r1%) dﬁ,a) ,

t>0,a>0,

1 (t,0) = Loo JO G@.a)u(t+6.a)ddda+ f,(t), t20,

ut,0) =w(t0), t<0, 0ecR",
(53)

where G : (-00,0] x R" — R, fj,: R" xR xR" - R,
f,: R* — R,and 7 > 0 is a fixed real number.

Remark 9. The linear cases for f; and f, have been consid-
ered by many authors. In [8], Piazzera considers the case that
fi : R" xR" — R is defined by f,(t,a) = p(a)u(t,a),

, = 0, and u(t,0) = [ [° p@.a)ult + 6,a)d0 da, where
p € LY (RY,R") and B € L®([-r,0] x R",R"). In [9], the
authors consider the case that f,(t,a) = u(t,a)u(t,a) and
u(t,0) = IOOO B(t, a)u(t,a)da, where u € L®(R* x R*,R"),

B(~a) € C'(R",R"), and B(t,-) € L'(R*,R").

In the first step, we rewrite (53) in operator theoretic form
on the Banach space X. We define the operator

de=-¢, (54)
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with domain D(&f) := WPH(R*, R). The boundary operator
L: W'(R*,R) — Ris defined by Lp = ¢(0). Then Ag :=
(e Iger(r))® = —¢' with domain {¢ € Wb | $(0) = 0} gener-
ates a C,-semigroup T'(-) on X. Before doing the next step, we
give the following definition and theorem which characterize
the condition (M) in some special cases.

Definition 10. Let B generate a C,,-semigroup S(-) on a Banach
space (Y, || - ly)- The Favard class Fav(B) is the space {x | x €
Y, limsup, _, 4+ (1/8)IIS(t)x — x[ly < co}.

It is known that Fav(B) becomes a Banach space if we
define [|x[|payp) = llxlly + limsup, o+ (1/8)[IS(t)x — x|y for
x € Fav(B). The following theorem, which gives an important
example of operators satisfying condition (M), can be found
in [3,7].

Theorem 11. Let B generate a C,-semigroup S(-) on a Banach
space Y. If C € B(Y, Fav(B)), then C satisfies condition (M)
with respect to S(-).

Theorem 12 (see [3]). Let A > 0. Then A € o(A) and Py =
(LlKer(/\—.Q{))_l is given by x — e x for x € Rand 6 > 0.
Moreover, P, is a bounded linear operator from R to Fav(A).

According to Theorem 12, we know that &/, X, and L
satisfy assumptions (S1) and (S2). Now, we suppose that A > 0
in the rest of this section.

For rewriting (53), we define the function

Q,:[0,00)x P — X
(55)
(t.@) — h(t,9) Xjo)>

where x|, denotes the characterization function and h :
[0,00) x ? — R, and define the linear functional:

Q: X—R

1 (56)
s | sy
0

It is easy to see that Q € B(X, R) and Q(Qy,(t, ¢)) = h(t, ¢) for
t € [0, T]. Furthermore, by Theorem 12, it follows that P, Q €
B(X, Fav(A)). So, P,Q satisfies condition (M) with respect to
T(-) by Theorem 11. We introduce the following notations:

@) u®)() = ult,-), p(t)() = w(£, ), v(£)() = v(£,-), and
C:=PQ;

(i) G, : R" x &% — X is defined by G,(t,v)(-) :=
fi(t, IOOO v(-1)(&)dE,-) (v € P); here we assume that
filt, [,” y(a)da,-) € X foreachy € X and t > 0;

(iii) G, : R* x # — R is defined by

oo 0
G, (t,) = j j G(6,a)v(0)(a)doda+ f, (t)
0 —00 (57)

(ve),

where G: R™xR* — Rand f, : R* — R are the
functions in (53);

9
(iv) Fi(t,v) = Qg, t,v) (v € 9P) and Fy(t,v) :=
AP,G,(t,v) + G,(t,v).
Using these notations, we can rewrite (53) as
%u (t)=A(u(t)-CF, (t,u,)) +F, (t,u,), teR",
u, () =¢), teR.
(58)

