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The Wiener polarity index of a connected graph G is defined as the number of its pairs of vertices that are at distance three. By
introducing some graph transformations, in different way with that of Huang et al., 2013, we determine the minimum Wiener
polarity index of unicyclic graphs with any given maximum degree and girth, and characterize extremal graphs. These observations
lead to the determination of the minimum Wiener polarity index of unicyclic graphs and the characterization of the extremal

graphs.

1. Introduction

All the graphs considered in this paper are connected and
simple. The distance between two vertices u and v of a graph
G, denoted by dg(u, v) or d(u,v) for short, is the length of
a shortest path connecting these two vertices. The Wiener
polarity index of a graph G is defined as the number of
its unordered pairs of vertices that has distance three [1].
Namely, the Wiener polarity index of a molecular graph G is

Wp (G) = [{{u,v} 1dg (w,v) =3, u,v e V(G)}]. (1)

In 1998, by using the Wiener polarity index, Lukovits and
Linert in [2] demonstrated quantitative structure-property
relationships in a series of acyclic and cycle-containing
hydrocarbons. Besides, a physicochemical interpretation of
Wp(G) was found by Rouvray and King [3]. M. Liu and B.
Liu described the relations between Wiener polarity index,
Zagreb index, Wiener index, and hyper-Wiener index in [4];
they also determined there the first two smallest Wiener
polarity indices among all unicyclic graphs. Recently, Du et
al. obtained the smallest and largest Wiener polarity indices
together with the corresponding graphs among all trees with
any given number of vertices [5]. In [6], Deng and Xiao,
determined the maximum Wiener polarity index of trees with
k pendants and characterized the extremal graphs. In [7],

the authors determined the Wiener polarity of fullerenes and
hexagonal systems. In [8], Hou et al. determine the maximum
wiener polarity index of unicyclic graphs and characterizes
the corresponding extremal graphs. This work determines in
differrent way with that of [9] the minimum Wiener polarity
index of unicyclic graphs with any given maximum degree
and girth; these observations lead to the determination of
minimum wiener polarity index and the characterization of
the corresponding extremal graphs.

Before proceeding, let us introduce some more symbols
and terminology. Denote by Ng(u), or N(G) for short, the
neighborhood of vertex u in graph G, the set of vertices
adjacent to u. Let dg(u) = d(u) = |Ng(u)| represent the
degree of vertex u in graph G. If d(u) = 1, vertex u is called
a pendent vertex. The girth g(G) of a unicyclic graph G is the
length of its unique cycle. Asusual,letC,, S,,, and P, represent
a cycle, a star, and a path on n vertices, respectively, and
U, A the set of unicyclic graphs with » vertices and maximum
degree A. For any unicyclic graph G and any vertex v in its
cycle C, the union of vertex v and the component of G- V(C)
that has a vertex u adjacent to v induces a tree in G, which
is called a hanging tree on vertex v and is denoted by T'[v].
The union of all these hanging trees T'[v] is denoted by UT [v].
For other symbols and terminology not specified herein, we
follow that of [10].
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FIGURE 1

2. Property of Graph Transformations

Let n;,n, > 0 be two integers. After joining #n, and n,
vertices, each by an edge, to the two endpoints of a path P,,,
respectively, we obtain a new graph and denote it by S,
[11]. For example, the path on two vertices may be regarded
as Sg)o, and the star S, with n > 4 may be regarded as Si,nfr
Denote by T, , the set of trees with order n (n vertices) and
maximum degree A.

Let C = wv,---vyv; be a cycle with g > 3 and let
my,m,, ..., m, be nonnegative integers. We attach at first m;
isolated vertices to vertex v; for everyi € {2,3,4,..., g}. And
then past a 1-degree vertex of a star that has m,; + 2 vertices

to vertex v, to obtain a graph denoted by U, ;’r:zl """ "

n denotes the number of vertices of the obtained graph; or
attach m, isolated vertices directly to vertex v, to obtain graph

9, where

1My sl ny—m;—1

U,gao 5 Or past the 1-degree vertex of S, whose
; . My, My,..itly

neighbor has degree two to v, to obtain graph U, gy -1+ 1t

is not difficult to see that m; < A—2foreveryiwith2 <i < g,
m,; < A - 2 for the second case and 1, < A — 1 for the other
two cases. Furthermore, either m; = A—1,0orm; = A -2, or
m; = A -2 for some i > 2.

Finally, let U, | denote the graph obtained by
attaching at first m, isolated vertices to vertex v, and then
pasting the 1-degree vertex of S'll‘r::"‘_l whose neighbor has
degree two (if S’ff,;ml_l contains such pendent vertex) to v;.
For clarity, we depict some of these graphs in Figure 1.

Lemma 1 (see [11]). If T € T,, and 3 < A < n - 2, then
Wp(T) = n — 3, with the equality holding if and only if T =
Sz_jjl“, where 0 <1 < min{A - 1,n-A-2}.

Lemma 2 (see [11]). Wp(P,) = n—3; Wp(S,) = 0.

In what follows, for clarity, we denote by C = v;v, -+ v

ad!
the unique cycle of any graph U € U, , with girth g.

