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A class of second order impulsive Hamiltonian systems are considered. By applying a local linking theorem, we establish the
new criterion to guarantee that this impulsive Hamiltonian system has at least one nontrivial T-periodic solution under local
superquadratic condition. This result generalizes and improves some existing results in the known literature.

1. Introduction and Main Results

Consider the second order Hamiltonian systems with impul-
sive effects

i (t) — Au(t) + VE (f,u (1)) = 0,

A (4) =15 (4 (1)), i=12 N =120

u(0) = u(T) = 2(0) - &(T) = 0,

ae t€[0,T],

)

where u(t) = W' (1), (), ..., uN (1)), th=0<t, <ty<:--<
t <ty =T, T > 0, AW (t)) = &' (£]) - & (¢;), where &/ (£])
and ai(t;) denote the right and left limits of () att =t I
respectively, I; : R —» R (i = 1,2,...,N, j = 1,2,...,])

are continuous, and F € C([0,T] x RY,R), VF(t,u) =
OF(t,u)/ou. A = [aij] is a symmetric constant matrix.

Impulsive differential equations serve as basic models to
study the dynamics of processes that are subject to sudden
changes in their states. The theory of impulsive differential
systems has been developed by numerous mathematicians
(see [1-4]). These kinds of processes naturally occur in
control theory, biology, optimization theory, medicine, and
so on (see [5-9]).

In recent years, many existence results are obtained for
impulsive differential systems by critical point theory, such
as [10-23] and their references. In most superquadratic cases,

there is so-called Ambrosetti-Rabinowitz condition (see [18—
23]):
0 < uF (t,u) < (VF (t,u),u), VteR,ueRV\{0}, (2)

where y > 2 is a constant, which implies that F(t,u) is of
superquadratic growth as [u| — oo; that is,

F(t,u)

ul =00 |u|®

= +00, uniformly for all t. (3)

Moreover, Wu and Zhang [24] study the homoclinic
solutions without any periodicity assumption under the local
Ambrosetti-Rabinowitz type condition. Two key conditions
of the main results of [24] are listed as follows.

(A1) There exist 4 > 2 and L, > 0 such that

uF (t,u) < (VF (t,u),u), VteR,|ul>L,. (4)

(A2) Thereexists 2 < o < +00 such thatlim inf, (F(t,

u)/lul*) > 0, uniformly in ¢ € R.

— +00

In recent paper [25], Zhang and Tang had obtained some
results of the nontrivial T-periodic solutions under much
weaker assumptions instead of (Al) and (A2).
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(B1) There exist constants 4 > 2,0 < f3, < 2,and L, > 0
and a function a,(t) € L'(0, T; R") such that

WF (t,u) < V (F (t,u),u) +aq (t) |ul®,

(5)
Yul>L, aetel0,T].
(B2) There exists a subset E, of [0, T] with meas(E;) > 0
such that
F >
lim inf(t—zu) >0, ae tecE,. (6)

Remark 1. Condition (B2) is weaker than (A2) because
condition (A2) implies lim,, _, o, (F(t, w)/|ul?) = +oo0.

Recently, applying the local linking theorem (see [26]),
the works in [27-30] obtained the existence of periodic
solutions or homoclinic solutions with (3) superquadratic
condition under different systems. As shown in [25], condi-
tion (B2) is a local superquadratic condition; this situation
has been considered only by a few authors.

Motivated by papers [24, 25, 31], in this paper, we aim to
consider problem (1) under local superquadratic condition
via a version of the local linking theorem (see [26]). In
particular, the impulsive function I;; satisfies a kind of new
superquadratic condition which is different from that in
the known literature. Our main results are the following
theorems.

Theorem 2. Suppose that F € C'([0,T] x R, R) and I €
C(R,R),i = 1,2,...,N, j = 1,2,...,1, satisfies (B2) and
consider the following.

(H1) There exists a positive constant 0 such that

(Au,u) > Olul®>, YueRY. (7)

(H2) lim sup|u|_>0(|VF(t, wl/lul) = 0 uniformly for t €
[0,T].