Indeed, condition uy(t) = ¢@(t),t € R”, means u(t,0) =
w(t,0),t € R7,0 € R". To see that the differential equation in
(58) is equivalent to the first two lines of (53), we first suppose
that u(-) is a solution of (58). By the definition of C and the
definition of Py in Theorem 12, we see that

0 d
3" t,-) = P (t)= A(u(t) - CF, (t,u,)) + F, (t,u,)

=A(u(t)-CF, (t,u,)) + AP\G, (t,u,) + G, (t,u,)
= du(t) - P,QQg, (t,u;)

+APG, (t,u,) + G, (t,u,)
=du(t)+ (M- o) PG, (t,u,) + G, (t,u,)

=du(t)+G, (t,u,),
(59)

which is the equation in the first line of (53). Moreover,
condition u(t) — CF,(t,u,) € D(A) means that

(1) (0) - (CF, (t,14,)) (0)
= (u (1)) (0) = PG, (t,u,) (0) (60)
= (u(t)) (0) - e G, (t,u,) = 0,

and so (u(t))(0) = G,(t,u,), that is, the second line of (53).
Hence (u(+))(+) is a solution of (53).

Conversely, it is easy to see that (u(-))(-) = u(,,-) isa
solution of (58) wherever u(-, ) is a solution of (53).

In the rest of this section, we suppose that the following
conditions on the functions f;, f,, w, and G hold.

(I) Suppose that a function f; : R* x R x R — R
satisfies the following conditions:

(a) For each (t,5) € R* xR, the function f,(t,s,") €

X. f, is continuously differentiable with respect
to the first and second variables.

(b) There are L > 0 and p € X such that
|f1 (t’ xl’a) - h (f’xzﬂ)l

2
+ Z D, f (t. x1,a) = D, f (t, x,, )] (61)
i=1

<L|x; - x| pa),

fort € R",a>0,and x;,x, € R.
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(I) f, is differentiable. There is a function g : R* — R*
such that |G(t,a)| < g(t) foralla > 0 and ¢t < 0, and
g(-)e™" is integrable on (—00, 0].

() (@w € C(R xR R), t — w(t,) € P
t - (a/at&o(t,~) is continuous in X and
lim, _,_.e” |7 1(0/0t)w(t, x)ldx < co.

(b) w satisfies

©(0,0) = Loo jo G6,a)w(®,a)doda+ f, (0),

0 0 ©
—w(0,a) = —%w 0,a) + f, <0, L w(-1,¢) dE,a) ,

ot
(62)

fora e R*.

Now, we are going to verify that all assumptions of
Theorem 7 are satisfied.
Lemma 13. F, satisfies hypotheses (H1) and (H2).

Proof. From the definition of F, and assumption (II), it
follows that

IFy (t.y1) = By (69,)|
= |16 (:9) (toay ©) = o (.92) (x99 s
=G, (ty1) -G, (t )

oo 0
SL J |G ©,@) v (6) (@) = G (6,) y (0) ()| dO da

A

0 e}
| [ l6@ae™|e? v, 0@ - v, ©) @)] dado

-0

0
<[ 9@ Iy, © - v @] do

(use assumption (II)),

0
<[ 9@ by, - vl

(63)

for y,, v, € 2. Obviously, |D,F,(t,y,) — D,F,(t,y,)| = 0.
Since

oo 0
. J J G©6,a)v(6) (a)d0 da (64)
0 0

is a linear transformation, it follows that
|ID,F, (t:91) = DyF, (t )] = 0. (65)
Consequently, F, satisfies hypotheses (HI) and (H2). O

Lemma 14. The function G, satisfies hypotheses (HI) and
(H2).

