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We establish new multiple iterated Volterra-Fredholm type integral inequalities, where the composite function w(u(s)) of the
unknown function u with nonlinear function w in integral functions in [Ma, QH, Pecari¢, J: Estimates on solutions of some new
nonlinear retarded Volterra-Fredholm type integral inequalities. Nonlinear Anal. 69 (2008) 393-407] is changed into the composite
functions w, (u(s)), w, (u(s)), . . ., w, (u(s)) of the unknown function u with different nonlinear functions w,, w,, . . ., w,, respectively.
By adopting novel analysis techniques, the upper bounds of the embedded unknown functions are estimated explicitly. The derived

results can be applied in the study of solutions of ordinary differential equations and integral equations.

1. Introduction

The well-known Gronwall-Bellman inequality [1, 2] is the
following or can be equivalently regarded as the following:

u(t)gc+rf(s)u(s)ds, telma+T], ()

where ¢ > 0isa constant, f is a given nonnegative continuous
function, and u is the unknown function. It is often used to
estimate solutions of differential equations. In 1956 Bihari [3]
discussed

u(t)y<c+ Lt fs)w(u(s))ds. 2)

In 1990 Pinto [4] investigated

u(t) <c(t)+ Z J gi () w; (u(s))ds. (3)

i=1 74

Replacing the upper limit ¢ of the integral with a function
b(t) in (2), in 2000 Lipovan [5] improved Bihari’s results by

investigating the following so-called retarded Gronwall-like
inequalities:

b(t)

u() <c+ J FS)ww(s)ds, @)

b(t,)
b(t)

u(t) <c+ L fwu(s)ds+ L( g(s)w(u(s))ds.

(5)

to)

In 2005 Agarwal et al. [6] generally discussed

n

B(t)

u(t)Sc(t)+ZJ t)g,-(t,s)wi(u(s))ds, to<t<t.
i=1 “Yitto

(6)

As required in estimation for solutions, invariant sets, and
stability, many generalized versions of the Gronwall-Bellman
inequality were given with an invariant decomposition [7-9],
a singular kernel [10, 11], and maxima [12, 13]. More results
about integral inequalities of single variable and multivari-
ables can be found, for example, the books [14, 15].

In order to investigate the behavior of solutions of a
linear Volterra-Fredholm type integral equation, a form of
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integral inequalities which contains multiple integrals of the
unknown,

u (t)

o(T)
£c+J- b(t,s)u(s)ds

alty)

o(t) s
+J a(t,s) [f(s)u(s)+J c(s,t)u(r)dr|ds,
) alty)

alty

vt € [t T],
7)
called linear Volterra-Fredholm type integral inequality with
retardation, is discussed by Pachpatte [16] in 2004.

In 2008 Ma and Pecaric [17] discussed more generally the
following inequality:

a(t)
oy (s)

u(t)Sc+J

lx(to)

X [f (s)w (u(s)) + J o, (T)w (u (1)) dT] ds

s
alty
o(T)
+ j oy (s)

alty)

xh@w@@ﬂﬂ%

o, (1) w (u (1)) dr] ds,

Vtel,
(8)

where I = [t;, T]. In 2011 Abdeldaim and Yakout [18] investi-
gated the following:

u(t)

o

t
Sc+J(t)f(s)u(s)

X [u(s)+ J h(7) [u(r)+J g({)u(f)d{] dr] ds.
alty) alty) ( )
9

In 2013 Wang et al. [19] studied a new integral inequality of
Gronwall-Bellman-Pachpatte type

@) <c()

a(t)
+I)ﬂ@9%@@ws

ot

o(t)
+ J frt,s)w; (u(s))
t)

af

X (L: (s 1) w, (u(r)) dT) ds
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o(t)
+ J fi 6 ) w; (u(s))
to)

o

X (Jt: (s ) w, (u(1))

X (J: f3 (1, &) ws (u(8)) df) dT> ds.
0 (10)

In this paper, on the basis of [17, 18], we discuss a new multiple
iterated Volterra-Fredholm type integral inequality

o(t)

u(t)Sc+J )hl(tl)

a(ty

<A@ e @)+ [ m)

a(ty)
X [fz (t,) @, (u(ty)) +---

tn—z
+ J )hn—l (tn—l)

