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Block circulant and circulant matrices have already become an ideal research area for solving various differential equations. In
this paper, we give the definition and the basic properties of FLS R-factor block circulant (retrocirculant) matrix over field [F. Fast
algorithms for solving systems of linear equations involving these matrices are presented by the fast algorithm for computing matrix
polynomials. The unique solution is obtained when such matrix over a field F is nonsingular. Fast algorithms for solving the unique
solution of the inverse problem of /X = b in the class of the level-2 FLS (R, r)-circulant(retrocirculant) matrix of type (m, n) over
field F are given by the right largest common factor of the matrix polynomial. Numerical examples show the effectiveness of the

algorithms.

1. Introduction

It is well known that block circulant and circulant matri-
ces may play a crucial role in solving various differential
equations such as bi-Hamiltonian partial differential equa-
tions, discretized partial differential equations, Hyperbolic-
Parabolic partial differential equations, delay differential
equations, undamped matrix differential equations, frac-
tional diffusion equations, and Wiener-Hopf equations. By
the radial properties of the fundamental solution and radial
symmetry of the solution domain, Chen et al. [1] showed
the circulant or block circulant features of the coefficient
matrices for problems under pure Dirichlet or Neumann
boundary condition. Using circulant matrix, Karas6zen and
Simgek [2] considered periodic boundary conditions such
that no additional boundary terms will appear after semidis-
cretization. In [3], the resulting dense linear system exhibits
a special structure which can be solved very efficiently by a
circulant preconditioned conjugate gradient method. Meyer
and Rjasanow [4] have given an effective direct solution
method for certain boundary element equations in 3D. The
main theory of circulant dynamics considered in [5] is
about circulant matrix. Ruiz-Claeyssen et al. [6] discussed
factor block circulant and periodic solutions of undamped

matrix differential equations. Wilde [7] developed a theory
for the solution of ordinary and partial differential equations
whose structure involves the algebra of circulants. Using
circulant contraction of boundary, Chow and Milnes [8] got a
numerical solution of a class of Hyperbolic-Parabolic partial
differential equations. The Strang-type preconditioner was
also used to solve linear systems from differential algebraic
equations and delay differential equations; see [9-11].

Circulant matrices arise in many applications in math-
ematics, physics, and other applied sciences in problems
possessing a periodicity property [12-19] and they have been
put on a firm basis with the work of Davis [20] and Jiang
and Zhou [21]. The circulant matrices, long a fruitful subject
of research [20, 21], have in recent years been extended in
many directions [22-26]. Factor block circulant matrices and
x" — x — 1-circulants are other natural extensions of this well-
studied class and can be found in [12, 13].

Algorithms for solving systems of linear equations involv-
ing matrices with the circulant or factor circulant or r-
circulant structure were introduced in [27-32].

The problem of finding a real matrix A of order n, sat-
isfying AX = b, for given n-dimension real vectors X and
b, is called the inverse problem of the linear system AX =
b. The applications of this problem come from the study of


http://dx.doi.org/10.1155/2014/340803

absolute stability of a class of direct control systems [33].
Many authors have studied this problem for some special
structured matrices: Peng and Hu [34] for reflexive and
antireflexive matrices and Don [35], Chu [36], and Dai [37]
for symmetric matrices.

The fast algorithms presented in this paper avoid the
problems of error and efliciency produced by computing
a great number of triangular functions by means of other
general fast algorithms. There is only error of approximation
when the fast algorithm is realized by computers, so the result
of the computation is accurate in theory. Specially, the result

computed by a computer is accurate over the rational number
field.

Definition 1. Let Ay, A,,..., A,,_;, Rbe square matrices each
of order n. We assume that R commutes with each of the A;’s.
A FLS R-factor block circulant matrix of type (m, n) over field
[, denoted by FLScircg(Ay, Ays..., A,,_;), is meant to be a
square matrix of the form

Ay A Ay
RA, | Ag+A,, AL
o = RA, 5 RA, 1 +A, , - Aps (1)
RA, RA;+A, - A,
RA, RA,+A, - Ag+A,

A FLS R-factor block circulant matrix of type (m, 1) will
be referred to as a scalar FLS r-circulant matrix [38-40]. In
this case the matrix R reduces to a nonzero scalar that we will
denote by 7. When R is the identity matrix I, we drop the word
“factor” in the above definition. This kind of matrices is just
FLS block circulant. In particular, when Ay, A4,...,A,,_,R
are all FLS r-circulant matrices, this kind of matrix is called
level-2 FLS (R, r)-circulant matrix of type (m, n).

