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We get a new type of controlled backward stochastic differential equations (BSDEs), namely, the BSDEs, coupled with value func-
tion. We prove the existence and the uniqueness theorem as well as a comparison theorem for such BSDEs coupled with value func-
tion by using the approximation method. We get the related dynamic programming principle (DPP) with the help of the stochastic
backward semigroup which was introduced by Peng in 1997. By making use of a new, more direct approach, we prove that our non-
local Hamilton-Jacobi-Bellman (HJB) equation has a unique viscosity solution in the space of continuous functions of at most poly-
nomial growth. These results generalize the corresponding conclusions given by Buckdahn et al. (2009) in the case without control.

1. Introduction

In the recent years, many authors (see [1-6]) have studied
models of large stochastic particle systems with mean-field
interaction. Lasry and Lions studied mean-field limits of
problems of stochastic differential games ([4] and the refer-
ences inside). Inspired by them, Buckdahn et al. [1] got in a
purely stochastic approach, a new type of backward stochastic
differential equations (BSDEs), namely, mean-field BSDEs.
In [7], Buckdahn et al. deepened the investigation of such
mean-field BSDEs. They obtained some central results for the
mean-field BSDEs such as the existence and the uniqueness
theorem, as well as a comparison theorem.

On the other hand, the modern optimal control theory
has been developing very quickly since the works on the
maximum principle by Pontryagin et al. [8] and the dynamic
programming approach proposed by Bellman [9]. Since then,
there have been a lot of works published on the stochastic
maximum principle; refer to, for example, Kushner [10, 11],
Bensoussan [12], Haussmann [13], Peng [14], Tang and Li
[15], and Zhou [16]. There are also many works on the
stochastic maximum principle for optimal control problems
in the mean-field case; see, for example, Bensoussan et al.
[17], Buckdahn et al. [18], Li [19], Meyer-Brandis et al.
[20], and Yong [21]. There have also been a lot of works

published on the dynamic programming approach, which
gives with the help of dynamic programming principle (DPP)
astochastic interpretation to the associated partial differential
equations (PDEs); we refer, for instance, to Buckdahn and
Li [22], Peng [23, 24], and Yong and Zhou [25]. But to the
best of our knowledge, there are no works relating optimal
control problems in the mean-field case to nonlocal PDEs of
Hamilton-Jacobi-Bellman (HJB) type.

In [7], the authors also considered the following
decoupled forward-backward stochastic differential equation
(FBSDE) with the initial given data (t,x) € [0,T] x R" and
frozen x, € R™:

dxt = E' [b(s (x0%), x2*)] ds
+E [a(s, (Xf”‘o)',xi”‘)] dB, seltT],
X;’X =x,

e = [ (s () o (135

N

v, 20 ) |ds - 2dB,  se (T,

v = B [o((xpe), x4,
)
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and they defined the value function W(t, x) := Y:’x which
turns out to deterministic when all coefficients are deter-
ministic. In (1), we have denoted by & " an independent copy
of &, and by E'[£'] the expectation taken only with respect
to &'; for more details, refer to Section 2. The authors of
[7] proved that W(t, x) is the unique viscosity solution of
the following nonlocal PDE in the space CP([O, T] x R™)
(the space of continuous functions over [0,T] x R" with
polynomial growth):

oW (t,x) + % tr(a(t, x) D’W (t,x))

+ DW (t,x) - b (t, x)

+E[f (X% W (6, X)),

W (t,x), DW (t,x) -7 (. x), X" ) | = 0, ¥
W (T,x) = E[® (X7, )],
(t,x) € [0,T] x R"™.
Here we have defined
b(t,x) = E[b(t, X", x)],
G (tx) = E[o (X, x)], 3)

at,x):=a(tx)atx)".

In this paper we will investigate an optimal stochastic
control problem involving mean-field BSDEs. Two major
obstacles can be observed; let us explain them. We consider
the following controlled decoupled FBSDE with the initial
given data (t,x) € [0,T] x R" and frozen x, € R" and the
control v € 7'

dXi’x;U _F [l’) (S, (Xo,xo;ﬁ)” Xt,x;v, vs)] ds

N N

+E [ (s, (x27), x2*,0,) ] dB,,

S N S

se[t,T],

t,X;0
X7 =X

_dYSt,x;v - £ [f (s, (Xg,xo;a)',xi,x;u’ (Yso,xo;a)l)

N N

Yo, 20, 0,) | ds - 2 dB,,

s€[t,T],

T\ .
Y;’x;v =F [CD <(X(])3x"’v) ,XtT’x’U)] ,
(4)

where v € 7, 1 is an admissible control over the time interval
[t,T]. In order to determine (X%, Y**%) we consider in
a first step (4) for (t,x,v) = (0,x,,v). The thus obtained
equation is a mean-field one and was studied in [7]; for more
details, the reader is referred to (22) and (26).
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A first idea for the above introduced control problem
could be to consider as a value function. Consider

W (t,x) = esssup Y:’x;v,

VeV 1 D€V o1

(f, x) [S [0, T] x R". (5)

But, in fact, such a value function does not satisfy the DPP
because of the expectation terms in (4). For this reason,
similar to [7] we have to freeze, here, not only x, € R" but
also v € 7, and we consider the following value function:

W (t, x) := esssupY; ™,

ve7 yr

(t, X) € [0, T] x R". (6)

However, the fact that the control v € 7/, is frozen in

(4) has as a consequence that the value function W is a
viscosity solution of the following classical PDE (there are
many references, such as [22-24]):

O,W (t,x) + sup {% tr (Fi (t, x,v) D*W (¢, x))
vevV

+DW (t,x) - b (t, x,0)

+ f(t,x, W (t,x), (7)
DW (£ x) - & (£ x,0) , V) } 0,
W (T,x)=®(x), (tx)e€[0,T]xR",
with
b (t,x,v) = E [b(t, X", x,0)],
G (t,x,0) = E[o (, X", x,0)],
a(t,x,v) =365 (t,x,v), (8)
ft.x y.z,0) = E[f (6, X057, %, Y0, y,2,0)],
D (x) = E[0 (X777, x)].

But W is not a viscosity solution of the following nonlocal
HJB equation:

oW (t,x)

+ sup {l tr (ﬁ (t, x,v) D*'W (t, x))
vev 2

+DW (t,x) - b (t, x,v)

+E[f (6 X%, W (6X7°7), W (tx), (9)
DW (t, x) - (f(t,x,v),v)] } =0,

W (T,x) = E[@ (X777, x)],

(t,x) € [0, T] x R".
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However, it is this latter nonlocal HJB equation which we
want to give a stochastic interpretation. PDE (9) is nonlocal
in its solution W. Indeed;

E[f (X%, W (£, X]™7), W (t,x),

DW (t,x)- & (t, x,v), v)]
(10)
- | Fraw )W,

DW (t,x) G (t, x,0) ,v) Pyoss (dy)

that is, this coefficient depends nonlinearly not only of the
value of W(t,-) at x but also on the whole function W(t, ) :
R" - R.

On the other hand, we observe that, in the case without
control, that is, in [7], we have YSO”‘O =W(s, X?’x"), P-as. ,s €
[0, T], and then we can rewrite the backward SDE of (1) as
follows:

—dy = B[ £ (s (x00), x5 w (s (x09)),

Y, Z0%) | ds - ZidB,, s € [t,T],

v = B o ((x3%), x5)],
W(t,x) =Y, (tx)e[0,T]xR",

(1)

which can be regarded as an equation with the solution
(Y™, Z" W) in some sense.

Inspired by this idea, we change to study the following
BSDE coupled with value function:

— dYst>x;v
=E [f (s, (Xg’xg;a)’,Xi,x;v,W (S’ (Xg)xo;ﬁ);))

1,3 1,3
Y XU,ZSXU,US)]dS

N

- ZdB, s et T], 12)

Y]t:x;v _ EI [@ ((X%xo;ﬁ)”x’tfx;v>] ,

(t,x) € [0,TIXR", ve 7,1,
W (t, x) = esssupY; ™.

