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k
This paper is to investigate the Schwarzian type difference equation [(A3 fIAf) = (3/2) (A° f/Af)z] = R(zf) =

(P(z, )/Q(z, f)), where R(z, f) is a rational function in f with polynomial coefficients, P(z, f), respectively Q(z, f) are two
irreducible polynomials in f of degree p, respectively g. Relationship between p and g is studied for some special case. Denote
d = max {p, q}. Let f(z) be an admissible solution of (*) such that p,(f) < 1; then for s (>2) distinct complex constants ;.. ., &,

q+2k Zj‘:1 8(aj, f) < 8k. In particular, if N(r, f) = S(r, f), then d + 2k Z;:l 8(aj, f) < 4k.

1. Introduction and Results

Throughout this paper, a meromorphic function always
means being meromorphic in the whole complex plane, and
¢ always means a nonzero constant. For a meromorphic
function f(z), we define its shift by f(z + ¢) and define its
difference operators by

A f(2)=fl(z+¢)- f(2), A f(2) =AM (AS (),

neN, n>2.

)

In particular, A” f(z) = A" f(z) for the case ¢ = 1. We use
standard notations of the Nevanlinna theory of meromorphic
functions such as T'(r, f), m(r, f), and N(r, f) and as stated
in [1-3]. For a constant a, we define the Nevanlinna deficiency

by

a =lim in m\LIA —4)) (r,l/ (f—a))
i A ()

N(r.1/(f -a))
T(rnf)

=1-lim sup
r — 00

Recently, numbers of papers (see, e.g., [4-12]) are devoted
to considering the complex difference equations and differ-
ence analogues of Nevanlinna theory. Due to some idea of
[13], we consider the admissible solution of the Schwarzian
type difference equation:

o [ 8 (2T g o PES)
&m’[ﬁ 2@v>}4“J*Qmﬁ’

3)

where R(z, f) is a rational function in f with polynomial
coeflicients, P(z, f), respectively Q(z, f), are two irreducible
polynomials in f of degree p, respectively, g. Here and in the
following, “admissible” always means “transcendental” And
we denote d = max{p, q} from now on. For the existence of
solutions of (3), we give some examples below.

Examples. (1) f(z) = sin nz + z is an admissible solution of
the Schwarzian type difference equation:

Nf o3(Nf\ B[+ (1-22) f+z(z-1)]
E_E(A_f) - 4f2-4Qz+1) f+Qz+1)7
(4)
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(2) f(2) = (¢° In2/sin 271z) + z is an admissible solution
of the Schwarzian type difference equation

A3_f_§(A2_f)2_ —fP+2(z+1) f-22 -2z 5)
Af ) 2f2—4(z-1) f+2(z-1)*

Af 2
(3) Let f(z) = z* + z, then f(z) solves the Schwarzian
type difference equation:
éZ-é(ﬁif__ 3
Af 2\ Af 2[f-2(2-1) f+ (-]
(6)

This example shows that (3) may admit polynomial solutions.

Considering the relationship between p and g in those
examples above, we prove the following result.

Theorem 1. For the Schwarzian type difference equation (3)
with polynomial coefficients, note the following.

(i) If it admits an admissible solution f(z) such that
p.(f) < 1, then

pm(r. f) <qm(r. f)+S(r. f). (7)

In particular, if m(r, f) #S(r, f), then p < q.
(ii) If its coefficients are all constants and it admits a

polynomial solution f(z) with degree s, then s > 2 and
qs = ps +2k.

Remark 2. From examples (1) and (2), we conjecture that
p = gin Theorem 1(i). However, we cannot prove it currently.
From example (3) given before, we see that the restriction on
the coeflicients in Theorem 1(ii) cannot be omitted.

For the Schwarzian differential equation,

N AR TRIAN VRN TCY)
&U*{f'z(f)] RED= gy @

where R(z, f), P(z, f), and Q(z, f) are as stated before;
Ishizaki [13] proved the following result (see also Theorem
9.3.21n [2]).

Theorem A (see [2, 13]). Let f(z) be an admissible solution

of (8) with polynomial coefficients, and let «y, . .., o, be s (>2)
distinct complex constants. Then
d+2kY 8 (a;, f) < 4k. 9)

=1
For the Schwarzian type difference equation (3), we prove

the following result.