«lt,

i () 9 (6,)

[ g ele e,

alty)

xdt, | ~--]dt2] dt,

@ [A @ @)+ [ e

alty) alty

| o) g (1))

tn—z
+ J hnfl (tnfl )

alty)

o ) (2,0)

[ 6) o)

alto)

x dtn] dt, | ] dtz] dt,.
(11)

Using monotonization of some functions, we simplify the
above multicomposition in an operator form. The unknown
function will be estimated by known functions. Furthermore,
we apply our result to retarded nonlinear Volterra-Fredholm
type equations for estimation of solutions.



Journal of Applied Mathematics

2. Preliminaries

Throughout this paper, let R denote the set of real numbers,
R, = [0,40c0) and I = [t,,T]. For k = 0,1, let C*(M, S)
denote the class of kth order continuously differentiable func-
tions defined on the set M and ranged in the set S. For sim-

plicity, we use the product [T, f; and Hilzn f; to present the
composition f; o f,o---0 f and f, o f, ;o 0 fl.

2.1. Monotonization. First, we monotonize those ¢;s in inequ-
ality (11). Define

wy (u) = max o (O},

(12)

Pis1 (7) } .
; = T w, (w), i=1,...,n,
Wiy (1) Jmax { w(n) | Y (w), i n

recursively. One can prove that

(P1) each wj; is a nondecreasing nonnegative continuous
function,

(P2) ¢;(u) <w;(u),i=1,...,n,

(P3) w;,, has stronger monotonicity than w;, denoted by
w; ¢ Wi, ,1=1,2,...,n— 1; that is, by the definition
givenin [4, 6], theratios w,, ; (u)/w;(u),i = 1,...,n-1,
are all nondecreasing.

Thus, the sequence {¢;} can be replaced by a larger but mono-
tonous one {w;} in (11). For a given constant u; > 0, define
functions W;(u, u,),i = 1,2,...,n, recursively by

Y ds
Wy (u,uy) :=J o ) (13)
U 1
W, (u,1;) = Ju sl Wi () i=2,...,n
1 > . ” wi ( ie_:llWe_l (S)) > Yoo lhy

(14)

where we use W, and W, ' to denote W, (1, u,) and its inverse
when there is no confusion. Clearly, they are all strictly
increasing.

For given positive constants ¢, i = 1,2,...
W ;(u) by

, 1, define

V() =W,(w)+¢, YueR,, i=1,2,...,n (15

whereW, (i=1,2,...
tively.

,n) are defined by (13) and (14), respec-

Lemma 1. Suppose that ¢; (i = 1,2,...,n) are nonnegative
and integrable on [t,,T]. Then W; (i = 1,2,...,n) are
increasing and continuous differentiable functions, and

4 Fwew @)= L (16)
z\ L [Wem® )=

d (e —

%<H%o%<f)>

_ W)y (H::llvviil ° (Hizzn—l%i ° %1 (5))) 1)
wy, (H?:_llmfi_l ° (Hizzn—l%i ° %1 (E)))

Cw (W @)
w, (W o 77, (§)) wi (§)

VE > k(T).

Proof. By the definition, W;(s) (i = 1,2,...,n) are increasing
and continuous differentiable functions. From (13) and (14),
we have

d 2
d—g@wiowl (6))

:w;(Hw)-..>~~w;<w1<6>>wf<f>

i=n—-1

_ wn—l (H?;IIVV[I (Hil:n—l‘/vi (6))) (18)

w, (T (W (M Ws 9)))
(W m®)

w, (Wl_l W (©)) w, (&)

1
w, ()

Moreover,

d (He =

d—5<ﬂ7/7/ (E))

_ dW,(W,_, (- (W, W, () +¢) +6) ) +6,.1) +6,)
= i

=Wr:(Wn—1 (W, (W, () +q)+6)) +6,1)

WL (W (B) + )W (@)

=Wy ( :11‘/‘11‘71 (Wn—l (oo (W (Wy (§) + 1)

+6) ) 46 ) )



Vvi_l Wy (- (W, (W, (©) +¢) +6) )