VET 1

Here f : LT] xR" xR" xR x R x R — R and
® : QxR"xR" — R satisfy (H3.2). Notice that if
one of the coefficients b, o, f and @ is not deterministic, then
usually the value function W(t, x) is also not deterministic.
On the other hand, the assumption that f is bounded in
y' plays an important role in our work. However, in the
case without control, that is, when the control state space
V is a singleton, the boundedness assumption on f can

be deleted (see Remark 5(i) or [7]). The solution of BSDE
coupled with value function (12) is a triplet (Y**", Z*Y, W)
(see Theorem 9). We use a new iteration method to prove that
(12) has a unique solution (Y***, Z"%", W),

One of the main objectives of our paper is to study the
stochastic interpretation of our nonlocal HJB equation (9).
Firstly, unlike 7, 22, 24] in which the authors use the BSDE
method to prove the existence and the uniqueness of the
viscosity solution for the related PDEs, our approach here is
quite different and more direct. Secondly, in [7], the authors
have to consider the uniqueness of the viscosity solution in
a smaller space CP([O, T] x R™) in which the continuous
functions are of at most polynomial growth. But, in our
work, since (s, x, x, ', y,z,v) isbounded in y', we have the
uniqueness of viscosity solution in ® (® := {¢ € C([0,T] x
R") : 3A > Osuch that lim,, _, , |¢(t, x)| exp{-A[log((|x|* +

D14 0, uniformlyint € [0,T]}). On the
other hand, for the existence and the uniqueness of
the viscosity solution of our nonlocal HJB equation (9),
we do not need the monotonicity assumption on f
in y', because once knowing W, the driving coefficient
¥ (s,x, y,2,0) = E[f(s5, X207, x, W(s, X2¥), , 2,0)] sat-
isfies the usual assumptions for classical BSDEs. From this
point of view, we generalize Theorem 6.1 and Theorem 71 in
[7] for the case without control (see Remark 23).

Our paper is organized as follows. Section 2 introduces
the theory of mean-field SDEs and mean-field BSDEs which
are used in what follows. In Section 3, a new type of BSDEs,
namely, BSDEs, coupled with value function is studied.
The existence and the uniqueness theorem, as well as a
comparison theorem, for this type of BSDEs are proved
(Theorems 9 and 11). We also show that W is Lipschitz and has
linear growth in x (Theorem 9). Section 4 is devoted to prove
the DPP and to show that W is (1/2)-Holder continuous in
t. The existence and the uniqueness of the viscosity solution
of our nonlocal HJB equation in the space ® is studied in
Section 5. Finally, we give two examples.

2. Mean-Field SDEs and Mean-Field BSDEs

Our probability space (Q, F, P) is the classical Wiener space;
that is, O = Cy([0,T;R?) is the set of all continuous
functions from [0, T] to R? beginning from 0; P is the Wiener
measure such that the coordinate process B : B{(w) = w,,
s € [0,T], w € Q, becomes a d-dimensional Brownian
motion; & is the Borel o-field over ), completed by the set
A of all P-null sets, and F = {#F,0 < s < T} is the natural
filtration generated by {B,}(.,.r and completed by /; that is,
F,=0{B,,r<stvA, sel0,T].

We introduce the following spaces which will be used
frequently: for ¢ € [0,T],

SE(t, T;R) = {(¥),cser real-valued F-adapted cadlag
process: E[suptgngllpsIz] < +00};

HEET;RY) = {(9,)eserR"-valued F-progressively

measurable process: E[LT |<p5|2dt] < +oo}.



For the reader’s convenience, let us first introduce the
framework of mean-field SDEs—also called McKean-Vlasov
SDEs (MV SDEs for short) and mean-field BSDEs which we
will use in our work. For more details about them we refer to
(1, 7].

Let (O, % P) = (Q x QF ® F P ® P) be the
(noncompleted) product of (Q2, &, P) with itself. In this space,
we use the filtration F = {#, = F ® %,,0 < t < T}.
A random variable & ¢ L%(Q, %,P;R) (the space of all
real-valued random variables over Q) defined on Q can be
extended to Q by putting ' w) = &), (0,w) € Q. For
any6 € L'(Q, Z, P) (the space of integrable random variables
of L°%(Q, #,P)), 0(,w) : Q — Risin LY(Q, %, P), P(dw)-
a.s., and we define E'[0(-, w)] = _[Q 0(w', w)P(dw'). Then we
can calculate the expectation of 6 with the help of the Fubini
Theorem:

Elo]- | 0dP = | E'0C.w)]P@a) = E[E 0] 13

We suppose that the following are given measurable
functions: b(w', w,t,x’,x) : QA x [0,T] x R" x R" — R"
and o(0’, w, t,x",x) : Qx [0, T] x R" x R" — R™ which
satisfy the following:

(H2.1) (i) b(~, 0,0)and o(-, 0,0) are F-progressively mea-
surable processes;

(ii) b and o have linear growth and are globally Lipschitz
in x’ and x; that is, there exist some constant C > 0, such that,
forall0 <t < T,x',x,x], %, X}, x, € R", P-as.,

M) |bt, x", x)| + lo(t, x', x)] < C(1 + |x| + |x']);
(2) |b(t: x;:xl)_b(t)x;> x2)|+|0—(t1xll) xl)_a(t> x;) xz)l <
C(|x1 - x;| + %, = x,|).

For any (£,) € [0,T] x L*(Q, F,, P;R"), the mean-field
SDE
dxtt = E' [b(s (xtF), x24)] ds

N

+E [a(s,(Xi’()’,Xi’()}st, seltT) (14

X =g,

has a unique strong solution (Xi’c)se[t’T] € Sé(t, T;R™). For
the proof, we refer to Theorem 4.1 in [7]. Notice that

E'[b(s (x5), x5) | (@)
= [b(s (X ), Xt )]
=F [b (s, (Xi’z),,y)”

= J b(w',w,s,Xi’( (w'),Xi’c (w))P(dw'), w € Q.
Q
(15)

y=x

Let us now introduce the mean-field BSDEs (see [7] for
more details). We suppose that f = f(o',w0,t,y',2',y,2) :
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Qx[0,T] xR xR xR xR? — R is F-progressively
measurable, for all (y',Z’, y,z) and satisfies the following
assumptions:

(H2.2) (i) there exists a constant C > 0 such that, P-a.s.,
forallt € [0, T],y,, 5 ¥1, 5 € R, 21, 2},2,,2, € R,

1f (67120 7021) = £ (63320 2,22
sC('y{—y;|+|z;—z;| (16)
+|)’1_)’2|+|21 _Zz|);

(i) £(-0,0,0,0) € Z2(0, T; R).

Lemma 1. Under the assumption (H2.2), for any random
variable & € L*(Q, % 1, P) the mean-field BSDE

_ T ! ! ! _ T
Yt—E+L E'f(sY',2',Y,2,)|ds L Z.dB,, )

0<t<T

has a unique adapted solution (Y;, Z,)ic(o1) € S0, T;R) x
HE(0,T; RY).

Lemma 2 (comparison theorem). Let f; =
fi@,t,y',2',y,2), i = 1,2, be two generators satisfying
the assumption (H2.2). Furthermore, we assume the following:

(i) one of the two coefficients is independent of z';

(ii) one of the two coefficients is nondecreasing with respect
!
toy.

Let&),&, € LX(Q, F 1, P) and (Y', Z") and (Y?, Z*) be the
solutions of the mean-field BSDE (17) with data (§,, f,) and
(&,, f,), respectively. Then, if &, > &,, P-a.s., and f, > f,,
P-a.s., we have Yt1 > Ytz, t € [0,T], P-a.s.