(H3) There exist constantsd > 1, ¢, > 0, and Ly > 0 such
that, for everyt € [0,T] and u € RN with lul > L,

IVE (t,u)] < ¢ (Jul* +1). (8)
(H4) There exist constants y > 2, L, > 0, and b, €
(0, (u/2 — 1)0) such that, for every t € [0,T] and

u e RN with [u] > L,,

UF (t,u) < (VF (t,u),u) + by |ul*. )

(11) There exist constants bij > 0 and rij € (1, +00) such
that

|1 )| < blul™,  VueR. (10)
(I2) There are two constants b, > 0 and y € [0,2) such that

Li(wus<y Jo L;(9)ds +blul", VueR. (1)
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(I3) I;; satisfies fou L;j(s)ds < 0, for allu € R.
Then problem (1) has at least one nontrivial T-periodic solution.

Remark 3. Noting (3), obviously, conditions (B2) and (H4)
are weaker than those of (2). From (B2), we only need
limy, , o (F(t,w)/[ul*) > 0 to hold in a subset E; of [0, T].
What is more, F in (2) is asked to be positive globally. Here
F need not be nonnegative globally; we also generalized
Theorems 1.3 and 1.4 in [25]. For example, let

F(t,u):ég(t) ul* =1, V(tu) e[0,T]xRY, (12)

where

gt) = (13)

0, te [—,T].

Let E, = [T/8,T/4]; then F satisfies our Theorem 2 but does
not satisfy (2) and (3) and does not satisty the corresponding
conditions in [25].

Theorem 4. Suppose that F € CY([0,T] x RY,R) and I €
C(R,R), i =1,2,...,N, j=12,...,1, satisfies (H1), (H2),
(H3), (I1), (12), and (I3) and the following condition holds.

(H5) There exist constants y > 2 and by € (0, min{m, (y —
2),(u/2 — 1)6}) such that

Y (tu) € [0,T] x RY,
(14)

UF (t,u) < (VF (t,u),u) + by|ul’,

where

mlzmin{F(t,u)ltE[O,T],ueRN,|u|=1} . (15)

Then problem (1) has at least one nontrivial T-periodic solution.

Theorem 5. Suppose that F € CY([0,T] x RN, R) and I; €
C(R,R), i = 1,2,...,N, j = 1,2,...,1, satisfies (B2), (H),
(H2), (H3), (1), (12), and (I13) and the following condition
holds.

(H6) There exist constants y > 2, 3 € [0,2), and L5 > 0 and
a function a(t) € L'(0,T) and a(t) > 0 such that, for
everyt € [0,T] and u € RY with |u| > Ls,

uF (t,u) <V (F (t, 1), 1) +a () |ul’. (16)

Then problem (1) has at least one nontrivial T-periodic solution.

The remaining of this paper is organized as follows. In
Section 2, some fundamental facts are given. In Section 3, the
main results of this paper are presented.
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2. Preliminaries

Let X be a real Banach space with direct sum decomposition
X = X' @ X*. Consider two sequences of subspaces X, C
X} ¢+ c X', X, ¢ X2 ¢ -+ ¢ X such that X/ =
Unen X, j = 1,2. For every multi-index « = (a;, ) € N?,
let X, = X, ® X,;wedefinea<feoa <f, a,<p A
sequence {a,} C N? is admissible if for every o € N? there is
m € N suchthatn >m = «, > a. Foreveryp : X — R, we
define by ¢, the function ¢ restricted to X.

Definition 6 (see [26]). Let ¢ € CY(X,R). The function @
satisfies the (PS)” condition if every sequence {u, }, such that
{o,} is admissible and

ey, € Xoo supg () <00, @p () — 0.

[0

as n — 0o,
17)

possesses a subsequence which converges to a critical point
of ¢.

Definition 7 (see [26]). Let X be a Banach space with direct
sum decomposition X = X' @ X>. The function Qe C'(X,R)
has local linking at 0 with respect to (X L XZ), if there exists
r > 0 such that

@) =0, VueX' with lu| <r,

(18)

o) <0, Vue X with |Jul| >r.