Definition 2. Let Ay, A,...,A,,_,, Rbesquare matrices each
of order n. We assume that R commutes with each of the A;’s.
A FLS R-factor block retrocirculant matrix of type (m, n) over
field F, denoted by FLSretrocircgz(Ay, A4, ..., A,,_;),is meant

to be a square matrix of the form

Ao Am—2 Amfl
A, e A+ A, RA,
a=| Ao AR R g
Am—2 e Am—3 + RAm—4 RAm—3
Ay+A,, -+ A, ,+RA, 5 RA,

A FLS R-factor block retrocirculant matrix of type (m, 1)
will be referred to as scalar FLS r-retrocirculant. In this case,
the matrix R reduces to a nonzero scalar that we will denote by
r. When R is the identity matrix I, we drop the word “factor”
in the above definition. This kind of matrices is just FLS block
retrocirculant. In particular, when A, A,,..., A, _;,Rareall
FLS r-circulant matrices, this kind of matrix is called level-2
FLS (R, r)-retrocirculant matrix of type (m, n).

For the convenience of application, we give the obvious

results in the following lemmas.
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Lemma 3. Let &/ = FLScircg(Ag, Ay,...,A,,_) be a
FLS R-factor block circulant matrix over F and & =
FLSretrocircg(A,,_1» Az - -5 Ay, Ay) a FLS R-factor block
retrocirculant matrix over F. Then BHK = o or B = YK,
where
0 0 0 I
] I | ®
I 0 -0 O

Lemma 4 (see [31]). Suppose that the partitioned polynomial
matrix (‘G;((ic)) ! (1)) is changed into the partitioned polyno-

mial matrix ( 289 zé((f)) ZE;C)) by a series of elementary row

operations, then D(x) is the right largest common factor of
the matrix polynomial F(x) and &(x), and U (x)F(x) +
V' (x)E(x) = D(x).

The matrices, vectors, and polynomials considered in the
following are always over any field [F.

2. The Properties of FLS R-Factor Block
Circulant Matrix

We define Ny, as the basic FLS R-factor block circulant matrix
over [F; that is,

0O I 0 --0 O
0o 0 I --- 0 O
Np=[ - oo . (4)
0 0 0 --- 0 I
R I 0 -0 0

mxXm

It is easily verified that the matrix polynomial €(x) = x™I,, —
xI, — R is the form characteristic polynomial of the matrix
Np. In addition, Ry = RI,,,, + Np.

In view of the structure of the powers of the basic FLS R-
factor block circulant matrix Ny over [, it is clear that

m—1
o = FLScircg (Ag, Ay, Ayy) = ) ARG (5)
i=0

Thus, & is a FLS R-factor block circulant matrix over [ if and
only if of = F(Ny) for some matrix polynomial & (x) over F.
The matrix polynomial F(x) = Y7*;" A,x’ will be called the
representer of the FLS R-factor block circulant matrix & over
F.

By Definition 1 and (5), it is clear that & is a FLS R-factor
block circulant matrix over F if and only if &/ commutes with
Np; that is,

ANy = Npdd. (6)

In addition to the algebraic properties that can be easily
derived from the representation (5), we mention the follow-
ing. The product of two FLS R-factor block circulant matrices
is a FLS R-factor block circulant matrix of the same type.
Furthermore, two FLS R-factor block circulant matrices,

o = FLScircg (A, Aoy Apy) s

> im—1

’Bm—l) 4

@)
B = FLScircg (By, By, . - -
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commute if the A j’s commute with the B.’s. Since FLS r-
circulant matrices commute under multiplication, then level-
2 FLS (R, r)-circulant matrices commute under multiplica-
tion.

Theorem 5. The inverse matrix /" of a nonsingular FLS R-
factor block circulant matrix of over F is also a FLS R-factor
block circulant matrix of the same type.

Proof. From representation (5), we have & = Z:’lgl AiNi2 and
o~ is also a FLS R-factor block circulant matrix of the same
type if and only if there exist By, By, ..., B,,_; over [F such that

m—1
-1 i
™' =) BN, (®)
i=0
where By, By, ..., B,,_; are square matrices each of order n.

Since </ = I and N;f”k = RNII‘2 + N’f{rl, then

m-1 m—1
g™ = < ZA,.N;) ( ZBiN;>
i=0 i=0

m-1 ‘ 9)

if and only if
Dy = AgByy + Ay By + o
+A, ,B+A, B,=0,
Dm—2 = RAm—le—l + (AO + Am—l) Bm—2 L

+A, 3B +A, ,B,=0,

(10)
D, = RA,B,_, + (RA; +A,) B, _,+-
+(Ag+A,) B+ A By =0,
Dy=RA B, +(RA,+A|)B,,_, +-
+(Ay+A,_1)B, =1,
if and only if
A(BY ,...,BBY) = (0,...,0,1,)" (1)

Since ¢ is nonsingular, so

(BY ......BLBY) =@'(0,...,0,1)".  (12)

By the above system of (12), the existence of B, B, ..., B

> Fm-1

in the system of (8) has been proved. ]

Theorem 6. Let o = FLScircg(Ay, Aqs...»A,,—1) (R#0) be
a FLS R-factor block circulant matrix of type (m,n) over F.