Now, we want to introduce the decoupled forward-
backward SDEs in the mean-field case. We suppose f =
fw w,t,x', %, 9, y,2) : Ox[0, TIXR"XR"XRxRxR? —
R is F-progressively measurable, for all (x', X, y', y,z) and
satisfies the following:

(H2.3) (i) f is Lipschitz with respect to (x',x, ¥, y,2);
that is, there exists a constant C > 0 such that, P-a.s., for all
t € [0,T), x;, %, X}, X € R, 1, v5, V1, v € R, 2,2, € RY,

|f (62020 90 y121) = f (656325, 95 32, 22)|
< C(Jx} = x| + 21 = x| + |1 - 31 (18)
+y =yl + 2 -2l )5
(ii) £(-,0,0,0,0,0) € ZX(0, T5 R).

We suppose that b, o and f satisfy (H2.1) and (H2.3),
respectively. Let x, € R" be arbitrarily given. For any data
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(t,0) € [0,T] x L*(Q, F,, P;R"), we consider the following
decoupled forward-backward SDE in the mean-field case:

dx = F [b(s (x), x%4)] ds

N

. > se[tT],

+E o (s (x0),x9)] aB
X =y
N

a8 [ s (85 5 (1.

N

vyt =B [o((x3°), x)].

vi4, 25 ) |ds- Zi4dB,, s e,

(19)

Notice that with the choice of the initial data
(t,0) = (0,xp), (19) becomes a decoupled mean-field
FBSDE, the forward equation is a mean-field SDE which
has a unique strong solution (X¥™) o7y € S(0,T;R").
Then, from Lemma 1, it follows that the backward equation
is the mean-field BSDE which has a unique solution

Y2, 2% ory € SO,T:R) x Z2(0,T;R?). Once
having got (X%%,y%%, z%%) (19) becomes a classical
decoupled forward-backward SDE with the coefficients

b(s, x) = E'[b(s, (X>%), x)],5(s, x) = E'[a(s, (X*™), x)],
fx 02 = ELf(s X% % 1%),y,2)], and
D(x) = E'[d)((X?F’x”)’,x)], respectively, which means
that (19) has a unique solution (XZ’(,Y;’(,ZE’() €

Sé(t, T;R™) xSé(t, T; R)x %é(t, T; IRd) under the assumptions
(H2.1) and (H2.3).

Lemma 3. For t € [0,T] and {, {' € L*(Q,%,, P;R"),
we let (X5, Y™, 2" and (X**, Y™, 2%) € S2(t, T;R™) x
é’ﬁ(t, T;R) x %%F(t, T; Rd) be the solutions of FBSDE (19) with

the initial data (t,0) and (t,{), respectively. Then there exists
a constant C > 0 such that

. tcz T t(‘Z
(i) E [ sup |Y5’ | +J 'ZS’ ' ds | 973]
t

t<s<T

<C (1 + |C|2) , P-a.s.,

Y Y“"2 + IT ‘Z“ _ 7
S S ¢ S S

t<s<T

@ & s w1,
< C|C - C'|2,P-a.s.,
(i) [Y;*] < C(1+[¢]), P-as.,

(iv) |Y;" —yH | <Cl¢-{|. P-as.

Here the constant C > 0 depends only on the Lipschitz and the
linear growth constants of b, o, f, and ®.

For Lemmas 1-3, the reader is referred to [7].

3. BSDEs Coupled with Value Function

In this section, we will investigate a new type of BSDEs,
namely, the BSDEs, coupled with value function. We will
first prove the existence and the uniqueness theorem of the
solution for this type of BSDEs. For this we first consider
the associate forward equation and we study later the BSDEs
coupled with value function by an iteration approach.

Let V be a compact metric space. An admissible control
process v = {v,,+ € [t,s]}on [t,s] (0 <t <s < T)isan [F-
progressively measurable process taking its values in V. The
set of all admissible controls on [t, s] is denoted by 7/, .

We assume that the coefficients b(t, x', x, v) : [0, T] xR" x
R"xV — R"ando(t,x', x,v) : [0, T]xR"XR"xV — R™
satisty the following conditions:

(H3.1) (i) for every fixed x, x' e R" b(,x',x,), and
o(-,x', x,) are continuous in (¢,v);

(ii) there exists a C > 0 such that, for all t € [0,T],
X1, %), %5, x5 € R VeV,

|b(t,x'1,x1,v) - b(t,x;,xz,v)'
+ |0 (t, x;,xl,v) -0 (t, x;,xz,v)| (1)

< C(|x; - x;| +|x; - x2|).

From the above assumption (H3.1), we get immediately
that, forall 0 <t < T, v eV, x, x' € R, |bt,x',x,v)| +
lo(t, x', x,0)] < C(A + |x| + |x]).

For what follows (x,,v) € R" x 7/ 1 is chosen arbitrarily
but fixed. Under the assumption (H3.1), for any t € [0,T],
{ € I*(Q, F,,P),and v(") € 7,1, the SDE

dXi’(;v _F [b (s, (Xo,xg;ﬂ)" Xi,(;v, Us)] ds

s

+ B [0 (s, (XO,xO;U)’) Xt,(;v’ Us)] dB,, (22)

N N

Xi,(;v = c:

has a unique strong solution. We emphasize that, for (t,{,v) =
(0, x4, ), SDE (22) is a mean-field equation with X0t ¢
S%F(O, T; R") as the unique solution. Once having X%%0® SDE
(22) becomes a classical SDE with the coeflicients l;(sl X, V) =
E[b(s, Xg’x";“, x,v)] and &(s,x,v) = E[o(s, Xg’x‘);”,x, v)],
which satisfy the linear growth and the Lipschitz assump-
tions.



Remark 4. For any p > 2, there exist the constants C > 0 and
C, > 0 such that, forall t € [0,T],¢, { e LP(Q, %, P;R")
and v(:) € 7', 1. Consider

112
1,50 1, 5
xbov _

(i) E [ sup

t<s<T

| Fft] <clg-¢[.p-as.

(i) E [ sup [ x5 | F}t] <C,(1+[¢]"), P-as,

t<s<T

(i) E [ sup [ X6 ¢[7 | g] <c, (1+¢) 8",
t<s<t+0

(23)

P-as. , forall0 < § < T —t, where Cand C,, only depend
on the Lipschitz constant and the linear growth constant of b
and o (for C p italso depends on p). The reader is referred to
Remark 4.1 in Buckdahn et al. [7].

We assume that the both mappings f(s, x', x, ', y, z,v) :
0TI xR"xR"xRxRxR!xV — Rand d(x',x) :
QO xR"xR" — R satisfy the following conditions:

(H3.2) (i) for each fixed (x', x, ', y, 2) € R"xR"xRxRx
RY, fG, X', x, y', ¥,2,-)is continuous in (t, v), and there exists
a constant C > 0, such that, for all ¢ € [0, T], x;,xl, x;, x, €
R™, 1, y1, ¥5s ¥2 € R, 21, 2, € R%, and v € V,

|f (850 %0y 310 210,0) = f (8.5 %0, 730 20 22 0)|

< C(|x) = x|+ |x1 = x| + |31 = )] (24)

+|J’1—)’2|+|Zl—zz|);

(i) O, x,x') is §T—measurable, for all (x',x) € R" x
R ®(-,0,0) € Lz(ﬁ, For P); and there exists a constant C >
0, such that, for all x, x,, x, x, € R",

'd) (x’l,xl) -0 (x'z,xz)'

<C(' A Don - (25)
< x| = x2| + lxl - x2|) , P-a.s;

(iii) there exists a constant C > 0, such that
|f(t,0,0, y',O, 0,v)| < C, for all (t,y',v) €0, T] xR xV.