International Journal of Differential Equations

Proof. Suppose that ¢, ¢, € X and t > 0. From assumption
(D(a), it follows that G, is differentiable with respect to the
first variable. By assumption (I)(b) and the definition of norm
| - Il 5, it follows that

|G, (£:¢1) = Gy (£ ¢,)| + |D1G (£ ¢1) = DGy (£, ¢,)|

< LUOO D ©d- [ 0@ el ol
0 0

< Lp|l[|¢1 (~7) = ¢, (=)

< Le" [lp] x g1 = - o
66

So, hypotheses (HI) and (H2) hold.
Let¢ € P beafixed elementof #. Define &, , : ¥ — X
by
L =G D0 [ vn@a @)
for y € P. Obviously, &, is well defined and linear. We
show that D,G,(t,¢) = fft’(p. Let y € & with ||¢ -yl #0.
Because of assumption (I)((a) and (b)) and the Mean Value

Theorem, for each pair (t,a) € R* x RY, there exists ¢,
between [~ ¢(-7)(E)dE and [, y(~7)(E)dE such that

||G1 (ty) =G, (6¢) = Loy (v - ¢)“
l¢ - vl

-t
6 - vl

x [ i (t, | oen@ daa)

(6] ven®adea)
~0ufi (1 [ 90 @ da)

([T ven@de- [T pen@a))|

-t
6 - vl

[szl (t.6ara) = Dy fy (t’ LOO (&) ds’“)] H

X

X

[Tecn@a-["ven@a

ﬂWﬁJf

x Le" ¢ - vl

6= || 90 € dt]p o) da
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<Le” <ol

[Tven@a-[Tsen@a

=Ly 1) = ¢ 0 el < Le v = ¢l el -
(68)

Hence |G, (,¢) - Gy(t,) - Z,5(¢~ W/l — yll, — Oas
¢ —ylz — 0.So, we obtain that D,G, (t,¢) = Z, 4. More-
over, from assumption (I)(b) and the definition of &, it is easy
to see that

ID,G, (t:¢1) = D,G, (£, ¢,)|

=%~ Lo, (69)
< Le" o] x |61 = 2] -
Consequently, G, satisfies hypothesis (H2). O

Lemma 15. F, satisfies hypotheses (H1) and (H2).
Proof. In view of Lemma 14, it suffices to show that the oper-
ator AP, G, satisfies hypotheses (H1) and (H2). Suppose that

t > 0and y,,y, € 9. Using the estimate in the proof of
Lemma 13, we see that

ARG, (£:91) = ARG, (69|
< [Ae™G, () - 2™ [G, ()|
< ”)Le*’\' " x |G, (tv1) = G, (t,v,)| (70)

=G, (L) - G, (t,v,))|

0
< J g(0) €7y9d9||% ~ 5 -

Next, from the definition of G,, it is easy to see that
D1 (APAG, (£, y1)) = Dy (ARG, (£ v))] = 0. (71)

Since
oo 0
Y J J G(0,a)v(0)(a)dbda (72)
0 —00

is a linear transformation, it follows that || D, (AP, G, (¢, y,)) —
D, (AP, G,(t,,))| = 0. So, AP,G, satisfies hypotheses (HI)
and (H2). The proof is completed. [

Lemma16. ¢ € P is continuously differentiable with ¢’ € P,
#(0) — CF,(0,¢) € D(A), and ¢'(0) = A(¢(0) — CF, (0, 9)) +
Fz (O) (P)

1

Proof. Lett > 0. By the assumption of (III)(a) and the Mean
Value Theorem, we know that there is an &, between t and t+h
such that

h) - '
||¢(t+ ;)l ¢ () ! (t)H

_ J"O |w(t+h,s)—w(t,s)—(a/at)a)(t,s)hlds

h
0 Al o
_ JOO (@01 @ (& 5) - @/ @ (t5)] H] |
0 Al

0 0

5@ (&) - 5@ (t,5)|ds.