+Gyo1) ))71

it (Wfl (W, (&) + Cl)) 1
W, (W1_1 (Wl &) + Cl)) w, €38

(19)
By the definitions of ’%Z(u), we have the relation (17). O

2.2. Simplification with Operators. Let h;, f; be positive con-
tinuous functions in (11), where i = 1,2,...,n, f,(t) = 1.
Define #; : C([t,, T]) — C([t,, T]) by

t

T (t) = J

a(ty

hi(s)v(s)ds, i=12,...,n, (20)
)

and define #;[u] : C([t,, T]) — C([t,,T]) by

Filulvt) = fiOw @) +v(E), i=12,...,n

(21)

Having defined those operators, we can enlarge inequality
(11) by (12) in the simpler form

u(t) <k()

n-1
+{ (%i"?i[u])o?fw%[uw} (a (1))

+
—Hr—
3
N
o
N
=
Y
N
=
o

Fp lu] 0} (a(T)),

vt € [t T],
(22)

where 0 denotes a zero function.

2.3. W -Function. Define % ;(u)(a(T)) by

i—1
W, () («(T)) : =W, (u) + (]‘[%’j> o (%,f, () (a(T)),

j1

VueR,, i=12,...,n

(23)

where W, and 7; are defined by (14) and (20), respectively.
Since W; (i = 1,2,...,n) are continuous functions, #’; (i =
1,2,...,n) are also continuous functions.

Define a function

2
ZAGE N ARACENY

2
~Tl7.-7, ® @), vE>c

i=n

(24)

, 1) are all continuous
,n) defined by

Lemma 2. Suppose that @;(u) (i =1,...
such that ;(u) > 0 foru > 0, W; (i = 1,2,...
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(13) and (14) satisfy W; (+00) = +00. Suppose that h;, f;, and

@; (i=1,...,n) satisfy
1
g (20 e e
where
V(&) :

Wy (TS W o (TTL 70 7, () (@ (T))))
w, ([T W e ([T 70 7, () (a(TY))) - (26)

Cw (W7 ) @)
w, (W o 7, (§) (D)) wy (§)’

and W'; (i = 1,2,...,n) are defined by (23). Then, W (&) is
nondecreasing, and W (§) = 0 has a solution & = E with&, > c.

Proof. Using Lemma 1 and condition (25), we have

1

o= w, (2§ - ¢)

V@) =>o0. (27)

Thus 7' (§) is a nondecreasing function. Since W' (c) < 0and

limg_mo%(ﬁ) = +00, we see that 7(§) = 0 has a solution
E=¢ with§, > c. O

3. Main Result

The following theorem shows that the unknown function is
estimated by the given known functions.

Theorem 3. Let ¢ be a positive constant. Suppose that h,(t),
f;t), and hy(t) € C(I,R,), i = 1,...,n — 1. Suppose that h;,
fio by and @; (i = 1,..., n) satisfy the assumption of Lemma 2.
Suppose that o € CMI, 1) is nondecreasing such that a(t) < t
on I. Then the unknown u(t) in (22) is estimated as

n 2

u(t) < H‘/Viil {HWI oWy (§) (« (t))]’ ., Ve[t T].
i=1 i=n

(28)

Remark 4. As explained in Remark 2 in [6], different choices
of u; in the definitions (13)-(14) of W; do not affect our results
(28).

Proof. For convenience, we cite some definitions in the
discussion of our proof as follows: for each fixed positive
continuous function u, define Fijlul C([t,, T]) —
C([t0, T)) by

Fij [u]v(t) :

(w (.- (Wit (29)
Ll o) )

wy (W (- (W o))

where j<i,i=2,...,n,j=12,...,n—1.
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From (22), we have
u(t)

n-1
Sc+{< %iogi[u]>°%n°gn[u]o} (e (1))
i=1

(30)
n-1
+{< %iogi[u]>o%nogn[u]o}((x(T))>

i=1

vt € [t Ty] -

Define a function z, (t) by the function on the right-hand side
of (30). Then, z,(t) is a positive and nondecreasing function
on [t,, T']. Using (30), we have

u(t) <z (t), Vtelt,T], (31

n—-1
%Ud=ﬁ{< %ﬂ%w0°%w?AM#MH%.