From (H3.2)-(i), we get directly that there exists some
constant C > 0 such that, forall0 < ¢t < T,v € V, and
x',x e R" | f(t,x',%,0,0,0,0)| < C(1 + |x| + |x']).
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For f and O satisfying the assumption (H3.2), we con-
sider the following new type of BSDE, namely, the BSDE,
coupled with value function. Consider

_ dYt,x;v

N
= B[ (s (X257), X255, (x07)')),
Yo, 2850, ) | ds - 22 dB,

se[tT],  (26)
, PN
YR = F/ [(D ((X%"“’“) ,X§:"’”>] ;
(t,x) € [0, TIxR", ve 7,

W (t, x) = esssupY; ™",

ve? yr

(t,x) € [0,T] x R".

Remark 5. (i) When the coefficients b, 0, and f do not depend
on controls, we consider (19) as in [7] with the initial data
(t,0) = (t,x). We define W(t,x) = Ytt’x, (t,x) € [0,T] x
R”. From [7], we have W (s, XS”CO) = YSO”CO, P-a.s.; that is, the
backward equation of (19) becomes now

_ dYt,x

S
=E'[f(s (x0%), x5, w (s (Xf”‘“)') ,

t t t (27)
Y, 20| ds - Z5dB, s e (4T,

Yo = ' [@ ((XOT’XU)',X?")] ., (tx) €[0,T] xR",

coupled with the associated value function W(t,x) =
Ytt’x, (t,x) € [0,T] x R". It means that (27) (i.e., (26)) has
a unique solution (Y**, Z"*,W). However, this approach is
not possible anymore in the case we study here. Moreover, we
emphasize that, for the case without control, we do not need
f to be bounded in y' to make sure that (26) has a unique
solution (Y"*", Z*Y, W). On the other hand, when all the
coeficients are deterministic, W (¢, x) is the unique viscosity
solution of the associated nonlocal PDE under the standard
assumptions; refer to [7].

(ii) When the coefficients b, 0, and f do not depend on
x', y', and @ is deterministic and does not depend on x', then
the SDE (22) becomes the classical SDE:

dXi’x;v -b (S, Xi,x;v, Us) ds+o (S, Xzax;v’ US) st;

(28)
XpH = x.
The BSDE (26) becomes the following classical BSDE:
SAYP = f (5, XY, 265 ) ds
-ZYdB, selt,T], (29)

Y;,x;v - O ( XtT,x;v) ,
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decoupled with the associated value function W(t,x) =
esssupue%’TY:’x;“, (t,x) € [0,T] x R", where X% is
the solution of SDE (28). W(t,x) is the unique viscosity
solution of the associated HJB equation under the standard
assumptions; we refer to [24] or [22].

Remark 6. Recall that due to (H3.2) (ii) the terminal con-
dition ®(@, x', x) is a random variable. This has as a conse-
quence that, here, in general, W(¢, x) cannot be expected to
be a deterministic function, but is an %,-measurable random
variable.

In order to make things clearer and to show the existence
of a solution, we choose an iterative approach. Putting
(Y0, 26500 = 0, t € [0,T], x € R", v € ¥,p5 we
consider, form > 1, (t,x) € [0, T] xR", v € 7,

_ dYt,x;u,m

S

- g [f (S, (XO,XO;U),) Xt,x;v) Wmfl

N N

s, XO,xO;B ! )Yt,x;v,m’Zt,x;v,m’vs ds
(x2%)

N S s

— ZE5MAB, s e [t,T),

8 x| 8
v = g o (o) x|

-1 t,x0,m—1
W™ (t, x) := esssupY,”"".
[ISZv

Lemma 7. For all m > 1, (30) admits a unique solution
(yhsvm zbsemy e §2(¢ T R)X (L, T; RY), (8, x) € [0, T]x
R”. Moreover, W™ : QO x [0,T] x R" — R is a measurable
random field such that

(i) W™ (t, x) is F ,-measurable, (¢, x) € [0,T] x R";

(ii) there exists a constant C independent of m, such that,
P-as., forallt € [0,T], x, x € R",

(1) W™ (t,x) - W™ (1,%)| < Clx -
(31)
@) W™ (t,x)| < C(1+x]).

Proof. For m = 1 and W° = 0; that is, the driving coefficient
of (30) takes the form

fi(sy.2)=F [f (5’ (Xf’m)',Xi”““,o, V.2, vs)] , )

SV Z e[O,T]xIRxIRd,UEW ;
y T

it satisfies the Lipschitz and the growth conditions for
classical BSDEs (see [26, 27] or refer to Lemma 1); therefore,
(30) admits a unique solution (Y*%*!, Z"*!) € (¢, T; R) x
%%F(t, T; IRd). Moreover, from (20), for some constant C; > 0,
we have P-as,, forallt € [0,T], x, x € R", ve 7,1,

W) (W't x) -W' %) < C, |x -3
(33)
@ [W't,x)| <Ca+Ix).

Consequently, P-a.s., forallf € [0,T], x, X € R”,

W (W't x) -W' %) < C, |x - X3
(34)
@) W' (tx)| < C 1+ 1xD)s

and, obviously, W' (t, x) is F,-measurable.

We suppose now that, for m = k, W*™! is a measurable
random field with, for some constant C,_; > 0, P-a.s., for all
te[0,T], x, x e R",

) W %) - W (63| < Gy Ix - ®

(35)
@) W' (6 0)] < Cpy (1 1x]).
Then, putting
fi(s7,2)
X030 ! XU
= B[ (s (x2%7), X0, (36)

Wk—1 (s, (Xg,xo;a)r) .z Us)] ’

it follows from (H3.2) that, for some constant C > 0
independent of k,

i) [fi (5::2) - fi (. 7:2) = C(ly - 7] + 12~ 2I)

P-as,foralls € [t,T], x, x ¢ R", y, ¥ € R, 2z, z €
RY, v e 7, 1. Consequently, due to (20), for some constant
C > 0 independent of k, P-ass., for all t € [0,T], v €
77> %, X € R", we have

@) |fe(s0,0) < C(1+ |X§’X*“| +E |xf”%*U

(37)

. X0,k X0,k —
@) |rrsk =y < Clx - x5

(38)
(i) |y | <c+x)).

Therefore, with respect to the same constant C, we have, P-
a.s, forallt € [0,T], x, x € R",

i) [W*tx) - W (%) < Clx - %5
(39)
(i) [W* 0| <C+I1xD);

and, obviously, Wk(t, x) is F,-measurable. The proof of the
lemma is complete. O

Theorem 8. There are processes (Y™™, Z") €
&Uzr(t,T; R) x ?/uzt(t,T; RY),v € V.1 and a measurable
random field W (t, x) which is F ,-measurable, for all (t, x),
such that (Y®SU™, ZB50m) | converges to (Y™, ZY)
in SLtT;R) x ZE(t, T;RY), for all v € Zyp, (tx) €
[0,T] x R", and W™(t,x);m > 1 converges to W(t, x) in L%
(Y, ZP5° W), € 77> (t,x) € [0,T] x R" solves BSDE
(26). Moreover, there exists some constant C > 0, such that,
P-as., forallt € [0,T], x, x € R", we have

i) W(tx)-W(tx)| <Clx-x|; o)
40
(i) [W (t,x)| < C(1+ |x]).