Lemma 3. LetU € U, , and T[v;] be one of its hanging tree.
If3<A; <m—2and Tlv] # Sy, then W,(U') < W, (U),
where n; = |T[v;]], A; is the maximum degree of T[v;], and U’
is obtained from U by transforming T[v;] to T = ST:;;A_"I with
dp(v;) = 1 and the neighbor of v; in T having degree two if T
contains such pendent vertices.

Proof. Let NT[V,.](Vi) = {y;} and N;(v;) = {uf}. If a unicyclic
graph G has cycle C, then its wiener polarity index can be
expressed as (refer to [4] for example)

[ Y dw-1D)EdW-1), if g>7;
uveE(G)
Y @w-1)dm-1)-3 ifg=6
uveE(G)
Y @w-1dm-1)-5 ifg=5
uveE(G)
WG =] 2 @w-DEdw-1
uveE(G)
- Z d(u) +4, ifg=4;
ueV(C)
PNCIOESNCIGERY
uveE(G)-E(C)
+ ) @dw-2)@dEw-2), ifg=3.
uveE(C)
)

Notice that if H is a tree, then its wiener polarity index
can be expressed as Wp(H) = ZweE(H)(d(u) - 1) - 1).
According to the differences between T and T[v;], it is not
difficult to deduce (for simplicity the common terms are
deleted, this method is also employed in the proof of other
leammas) that

W, (U") - W, (U)
=Wy (T) + (dr (1) = 1) (dyr (v;) - 1) 3)
-Wp (T [Vi]) - (dT[v,-] (“i) - 1) (dU (Vi) - 1)-
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Since A; < n; - 2, it follows that d-(]) = 2. Combining this
observation with dy(v;) = dy/(v;), dpp,,)(4;) > 2, Lemmas
1 and 2 and the fact that among trees with maximun degree
A; = n; — 2 and order »; graph Si A.—; has maximum wiener
polarity index, we deduce that !

Wp (U') = Wy (U) = W (T) = Wy (T [])
+ (2 —drpy,) (ui)) (dy (v;)-1) 4)
< Wp(T) =W (T [v]) <.

Again by Lemmas 1 and 2, the inequalities in above formula
n—A;—t+1

become equalities if and only if T[v;] = S,’, /| for some
positive integer ¢ < A; — 1 and dyy,,(;) = 2. So,t = 1 and
the lemma follows. O

Lemma 4. Let U € U, , and T[v;] be one of its hanging tree.
IfU' is obtained from U by transforming T[v;] to T = P, then
Wp(U") < Wp(U), with equality holding if and only if T[v;] =
S;’f;lil with drp,1(v;) = 1 and the neighbor of v; in T[v;] having
degree two.

Proof. Let Ny, (v;) = {u;} and Np(v;) = {u:}. According to
the differences between T and T'[v;] and formula (2), it is not
difficult to deduce that

Wp (U') - Wp (U)
= W (1) + (dr () = 1) (dur (v) = 1) = Wi (T [))
~ (drpy () = 1) (dy (v) = 1)
€)

Since dy(v;) = dyr(v)), dT(ul{) = 2and dT[Vi](u,-) > 2, from
Lemmas 1 and 2 it follows that

Wp (U") = Wp (U) = W (T) = W, (T [v1])

+ (2 —drp, (”i)) (dy (v;)-1).
(6)
Notice that T[v;] # P, implies n; > 4. If diameter

d(T[v;]) = 2and T[v;] is not a path, then n; > 4, dyy, ) (1;) =
n; — 1 and Wp(T'[v;]) = 0. So,

Wy (U') =W, (U) = = 3= (- 3) (dy (v,) - 1)
= (n; = 3) (dy (v;) - 2) (7)
< 0.

If diameter d(T'[v;]) > 3 but either T'[v;] # Ssz_l_l or T[v,] =

Sy with dry, (4) 2 3, then Wy(T) = Wi(Tly)) < 0,
2 - dT[v,-](”i))(dU(Vi) — 1) < 0, and at least one of these
two inequalities strictly holds. By formula (6), we also have

WP(U') — W,(U) < 0. Hence, the lemma follows. ]

Lemma 5. LetU € U, , be a unicylic graph with girth g > 5.
If its hanging trees are T; = S:'f;‘A_"l, i=1...,m 2 2and

max{A,,...,A,,} = A, then Wp(U') < Wp(U), where U' is
obtained from U by transforming U — E(C) to a hanging tree
T = Slz)"gi'f"_A_mH on any vertex v; with dp(v;) = 1 and the
neighbor of v; in T having degree two.

Proof. Assume without loss of generality that A; = A and T}
is a hanging tree on v,. After tranforming every hanging tree
T; # T, of U to a path P, ,we obtain a new graph U, € U, 4.
By Lemma 4 we have W,(U,) < Wp(U).