Theorem 8 (see [26]). Suppose that ¢ € CY{X,R) satisfies the
following assumptions:

(A1) ¢ has local linking at 0 and X +{o},
(A2) ¢ satisfies (PS)" condition,
(A3) ¢ maps bounded sets into bounded sets,

(A4)]|Tor”every me€ Nandu € X:n ® X%, ¢(u) — —coas
ul|l — o00.

Then @ has at least three critical points.

Let us recall some basic notation. In the Sobolev space
X := Hé (0,T), consider the inner product

T T
(u,v) = L (u(),v(@)dt+ L (w(t),v())dt, (19)

for any u, v € X. The corresponding norm is defined by

1/2

||u||=(LT|u(t)|2dt+LTm(t)ﬁdt) , o)

for any u € X. Moreover, it is well known that X is compactly
embedded in C[0, T], which implies that

el < Clluall (21)

for some constant C > 0, where [lull, = max;c(o rlu(t)].

3
Define the corresponding functional ¢ on X by
1 T ) 3 1 T
oW =2 | la@Pdrs S | (u.u)d
2 Jo 2 Jo
LN ) . (22)
+Yy J I (s)ds - J F(t,u(t))dt.
j=1i=1 70 0

By the conditions of F and Iij, i = 1,2,...,N,j =
1,2,...,1, we get that functional ¢ is a continuously Gateaux
differential functional whose Gdteaux derivative is the func-
tional ¢’ (1), given by

T

, T
(¢' (w),v) = L (i (t),i/(t))dt+J (Au(t),v () dt

#2205 (v (1)) (1) (23)

T
- J (VE (t,u (t)),v (1)) dt.
0

Ifu e Hé(O, T), then u is absolutely continuous and & €
L*(0,T). In this case, Au(t) = t(t") — i(t”) = 0 may not hold
for some t € (0, T); this leads to impulsive effects.

Following the ideas of [I1, 12], we can prove that the
critical points of ¢ are the weak solutions of problem (1).

To prove our main results, we have the following facts (see
(32]).

Letting

T
s = | 3 [1OF +(Au.un]dn @
we see that

1, , 1¢(T
$ ) = Slul ‘EJ (= A u(t),u®)dt
0 (25)

= S U -K)wu),

where K : H; — Hy is the liner self-adjoint operator
defined and I is the N x N identity matrix. By the Riesz
representation theorem, we have

T
J ((I=A)u@®),v®)dt = (Ku,v). (26)
0

The compact imbedding of H% into C([0,T], R™) implies
that K is compact. Summing up the above discussion, ¢(u)
can be rewritten as

1 I N
0@ =3 (U -Km+ )Y |

j=1i=1 70

w'(t;)

' L; (s) ds
(27)

T
+ J F(t,u(t))dt.
0



By classical spectral theory, we can decompose X into the
orthogonal sum of invariant subspace for I — K

X=H eH e H", (28)
where H® = ker(I - K) and H™ and H" are such that, for
some 6 > 0,

(I-K)u,u) < -8lul?, ifueH,
(29)
(I -K)u,u) = 8|ul’>, ifueH".
Notice that H™ is finite dimensional.
In this paper, we set a := max, ; jonla;;l-
3. Proof of Main Results
3.1. The Proof of Theorem 2. Let X' = H  and X* = H' @ H™;

then X = X' @ X°. Suppose {e,} .., is an orthogonal basis of
H". Correspondingly, let

X} =spanf{e;,ey....e,}, X2=X’, neN; (30)

then X7 = J,cn X, j = 1,2. We divide our proof into four
steps.