Proof. Putting

—t,x;0,m

1,50, t,x;0,m—1
Y =Y -Y

>

—t,x0,m

t,x;0,m t,x;u,m—1
Z =27 -Z

s, VeV, (1)

W (t,x) = W™ (t,x) - W™ (1, %),
(t, x) € [0,T] x R",

—t,xu,m 2
by applying Ito’s formula to e rIYi’ | (B > 0) and taking
the conditional expectation, we get for all s € [¢,T], P-a.s.,

2 2
/35 txvm' +E|:ﬁj /Br txvm' dr
T
+J &z txvm| dr| F ]
SC(;E“ [T e |g]
N

+OE [E' “T Hw™! (r, (X?’xo;a)’)rdr] | 973]

1 T —1,X;0,m
+§E“ P 7t |dr| ]

where § > 0 is arbitrarily small and C5 > 0 is a constant
depending on the Lipschitz constant f and on § > 0. As C;
is independent of f3, we can choose 3 such that § > Cs + 1/2.
Then, for some constant C depending only on & and f3,

(42)

N

<CE [E’ “T W (r, (Xf’x°;a)l)|2dr] | 9«‘5],

P-as.,s€[t,T],x € R".
Thus, in particular, for s = ¢,

—t,X;0,m |2

(43)

|—t,x;v,m |2

<CE [E' HT|W’"‘1 (r, (XS”‘O;E),)rdT] IPE], P-as.
t

(44)

And, from the definition of W, W™, and W', it follows
that

— 2
7" (6, )

m m—1 2

= (W™ &%) - W™ (¢, )|

Stxvm|?

< esssup'thUm|

V7 1

<CE [E' “T 'Wm_l (r, (XE’XO;E),)rdr] | f%‘t] , P-as.
t

(45)
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Therefore,
- N
lw'“ <t, (Xf’x°’v)’>|
[T feomet oxm\ \[* >
<CE|E J W (r () )| ar| 1 7. |, P-as.
t
which means
— [ —m ENAYE
E[IW (t,(Xt’W) )‘ ]
(47)

<cf [ (s () eetom,

> 1. Iterating thls inequality and denoting the bound of
E[W (r, (Xf’x"’v) )I ] by C,, we obtain that

E “W"‘ @ (Xg’x@)')ﬂ <c,

Therefore,

—T—m oxD N2 1/2
Z sup (E “W <t, (Xt’x‘)’v) > ]) < +co.  (49)
m>1t€[0,T]

It follows that there exists some process u € #’ %(O, T; R) such

that
T
)

d

On the other hand, from (49) and (45), we get

Cm—l Tm—l

w, m > 1. (48)

wm (t, ( X?%ﬂ)’) _

]—>0, as m — oo.

(50)

1/2
Z sup( [sup|W (t, x)' ]) < +00. (51)

m=1t€[0,T] xeR4

Then, obviously, there exists a random field W: Q x [0,T] x
R" — R measurable, such that W(t, x) is % ,-measurable,
and

sup E [sup W™ (t,x) - W (t, x)|2] —0,
te0,1]  Lxern (52)
as m — 00.

Moreover, from Lemma 7, we deduce that, P-a.s., for all t €
[0,T],x, x € R",
(i) W(t,x)-W(t,x)| < Clx -x|;
(53)
(1) Wt x)|<CO+]x]).

We also remark that, from (52), it follows that

() )= w (0 (x2=) )| ] — o

(54)

sup E [lW
te[0,T]

ot _
as m — oo; thatis, u, = W(t, (Xf’x"’ ) ), dtd P-a.s.
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From (42) and (43), we deduce now that there are
processes (Y%, ZY) ¢ %é(t, T;R) x &, ﬁ(t, T;R?) such
that (Y59, Zbsvm) (YP5Y, Z5Y) in ZE(L, T R) x
%’%F(t, T;R%) asm — oo. This allows taking the limit in (30),
asm — 00, and we obtain

. o\ .
Yst,x,v — EI [(D ((X%xg,v) , X;x,v)]

[ (e

N

w (r, (XO,xO;E)’> Jyt gt Ur)] dr

r

T t
»X3U
—j 7B,
N

(55)

dsd P-ae,s € [t,T], v € 7,1, (t,x) € [0,T] x R".
Consequently, there is a modification of Y**" belonging to
Sé(t, T;R), which is also denoted by Y**, such that (55) still
holds, for all s € [t,T]. Moreover, using the convergence
of W™ (r, X(,)’x";ﬁ) to W(r, X?’x"ﬁ), we can deduce that Y5
converges to Y even in Sé(t, T;R).

In order to complete the proof of the lemma, we still
have to show that esssupve%TY:”“U = W(t, x), P-a.s., (t,x) €
[0,T] x R". In analogy to (43), from (30) and (55), we get

t,x;30,m R HY
'Ys - Ys

<CE [E' UT

|2
W (r, (x0%7) )

—W (r, (Xg,xo;a)’)rdr] | 95] (56)

T
<CE “ sup (W™ (r,x) - W (r,x)|2

s xeR"
dr | 95] ,

P-as. ,forallv € 7, p,s € [t, T].
Therefore,

om )2
£,%30, £,%;
E [esssup|Y wem_y, x”' ]

t t
ve? 1
T 2
<CE [J sup (W™ (r,x) - W (r, x)| dr] (57)
t xeR"

<C supE[sup

te[0,T] L xer”

W™ (¢, x) - W (8, x)'z] 0,

m - oo (see (52)). Notice that W™(t,x) =
esssup,,co- Y;""; therefore, taking into account (52), we

get W(t,x) = esssupvs%TYtt’x;“,P—a.s. ,(t,x) € [0,T] x R".
' O

We can state now one of our main results.

Theorem 9. Under the assumptions (H3.1) and (H3.2), the
BSDE coupled with value function (26) has a unique solution
(Y5 250 W), (t,x,0) € [0,T] x R" x V> with
(Y55, 2850 € SE(t, T;R) x Z2(t, T;RY) and W : [0,T] x
QxR" — Risarandom field such that the associated random
field

W (t, x) = esssupY; ™",

ISZ%s

(t, X) [S [0, T] x R" (58)

satisfies

(i) W (t, x) is F,-measurable, ¥ (t,x) € [0,T] x R";

(59)
(i) [W (¢, x) =W (t,%)|
(60)
<C|x-X%|, P-as., (t,x),(tx) € [0,T] x R";
(iii) W (t,x)| <C(1+|x|), P-as.,
(61)

(t,x) € [0, T] x R",

for some constant C > 0.

Proof. The existence of a solution has been proved above;
let us prove the uniqueness. Let (Yol gbxvi ywiy g, ¢
Vir (t,x) € [0,T] x R",i = 1,2, be two solutions of BSDE
coupled with value function (26) and let

W (¢, x)

(62)

= esssupY; ™, (t,x) € [0,T] xR", i=1,2,

ve7 1

satisty (60). Then, by following the computations for (42) and
(43), but now for W(t,x) = W(t,x) — W(t,x), (t,x) €
[0,T] x R" and for T oyl _ Yt’x‘“’z,zt’xw = zbxul
ZP52 e obtain

N

T
—t,X50 2 —1,X;U
is ‘ +J ’Z

t

2
E [ sup ds | 9«7]
seltT]

< CE [E' “T W (s (xf’xﬂ;ﬁ)')rds] I%], P-as.,
t (63)

forall (t,x) € [0,T] xR", ve 7, .
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Consequently,

—L,X50 2

<CE [E' “T |W(s, (Xg’xoﬁ)')'zds] I%]) P-as,
t

(t,x) € [0, T xR", ve 7,

— 2
|W t, x)|
2
1,x;0,1 1,502
= |esssupY, ™" — esssupY,”™"
V7 r ve?yr

—1,X;U 2
< esssup|Yt l
ve?yr

<CE [E' “T e (XS”%;E)’)]st] | %] ,
t (64)
P-as., (t,x) € [0,T] x R".