Let N(v;) = {v, vy thyy5 ..., Uy, }. IfU, hasa hanging tree
P = vjuy; -+ -u, onvertex vy, let Uy = U,—v,uy; +uq;u,;, where
uy, is the neighbor of v, in T. Since dy;, (v;) = dy,(v;) + 1,
dy, (uy) = 1, dy, (uy;) = 2 = dy, (uy;) = dy,(u,_,;),and g > 5,
it follows from formula (2) that when t > 2,

We (Uz) - W5 (Us)

3

1

= . (du, () = 1) (dy, (v) - 1)

1

-
I

+ (dU2 (v) - 1) (dU2 (v2) = 1+dy, (vg) - 1)
- (dU3 (uy1) = 1) (dU3 (uy) - 1)
- (dU3 (uy) - 1) (dU3 (Uory) = 1)

- z (d, (1017) ~ 1) (dos () - 1)

- (dU3 (v) - 1) (dU3 (v2) = 1+dy, (vg) - 1)

(8)

_ Zz(d% (1) ~ 1) + (dy, (v2) + dg, (v,) - 2)
+ (dU2 (uny) - 1) (dUz (v1) - 1) -2
> 0;

when t = 1, since dy, (uy;) = 2 and dy, (uy;) = dy, (1), we
have

We (Uz) - Wp (U)

3

1

= . (du, () = 1) (dy, (v) - 1)

+ (dU2 (v;) - 1) (dU2 (v2) = 1+dy, (vg) - 1)

- (dU3 (”11) - 1) (dU3 (”11’) - 1)
- z (o, (1) ~ 1) (dy (1) 1)

- (dU3 (v) - 1) (dU3 (v,) -1+ dy, (vg) - 1)

-
Il



4
_ sz (dy, (1)) = 1) + (dy, (v,) + dy, (v,) - 2)
+ (dy, () = 1) (do, () = 1) = (dy, () - 1)
~(dy, () = 1) (dg, () - 1)
_ ]’"z (du, (1) = 1) + (d, (v2) + d, (v,) - 2)
+l(dU2 (1) - 2) (dg, (vy) - 2)
> 0.

)

By induction on the number of hanging trees on vertex v,, it

follows that if we denote by U, the graph obtained from U, by

transforming UT[v,] to T' = ST:A_A_I then W,(U,) < Wp(U,)

when U, has at least two hanging trees on vertex v;, where
= |UT[v]l.

In the same way, one can show with ease that if one
hanging tree P = v;--- y of U, on vertex v; has at least three
vertices, then the graph U, — v, x + xy has less wiener polarity
index than that of U,, where x is the neighbor of v, in T’. And
s0, we leave its proof to the readers.

Now, we consider the case when every hanging tree of U,
onvertices v;,i # 1,isapath of order two. Letdy, (v;) = m;+2,
j = 2 and assume without loss of generality that m; > 2,
where i > 2. Denote by U the graph obtained from U, by
transforming UT[v;] to a path of order m;. Then

Wp (Uy) -

Wp (Us) = m; (m;_y +my,, +2)

= (m_y +myy +2) =2 - (m; - 2)

(m; = 1) (my_y +my) +m; =2
0

[\

(10)

In conclusion, if Uy is the graph obtained from U, by
transforming UT[v;] to a path of order |UT[v;]| for every
i > 2, then Wp(Uy) < Wp(U,).

Finally, if Ny (v) = {v,,v,x} and Ug has a hanging
tree P, = vju,us---u, on vertex v; with i > 2, then let
U, = Ug - v;x + xu,. Since the total contribution of x
and its neighbor in T[v,] — v; to Wp(Uy) is not less than
the total contribution of them to Wy(U5), furthermore, the
contribution of other vertex to Wp(Uy) is not less than the
contribution of its corresponding vertex to Wp(U5), it follows
that Wp(U,) < Wp(Uy). And so, the lemma follows. O

Lemma 6. Let U € U,, be a um’cylic gmph with girth

g 1A, 1,i = 1,...,
m = 2, max{A,...,A,} = A and U # UA41AOnm:nZ)A 3

then WP(U') < Wp(U), where U' is obtained from U by

4. If its hanging trees are T, = S
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transforming U — E(C) to a hanging tree T = SIZ'AI1 nhmm

on any vertex v; with dr(v;) = 1 and the neighbor of v; in T
having degree two.

Proof. Assume without loss of generality that A} = Aand T
is a hanging tree on v,. After tranforming every hanging tree
T; # T) of U to a path P, , we obtain a new graph U, € U,
By Lemma 4 we have WP(UZ) < Wp(U).

Let N(v;) = {v, vy, th11, ..., Uy, }. IfU, hasa hanging tree
P =vjuy; -+ u, onvertex vy, letU; = U,—vyuy; +uy, uy;, where
uy, is the neighbor of v, in T. Since dy;, (v;) = dy,(v;) + 1,
dy, (v;) = 1,dy,(4y;) = 2, and g = 4, it follows from formula
(2) that when t > 2,

Wp (U,) = Wp (Us)

= ,:21 (du, (1) = 1) (dy, () - 1)
+ (alU2 (v) - 1) (dUz (v) -1+ dy, (vg) - 1)

- (dU3 (”11) - 1) (dU3 (”ti) - 1)
(d (”tz - 1) (dU3 (ut—l,i) - 1)
m (11)

]:2( v, (1) = 1) (du, () — 1)
— (dy, (v) = 1) (dy, (v,) =1 +dy, (vy) 1) +1
- z (dy, (u3;) = 1)+ (dy, (v2) + g, (v,) - 2)

(d (”11)_1)( (1) 2)_1

> 0.