Step 1. ¢ has local linking at 0.
In view of (I1), we obtain

Ju I (9)ds| <

0

|l 31)

rij+1

Combining this inequality, we have

Iy ;&) ds| _

i asu — 0. (32)
2 1 +1||

lul

Since r;; > 1, this implies

(s) ds'

P o

g 1 9 ds|
|u

as u — 0. (33)

Applying (H2) and (33), for any € > 0, there exists r; > 0 such
that

|VE (t,u)| < 2&lu, < elul,

J: I; (s)ds

(34)

Vlul <, € [0,T],

which implies that

1 1
|F (t,u)| = Jo (VF (t,su),u)ds| < L |VF (t, su)| |u| ds

1
< J 2selul’ds = eul’.
0
(35)
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On one hand, by (34) and (35), for allu € X' = H* with
lul < r, :=r,/C. Choose ¢ = §/4(IN + T)C?; then one has

u (t)
P =3 (- K)uu)+zzj I, (5)ds
j=li=1
T
—I F(tu () dt
0
T
z—n I —ZZ( i ( .|)—sj wpde ©O
j=li=1 0
> §I|u||2 — INC*el|lu|l* = TC?e||ul®
= Znuuz > 0.

On the other hand, since dim X? is finite, there exists a

constant K; > 0 such that
lull < K, Ju|, VueX. (37)

Forallu € X? = H & H® with [lu| <
e =38/4(IN + T)C?’K

ry := r;/C. Choose
f; by (34), (35), and (37), we obtain

1 u(t)
o) = E((I—K)u_,u ZZJ I; (s)ds

j=li=1

T
—J F(t,u(t))dt
0

<—-IIM I +ZZ( ' (¢

j=li=1

j | )+8LT|L£|2dt (38)

< —§||u‘ I* + (N +T) CPelul?
S, - 2 ) -2
<=2 I+ N+ T el

=2y <o

Let r = min{r,, 5}; one has

ew) 20, ueX', Jul<r
(39)
ew) <0, ueX’ ful=r.

Step 2. ¢ maps bounded sets into bounded sets.
By (H3) and F € C'([0,T] x RY,R), there exists ¢, > 0
such that

IVE (t,u)| < ¢ + ¢ lul®s Y (tu) € [0,T] xRN, (40)

which implies that

1

1
|F (t,u)| sj |VF(t,su)||u|ds§J (¢ lul + i lul™") ds
0 0

= o [ul + ¢ |ul*!,  V(tu) e [0,T] xRN,

(41)
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Note that

gt 1 (T
anwiLmanm+amemumwt

u(t) T
+sz I (s) ds - L F(t,u(t) dt

j=1li=1

T
—j|um|w+2Naj|umﬁw

T T 4
+QJ |u|dt+clj ™ dt
0 0

r +1 "u”r,-j+l >

(42)

( i3 N—)uuu +ZZ(

j=li=1

+ 6CT |lull + ¢, C Tl .

It implies that ¢ maps bounded sets into bounded sets.

Step 3. ¢ satisfies the (PS)* condition.
Consider a (PS)* sequence {uan} such that {«,,} is admis-
sible. Then there exists a constant M; > 0 such that

|(P (”ocn)| <M, "q’:xn (uzxn) <M. (43)
By (41), for |u| < L,, one has
IF(t,w)] < ¢ lul + ¢ ul*! < oL, + ¢, L% (44)

together with (H4), one has

>

(45)

uF (t,u) < (VF (t,u),u) + b1|u|2 + pl(ch4 + c1L4d+1)

for all (t,u) € [0,T] x RY,
It follows from (21), (43), (45), (H1), and (I2) that

“dt + (% - i) JOT (Auan,uan)dt
1 T
A (),

p o

w,) - (1)) d

I N

1 Ve, 1) i i
S ([ 010 () 0)

Aujlzl

5
z(l—l>r|aa ZdH(Q_Q_h)J lu, dt
2 p/)de 2 p p)ht
— T (oL + L") - ZZZH
lu]lzl
ST
2 p)\2 u "
b
BN o - (e ).
(46)

Since p > 2,y € [0,2),and b, € (0, (14/2—-1)0), (46) shows
that {u, } is bounded in H By a method similar to that of
[10], we can prove that {u, } has a convergent subsequence.
Thus ¢ satisfies (PS)* condltlon

Step 4. For everym € Nandu € X! & X?, o(u)
lull = oo.