Notice that, W(¢, x) and W (¢, x) both satisty (60); then,
from (64), we have

T
E [J' sup W(s, x)|2ds] < 400. (65)

0 xeR"

Furthermore, from (64), we also get

E [sup W (t, x)|2]

xeR”

<CE ! W (s, (x0%0) *ds (66)
[ [ (s (xe=)

T
SCJ E [sup W(s,x)r] ds, tel0,T],
t

x€R"

and, from Gronwall’s inequality; we get

E [sup W(t,x)|2] —0, tel0,T], (67)

x€R”

that is, Wi(t, x) = W(t, x), P-a.s.,t € [0,T], x € R"™.
Hence,

w! (s, (Xo’x";i),) =W? (s, (Xo’x";a)I) , dsd P-ae. (68)

N N

This has the consequence that the coefficients
fi(s,3,2)
_ EI [f (S, (XS,XO;E)', Xi,x;v,wi (S, (Xg,xo;ﬁ)’) ) (69)
y,z,vs)], i=1,2

of BSDE (26) coincide. Since W' and W? both satisty
(60), the coefficient f; satisfies the standard conditions of a

Abstract and Applied Analysis

coefficient of a classical BSDE, and the consequence is that
(Y501, Z8%90), i = 1,2, coincide, for allv € 7,7, (t,x) €
[0,T] x R". ]

Remark 10. From the standard estimates for BSDEs (see, e.g.,

Proposition 4.1 in Peng [24]), there exists a constant C > 0
such that, for any t € [0,T], x,x € R"and v € 7, 1, we get

t,x;0
Z s

. t,x;0 2 T 2 o
(i) E| sup |Y, + ds| &,
t<s<T t

< C(l + |x|2), P-as,;

. < |2
(i) E [ sup [Y; - v (70)

t<s<T

T
. —012
+J |z -z ds | yt]
t

<Clx— Elz, P-as;
and, in particular,
(iii) |Ytt’x;“| <C(1+|x]), P-as.;

(IV) |Ytt,x,v _ Ytt,x,v

<Clx—-X|, P-as,

where (Y%, Z"% W) and (Y"™", Z"* W) are the solutions
of BSDE (26) with the initial data (¢, x) and (t, X), respectively.
Here, the constant C > 0 depends only on the Lipschitz and
the linear growth constants of b, o, f, and ©.

After having studied the existence and the uniqueness of
our BSDE coupled with value function (26), let us establish
now a comparison theorem. For this, we need the following
additional assumption:

(H3.3) the function y' — f(s, X', x, y', ¥,2,0) is nonde-
creasing, for all (s, x', x, ¥, z,v) € [0, TIXR"XR"xRxR*xV.

Theorem 11 (comparison theorem). Let f; =
fit,x",x,y', y,2,0) be two generators satisfying th
assumptions (H3.2) and (H3.3) and let §; € L*(Q, For,P),
i = 1,2. By (Y™, Z""" W), v e Z,p, (tx) ¢
[0, T] x R", i = 1,2, we denote the solution of the following
BSDEs coupled with value function, respectively,

_ in,t,x;u

s
= B[ £; (5 (X07), x50, W (5, (x2%07) ),

Ysi,t,x;v, Zi,t,x;v, Us)] ds — Zi,t,x;vst’
(72)
se[tT];
Yi,t,x;v _ E .
T - 5p
W (t, x) = esssquti’t’x;v,

ve7 yr
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with W' satisfying (60), i = 1, 2. And X" is the solution of
SDE (22) with the coefficients b and o satisfying (H3.1). Then,
if, > &,, P-a.s., and f, > f,, we have that

Y s y2 pgs, seltT), ve?yp  (73)
Moreover, W(t, x) > W*(t, x), P-a.s., (t,x) € [0,T] x R".

Proof. Let (Y2050, ZBbxvm) see1)> 1 = 1,2 bethe solution of
the following iterating BSDE:

_ in,t,x;u,m

N

= B [£ (s (x*) x0,

Lo Ny A
wim-1 (S, (XO,xo,v) ) , Yt,t,x,v,m,

N N

Zi,t,x;v,m’ vs) ] dS _ Zi,t,x;v,mst)
se[tT],
ViSO — £ v e Wy (6x) € [0,T] xR,

i,m—1 it,x0,m—1
W™ (8, x) = esssupY,; ",
V7 r

(t,x) € [0, T] x R",
(74)

m > 1, where for m = 0, Y;’t’x;“’o =0,s € [tT], (t,x) €
[0,T] xR", ve 7, r,i=1,2. From Lemma 7, we know that

YR = lim YO in SE(LTR), i=1,20 (75)

m— o0

Due to Yt"’t”““’0 =0, v e 7, wehave wH(t,x) =0, (t,x) €
[0,T] x R", i =1,2.Form = 1, we define

fu (5. X 3,2)

=F [fi (5> (Xi)’x‘”ﬁ)',xg’x;“, 0,y,z, vs>] , i=1,2.

From the comparison theorem for classical BSDEs (or refer
to Lemma 2), we have

(76)

1,t,x;0,1 2,t,x30,1
YOO > YRR Paas,  se[tT], ve? . (77)
This implies

wh (t,x) > W (t,x), P-as., (t,x)¢€[0,T] x R".

(78)
Now, for m = 2, we define
fia (X7, y,2)
= B[ £ (5 (x207), x2, w (5, (x297) ), (79
»av)], =12,

Thanks to the monotonicity assumption (H3.3), we have

122 fr2 P-as. (80)

1

Again from the comparison theorem for classical BSDEs, we
get

1,t,x;v,2 2,t,%30,2
Y PR > YO, Pas,

se[t,T], veZ,r, (81)
and thus also

W (£, x) > W (t,x), P-as., (t,x)€[0,T]xR"

(82)
By iterating this argument we obtain that
Lt,xso,m 2,t,x;0,m
Y, > yZheem, (83)

P-as.,se[t,TveV p,m=12,....
It follows from Theorem 8 that, by letting m — ©o, we
obtain

Lt,x;v 2,t,%30
YR s YR

P-as., se[t,T], ve 7 r. (84)

Furthermore, we have W'(t,x) > W2(t, x), P-a.s., (t,x) €
[0,T] x R". O

Remark 12. Tt is not hard to prove that the corresponding
results still hold, when also the coefficients b, 0, and f are
random.

We now study the special case, when the terminal func-
tion @ : R" x R” — R is deterministic.

Proposition 13. Let us suppose now in addition to (H3.1) and
(H3.2) that ® : R" x R" — R is a deterministic function.
Then, the random field W in Theorem 9 has a deterministic
modification; that is, W (¢, x) = E[W(t, x)], (t, x) € [0, T]xR",
with which we identify W.

Proof. We use the iteration made in the frame of the proof
of Lemma 7, but take now into account that ® and also
the other coefficients are deterministic. Obviously, W° is
deterministic. Let us suppose now that W"~" is deterministic,
then (Y5%%™ Zb%%™) is the unique solution of the controlled
BSDE (30) with driving coefficient

fn (5%, 1, 2,0)
* - (85)
B[ (6 X0 W (09 .2

Since all the coefficients involved b, 0, f, and @ are deter-
ministic, it follows now from the argument in [22] (see
Proposition 3.3 in [22]) that the value function

W™ (t,x) = esssupY; ™™™, (t,x) € [0,T] x R", (86)
ve? 1

has a modification which is deterministic. Identifying W™

with this deterministic modification and, recalling that

W™ (t, x) converges to W (t, x) in L%, we have that also W has

a deterministic modification. O

Remark 14. In all what follows, we consider @ to be determin-
istic and we identify W with its deterministic modification.
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4. The Dynamic Programming Principle

The objective of this section is to state the dynamic pro-
gramming principle for our control problem, in which value
function is defined through a controlled BSDE coupled with
value function.