When ¢ = 1, since dy, (uy;) = 2 and dy, (uy;) = dy, (uy,),
we have ’

WP (UZ) - WP (U3)
= Z( () = 1) (dy, () — 1)
+ (dU2 (vy) - 1) (dU2 (v,) -1+ dy, (vg) - 1)

- (dU3 (”11) - 1) (‘le3 (”1:‘) - 1)
= (dy, (1) 1) (d, () 1)

j=2

- (dU3 (vy) - 1) (dU3 (v2) = 1+dy, (vg) - 1) +1

= (dU3 (ulj) - 1) + (dU3 (v,) +dy, (vg) - 2)

3

s
Il
< o

+ (dU2 (u11) — 1) (dUz (v) - 1) - (dU3 (unr) = 1)
- (dU3 (uy;) - 1) (dU3 (v1) - 1) +1
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i 12(‘1(13 (1) = 1) + (du, (v2) +dy, (vg) - 2)

J#i
+ (dU2 (uy,) - 2) (dU2 (v,) - 2) +1
> 0.
(12)

By induction on the number of hanging trees on vertex v,, it
follows that if we denote by U, the graph obtained from U, by
transforming UT[v,] to T' = S;‘:A_fl then W, (U,) < Wp(U,)
when U, has at least two hanging trees on vertex v,, where
n = |UT[v,]l.

In the same way, one can show with ease that if one
hanging tree P = v;--- y of U, on vertex v; has at least three
vertices, then the graph U, — v, x + xy has less wiener polarity
index than that of U, where x is the neighbor of v, in T'. And
s0, we leave its proof to the readers.

Now, we consider the case when every hanging tree of U,
on vertices v;, i # 1, is a path of order two. Let P = v;w be a
hanging tree of U,. If i € {2,4},sayi =2,letU; = U, — v,w —
VX + vyw + wx and m; = dU4(vj) + 2, then from formula (2)
we deduce that
Wp (Uy) - Wp (Us) = (m5 + 1) (m, + 1)

+2(my +1) +2(dy, (x) - 1)
—(m3+1)m2—2m2—2(dU5(w)—1)

—(dy, W) =1) (dy, (x) = 1) +1
=my +dy, (x)+1>0.
(13)

The second equality holds since dU4(x) = dUS(x) and dUS(w) =
2. And so, the lemma follows. O

Lemma 7. LetU € U, , be a unicylic graph with girth g = 3.
If one of its hanging tree is T, = S;‘jA__Al and all others are paths,
and U ¢ {US;5™° U ) then Wp(U') <

n,3,A,n—m;—A=2> " n,3,A,n—m,—A—
Wp(U), where U' is obtained from U by transforming U — E(C)
to a hanging tree T' = ST’_AA:IZ on any vertex v; with dp(v;) = 1
and the neighbor of v; in T having degree two, n—m,—A-2 > 2
andm, < A -3.

Proof. Assume without loss of generality that T} is a hanging
tree on v,. Consider at first the case when U has at least two
hanging trees on vertex v;. Let N(vy) = {v, v, ty1, ..., Uy, }-
If P = vyuy; - - - u,; is a longest hanging tree of U on vertex v;,
letU; = U — v uy, + uy u,;, where 1y, is the neighbor of v; in
T,. Since dy(v,) = dy (v)) + 1, dy(uy;) = 1, and dy (uy;) = 2,
it follows from formula (2) that when ¢ > 2 we have

WP (U) - WP (Ul)
= % (dy (u;) =1) (dy () - 1)

+(dy (v) =2) (dy (v2) =2+ dy (v3) - 2)
- (dul (u11) = 1) (dUl () — 1)
- (dU1 (”n’) - 1) (dU1 (”t—l,i) - 1)

5
=3, (e (17) =) (i, () =)
- (dU1 (n1) - 2) (dU1 (v2) =2 +dy, (v3) - 2)
= mz (dU (“U) - 1) +(dy (vy) +dy (v3) —4)
+(dy (uyy) = 1) (dy (v) - 1) - 2
> 0;
(14)

and that when ¢ = 1, since dy; (u;;) = 2, dy(uy;) = 1 and
dy(uyy) = dy, (uy,), we have
Wp (U) - W5 (Uy)

m,

=Y (dy () = 1) (dy (n) - 1)

+(dy (vy) =2) (dy (v2) =2 +dy (v3) - 2)
- (dU1 (“11) - 1) (dUl (”11’) - 1)

m,

=2 (dy, (w;) 1) (dy, () - 1)

j=2

- (dU1 (V1) - 2) (dU] (Vz) -2+ dUl (V3) - 2)

=Y (dy (1) = 1) + (dy (v,) + dyy (v5) — 4)

j=2
Jj#i

+(dy (uy) = 1) (dy (n) = 1) - (dU1 (1) = 1)

- (dU1 (uy;) — 1) (dUl (v1) - 1)

m;

= Z (dU (“1j) - 1) +(dy (vy) +dy (v3) —4)
+ (dy (u11) —2) (dy (1) -2)
> 0.

(15)

The above inequality becomes equality if and only if
dy(uy;) = 1forevery j # 1, dy(v,) = dy(vs) = 2 and
dy(uy,) = 2, namely, U = Uis,xzimz—mz
2andm, < A-3.

By induction on the number of hanging trees on vertex
vy, it follows that if we denote by U, the graph obtained from
U by transforming UT[v,] to S'f:;fl then W,(U,) < W,(U),
where n' = [UT[v,]].