(o)
-],
The continuity of t — (9/0t)w(t,-)dx in X implies that the
last term goes to 0 as h — 0. So one can see that ¢ is
continuously differentiable in X with ¢'(£)(-) = (3/0t)w(t, ).
Moreover, </>' € &P by assumption (III)(a) and the definition
of P. Next, from assumption (IIT)(b), one can derive that

¢ (0) - CF, (0,9)

oo 0
=w(o,s)-e*“U I G©O,a)w(0,a)d0da+ f, (0).
0 —00
(74)

Hence, by (III)(a), this implies that ¢(0) — CF,(0, @) € D(A).
Finally, by using assumption (IIT)(b) one can derive that

(A(9(0) - CF, (0,9)) + F, (0,9)) (s)

= _% [w (0,5) —e ™ (JOOO J_OOO G(6,a)

x w(0,a)d0da+ f,(0) )]
e H:O J_OOO G©@.a)w(B.a)d0da + f, (0)]
+fi <0, Jomw(—r, 3] df,s)

a [oe)
- —gw(O,s)+f1 (OJ w(—T,f)de)

0

0 ’
= aw(o,s) =¢ (0)(s).
(75)

The proof is completed. O

Consequently, in view of Lemmas 13-16, we can apply
Theorem 7 to obtain the following theorem.

Theorem 17. Under assumptions (I)-(III), (58) admits a
unique classical solution.
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4. Solution Semigroups and Regularity

In this section, the regularity of the mild solution for

%u(t) =A(u(t) +CF, (u,)) +F, (u,), t=0,

(76)
Uy=¢ P

will be found. Throughout this section, we suppose that F,
and F, satisty the following condition:

(H3) F : & — X satisfies a Lipschitz condition; that is,
there is a constant L > 0 such that

IF (v1) = F (wo)| < Lly: = v (77)

for v, v, € 2.

By Theorem 4, we know that (76) has a unique mild solution
u(-, ) on [0,00) for each ¢ € . Hence, we can define the
nonlinear operator U(t) on & by

UM g=u () =ult+-9), (78)
foreachp € Pandt > 0.

Theorem 18. Under hypotheses (A,) and (H;), U(:) is a
nonlinear strongly continuous semigroup on ; that is,
(i) U(0) = I, where I denotes the identity map,

(ii) U(t +s) = U()U(s) for each t,s > 0,

(iil) t = U(t)g is a continuous function.
Furthermore,

(iv) for each t > 0, ¢ — U(t)g is a continuous function,

(v) foreacht > 0 and 0 € (—00,0], the following trans-

lation property holds:
(Ut+0)p)(0), t+6=0,
U (t 0) = 79
UOe® {(p(t+0), t+60<0, 79)
(vi) there exist constants N, and N, such that
U@y -U @l < Ne™ s = ol (80)

fory,,p, € Pandt > 0.

Proof. (i), (ii), and (v) are easy to see from the definition of
U(+). (iii) is obtained from hypothesis (A2) and the definition
of U(t)g. (iv) follows from (vi). Hence it remains to show (vi).
By assumption (H3) on F, and F,, there is a constant L > 0
such that

Z (IF; (w1) = E: (w,)|) < Llwy = v/l 0 (81)

€ P. Moreover, we define the following real

for v, v,

number:

M, = LM, M, (82)
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where Mt' = SUp.., max{M,(s), M,(s)} and M;(-) and
M, (-) are the functions defined in (Al). Let y;, v, € 9. Use v,
and v, to denote U(-)y, and U(-)y,, respectively. By assump-
tion (13) on C and hypotheses (Al) and (H3), it follows that

||v1 t)—v, (t)||

<IT O (0 -T Oy, 0

+

A[ Ta-9CE () F () ds

+

j T(t-9) (B, (n),) - F (1)) ds

< HMe“" [y, ~ s

+oc® sup [F, (1)) = Fy ()] &
t
e M [ I, (1)) - B ()] ds
< HMewt"‘//l -5
+o0c(t) LOS:IEtH(VI)S - (Vz)sngv
it (*
+ Me'"” LJ sup ”(VI)C = (v2)¢] .4
0 0<l<s
and so
"(Vl)t - (Vz)tllgv
<M, (¢) OSUP ""1 (s)=v, (S)" + M, (t) ”(Vl)o - (V2)o”ga
<s<t
< M, (1) [HMewt”‘/’l - ‘//2"93
+oc (O Lsup (), = ()]
it (1
ML Jo 0512}) ||(V1)( B (VZ)C||9dS
+ M, () vy - v
< (H + 1) M{Me" |y, - v,
+0c (1) M:Losggtll(vl)s - ()l
n !
oM | sup s s[(); - Ga) e
- (84)
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fort € [0, T]. We can choose € so small that K := ac(s)LMé <
1 and it follows that