For this, we shall introduce the stochastic backward
semigroup, whose definition is inspired by Peng [24]. Let us
suppose that the assumptions (H3.1) and (H3.2) hold and
® is deterministic. Given the initial data (t,x) € [0,T] x
R0 < 6 < T -t and a random terminal condition
n € L*(Q, %, P), we introduce the stochastic backward
semigroup by setting

Gt,x;v [}7] = Yt,x;v)

st+8 s

se[tt+d], (87)

where (Y2, Z5%),_ .o is the solution of the following
BSDE with the time horizon t + §:

v
= B[ (s (x0) xe,

w (s, (x0507)"), 7050, 20, )| ds - (88)

S S
- ZYdB, se[tt+9],
UhXsv
Yt+6 =1,

where X"V is the unique solution of SDE (22) and W
is the value function given by the BSDE coupled with
value function (26) in Theorem 9. From Proposition 13 and
Theorem 9, we know that W is deterministic, and [W (¢, x) —
W(t,x)| < Clx — x|, (t, x), (t,x) € [0, T] x R".

We define the function

Y (5% 3,2,0)

=E [f (s, X% e, W (5, Xo’x‘);ﬁ) ST v)] ,

N

(89)

(s, x, ¥,2,0) € [0, TIxR" xR x R%xV. From (H3.2), we know
that there exists a constant C > 0 independent of controls,
such that

W [/ (s x 320 - Y (sX7.20)|
<C(lx-xl+|y-y|+lz-zI); (90)
(i) |f" (50,0,0,v)| < C,

forall (s,v) € [0,T] xV,x,x e R", y,7 € R, z,Z € R4,

Obviously, knowing W given by the BSDE coupled with
value function (26), BSDE (26) coincides with the following
BSDE:

1,X5 w 1,5 1,X5 1,5
—dY = fY (s, XU Y, 20, 0,) ds

N

- ZMYdB, se[t,T], (91)
YEs = B (X5,

with B(x) := E[O(X3, )], x € R".
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Based on BSDE (26) driven by the forward SDE (22), we
see that (88) writes

_ d?st,x;u
= fw (s, Xi’x;”, )7:”‘;”, Zi’x;v, vs) ds
B (92)
- Z¥dB,, s eltt+6],
St
Yt+f$v =7

But this places us in a classical setting, for which the
dynamic programming principle is well studied (see, e.g.,
[24]). Therefore, we have the following theorem.

Theorem 15 (DPP). Under the assumptions (H3.1) and
(H3.2), we have, for all (t,x) € [0,T] xR",0 <t < T -,
P-a.s.,

W (t,x) = esssqu;ﬁ% [W (t +0, Xﬁfav)] . (93)
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With the help of the DPP, we show the following propo-
sition.

Proposition 16. The value function W given by the BSDE
coupled with value function (26) is (1/2)-Hélder continuous
in t. More precisely, for some constant C > 0,

Wtx)-W(Ex)| <Ca+x) -

B (94)
xeR", t,t€[0,T].

Proof. Under the above properties (i) and (ii) of fW com-
bined with the fact that f" is a continuous, deterministic
function, it is standard that the value function

W (t, x) = esssupY; ™",

IS

(t, X) (S [O, T] x R" (95)

has the property (94), since, in the proof of this classical
result, the special structure of f" does not play a role, only
(i) and (ii) and the continuity of fW are used; see [24] or
[7,22]. O



Abstract and Applied Analysis

5. Associated Nonlocal
Hamilton-Jacobi-Bellman Equations

In this section, we consider the following nonlocal Hamilton-
Jacobi-Bellman (HJB) equation:

oW (t,x)

+ sup {% tr ([i(t, x,v) D’W (t,x)) +DW (t,x) - b(t, x,v)
vevV

+E[f (6. X7, 5, W (6, X7°7), W (1, x),
DW (t, x) -5(t,x,v),v)] } =0,
(t,x) € [0,T) x R,

W (T,x)=E [CD (X%x";a, x)] , xeR",
(96)

where DW and D*W are the gradient and the Hessian matrix
of W with respect to x, respectively. Here we have used the
following notations:

b(t,x,v) = E [b (t, X(t)’x";a, X, v)] ,
G(t,x,v)=E [0 (t, XS’XO;U, X, v)] , (97)

a(t,x,v) = a(t,x,v)o(t, x, U)T.

The deterministic functions b, 0, f, and ® are supposed to
satisfy (H3.1) and (H3.2), respectively, and X is the
solution of mean-field SDE (22) with the initial data (0, x,)
and the given control v € 7/ .

As already mentioned, (96) is a nonlocal HJB equation
and has the coefficient

E[f (6 X707, x, W (£, X7™7), W (£, %),

DW (t,x) - E [0 (t, X?’x“;a, X, v)] , v)]
= J ) f(t,x',x,W(t,x'),W(t, x), (98)

DW (t,x)-E [0 (t, X?‘x"ﬁ, X, v)] , v)
X PXO,xO;U (dx') .

A special case of such nonlocal PDEs, that is, without
controls (or not of Hamilton-Jacobi-Bellman type), was
studied by Buckdahn et al. [7]. In their approach the authors
extended Peng’s BSDE method [24] to the study of such
nonlocal PDEs. However, our approach here is quite different
and more direct.

Let us begin with recalling the definition of the viscosity
solution, which is formulated directly for PDE (96). (For
more details see [28].)

Definition 17. A real-valued continuous function U €
C([0,T] x R™) is called
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(i) a viscosity subsolution of (96), if U(T,x) <
E[GD(X%X";B, x)], for all x € R", and if for all function
¢ € C*([0, T]xR™) and (t, x) € [0,T) x R" such that
¢ — U attains a local minimum at (¢, x),

0,9 (t,x)

+ sup {% tr (ii (t, x,v) D2<p (t,x)) + Do (¢, x) b(t,x,v)
vevV

+F [f (t, (X?,xo;ﬁ) ,x,U(t, X?,xo;ﬁ) @ t x),

Dgo(t,x)-&(t,x,v),v)] } > 0;
(99)

(ii) a viscosity supersolution of (96), if U(T,x) =
E[CI)(X%X";B, x)], for all x € R", and if for all function
¢ € CY([0, T]xR"™) and (t, x) € [0, T) x R” such that
¢ — U attains a local maximum at (¢, x),

0, (t, x)

+ sup {% tr (ii (t, x,v) Dz(p (t, x)) + D¢ (t,x) - b(t,x,v)
veVvV

+F [f (t, (X?,xo;ﬁ) ,x,U(t, X?,xo;ﬁ) @ t x),

Do (t, x) ~6(t,x,v),v)] } < 0;
(100)

(iii) a viscosity solution of (96), if it is both a viscosity
subsolution and supersolution of (96).

Remark 18. Inspired by [29], the authors of [7] (that is, the
case without control) showed that for a function W € @, the
coeflicient E[ f(t, X?’x", x, W(t, X?’x"), y,2z)] may not be well
defined, where ® = {¢ € C([0,T] x R") : 3A > 0 such that
limy _, oolg(t, x)| exp{-Allog((|xI* +1)"*)]*} = 0, uniformly
int € [0,T]}. For this, they gave an example. Hence, they
are restricted to the smaller space Cp([O, T] x R") (the space
of continuous functions with at most polynomial growth) for
the proof of the uniqueness of the viscosity solution. Obvi-
ously, the value function W (¢, x) isin C p([O, T]xR"™), since it
is of at most linear growth. They proved the existence and the
uniqueness of the viscosity solution in the space C,([0,T] x
R"). This is related to the fact that their driving coeflicient
f(s,x',x,9', y,2) is supposed to have linear growth in y'.
Indeed, if f(s,x',x,y', y,2) grows linearly in y', a correct
definition of the coefficient E[ f (s, X?”‘“, x, W(s, Xf’x"), ¥,2)]
of the nonlocal PDE makes it necessary that, for a viscosity
solution W, we have E[|W(s, X?’x")l] < 00,5 € [0,T].
This is the case if W is of polynomial growth, but may not
be satisfied, if W € ©. However, since we suppose our
f(s,x',x,9', y,z,0) is bounded in y', we do not meet this
difficulty here.
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Remark 19. It is by now standard that the space of test
functions C*([0, T]xR"™) used in the above definition can be
substituted by any other space of sufficiently regular functions
containing C*°([0,T] x R"), as long as the test functions
constructed in the proof of the uniqueness are of class C®.
Often, related with the needs of Peng’s BSDE method, the
class C;([O, T] x R") is used. We denote by Cg([O, T] x R™)
the set of the real-valued functions that are continuously
differentiable up to the third order and whose derivatives of
order from 1 to 3 are bounded.