Consider secondly the case when T} is the unique hanging
tree of U on vertex v,. By similar reasoning as above, one
can show with ease that if one hanging tree of U on vertex

withn—m,-A-2>



v; has at least three vertices, then the graph obtained from U
by transforming UT[v;] to a path of order |[UT[v;]| has less
wiener polarity index than that of U. And so, we assume in
what follows that every hanging tree of U on vertices v;, i # 1,
is a path of order two.

. A-1,m,,0
Let dU(v]-) = s; + 2. Since U ¢ {Un,3’AfZI_m1_A_2,
Uﬁ);"j:imz_ A_p)s it follows that s,,s; > 1 and s; = 1. Let x

be the neighbor of v, in T}, y be the neighbor of v, in T,
where T' and T are postulated in the lemma. Noticing that
ifn—A-s,—s;—2 = 1then Wp(T;) = 0and W,(T) =
IT'| =3 =s,+s;+A—2,and thatif n — A —s, — 55 —2 > 2
then Wp(T') — Wp(T) = s, + 55, we deduce from formula (2)
that

W (U) - W, (U")
=585+ 5, + 53+ (dy (v)) = 1) (dy (x) - 1)
+ Wy (Ty) = (dy (v) = 1) (du (y) = 1) = W, (T)
=883 +8, +53—1

2(0-1) = (s, +s;+A=2),
itn-A-s,-s;-2=1

2-(s3+53),
ifn-—A-s,-55-2>2

+

> 5,83 +1>0.
(16)

And so, the lemma follows. OJ

Lemma 8. Let U € U, ,. If every hanging tree is a path then
Wp(U') < Wp(U), where U' is obtained from U by transform-
ing UT[v;] to SY,"3* with dy(v)) = A; = dy(v,) and n; =
UTv]I

Proof. Assume without loss of generality that i = 1. Let
N(v) = {vp vty st} and let Py = vy -y, be
a hanging tree on v, that has maximum length. If P,,; =
ViU, **+ Uy, is another hanging tree on v, with s > 2, let
Uy = U = uyyuy, + uyuyy, since dy (uy-y)) = dy, (uy,) = 2 it
follows that

Wp (Uy) -Wp (U) = (dU1 (ul(t—l)) - 1) (dU1 (”u) - 1)
—(dy(n)-1) (17)
=2-dy(v) <o.
And so, the lemma follows by induction on the number of
hanging trees on vertex v, that has length of at least three. [J
3. Minimum Index and Extremal Graphs
with Any Given Girth

This section charaterizes the extremal unicyclic graphs with
any given girth and minimum wiener polarity index. To this
end, we first consider the case when the maximum degree ver-
tices are contained in the cycle and then compare the results
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with those obtained in the previous section. Since there is
only one unicyclic graph that has maximum degree A, girth
g>and n = A + g — 2 vertices, we need to only consider the
case when a unicyclic graph has at least n > A+ g—1 vertices.

Lemma9. LetU € U, 5 be a unnicylic graph with girth g = 3
andn > A + 3 vertices. If d(v,) = A and every hanging tree of
U is a path then Wp(U) = n - 3, with equality if and only if
U e Upsana1 Unsaneaa

Proof. The lemma is clearly true when n = A + 3 since there
are only five nonisomorphic unicyclic graphs in this sub-
case. So, assume in what follows that n > A + 4. Let
N@v) = {vpvyuys..stpoynh UTv] = S;’)‘A_fz, and
P =v,u,; -+ u,, be the longest hanging tree on v,.

Let us consider at first the case when ¢ = 1. In this case,
every hanging tree on v, is a path on two vertices. To prove the
lemma, we may assume in what follows that U is an extremal
unicyclic graph with minimum wiener polarity index. If the
total number of hanging trees on vertices v, and v; is at least
two, assume without loss of generality that P, = v,uy; -« - 1y,
and P, = V51, - - - Uy are two of these hanging trees. Let U, =
U — vsus; + s Uy,. When sorl > 2, say s > 2, by formula (2)
we have

Wp (U) =Wy (Uy) = (dy (v) =2 +dy (v,) - 2)
+ (dy (us;) = 1) (dy (v5) - 1)
- (dU1 (”31) - 1) (dUl (uzs) - 1)

= (du, (uaery) = 1) (dy, () = 1)
(18)

Since di;(uz) = dUI(u31) = dUl(uZS) = 2 and dy(v,),
dy(vs) = 3, it follows that Wp(U) — Wp(U;) > 2 in this
subcase, which is a contradiction since U is an extremal
graph. By induction on the total number of hanging trees on
vertices v, and v;, we deduce that U = U;i,’aA,X,Zé(i A, in this
subcase.