Theorem 3. Let f(z) be an admissible solution of (3) with
polynomial coefficients such that p,(f) < 1, and let o, . . ., &,
be s (>2) distinct complex constants. Then

q+2k) 8 (aj f) < 8k. (10)

Jj=1
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In particular, if N(r, f) = S(r, f), then

d+ 2ki§ (o) f) < 4k. (1)
j=1

Remark 4. From Theorem 1, under the condition N(r, f) =
S(r, f) in Theorem 3, we have d = ¢ in (11). The behavior of
the zeros and the poles of f(z) in Si( f) is essentially different
from that in the S .(f). We wonder whether the restriction
N(r, f) = S(r, f) can be omitted or not.

2. Lemmas

The following lemma plays a very important role in the theory
of complex differential equations and difference equations.
It can be found in Mohon’ko [14] and Valiron [15] (see also
Theorem 2.2.5 in the book of Laine and Yang [2]).

Lemma 5 (see [14, 15]). Let f(z) be a meromorphic function.
Then, for all irreducible rational functions in f,

P(zf) Xl,a@@)f
R(z, f)= = -, 12
@D aen @ @
with meromorphic coefficients a;(z), b;(z) such that
T(r,a)=S(r.f), i=0,...,p,
(13)

T(rnb)=S(rf), j=0...q

and the characteristic function of R(z, f) satisfies

T(r,R(z f)) =dT (r. f) +S(r. f)> (14)

where d = max{p, q}.

The following two results can be found in [10]. In fact,
Lemma 6 is a special case of Lemma 8.3 in [10].

Lemma 6 (see [10]). Let f(z) be a meromorphic function of
hyper order p,(f) =¢ < 1,c € Cande > 0. Then

T(rfz+0)=T(rf)+S(r.f), (15)
possibly outside of a set of r with finite logarithmic measure.

Lemma 7 (see [10]). Let f(z) be a meromorphic function of
hyper order p,(f) =¢ < 1,c € Cande > 0. Then

n(n LE50) ~o(FE2) st o

possibly outside of a set of v with finite logarithmic measure.

From Lemma 7, we can easily get the following conclu-
sion.
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Lemma 8. Let f(z) be a meromorphic function of hyper order
p(f)=¢<1,ceCande>0. Then

AUf(2)\

’”(” @ )‘S(”f)’
k
m(r,—A.Cf(z)

ALf (2)

possibly outside of a set of r with finite logarithmic measure.

(17)
>=S(r,f), k> j,

Lemma 9. Let f be an admissible solution of (3) with
coefficients. Then, using the notation Q(z) := Q(z, f(z)),

T () +5(rnf) <N (n g ): 1)

In particular, if N(r, f) = S(r, f), then

dT (r, ) + S (r. f) sN(r,é). 19)

Proof. We use the idea by Ishizaki [13] (see also [2]) to prove
Lemma 9. It follows from Lemma 8 that

R) = NI NE
meR=m\ n1aF oA
3 2 (20)
< km(r,i—j{) + 2km (r,%)
S f) =S (1),
From this and Lemma 5, we get
dTr (r, f)+S(r, f) =T (r,RA) =N (r,R) +S(r, f), (21)
and hence

dT(r,f) =N @R +S(r, f). (22)

Ifd = p > g, since all coefficients of P(z, f) and Q(z, f)
are polynomials, there are at the most finitely many poles of
R(z, f), neither the poles of f(z) nor the zeros of Q(z, f).
Therefore, we see that

N(r,R) < (p—q)N(r,f)+N<r,é>+S(r,f)
(23)

1
< (p—q)T(r,f)+N<r,6) +S(r f).
We obtain (18) from this and (22) immediately.