i=1

(32)
Differentiating z, (t) with respect to ¢, using (31) we have
200 =o' (O hy (@(®)

X [fl (a (1) wy (u (x ()

n-1
+ |:<1—[%1 Og:i [u]> °%n°‘cj‘7n [M]0:| (“(t)):|
i=2
<o (t)hy (a (D))
x [fl (a (1)) wy (2, (e (1))
n-1
+ [(H%l o‘o}i [Zl]> ° %n ° tgn [zl] 0:| (“(t)):| >
i=2
(33)

forall t € [t,, T]. From (33), we have

z (t)

m <o (t) hy (a(t))

x |:f1 (a(t) + [(h%ic’gil [Zl]>

i=2

O%n ° ‘G/Tnl [zl] 0:| (‘X (t)):| >
(34)

forallt € [t,, T']. Integrating both sides of the above inequal-
ity from ¢, to t, we have

W, (z, ()
<SW, (2, (t)) + 1 (fi (9)) (a (1))
[ n-1 R
*'%N<H%ngﬂa00%n9mhw<mm
L i=2 ]

< W (2, (t)) + %, (f1 (9) (e (T))

[ n—1 1
*'%N<H%wgﬂa00%ngmhm<mm,
L i=2 |
(35)

fort € [t,, T].

Let z,(¢) denote the function on the right-hand side of
(35); we can see that z,(t) is a positive and nondecreasing
function on [¢,, T]. From (35), we obtain

2, (1) < W, (2, (1), Vte[t,T], (36)

2, (ty) = Wy (2, (ty)) + (1 f, (5)) (a (1)) . (37)

Differentiating z, (¢) with respect to ¢, using (36) we obtain

Z)(t)
= (t)h, («(t))
) w, (2, (t,))
x [ Jy ) [fz ) @ @)
+ [(nlj[%z °oFi [21])

, a(t)
<o (t)hy (e (1) “ )hz ()

oty

w, (Wfl (2, (tz)))

w (W (2, (12)))

X [fz (t2)
i [(ﬁ% o Fy Wy 022]> oI,

>

o F o (W' oz 0] ]dtz

vt € [t,, T].
(38)



From (38), we have

z () w, (W' (z,(0))
w, (Wit (2, (1))

o(t)
<o (O h @ (1) L(t T (6) f2 (1)t
(39)

n-1
+a' (t) hy (a(t) |:%2 ° (H%z °Fi [z2]>
i=3

o%n ° 97n2 [22] 0] ((X (t)) >

forall t € [t,, T]. From (39), we have

W, (2, (1) < W, (2, ()
+ [%1 ° (%zfz (5))] (e ()

n-1
[ O< %lo
i=3

oI o F 2] 0] (a (1)

Zz])

[%1 ° (%zfz (5))] (e (T))

(40)

< W, (2, (t)) +

n-1
+ [%1°%2°<H%i°giz[22]>

i=3

o%n ° ‘G/:nZ [ZZ] 0:| (‘X (t)) >

forall t € [t;, T]. Proceeding with the same derivation as in
(36) to (40) and so on, we obtain

W, (2,5 ()
[(” %z) I o1 © F ety n-2) [Zn2]

i=1

Wn—Z (Zn—z (t)) <

n—

2
%i> fn (S)] (a (1))

i=1

° %n ° egn(w—z) [Zn—Z] 0] (‘X (t))
< W, (2422 (8))

[(F) e

i=1
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n-2
|:< %1> nlo‘/'(n 1)(n— 2)[ ]
i=1

o %n o gn(n—Z) [Zn_z] 0:| (OC (t)) N

(41)

forallt € [t,, T], where W, _, is defined by (14).