Since dim(
that

— —00 as

X} @ X?) is finite, there exists M, > 0 such

1/2
llul| < M2<J |u|2dt> , VueX,oX. (47)
EU
In fact, for My = M (max{1/2, (1/2)Na} + §/2) > 0, by (B2),
there exists M, > 0 such that
F(t,u) > M3|u|2 -M,, Vuce RY, ae. te E,. (48)

Hence, it follows from (47), (48), and (I3) that

u(t)
P =3 (1 muw+zzj 1, (5)ds

j=li=1

- jTF(t,u)dt

0

(I-K)u u)+—((I Kyu',u")

NI'—‘

I N u(t) T
(5)d —J F(t,u) dt
+ZZJ I; (s)ds ) (t, 1)
6y _2 1 +
g_ﬂp"+2j| |m+—J(M4u)ﬁ
—J- F (t,u)dt
Ey
<2+ max {2 Inal
2 2°2

- M, J lu*dt + M,T
EO



<2 + max {5, sNa} '
2 2°2
- <max {1, 1Na} + §> lull* + M,T
2°2 2
<2 v max {1 Inal
2 2 2
11 1) 2 2
- (max {E’ ENE} + E) (||u+|| + “uou ) +M,T

0
< —5||u||2 +M,T,
(49)
foru € X} ® X* and a.e. t € Eg, which implies that

@ (Wu) — —oo, as |u| — oo on ue X:n e X2 (50)

Therefore, all the assumptions of Theorem 8 are verified.
Then, the proof of Theorem 2 is completed.

3.2. The Proof of Theorem 4. Following the same procedures
in the proof of Theorem 2, we can prove that ¢ satisfies (Al),
(A2), and (A3) in Theorem 8.

To prove (A4), set ¢(&§) = F(t, Eu)EH + (by/(u —2))(1 -
E7M)|ul?, £ € (0, +00); then by (H5), we have

¢ (&) = (VF (t, &u),u) E* — uE™#'F (£, Eu) + by H|ul®

= ((VF (t,&u), Eu) — uF (t,Ew)) E47" + by Huf®

> 0.
(51)

When 0 < & < 1, it follows from (51) that

(l)(l) = F(t,l/l) 2 ¢(£) = F(t’Eu) E_ﬂ
(52)

b _
+P‘T32 (1 - & ”) |ul*;

this implies

F(t,u) > (F (t, i) _ b ) |ul” + ilulz,
lul ) p=2 p-2 (53)

if |ul > 1.

Set m, = max{F(t,u) | t € [0,T], u € RY, |u| < 1}; then by
(53), we have

F(t,u) > (ml - %) lul* + bs lul? - m,, (54)

u-2

Y(t,u) € [0, T]xRY; since dim(X ineBXz) is finite, there exists
M5 > 0 such that

T

lul < M; J lul“dt, VueX, ®X. (55)

0

Abstract and Applied Analysis

By (54), (55), and (I3), we have

1 (7 1 (T
-J Ialzdt+—J (Au, 1) dt
2 Jo 2 Jo

o (1)

I N i,
P J v L (s)ds - jTF(t,u) dt
0

j=1i=1 70

IN

1 (T 1 r
-J |u|2dt+—NaJ lu2dt
2 Jo 2 0

T
—<m1—A>J' lul“dt + bs
u=2/Jo p=2

11 1 b
< max {-, —Na} lul? - — <m1 %
232 M, P

T
L jutdt — m,T

) el

b
+ ———|ull* - m,T.
M (14 - 2)

(56)
Since y > 2 and m, — (b;/(u — 2)) > 0, (56) implies

@ (Wu) — —00, as |[u]| — oo on ue X,In o X2 (57)

Consequently, the conclusion follows from Theorem 8. This
completes the proof.

3.3. The Proof of Theorem 5. Similar to the proof of Theo-
rem 2, ¢ satisfies all conditions of Theorem 8. Thus, problem
(1) has at least one nontrivial T-periodic solution.
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