Then f is nonsingular if and only if 1, is the right largest
common factor of the matrix polynomial F(x) and &(x),

where F(x) = ZZ;I Ax' and €(x) = x™I, - xI, — R.

Proof. Let 7 (x) be the right largest common factor of the
matrix polynomial & (x) and €(x). Then there exists matrix
polynomial %, (x), 7",(x), @(x) such that

U (X)F (x)+ 7 (x) T (x) =T (x),
F(x)=0Q(x) ¥ (x).

Substituting x by Ny in the equation F(x) = @Q(x) 7 (x),
we have F(Ng) = Q(RR)Z(Ny). Since F(Ng) = A is
nonsingular, then #'(Ny) is nonsingular. By Theorem 5, we
know that there exists matrix polynomial 7,(x) such that
I (NR)H (Rg) = 1,,,,; then
T, (x)U (X)F () + I, (x) V' (x) & (x)

=, (x) X (x) (14)

=1,
So I, is the right largest common factor of the matrix
polynomial #(x) and €(x).

Conversely, if I, is the right largest common factor of the
matrix polynomial #(x) and &(x), then there exists matrix
polynomial %(x), 7"(x) such that

Ux)F (xX)+7 (x)% (x) =1, (15)

Substituting x by Ny in the above matrix equations, we
have

U (Rg) F (Rg) + 7" (Rp) G (Ng) = Ly (16)

Since F(Ny) = & and €(Ny) = 0, then
U(RR) A =1,,. 17)
By (17), we know that & is nonsingular. ]

Theorem 7. Let B = FLSretrocircg(A,,_>...,A 1, Ay)
(R#0) be a FLS R-factor block retrocirculant matrix of type
(m,n) over F. Then & is nonsingular if and only if I, is the
right largest common factor of the matrix polynomial F (x) and

€(x), where F(x) = Zggl Ax' and €(x) = x™I, - xI, — R.

Proof. Since # is nonsingular, by Lemma 3, 98 is nonsingular
if and only if & is nonsingular. By Theorem 6, we know that
o is nonsingular if and only if I, is the right largest common
factor of the matrix polynomial #(x) and €(x). Then % is
nonsingular if and onlyif I, is the right largest common factor
of the matrix polynomial % (x) and &(x). O

Theorem 8. Let &/ = FLScircg(Ay, Ays...,A,,_;) (R#0)
be a nonsingular FLS R-factor block circulant matrix of type
(m, n) over F. Then there exists matrix polynomial 2 (x) such
that A = U(Ry).



Proof. Since matrix &/ = FLScircg(Ag,A;,...,A,,_;) is
nonsingular, we can change the partitioned polynomial

matrix (9;((;‘)) Ig I(Z. ) into the partitioned polynomial matrix

( F Zf((;c)) JZE;C; ) by a series of elementary row operations.

By Lemma 4, we have
U (x)F (x)+ V7 (x) G (x) =1, (18)
Substituting x by Ny in the above matrix equations, we have
U (RNg) F (Rg) + 7" (Rg) & (Rg) = L, 19)
Since F(Ng) = & and €(Ny) = 0, then
U (RR) A =1,,. (20)
By (20), we know that Al = U(RR). O

Theorem 9. Let B = FLSretrocircg(A,,_1>..., A, Ap)
(R#0) be a nonsingular FLS R-factor block retrocirculant
matrix of type (m, n) over . Then there exists matrix polyno-
mial % (x) such that B™* = FU(Ng).

Proof. By Lemma 3, we know that B = o/ %#. Since both %
and % are nonsingular, then ¢ is nonsingular and ' =
H A" By Theorem 8, there exists matrix polynomial % (x)
such that A™! = U (Ny). Then Bl = FU(RR).

By Theorems 8 and 9, we can get the fast algorithm for
finding the inverse of the FLS R-factor block circulant matrix
or the inverse of the FLS R-factor block retrocirculant matrix.

Step 1. From the matrix &/ = FLScircg(Ag, Ap...5 A1)
(R#0) (or B = FLSretrocircy(A,,_;>-..,» A, Ag)(R#0)),
we get the matrix polynomial F(x) = Zingl Aixi, Z(x) =
X", - xI, - R.

Step 2. Change the partitioned polynomial matrix (‘Z((;C)) Ig )
into the partitioned polynomial matrix ( 9(()") ?g)) ) by a series

of elementary row operations.