Theorem 20 (existence). Under the assumptions (H3.1) and
(H3.2), the value function W ¢ Cp([O, T] x R") given by
the BSDE coupled with value function (26) in Theorem 9 is a
viscosity solution of PDE (96).

Proof. From Theorem 9 and Propositions 13 and 16, we know
that W: [0,T] x R" — R is deterministic and there exists
some constant C > 0, such that, (¢, x), (£, %) € [0, T] x R",

(i) W(t,x)-W(t,x)| <Clx-x|,
(101)

i) |W(tx) -WEX)| <Ca+x |-

Consequently, W € C([0,T] x R") is of linear growth.
With the help of W we define the coefficient f"; see (89).
Then W is the value function of the classical control problem
composed of SDE (22) (with the coefficients ,b) and BSDE
(26) (with the coefficients f W and ®@). The coefficients satisfy
the usual Lipschitz and linear growth conditions, and they are
continuous. Under these conditions, it is by now well known
that U = W is the viscosity solution of the following HJB
equation:

.U (t,x)

+ sup {% tr (Ez (t,x,v) D*U (¢, x)) +DU (t,x) - b(t, x,v)
veV

Y (65U (62, DU (6:) 5 (6 x,0),0) | =0,

(t,x) € [0, T) x R

u(l,x)=®(x), xeR"

(102)

But this means that W is a viscosity solution of (96). O

Theorem 21 (uniqueness). The function W is the unique
viscosity solution of PDE (96) in the class ©.
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Remark 22. As we told above, in [7], the authors had to
restrict the class ® of functions in which one has the unique-
ness of the viscosity solution to the continuous functions of
polynomial growth. But, in our work, f(s,x,x, ', y,z,v) is
bounded in y'. Therefore, we can have the uniqueness in ©.

Proof. Let W' € ©,i = 1,2 be two viscosity solutions of PDE
(96). We put

f (t,x, y,2,0)
_ ) _ (103)
= E[f (6X7% W (6X,7Y), y,2,0)]

(t,x, y,2z,0) € [0,T] x R" x R x RYxV.ThenW' € @isa
viscosity solution of the PDE. Consider

W' (t, x)

+ sup {% tr (iz'(t, X, V) D*W! (t, x)) + DW' (t,x) - b(t,x,v)
veVv

+f (bW (tx), DW' (t,x)

-0 (t, x,v) ,v) } =0,
(t,x) € [0, T] x R"

W (Lx)=0(x) (=E[0(X7™".x)]), xeR™
(104)

However, since the coefficients &, b, f', and ® satisfy the usual
conditions (Lipschitz continuity in (x, y, z), uniformly with
respect to (f,v), and continuity), we know that W' is the
unique viscosity solution in @; it is of at most linear growth
and has the stochastic interpretation as value function:

i i,t,x30
W' (t, x) = esssupY, R

ve? yr

(tx) € [0, TIxR", (195

of the stochastic control problem described by the following
BSDE decoupled with the SDE (22):

i 1350 xALLXU it X0 1,t,50
=f (s,Xs YO Z ,vs)ds—ZS dB;,

(106)
seltT];

YR = @ (XF),  (tx) € [0,TI xR, ve 7.
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Moreover, W' satisfies (60), i = 1,2 (see [30] or [22]). Taking
into account the definition of f’ and ®, this latter BSDE (106)
is nothing else but

_ dYSi,t,x;v - F [f (S, (Xo,xo;i)’,Xt,x;v)

N N

w (S, (XO,xo;ﬂ)') i Yi,t,x;v)

N N

VAR IR
3]

S

~-ZM"dB, s e [t,T];

Y]i:t,x;u _ El [q) ((X(]):xo;a)’)X;:x;v>:| ,

(t,x) € [0, T xR", v e V13

(107)

i 1,t,%50
W' (t,x) = esssupY,” ",

IS0

(t,x) € [0, T] x R,

with W! satisfing (60),7 = 1, 2.
But due to Theorem 9, the solution of (107) is unique; i.e.,
in particular, W' (t, x) = W(t,x), (t,x) € [0,T] xR". O

Remark 23. For the existence and the uniqueness of the vis-
cosity solution of PDE (96), we do not need the monotonicity
assumption (H3.3), because W is as a part of the solution of
(26), and once W is known, we have a driver " satisfying
the usual assumptions for the classical BSDEs. That is, for the
case without control we generalize Theorem 6.1 and Theorem
71in [7] by deleting the monotonicity assumption.

Now we give two examples. In the first one, we consider
the case without control. For notational convenience; let n =
d=1.

Example 24. For any arbitrarily chosen but fixed x,, € R, itis
easy to check that X2* = x + xo(e* —€') + (B, — B,),s > t is
the solution of the following SDE:

X =x+ fE (X)) dr + f 1dB,, sxzt.  (108)
Let us consider BSDE:
Yo = X5+ JTE (W (r, x2%)] dr
s
(109)

T
_J ZdB,, se[tT],
S

W (t,x) = Y/,
which is equivalent to
T T
N J E[Y0]dr - J Z"dB, se[tT].
N N
(110)

We can check that (x + xo(eT —eh)+ erT(eT_S -1)+(B,-
B,), 1) is the solution of (110). From Theorems 20 and 21, we
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2Tt

know that W(t, x) = x + x,(e —¢') is the unique viscosity

solution of the following PDE:

oW (t,x) + %axxw (t,x)+E [ X?’xo] oW (t,x)

+E[W (£, x0)] = 0, (1)

W(T,x)=x, x€R,

where E[X;"™] = x,¢' and E[W(t, X,")] = E[Y,”] =
x eZT—t
0 .

Remark 25. As already discussed in Remark 5, in the case
without control, f does not need to be bounded in y'.

In the second example, we suppose that b,o, and f
depend on a control parameter.

Example 26. Let (xy,v) € Rx7 r be given. Forany (¢, x,v) €
[0, TIXR X7, 13 let (X2™") ., be the solution of the following
controlled SDE:

Axb (E [Xi),xg;ﬁ] + 3X§>x;v + ZUS) ds

N

(i (112)

2E [ X)) +v,)dB,

t,X;0
X7 =x

We associate it with the following controlled BSDE coupled
with value function:

N

_dYst,x;v — <E [Xi),xo;ﬁ] + Xt,x;v

0,x030
V(X))

+ E 0,x(5U
1 4 eWEEXT)

. . 113
Y Zi’x’v + vs> ds (113)

- ZdB, s e [t,T];

X0 1,50,
YT - XT >

W (t, x) = esssupY; ™.

ve7 iy

Obviously, b,0, f, and @ satisfy (H3.1) and (H3.2).
From Theorem 9, BSDE (113) has a unique solution
(Y, Z5Y W). According to Theorems 20 and 21, the
value function W(t, x) defined by the BSDE coupled with
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value function (113) is the unique viscosity solution of the
following HJB equation:

oW (t,x)

+ sup l(x -2E [X?’x‘);a] + v)zaxxW (t, x)
vev 2

+ (2x +3v-E [X?’x";a]) oW (t, x)

W(t,X?’XO;U

. ) (114)

+E [X?’x";ﬁ] +X+E| ———
] 4+ eWHX)

+W(t,x)+vp =0, (t,x)€[0,T) xR,

W(T,x)=x, xeR.
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