Define a function z,_,(¢) by the function on the right-
hand side of (41). Then z,,_,(t) is a positive and nondecreasing
function on [t,, T']. From (41), we get

SO <W (2,0, @), Vte[t,T], (42)

Zn-1 (to)
n—-2 (43)
= Wn— n 2 (tO [( > fn—z (S) (06 (T)) .
i=1
Differentiating z,,_, (¢) with respect to t, we have
Z,y () =a () hy (a(8)
n-1
X [( 75;‘) ° F (n-1)n-2) [2n-2]
i=2
° %n ° gzn(n—Z) [Zn—Z] 0:| (“ (t))
(44)
<d () hy (a(t)

n—1
X [(H%) © Fu1yn2) (W © 21|
i=2

oH, o ‘G/Tn(n—Z) [Wr:—lz ° anl] 0] (e (),

for all t € [t,, T]. Then (44) is equivalent to

1(f)wn2(w (W_( ( nz(nl(tﬂ 1))) )))

wey W Wy (- (W (2 (820)) )

n-1

<d (t)hy (a(t) [(1‘[%) s (s)] (o (1))

i=2
+o () hy (1))
n—-1
x |:< %i>°%n°gn(rt1) [Zn1]0:| (‘X(t)))
i=2
(45)
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for all t € [ty, T]. Integrating both sides of (45) from ¢, to t,
we have

Wn—l (Zn—l (t))

S‘/Vn— ( Zp- l(tO [(H% )fn 1(5):| (“(t))

|(F)-~

< W,y (2,4 (t)) [(H%)fn 1 (s)

i=1
n-1
- [(H%,) o K
i=1
forallt e [t,, T].
Define a function z,(t) by the function on the right-

hand side of (46); then, z,(f) is a positive and nondecreasing
function on [t;, T']. From (46), we have

° gn(n—l) [Zn—l] 0] (‘X (t)) (46)

(a(T))

° 9Tn(n—l) [zn—l] 0:| ((X (t)) >

Z () < W (2,®), Vte[t,T], (47)

2, (t) = W1 (2,1 () + [(H%)fn 1 (8) | (@(T)).

(48)

Differentiating z,,(t) with respect to ¢, using (47) we have

z, (t)

n

= (X, (t) hl ((X (t)) [(H%z> ° t?—n(n—l) [Zn—l] 0:| ((X (t))

i=2

<a (t)h, («(t))

IS ———

(49)
forall t € [t,, T]. From (49), we have
2, (0w, (W (W‘l(---( (2 (8))) )
w, (W (Wt (- (W2 (2, (£0))) )
(50)

= o () hy (e (8)) [(1‘[%) 1 ] (@ (1))
i=2

forallt € [ty, T], where 1 denote the constant function v(¢) =
1. Integrating both sides of the above inequality from ¢, to t,
we obtain

W, (20 (0) - W, (2, () [(H%>1]<a<t>>, 6

forall t € [t,, T]. From (36), (42), (47), and (51), we have

W2 (2, (1))
< ﬁwi_l {W (2, (t,)) + [(H% ) 1] (oc(t))]»,

(52)

z () <wt(Wy (-

for all t € [t,, T]. Substituting (37), (43), and (48) into (52),
we have

n 2
o<W {Wn < [[7 -7, (z (1)) (« (T)))
i=1 i=n—1

[y

forall t € [t,, T]. Since T is chosen arbitrarily, we have

n 2
z, (t) < HWi_l {Wn <HW1 oWy (2 (t)) (« (t)))]’ ,
i=1 i=n

(54)

(53)

for all ¢ € [¢t,, T]. By the definition of z, and (32), we have

2z, (ty) - ¢
n—1
—c+2 {(]—[%i o F, [u]) o, o F, [u]O]» (@ (T))
i=1
= 2,(T).

(55)
From (54) and (55), we have

n 2
2z, (ty) —c < HW[l {1—[7/; oWy (2 (to)) ( (T))]’ »
i=1 i=n
(56)

or
2 2

[Wiew,@e-o) - [[7: o7, &) (a(T) <0. (57)

By the definition of 7'(§), the assumption of Theorem 3, and

(57), we observe that

W (z,(ty) <0=7(&)-. (58)

By Lemma 2, 77'(§) is increasing. From the last inequality and
(31) we have the desired estimation (28). O

We define the following functions:
E(u) = W, {W; 2u - )}
Wy (W, @) + (7, f, ) (@(T)} (59)
=0 (#,1) (a(T)),

for all u > ¢, where W;, i = 1,2 are defined by (13) and (14),
respectively.