When every hanging tree on vertices v, or v; is a path on
two vertices, which implies that s = | = 1, we deduce that
d(v,) = 4ord(v;) = 4sincen > A+ 4. And so d(v,) >
4. Assume without loss of generality that d(v,) > 4 and
{v,u, vyw} € E(U) — E(C). Let U; = U — v,u + uw. Similar to
the reasoning employed in the proof of formula (18), we have

Wp (U) - Wp (U)) = (dy (n) -2 +dy (v) -2) -220.
(19)
Now, U; becomes the first subcase. And so, the lemma is ture
in the first case.
Secondly, we consider the case when ¢ > 2. If U has
a hanging tree on v, or v;, say P = v, -+ Uy, let U; =
U — v,u,, + uy,uy,. As in the proof of formula (18), we have
Wp (U) - Wp (Uy) = (dy (v;) -2 +dy (v3) - 2)
+ (dy (451) = 1) (dy (v,) = 1)
- (dU1 (”21) - 1) (dU1 (”n) - 1)

- (dU1 (U1(-1y) = 1) (dUl (uy) - 1)'
(20)
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Since dUl(uZI) = dy(uy), dUl(ul(t—l)) = dUI(ult) = 2,it
follows that

Wp (U) =Wy (Uy) = (dy (v)) =2 +dy (v5) - 2)

+ (dy (uy) = 1) (dy (v,) - 2) - 1.
(21)

Since di;(uy;) = 1, dy(v,) = 3,dy(vy) = 3, and dyy(v;) > 2
in this case, it follows that Wp(U) — Wp(U;) > 0, with the
equality holding if and only if d(v;) = 2,d(v;) =3 and s = 1.
Therefore, U = UM3 By formula (2) it is not difficult

n3,An-A-1"
1,A-3 _ 1,A-2,0 _ _
to show that Wp(U, 5 apa1) = Wp(Un,3, AmA_2) = n—3.

And so, the lemma follows. OJ

Lemmal0. LetU € U, , be a unnicylic graph with girth g = 3
and n = A + 2 vertices. If d(v,) = A and every hanging tree of
U is a path then Wp(U) = n — 4, with equality if and only if

A-2,1,0
U eUpisap

Proof. Since there are only two graphs that satisfy the
postulated conditions, namely, U € {U5 220 UbA2 )

A+2,3,0,0° Y A+2,3,A,1
A-201,0 y _ 1,A-3 _
WP(UA+2’3’A’0) =n-4,and WP(UA+2,3,A,1) = n- 3, thelemma

follows. O

Lemmall. LetU € U, , be a unicyclic graph with girth g = 4
andn > A + 2 vertices. If the cycle of U contians a maximum-
degree vertex, say d(v;) = A, then

(1) Wp(U) 2 n—3 when 3 < A < (n—1)/2, with equality
. . 0,A-2,0
zfand Ol’ll}/ lfU = U:,lél,A,n—ml—A—
andn—my; — A -2 >2whenm; >2;

5 wherem; < A -1

(2) Wp(U) = n—4 when A > n/2, with equality if and only
ifU = Ui;i’?(;m”o, where my < A - 2.

Proof. Assume that U is an extremal graph with minimum
wiener polarity index and properties postulated in the lemma.
By Lemma 4 we may assume at first that every hanging tree of
U is a path. And so, by Lemma 8, every UT[v;] of U is either a
path or STf;g, (;j; ? with v, having maximum degree in UT[v;]
for every i - 1,2,3,4, where n; = |UT[v]|. If n; = 1 and
n, > 2; we move all the hanging trees on vertex v, to v, to
obtain graph U, . Since dy;(v3) = A > dy;(v,), by the reasoning
as is employed in the first three paragraphs of the proof of
Lemma 6, one can deduce from formula (2) that W,(U;) <
Wp(U). And so, we may assume in what follows that n; > 2.

Let P, = vju;; - --u;;, be the longest hanging tree of U on
vertex v;, 1 = 1,2,3,4.1f s, > L let U, = U = vyuy; + 1y Uy
when s; > 2 we have

Wp (U,) = Wp (U) = =1 = (dy (v3) = 1) = (dy () - 1)
—(dy (v;) = 1) (dy (uy) = 1)

+1+ (dU2 (uy) - 1)

7
=2—dy(v)) —dy (vs)
—(dy (v;) =2) (dy (uy) — 1)
<2-dy(v)) —dy(v;) <0
(22)

when s, = 1 we have
Wy (Uy) = Wp (U) = =1 = (dy (v3) = 1) = (dy (v) - 1)
= (dy (v;) = 1) (dy (151) - 1)
+(dy (vs) = 1) + (dy, (1) 1)
= —dy (v;) = (du (v2) = 2) (dy (u21) — 1)
< —dy(v3) <O0.
(23)

These contradictions show that s, = 0, namely, d;(v,) = 0.
Similarly, we have di,(v,) = 2.

Ifs3 2 2,let Uy = U — uguy, + Uy, U, as in above
paragraph one can show with ease that Wp(U;) < Wp(U).
This contradiction shows that s; = 2 and UT'[v,] is a star with
maximum degree A — 2.

If dy(v) + dy(vs) < nthen

Wp (U) = (dy (v3) = 2) + (dy (v) = 2) +dy (v) - 1
+(n = (dy (v3) +dy (1)) - 1) (24)
=n+dy(v;)—6=2n-3,

with the equality holding if and only if the union of hanging
trees of U on v, is a path. Now, combining this observation
with Lemma 4 we deduce that the first statement of Lemma 11
is true since dy;(v;) + dy(v;) < nimplies A < (n —1)/2.

If diy(vy) + dy(vs) = n, which implies A > n/2, then

Wp (U) = (dy (v1) =2) + (dy (v3) - 2)
=n-—4.