Step 3. It D(x) = I, then the matrix &/ = FLScircy(A,, A,
o A,_y) (or B = FLSretrocircg(A,,_1,..., A, Ay)) is
nonsingular and gt = U(Ny) (or B! = FU(RR)). O]

3. Fast Algorithms for Solving a FLS
R-Factor Block Circulant (or Retrocirculant)
Linear System

Consider the FLS R-factor block circulant (or retrocirculant)
linear system

dX =b, (21)
where & is a FLS R-factor block circulant (or retrocir-
culant) matrix of type (m,n) over F, X = (xg1Xp2 -

T
XOH, ceey x(m,l)l, x(mfl)Z’ ceey x(m,l)n) and b = (b(mfl)n’ ooy

T
By b1y 15 -+ o -+ bz o) -
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If &/ is nonsingular, then (21) has a unique solution
X=d'b. (22)

The key problem is how to find &/ ~'b; for this purpose, we
first prove the following results.

Theorem 10. Let &/ = FLScircg(Ay, Ay,...,A,,_;) (R#0)
be a nonsingular FLS R-factor block circulant matrix of type
(m,n) over Fand b = (b, 1) - - > Opun-1)2> Om-1)15 - + - > bos + - »
b boy)". Then there exists a unique FLS R-factor block
circulant matrix & = FLScircg(Ey, E,,...,E,,_;) of type
(m,n) over F such that the unique solution of 4 X = b is
the last column (or the first column) of the partitioned matrix
(Ef ... ,El(Ey+E,.)N".

m-1°

Proof. Since matrix &/ = FLScircg(Ayp,A,...,A,,_;) is
nonsingular, the representer of & is F(x) = Zfﬁgl Ax' and
E(x) =x"I,-xI,—R.

Let the matrix polynomial €(x) = (CO—C,,,_I)+Z?Z1 Cx'
be constructed by b = (byu-1)n - - > Oyn-1)2> Oom-1)1> - - - » bom>
<. s bygy byy) s where C; = FLScirc, (b — by, by, ..., by,) (or
C; = FLScirc(b,,, by, . . ., by,_y)) or C; = FLSretrocirc, (b, .. .,
b,,b,)), the last column (or the first column) of C; is
by . .5 by, b,)", and the matrix C, commutes with the ma-
trix R, fori=0,1,...,m— 1.

By Lemma 4 and Theorem 6, we can change the par-

F(x) Iy 0 . C(x)

titioned polynomial matrix < into the parti-

C(x).0L,. 0

tioned polynomial matrix | " *®7®-7® > by a series of

0. 8(x) T(x) . #1(x)
elementary row operations. Then,

(5o 7)) (6):
(28 7)) - (#5):
That is,

Ux)F (xX)+7 (x)C(x)=1, U (x)C (x) = (x).

(24)

Substituting x by Ny in the above two equations, respec-
tively, we have

U (Ng) F (Rg) + 7 (Rg) G (Rg) = Ly,

(25)
u (NR) %(NR) = %(NR)-
Since F(Ny) = & and €(Ny) = 0, then
U (RR) A =1, (26)

By (26), we know that %(Ny) is a unique inverse a7 of

. Let & = #(Ny) = FLScircg(Ey, E,, ..., E,,_;). By (25), we
have

o7 '€ (Ry) = FLScircg (Eg, Eys s Epy) . (27)

> “m-1
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Since the last column (or the [(m — 1)n + 1]th column) of
the matrix szi"l%(NR) is & 'b and the last column (or the
[(m — 1)n + 1]th column) of the FLScircgx(Ey, E;, ..., E,,_;)
is the last column (or the first column) of the partitioned
matrix (EL_,,...,EL, (Ey + E,,_)")", by (27), we know that
the unique solution &/ 'b of # X = bis the last column (or the
first column) of the partitioned matrix (E;_l, ... ,EIT, (Ey +
E,.)"".

By Theorem 10, we can get the fast algorithm for solving
the FLS R-factor block circulant linear system &/ X = b, where
9 = FLScircg(Ag, Ay s Apyly) (R£0), X = (X1, Xg2> -+
Ko+ +> Xn-1)1> X(m-1)2 + - - ,x(m_l)n)T, and b = (Byp-1yp - -

T
By b1y 15 -+ b -+ bz o) -

Step 1. From the FLS R-factor block circulant linear system
AX = b, we get the matrix polynomial F(x) = Y7 ! Ax'
and ¥(x) = x"'1,, — xI, - R.