Example 5. Let n = 2, f1(t), h;(t), ¢;, W;, i = 1,2, a be as in
Theorem 3; ¢ is a positive constant. Suppose that the function
E(u) is increasing and E(u) = 0 has a solution ¢ for u > ¢. If
u(t) satisfies (22), then

u(t)
< W H W W W (© + (7, £ ) (@ ()}

~9, 0 (,0) (@)}, Vet T],
(60)

where W, (i = 1,2) are inverse functions of W}, respectively.

Remark 6. If w; = w, in Example 5, then the result in
Example 5 will yield the conclusion that appeared in Theorem
2.1" in [17]. Since ifw, = w,, then W,(u) = u — u,, Wz_l(u) =
u +u,, from (60), we have u(t) < Wfl{Wl(c) +H,(t)+ Hy ()}
forallt € [¢t,, T].

4. Application

In this section, we apply our result in Theorem 3 to investigate
the retarded Volterra-Fredholm integral equations

x (t) = x,

+ Jt F, {s,x (s—d(s)), r E, [1,x(t—d(1))] dr} ds

T s
+ J F, {s,x (s—d(s)), J E, [1,x(t-d(1))] dT} ds,
to to
(61)

for t € [t,, T], where x € C(I,R), d € CY(1,1) is non-
decreasing with t — d(t) > t,, d(t,) = 0, d(t) < 1,F ¢
C(I xR*R),and F, € C(I x R,R). Let B(t) = t — d(t); then
B(t) € CH(I, 1), B(t) < t. Since B'(t) = 1 -d'(t) > 0, B(t) isan
increasing and invertible function.

The following corollary gives the bound on the solution
of (61).

Corollary 7. Suppose that the F,, F, in (61) satisfy the condi-
tions

|F, (s, )| < hy () [f; (8) wy (Ix]) + |p]]» (62)
|E, (5, )] < hy (s) w, (1x1), (63)
where f,(s), hy(s), hy(s), w,(s), and w,(s) are as in Theorem 3;

let M = maxte[to,ﬂ(l/ﬁ'(ﬁfl(t))) < 00. Assume that the
function

E* (u) =W, [W, (2u - |x0|)]

B(T)
-W, [Wl (u) + J;; : Mh, (s) f (s) ds] (64)

to

B(T) s
- J Mh, (s) x [J Mh, (1) dr] ds
B(t) B(ty)
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is increasing and E* (u) = 0 has a solution c foru > &;. If x(¢) is
a solution of (61), then

lx (t)] < Wy
X {Wz_l [WZ [W1 (c)
B(t)
’ Jﬁ(to) Mh, (/3_1 (5)) h (ﬂ_l (5)) ds:|
B(t) B
! Jﬁ(m My (B7(5)

X H;:<t0> Mh, (B (1) dr] ds] } ,

vt € [t T],
(65)

-1 -1 ;
where W, W,, W, and W, "~ are as in Theorem 3.

Proof. Using the conditions (62)-(63) we have
|x (t)] < |x0|
. L By (s) [fl (s)w, (1x (s — d ()
+ J; hy (T)w, (|x (t - d (1))]) dr] ds
T
RIS
+ J; hy (T)w, (|x (r - d (1))]) dT] ds
bl + [ 0] 5w (2 (EG)
+ J; hy () w, (|x (B (T))|)dT] ds

i J: hy (s) [fl ($)wy (|x (B(s)])

+ J: h, (D) w, (|x (B(1))]) dr} ds

< |xo]

+ﬁ%uﬂﬁwwdhw®m

B(s)
+J Mhy (B (1)) w, (|x(T)|)dT] ds

B(to)
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. Jh (s) [fl (&) wy (I (BG)))

Bls)
+ J- Mh, (ﬁfl (‘r)) w, (|x (7)) dr | ds
B(to)

(£)

B
< |x0| + Jﬁ(t ) Mh, ([3_1 (s))

* [f (B ©))wy (x9N
+ L%) Mh, (ﬁ*l (1)) w, (|x (7)]) dT] ds

B(T)
N j Mhy (87 (5))

Blto)

x [ﬂ (B () w, (1x ()N

+ ~|-,B(t0) Mhz (ﬁj (T)) w, (lx (™)) dT] ds,
(66)

for t € [ty, T], where several changes of variables are made.
Applying the result of Theorem 3 to the last inequality, we
obtain the desired estimation (65). O
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