(25)

And so, the second statement of the lemma is also true. [

Let @, ;  denote the set of all such unicyclic graph U €
U, » that has following properties: girth g > 5; every hanging
tree of U is a path; UT[v,] is a star S,_; with center v,; for
every edge v;v; in the cycle of U, either UT[v;] or UT[v,] is
a vertex; at most two elements of {UT[v;] : i = 2,..., g} is
not a vertex; if two elements of {UT'[v;] : i = 2,..., g} are not
vertices then both are paths of length two.

Theorem 12. Let U € U, 5 be a unicyclic graph with girth g >
5Ifn=A+g—1then

n+A-6=2A-2=2n-10, if g=5;
Wr(U)z{n+A-4=2A+1=2n-9, if g=6;
n+A-1=20+g-2=2n-g, if g=7.

(26)

When A = 3 the equality holds and U € {U;fé',gg)l}U(Dg 12,93

when A > 4 the equality holds if and only if U € @y, ;. 4.



Proof. Sincen = A+g—1, it follows that the maximum-degree
vertex is contained in the cycle of U. Now, it is not difficult to

see that if the lemma is not true then U = U;ff;g?o when

A =3,and U € {Unl”gA)_A?l,UiZA’fO} when A > 4. But, from
formula (2) we deduce that Wp(U) > n — 2 in the first case
and W,(U) > n — 3 in the second case. And so, the lemma

follows. 0

Lemmal3. LetU € U, , be a unicyclic graph with girth g > 5
andn > A + g vertices. If d(v,) = A and every hanging tree of
U is a path then

n+A-5, if g=5;
Wo(U)=1n+A-3, if g=6; (27)
n+ A, if g>7,

with equality holding if and only ifU € @, , ».
Proof. We need to only consider the case when U has
minimum wiener polarity index. By Lemma 4, it suffices to
consider the case when UT[v;] is a path for every i # 1. If
[UTv]l # 1 # |UT[v;,]| for some edge in the cycle of
U, assume without loss of generality that UT[v;,,] is a path
VigUpUs - U, and path v,w,ws - w, is a hanging tree on
vertex v; (it is possible thati = 1), and let U; = U — v, u, +
w,u,; from formula (2) one can show with no difficulty that
Wp(U,) < Wp(U) — 1. This observation shows that for every
edge v;v; in the cycle of U, either UT'[v;] or UT[v,] is a vertex.

Suppose that UT[v;], UT[vj], and UT[v,] are nontrivial,
where i, j,k > 2. Let UT[v;] = v;x;x3---x, and U, =
U - v;x, + v;w,. From formula (2) we can deduce with ease
that W,(U) — Wp(U,) = 1. This contradiction shows that at
most two elements of {UT'[v;] : i = 2,..., g} are not a vertex.
Similarly, one can show that if two elements of {UT'[v;] : i =
2,..., g} are not vertices then both are paths of length two.
Now, the wiener polarity indices of graphs in @, ; , can be
obtained by formula (2) as is listed in the lemma. And so, the
lemma follows. O

Theorem 14. Let U € U, 5 be a unicyclic graph with girth g >
5Ifn>A+g+1then

n—-3, when g=>5;
Wp(U) = 1n—-1, when g=6; (28)
n+2, wheng=>7,
with equality holding if and only if U = UZ}A’?;;’E_gH; ifn =
A + g then
n+A-5=2A, when g = 5;
Wo(U) = 1n+A-3=2A+3, wheng=6; (29)
n+A=2A+g, when g > 7,

with equlity holding if and only ifU € @, oA U {Uﬁ;;:g”x?}.

Proof. Assume that U is an extremal graph with minimum
wiener polarity index and the postulated conditions. From
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Lemmas 3, 4, 5, and 13 we deduce that U € &, , U

{Ui;)lA’?;loj“A'f) ge1 P11 A—-g+1 > 1}. From formula (2) it follows
thatif U = Uﬁ;&?ﬁgfg .1 Withn = A + g then
n+A-5, when g=>5;
Wp(U)=1n+A -3, when g=6; (30)
n+A, when g > 7.

Similarly, it U € (UAL00-0 gy > A g + 1} then

n,g,A,n—A-g+1
n—3, when g=>5;
Wp(U) =q1n—-1, when g =6; (31)
n+2, wheng>7.

Since A > 3, comparing these obsevations with the indices
of @, , » obtained in Lemma 13 we complete the proof of this
theorem. O

Theorem 15. LetU € U, 5 be a unicyclic graph with girth g =
4. Ifn < 2A then Wp(U) > n — 4 with equality if and only if

U= Ui;zA’?(;m3’0, wherems; < A=2;ifn > 2A+1 then Wp(U) >

n — 3, with equality if and only if either U = U:;”Z”ﬁ:frf_ As

withm, < A-landn—-m; —A -2 > 2 whenm, > 2, or
U= Ui;’k?;t";rzgﬂﬁ withmy < A—2andn—my—A-3>2.
Proof. Assume that U is an extremal graph with min-
imum wiener polarity index and the postulated condi-
tions.0 Er%n LemIAne%s0 3, 04, 6A, 1a(yd (}1 it follows that U ¢
my,U,A—2, —4,U,m3, —1,0,m3,
{Un,i,A,n—ml—A—z’ Upano > Un,4,A,n—:n3—A—3}’ wherem, < A-1
and m; < A — 2. By formula (2) we have

ifn-my-A-3=1;
ifn-my-A-32>2.
(32)