Step 2. Let the matrix polynomial €(x) = (C, — C,,_)+
Y Cix' be constructed by b = By - - > bme1)2> Bmny1-
ce 3By - > byyo byy) T Where C; = FLScirc, (b, — by, by . -

in>

b,) (or C; = FLScirc(by, by, .., b)) or C; =
FLSretrocirc,(b,,, . ..,b,, b)), the last column (or the
first column) of C; is (b,,,...,b,,b,)", and the matrix C;
commutes with the matrix R, fori = 0,1,...,m — 1.

Step 3. Change the partitioned polynomial matrix
(‘g((;‘)) gf)x)) into the partitioned polynomial matrix
(9(()’6) ;;1 ((xx))) by a series of elementary row operations.

Step 4. If D(x) = I, then the FLS R-factor block cir-
culant linear system &/X = b has a unique solution.
Substituting x by Ny in matrix polynomial 7#'(x), we have
the FLS R-factor block circulant matrix & = Z(Ny) =
FLScircg(Ey, E;> . . ., E,,_1). So the unique solution of # X = b
is the last column (or the first column) of the partitioned
matrix (E-_,,...,El,(Ey + E,._))")". O
Theorem 11. Let B = FLSretrocircg(A,,_1>..., A, Ap)
(R#0) be a nonsingular FLS R-factor block retrocirculant
matrix of type (m,n) over F and b = (byy_1yps - - - bpno1)2>
b(m_m,...,bOn,...,boz,bOI)T. Then there exists a unique
FLS R-factor block circulant matrix & = FLScircy(E,, E;,
..»E._1) of type (m,n) over F such that the unique solution
of BX = b is the last column (or the first column) of the
partitioned matrix ((E, + Em,l)T,ET, . E:qfl)T.

Proof. Since both % and F# are nonsingular, by Lemma 3,
we know that & is nonsingular and BX = b if and
only if ##X = b. By Theorem 10, we know that there
exists a unique FLS R-factor block circulant matrix & =
FLScircg(Ey, E;, ..., E,,_;) of type (m,n) over F such that
the unique solution of /%X = b in a variable # X is the
last column (or the first column) of the partitioned matrix
(Ef |,...,El,(E, + E,,_)")". So the unique solution X of

m—1>"

X = b is the last column (or the first column) of the
partitioned matrix ((E, + E,, )", EL,..., EYTH_I)T.

By Theorem 11, we can get the fast algorithm for solving
the FLS R-factor block retrocirculant linear system %X = b,
where % = FLSretrocircgy(A .HALAY) (R#0), X =
(X015 X025 - - - .,x(m,l)n)T, and b =

T
Bty - > Bn1y2> Bty -+ > B - - Boas bor) -

m—1>*

> Xops> > X(m-1)1> X(m-1)2> -+

Step 1. From the FLS R-factor block retrocirculant linear
system BX = b, we get the matrix polynomial F(x) =
Yr AKX, €(x) = ™M, - xI, - R.

Step 2. Let the matrix polynomial €(x) = (C, - C,,_;) +
Y Cix' be constructed by b = (Byp_1ym - - - > bym-1)2> Bm-1)1>
ceosbyp - > byys by) T, where C; = FLScirc, (b — b, by, - . -

b,) (or C; = FLScirc(b,,by,..., b)) or C; =
FLSretrocirc, (b, ...,b,,b,)), the last column (or the
first column) of C; is (bm,...,biz,b,»l)T, and the matrix C;
commutes with the matrix R, fori =0, 1,...,m — 1.

Step 3. Change the partitioned polynomial matrix
(g((jf)) %gx)) into the partitioned polynomial matrix

( 9(()3‘) ;Z ((xx)) ) by a series of elementary row operations.

Step 4. If D(x) = I, then the FLS R-factor block retro-
circulant linear system %X = b has a unique solution.
Substituting x by Ny in matrix polynomial 7'(x), we have
the FLS R-factor block circulant matrix & = Z(Ny) =
FLScircg(E,, E;> . . ., E,,_1). So the unique solution of BX =
b is the last column (or the first column) of the partitioned
matrix ((E + E,,_,) , EL,...,EX )T O

4. Fast Algorithm for Solving the Inverse
Problem of /X =b

In this section, sufficient and necessary conditions of exis-
tence of the unique solution of the inverse problem of #X = b
in the class of the level-2 FLS (R, r)-circulant matrices of type
(m,n) over [F and that of the level-2 FLS (R, r)-retrocirculant
matrices of type (m, n) over [ are presented. Fast algorithms
for solving the unique solution of the inverse problem of
X = b in the class of the level-2 FLS (R, r)-circulant
matrices of type (m,n) over [ and that of the level-2 FLS
(R, r)-retrocirculant matrices of type (m,n) over [F are given
by the right largest common factor of the matrix polynomial.
Theorem 12. Let X = (xm,xoz,...,xOn,...,x(m_l)l,x(m_l)z,

o Xmen) b = B Bg e By o> b1 Bmryzo -+ o
b(m_l)n)T, R = FLScirc,(rg,ry,...1,_1), L = FLScircy
(X1 = Xo» Xppz» - > X1, X)), and B = FLScircg(B,,_; —
By, B,,_5,-..> By, By), where X; = FLScirc,(x;, — X;,
Xin-1)>+-+>Xip» Xi1) and B; = FLScirc,(b,, — by, b1 -
b,,by),i = 0,1,...,m — 1. Then the inverse problem of
A X = b has a unique solution in the class of the level-2 FLS
(R, r)-circulant matrices of type (m,n) if and only if LY = b
has a unique solution.