sup [|(v;), = (v2)]l
0<s<t
1 wle
< o H+ D MMy, — s (85)
+

t
M L 0255"("1)( - ()]s

for 0 < t < &. By Gronwall’s inequality, it follows that

sup "U Oy, -U@) ‘/’2”9 = sup “(Vl)s - (Vz)s”go
0<s<e 0<s<e (86)
< KI"Wl - ‘/’2"9’

where
K' = — (H + 1) MMl 010 KM (g7)
1-K
Since, by (ii) and (86),
U@y, -U® v,
=UE@UE-ev)-U@E U -,
<K|UE-oy)-UE-ap)l,
(KU t-n)yp)-UE-nw)l,  (ss)
< K,(K,)n"‘//l AL
_ K,enan’”VII _ 1//2”9,
< K'elyy - v o

forne < t < (n+1)e, wherew, = ¢ ' InK’, then N, := K’ and
N, := w, are desired constants. The proof is completed. [

Now, we will focus on the stability near an equilibrium of
the nonlinear semigroup U(-) on . The following assump-
tion is needed.

(H4) F : & — X is continuously Fréchet differentiable
with respect to (2, | - | ») and F(0) = 0.

Suppose that F, and F, satisfy hypothesis (H4) with F;(0) =
L, and F;(0) = L, being linear operators on %. Then, by
Theorem 4, the equation

%u O =AW+ @)+ L) t20

Uy=peP

has a unique mild solution. Let V(-) denote the solution sem-
igroup on & associated with (89). Then V(-) is a C,-semi-

group.
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Theorem 19. Suppose that F, and F, satisfy hypotheses (H3)
and (H4) with FI'(O) =L, and FZ'(O) = L,. Then the Fréchet
derivative at 0 of the nonlinear semigroup U(-), associated with
(76), is equal to the semigroup V(-) associated with (89).

Proof. First, we show that, forany T > 0, U(¢) is differentiable
with respect to & for each t € [0, T]. First, since V(-) isa C,-
semigroup, there exists a constant My, such that [|T'(¢)|| < M,
fort € [0,T]. Fixat € [0,T] and let € > 0 be arbitrary. Since
the uniqueness of solution and assumption F(0) = 0 imply
U(t)0 = 0, it is sufficient to find a § > 0 such that

U@ -V ©) ol <elg)p (90)

for each |l¢[l,, < 8. By assumptions of F; and F,, there is a
constant L > 1 such that

(IF: () - E: (8)]) < Ll = bl r - (OD)
=1

for ¢y, ¢, € P. Moreover, we define the following real num-
ber:

M, = LM M, (92)
where M{ = supy.,.M, (-) and M, () is the function defined

in (Al). Let u and v denote the mild solutions of (76) and (89),
respectively. Let r > 0. For all 0 < 7 <t < r, we have

U@ -V (@) o]y

< M, () sup Jlu(s) = v(s)| < My sup |u(s) = v(s)]

0<s<t 0<s<t

SM{sup {HAJ T(t-¢)
0

0<s<t

xC[F, (U©)¢)-L, (V(c)9)] dCH

+

f,re-o
< (U ©9) L (VO ) dd |
< Mjo (t) sup IE: (Us) o) =Ly (V) @)
+ MM L |F, (U () @) = Ly (V (5) 9)| ds
< Mjoc (1) sup {[F, (U(s)9) = Fi (V(5) )
+HF (V) 9) =Ly (V (9 9)[}

+ MM ( | IE: 0 ©9)-F (v 9 )] ds

+ L IE, (V () @) = L, (V () 9)| ds)



14

< M;' (oc(r)+71) 0supt"U )9V () 9|
+ M, [Uc 1) sup |F, (V) 9) - L1 (V (99

o sup IF (Y (1))~ Ly (V (1) )] ds |
o (93)

We can choose r so small that K := M!" (o4(r)+7) < 1. Hence,
the last inequality implies that

sup U)o -V (s)o|,
<s<t

"

M
<7 rKoc (r) sup [|Fy (V(s)9) =Ly (V (5) )|
- 0<s<t

"

= | sup 1B, (V0 )~ Lo (V () )l s,
0 0<ys<s
(94)

1-

fort € [0,7].