Ifd = q > p, there are at most finitely many poles of
R(z, f), not the zeros of Q(z, f), then

N(r,R)§N<r,é>+S(r,f). (24)

Now (18) follows from (22) and (24).
Notice that if N(r, f) = S(r, f), then (24) always holds.
This finishes the proof of Lemma 9. O

3. Proof of Theorem 1

Case 1. Equation (3) admits an admissible solution f(z) such
that p,(f) < 1. Since all coefficients of P(z, f) and Q(z, f) are
polynomials, there are at the most finitely many poles of f(z)
that are not the poles of P(z, f) and Q(z, f). This implies that

N (r,P) = pN (r, f) +S(r, f),

(25)
N(r,Q =gN (r, f) +S(r. f).
From Lemma 5, we get
T (r,P) = pT(r, f) +S(r, f),
(26)

T(r,Q=4qT (r. f) +S(r. f).
We can deduce from (3), (25), (26), and Lemma 8 that
pT(r, f)+S8(r. f) =T (r,P)
=m(r,P)+ N (r, P)
< PN (r, £) +m(r5e(£)Q)
+S(r, f)
< PN (r )+ m (n S ()
+m(r,Q) +S(r, f)
=pN(r.f)+T Q- N("Q

+S(r. f)

=pN(r,f) +4T (r. f) =N (r. f)
+S(r f)

=pN(r,f) +qm(r, ) +S(r. f).

(27)
It follows from this that

pm(r, f) < qm(r, f)+S(r. f). (28)

What is more is that if m(r, f) #S(r, f), then we obtain from
(28) that p < ¢

Case 2. 'The coeflicients of (3) are all constants and it admits
a polynomial solution f(z) with degree s. Set

f@)=az +a_2"" + - +az+ay, (29)
then
f+)=az +b_ 2"+ +bz+b, (30
where
i i-1 1
b_j=aCl+a_Cl |+ +a_;,Cy;, +a_;. (3]
From (29) and (30), we obtain that
Af = Saszs_1 + (bs—Z - as—Z) ZS_Z

(32)
+ot(b—a)z+(by—ay).



Ifs = 1, then A” f = A’ f = 0, which yields that P(z, f) =
0. That is a contradiction to our assumption. Thus, s > 2.

Ifs = 2, then Af = 2a,z+a,+a,, A’ f = 2a,,and A* f = 0.
Now from (3), we get

3'Q( ) (a%f)" = 2P (=, ) (a9)*. 33)

Considering degrees of both sides of the equation above, we
can see thatq = p + k.
If s > 3, we can deduce similarly that

N f=s(s-1)az">+P (2),
(34)
Nf=s(s-1)(s-2)az" +P,(z),

where P,(z), P,(z) are polynomials such that degP, < s -
3,degP, <s—4.
Rewrite (3) as follows:

k
Qz f) [28°F - af - 3(a%F) ] = 2*P (= ) (Af)™.
(35)
From (34), we find that the leading coefficient of 2A° f -
Af - 3(A%f) is
—a’s’ (s— 1) (s + 1) #0. (36)

Considering degrees of both sides of (35), we prove that
qs = ps + 2k.

4. Proof of Theorem 3

Firstly, we consider the general case. As mentioned in Remark
1 in [13], due to Jank and Volkmann [16], if (3) admits an
admissible solution, then there are at most S(r, f) common
zeros of P(z, f) and Q(z, f). Since all coefficients of Q(z, f)
are polynomials, there are at the most finitely many poles of
f that are the zeros of Q(z, f). Therefore, from (3), we have

ﬁN<r,é> sN(r,$>+S(r,f)ST(T,Af)+S(r>f)

=T(r,f(z+1) - f(2) +S(r, f)

<2T (r, )+ S(r, f).
(37)

Combining this and Lemma 9, applying the second main
theorem, we get

%T(nf)Jr;m(r’ﬁ)

J

IN

%T(r,f)m(“f)*;m(r’f‘l“')

J

IN

iN(r,é>+m(r,f)+gm<“f_1“.>+s(r’f)

J
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<o (r f) 4 mln )+ Yom(r ) 450 1)
" +j; ( f‘“j>+

<AT(r, f)+S(r. f).
(38)

Thus, we prove that (10) holds.
Secondly, we consider the case that N(r, f) = S(r, f).
From (3) and Lemma 8, we similarly get that

iN(,,é)SN<r,§)+S(nf>sT(r,Af>+s(r,f>
=m(r,Af) + N (r,Af) + S (r, f)
SWI<T,%>+””(”>J()+S(”’J()

<m(r, f)+S(r, f).
(39)

From this and applying Lemma 9 with (19), as arguing before,
we can prove that (11) holds.
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