Proof. If the inverse problem of &/ X = bhasa unique solution
in the class of the level-2 FLS (R, r)-circulant matrices of type
(m, n), then there exists a unique level-2 FLS (R, r)-circulant

matrices of type (m,n) o = FLScircg(Ag, As..-s A1)
such that /X = b. Then
T
FLScircg (Ags A or Apy) (X500 Xy
(28)

- (BI,BT,...,BL ),

where A; = FLScirc,(a;, a1, - - -, Gj(n1))-

Let B = (Gpm-1)n-1)>-- > Hm-1)1> Hm-10 + FHm-1)(n-1)>

.. .,al(n_l), N 6111, 6110 + al(n_l), ao(n_l) + a(m_l)(n_l), ey 6101 +
T
Fgn-1)1> Go0 + (1) + Fm-1)0 + Fpn-1)(n-1)) -

By the multiplication of partitioned matrix and level-2
FLS (R, r)-circulant matrices commute under multiplication
and (28), we know that f3 is the unique solution of XY = b.

If XY = b has a unique solution Y = (a,,_1)(n-1)>- - »

,aOI,aOO)T, and let o =
,A,_1) and B = FLScircy
.» By, By), where A; = FLScirc, (a;y—a;(,_1)»

AUm-1)1> Km-1)0> - - > Ao(n-1)> -+ +
FLScircg(Ay — A, LA, ...
(B-1=Bo, B

m—2>""
@15+ G,-py) and B; = FLScirc, (b, — by.b1y-- -5 bis
by),i = 0,1,...,m — 1. Then X = 9B has a unique

solution & = X '%. Since Z7'X = (0,...,0,1)7, then
AX = X" BX = BL X =b.So of = X' B is the unique
solution of the inverse problem of /X = b in the class of the
level-2 FLS (R, r)-circulant matrices of type (m, n). O

Theorem 13. The inverse problem of /X = b has a unique
solution in the class of the level-2 FLS (R, r)-circulant matrices
of type (m,n) if and only if I, is the right largest common
factor of the matrix polynomial D (x) and €(x), where D(x) =
(Xt = Xo) + X X,y ix" and ©(x) = X1, — xI,, - R and
X,b,X; (i=0,1,...,m— 1) are given in Theorem 12.

Proof. By Theorem 12, we know that the inverse problem of
9 X = b has a unique solution in the class of the level-2 FLS
(R, r)-circulant matrices of type (m, n) if and only if Y = b
has a unique solution, if and only if 2 is nonsingular, if and
only if I, is the right largest common factor of the matrix
polynomial 2(x) and € (x) by Theorem 6, where X" is given
in Theorem 12.

By Lemma4 and Theorems 12 and 13, we have the
following fast algorithms for solving the unique solution of
the inverse problem of &/ X = b in the class of the level-2 FLS
(R, r)-circulant matrices of type (m, n).

Step 1. From X = (X1, Xgp5++ > Xgus - > X(m-1)1> X(m—1)2> - * >
T

x(m_l)n) and b = (b()l’ b027~'-’b0n7"-’b(m—1)1’ b(m—1)27-"’

b(m,l)n)T, we get the matrix polynomial 2(x) = (X,,,_; —X,)+

-1 i -1 i

i XX and H(x) = (B, — By) + X%, Byixs
where X; = FLScirc,(x;, — Xit> Xi(n-1)> - - . X, X)) and B; =
FLScirc, (b, = by, by-1ys - - - b5 b1), 1= 0,1,...,m = 1.

Step 2. Change the partitioned polynomial matrix
(%gg %éx)) into the partitioned polynomial matrix
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(%(()x) c’;((;))) by a series of elementary row operations,

where ¥(x) = x™I, — xI, — R, R = FLScirc,(rg, 71> -« > T_1)-
Step 3. If %(x) = 1, then the & = FLScircy(X,,_, -
Xo» Xz -+ > X1, X) is nonsingular. So the inverse problem
of /X = b has a unique solution &/ = L' RB = 7 (Ry) in
the class of the level-2 FLS (R, r)-circulant matrices of type
(m, n). O

Theorem 14. Let X' = (X m=1)1> X(m-1)2> - + > Xm=1)> - - -
Xogs---»Xo,) - Then the inverse problem of €X' = b has
a unique solution in the class of the level-2 FLS (R,r)-
retrocirculant matrices of type (m,n) if and only if XY = b has
a unique solution, where &, R, and b are given in Theorem 12.