Since F, is differentiable at 0 and F,(0) = 0 with Fréchet
derivative L, from the definition of Fréchet derivative and
linearity of V (s), for each ¢ > 0, there existsa 8 > 0 such that

IF, (V(s)9) =L, (V (s) 9)|
= |E (V(s)9) = F, (V(5)0) =L, (V () — V (5)0))|

<V @-V6)0]y =& Mylo]
(95)

for [l¢ll, < 8 and s € [0,¢], and so
Os<ul<’t IF, (V(s)9) =Ly (V(s)p)| < 8’MV||‘P“9°’ (96)

fort € [0,7]. Lete' = M) (1/(1 + oc(r))((1 - K)e/ My,).
Then for given ¢ there exists a § > 0 such that

sup IF, (V(s)p) =L, (V () o)

m\~1 1
< (2m)) m(l—KW"(P P

for [l¢ll, < 6 and t € [0, r]. Similarly,

|| sup 1, (v () - 1o (v ) )] s
0<n<s (98)

< (2M")" (1= K) g

for lpll» < 8 and t € [0, r]. Consequently, [U(t)p — V(£)¢ll
< éllglly, for lgll, < §and t € [0,r]; thatis, ¢ — U(t)g is
Fréchet differentiable for t € [0, r].
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If r <t =r+h < 2r, then, by (ii) and (iv) of Theorem 18,
it follows that

lv®we-vel,
=umume-UmnVme
+U NV (W) e-V @)V (h e,
<UNUme-UMmV el (99)
+HunVime-vE) vk e,

<N, MU (h)y o -V (h) ¢

o TV el
< Nl + eMy]lp]| s

for ¢ € P with |¢ll, < J. Thus, for given &, > 0, letting
£ = (N,;e™" + My) "¢, we have shown that

U@ e-V©) el < ealols

for ¢l < 8. So, the mapping ¢ — U(t)g is Fréchet differen-
tiable for t € [0,2r] and the Fréchet derivative equals the
map ¢ +— V(t)p. Repeating this argument, we can get the
conclusion. O

(100)

Definition 20 (see [19]). Let U(:) be a strongly continuous
semigroup on a Banach space (W, || - [l). A point w € W
is called an equilibrium of U(:) if U(t)w = w for all t > 0. An
equilibrium w € W is said to be exponentially stable if there
exist § > 0,7 > 0,and N > 1 such that

U (#) x = wlhy < Ne " [lx = wly, (101)

fort > 0and [x — w|, < 0.

When U(-) is alinear semigroup, this definition reduces to
the usual definition of exponential stability of C,,-semigroups:
U@l < Ne™.

Theorem 21 (see [19]). LetU(-) be a nonlinear strongly contin-
uous semigroup in a Banach space W. Assume that w € W is
an equilibrium of U(-) such that U(t) is Fréchet differentiable
at w for each t > 0, with V(t) the Fréchet derivative at w of
U(t). Then, V(-) is a strongly continuous semigroup of bounded
linear operators on W. Moreover, if V (-) is exponentially stable,
then w is an exponentially stable equilibrium of U(:).

Since (H4) implies that 0 is an equilibrium of the semi-
group U(-) in Theorem 19, by Theorem 21, we have the
following consequence.

Theorem 22. Suppose that F, and F, satisfy hypotheses (H3)
and (H4). IfV (-) is exponentially stable on &, that is, there exist
constants B < 1 and w, > 0 such that [V ()¢l s, < ﬁe_‘”ltllgollg>
fort > 0and @ € P, then zero is an exponentially stable equi-
librium of U(-) on P; that is, there exist § > 0, v > 0, and
N > 1 such that

U ©9l,, < Ne ol 102)

fort > 0and|el, < 6.
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Remark 23. Theorems 19 and 22 for the special case that C =
0 and A satisfies the Hille-Yosida condition can be found in
[10].
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