W, (UA—I,O,m3,0 ) _

n,4,An-m;—A-3

n+A->5,
n-3,

Comparing this observation with the results of Lemma 11, we

deduce thatifn < 2A thenU = Uﬁ);i’?ém”o and Wp(U) = n—4,
wherem; < A-2;ifn > 2A+1 then Wp(U) = n—-3 and either
U= U;tl’g’,ﬁ:fyf_A_z withm, <A-landn-m, —-A-22>2
whenm; > 2,0rU = Ui;k?jﬁ;ﬁ_ a3 Withmy < A -2 and

n—ms; — A -3 > 2. So, the theorem follows. O

Theorem 16. Let U € U, , be a unicyclic graph with girth
g =3 1Ifn = A+ 2 then Wp(U) 2 n - 4, with equality

if and only U = Uﬁ;zz”;’g)o. Ifn > A+ 3 then Wp(U) >

n — 3, the equality holds if and only if U € Ua Lm0

n,3,A,n—my—A-2’
yA-ims Um;,A—a

my,A=2,0 .
U 13 A —A—20 n)3)A)n_A_m;} with the follow-

n,3,A,n—A-m; -1’
ing properties:

(1)1Sm1,m;SA—I,mZSA—Zandm3SA—3;

() Ifm; = 2thenn—m; —A—-12 2 ifm) > 2 then
n—my—A>2ifm,>1thenn—my,—A-222if
my = 1thenn—my;—A-2>2.
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Proof. Assume that U is an extremal graph with minimum

wiener index and the postulated conditions. If n = A + 2

then the maximum-degree vertex is contained in the cycle

of U. From Lemma 10 it follows that W,(U) = n — 4 and
U= yt210
A+2,3,0,0

Now we consider the case when n > A + 3. By Lemmas

3, 4, 7, and 9 and formula (2), we deduce that W,(U) =

n — 3. Furthermore, if no maximum-degree vertices are

contained in the cycle of U then by Lemma 7 we see that

A-1,m,,0 A-Lm .
U € {Un,S,A,nz—mz—A—Z’ Un,3,A,n3—m3—A—2} Wlth m2 < A - 3’
m; < A — 4 and the properties listed in (2). If the cycle

of U contains maximum-degree vertices then by Lemmas 3,
4, and 9 we deduce that U ¢ {Uml’A_z’0 A3 )

n,3,A,n—A-m; -1’ n,3,A,n—A—m1
with properties listed in (1) and (2). And so, the theorem
follows. O

4. Minimum Index and Extremal Graphs with
Prescribed Maximum Degree

This section will determine the minimum wiener polarity
index of unicyclic graphs and characterize the extremal
graphs.

Lemmal7. LetU € U, , be a unicyclic graph with girth g > 5

andn = A+ g — 2 vertices. Then U = Uﬁ;;f;)‘é&’o and
Mm-10=2A-4,  if g="5;
Wp(U)=12n-9=2A-1, if g=6; (33)
2n-g=20+g-4, if g=7.

Proof. Thelemma is clearly true since, for every given grith g,
U= Ui;’ZA’%""O is the unique graph that satisfies the postulated
conditions. O

Theorem 18. LetU € U, , withn > A+2and A > 3.

(1) If n < 2A then Wp(U) > n — 4, with equality if and
only if U € Uy, 3500 Usaso H U U g™
A -2}

(2) If n = 2A + 1 then Wp(U) > n — 3, with the equality if

. 1,0,0,0,0 A-1,0000 .
and only if U € {U;537" U @5 s U{U, 5070, i >

1my <

A-1,0,m3,0 .
A+6}U{Un,4,A,n—m3—A—3 iy < A-2,n-my;—A-3>
my,0,A-2,0 . _ _ _ _
B UUp o an i S A=Ln—m —A-2>

2 when m; > 2}UY, where Y is the set of graphs listed
in the second case of Theorem 16.

Proof. Assume that U is an extremal graph with minimum
wiener polarity index and the conditions postulated in the
theorem. By Theorems 12, 14, 15, and 16 and Lemma 17, we
see that Wp(U) = n— 4 whenn < 2A, and Wp(U) =n -3
when n > 2A + 1. Furthermore, the extremal unicyclic graphs
cannot have girth more than five since A > 3.

When n < 2A, if g = 5 then by Theorems 12 and 14 and

Lemma 17 we deduce that U = Ué:g:g:g’o; it g = 4 then by
Theorem 15 we see that U € {UA_Z’O""3’0 :my < A -2k if

n,4,A,0

g = 3 then from Theorem 16 it follows that U = Uﬁ;zz,’;”g,o.

Now consider the second case whenn > 2A + 1. If g =5
andn=A+g-2=A+3,since A+3 =n2>2A+1implies
that A < 2, this contradiction shows that this case contains
no extremal graphs. If g =5andn=A+g—1 = A +4, since
A+4=n>2A+1implies A = 3 it follows from Theorem 12
thatU e {U;:g:g:?’o} U@, 5. Sincen+A—52n-2,it follows
form Theorem 14 that there are no extremal graphs with girth
g=5andn=A+g=A+5Ifg=5andn > A+g+1=A+6,
then from Theorem 14 it follows that U = Uﬁ;)k?r’:i’g’f 4 For the
cases when g < 4, the results follows directly from Theorems
15 and 16. And so, the theorem follows. O
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