> X015

Proof. Since #X = X', where X is given in Theorem 12
and ¥ is given in (3), the inverse problem of €X' = b
has a unique solution in the class of the level-2 FLS (R, 7)-
retrocirculant matrices of type (m, n) if and only if the inverse
problem of €% X = bin avariable € % has a unique solution
in the class of the level-2 FLS (R, r)-circulant matrices of type
(m,n). By Lemma 3, %X = b if and only if X = b. By
Theorem 12, we know that the inverse problem of #/X = b
has a unique solution in the class of the level-2 FLS (R, r)-
circulant matrices of type (m, n) if and only if Y = b hasa
unique solution. O

Theorem 15. The inverse problem of €X' = b has a unique
solution in the class of the level-2 FLS (R, r)-retrocirculant
matrices of type (m,n) if and only if I, is the right largest
common factor of the matrix polynomial D(x) and Z(x),
where D(x) and &(x) are given in Theorem 13 and X' and b
are given in Theorem 4.

Proof. From the proof of Theorem 14, we know that the
inverse problem of €X' = b has a unique solution in the
class of the level-2 FLS (R, r)-retrocirculant matrices of type
(m, n) if and only if the inverse problem of &/X = b has a
unique solution in the class of the level-2 FLS (R, r)-circulant
matrices of type (m,n). By Theorem 13, the inverse problem
of X = bhasa unique solution in the class of the level-2 FLS
(R, r)-circulant matrices of type (m, n) if and only if I, is the
right largest common factor of the matrix polynomial 2 (x)
and &(x).

By Lemma4 and Theorems 14 and 15, we have the
following fast algorithms for solving the unique solution of
the inverse problem of X’ = b in the class of the level-2 FLS
(R, r)-retrocirculant matrices of type (m, n).

Step 1. From X' = (X(m=1)1> X(m=1)2> * * *> X(m1)> + + + > X015 X02>
X)) and b= By bogs o> bos o> By 10 by - - o
b(m_l)n)T, we get the matrix polynomial 2(x) = (X,,,_; —X,)+
Z:Zl X% and Z(x) = (B,,_; — By) + sz:;1 B, 1 ix's
where X; = FLScirc,(x;, = X;;, Xj(p-1)> - - - Xj2> X;1) and B; =
FLScirc, (b, — by b1y - - bips b1), i = 0,1,...,m = 1.

1

Step 2. Change the matrix
( D(x) H(x)

G(x) 0

partitioned  polynomial
) into the partitioned polynomial matrix
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(%(()x) Z((;)) ) by a series of elementary row operations, where

¥(x) = x"I, — xI,, — Rand R = FLScirc,(ry, 71, ... 7,_1)-

Step 3. If %(x) = 1I,, then the & = FLScircy(X,,_, -
Xo» Xz -+ X1, X) is nonsingular. So the inverse problem
of €X' = b has a unique solution ¥ = 7 (Ry).% in the
class of the level-2 FLS (R, r)-retrocirculant matrices of type
(m, n). ]

5. Numerical Examples

Example 1. Solve the FLS R-factor block circulant linear
system

dX =b, (29)

where o/ = FLScircg(Ag, A;), R=(21), A, =(13).A, =
(19),and b = (0,3,0,3)".

From & = FLScircg(Ay, A,), we get the polynomial
matrix

g(")=<12x 3ix>’ (30)
2_ — —
sw-(* 37 L0 (1)

respectively.
Let C, = FLScirc;(by; — byy» byy) = FLScire;(3,0) = (3 9),

C, = FLScirc; (by; — by, by,) = FLScirc; (3,0) = (3 (3)> ’

%(x)=(c0—c1)+c1x=<3x 0 >

0 3x
(32)
Then,
F (x) € (x)
Zx) 0
1+x 2 3x 0 (33)
B 6 3+ x 0 3x
-2 - x+x* -1 0 0
-3 S3-x+x> 0 0

We can change the above partitioned polynomial matrix
into the partitioned polynomial matrix

1 0 ——x——x"+-x"+3x zZ;
2 2 2

21 5 5 3
01 x4+ 9x? Sx-Ix*-IX

2 2 2 2
00 * *
00 * *

(34)

wherez, = —(5/2)x+(5/3)x*+(19/6)x”—(1/3)x*~(1/2)x’, by
a series of elementary row operations, where the polynomials
lying in * need not to be known.

Since D(x) = I,, then the FLS R-factor block circulant
linear system &/X = b has a unique solution. On the other
hand,

K (x)
21 25
i x” +3x* Z,
_ 2 2
5 5 3
x4 9x° “x-Zx?- Xt
2 2 2
21 5 25 5
2 2 2 3 2
a5 [*T 5 )%
-z 9 _Z
2 2 2
119 , 1
o 2 63 X+ < 3 > x*
0 —— 0 0
2

(35)
where z, = —(5/2)x +(5/3)x* + (19/6)x> — (1/3)x* - (1/2)x°.

Substituting x by Ny in the above matrix polynomial
 (x), we have the FLS R-factor block circulant matrix

-5 2 -11 5
%:%(NR):<6 _3>14+(15 _6>NR

= FLScircg (Ey, E,) »

(36)

where E, = (¢ %), E; = (4 %), and Ry = (22 ). Then
partitioned matrix is as follows:

-11 5
E, \_[ 15 -6

<E0+E1>_ -16 7 | (37)
21 -9

So the unique solution of &/X = b is the last column of
the partitioned matrix ( EﬁlEl ); that is, X = (5,-6,7,-9)".

Example 2. Find the solution of the inverse problem of /X =
b in the class of the level-2 FLS (R, 3)-circulant matrices of
type (2,2), where X = (0,1,2,3)",b = (1,2,1,2)", and R =
FLScircs(1, 3).

From X = (0,1,2,3)", b = (1,2,1,2)T, and R =
FLScirc,(1, 3), we get the polynomial matrix
x 2 X X
906):(6 2+x>’ %("):(3x 2x>’ (38)
% (x) = “1-x+x2 -3 ) (39)
B -9 —4-x+x2)



respectively. Then,

(9 (x) %(x)>

C(x) 0

x 2 X X (40)
3 6 2+ x 3x 2x
T -1 - x AP -3 0 0

-9 “4-x+x> 0 0

We can change the above partitioned polynomial matrix
into the partitioned polynomial matrix

10 2z, z
01 z, z4
00 % x|’
00 x =

(41)

where z, = (19/127)x—(63/508)x> +(19/508)x> + (3/508)x*,
z, = (29/762)x — (185/1524)x* + (8/381)x> + (1/254)x*,
z, = (267/254)x — (39/254)x* — (9/254)x°, and z; =
(225/254)x—(10/127)x*~(3/127)x>, by a series of elementary
row operations, where the polynomials lying in * need not to
be known.

Since %(x) = I,, then the inverse problem of 4X = b
has a unique solution in the class of the level-2 FLS (R, 3)-
circulant matrices of type (2,2). On the other hand,

P (x) = (zz z3>

24 Zs5
1% 29 _ 63 185
127 762 508 1524 | o
—] X+ X
267 225 39 10 (42)
254 254 254 127
19 8 301
208 381 ) 5. [ 508 254 |t
29 3 0 0
254 127

where z, = (19/127)x—(63/508)x* +(19/508)x> + (3/508)x*,
z; = (29/762)x - (185/1524)x” + (8/381)x” +(1/254)x", z, =
(267/254)x — (39/254)x* — (9/254)x, and z5 = (225/254)x —
(10/127)x* — (3/127)x°.

Substituting x by Nj in the above matrix polynomial
7 (x), we know that a unique solution of the inverse problem
of /X = b in the class of the level-2 FLS (R, 3)-circulant
matrices of type (2,2) is

1 (77 47
A =7 (Ng) = 127 (141 124) Iy
1 (48 26) .
+ — Ny = FLScircy (AO,AI)
127 \78 74 (43)
—77 —47 48 26
_ 1 [ -141 -124 78 74
T 127\ 282 248 -29 -21 |’
744 530 —-63 —50

where Ay = —(1/127) (/] {,), A, = (1/127) (48 25), and

Ne= (1)

Abstract and Applied Analysis

6. Conclusion

We give the definition and the basic properties of FLS R-
factor block circulant (retrocirculant) matrix over field [F.
A fast algorithm for solving a FLS R-factor block circulant
linear system is presented, and extension is made to solve a
FLS R-factor block retrocirculant linear system by using the
relationship between a FLS R-factor block circulant matrix
and a FLS R-factor block retrocirculant matrix. Sufficient and
necessary conditions of existence of the unique solution of the
inverse problem of &/ X = bin the class of a FLS R-factor block
circulant (retrocirculant) matrices over field F are presented.
Fast algorithms for solving the unique solution of the inverse
problem of &/X = b in the class of a FLS R-factor block
circulant (retrocirculant) matrices over [ are given by using
the right largest common factor of the matrix polynomial.
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