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We introduce a hybrid iterative scheme for finding a common element of the set of common fixed points for a family of infinitely
nonexpansive mappings, the set of solutions of the varitional inequality problem and the equilibrium problem in Hilbert space.
Under suitable conditions, some strong convergence theorems are obtained. Our results improve and extend the corresponding
results in (Chang et al. (2009), Min and Chang (2012), Plubtieng and Punpaeng (2007), S. Takahashi and W. Takahashi (2007), Tada
and Takahashi (2007), Gang and Changsong (2009), Ying (2013), Y. Yao and J. C. Yao (2007), and Yong-Cho and Kang (2012)).

1. Introduction

Let H be a real Hilbert space, whose inner product and norm
are denoted by (-, -) and ||-||, respectively. Let C be a nonempty
closed convex subset of H and P, the metric projection of H
onto C. Let ¢ : Cx C — R be abifunction. We consider the
equilibrium problem EP which is to find z € C such that

$(zy) 20,

Let EP(¢)) be the set of solutions. Some methods have been
proposed to solve the equilibrium problem.

A mapping A is said to be a-inverse strongly monotone if
there exists a real number « > 0 such that (Ax — Ay,x—y) >
af|Ax — Ay|)?, forall x, y € C.

The classical variational inequality problem is to find an
element u € C such that

Vy eC. 1)

(Au,v—-u) 20, VveC. (2)
The solution set of inequality (2) is denoted by VI(C, A). For
given elements z € H and u € C, we have the following
inequality:

(u-z,v-—u)y =0, VveC, (3)

if and only if u = Poz. It is known that the projection
operator P is nonexpansive. One can see that the variational
inequality problem (2) is equivalent to a fixed point problem.
Since an element u € C is the solution of variational
inequality (2) if and only if ¥ € C is a fixed point
of the mapping P-(I — AA). Recently, many researchers
studied various iterative algorithms for finding an element
of VI(C, A) [ F(S). Takahashi and Toyoda [1] introduced the
following iterative scheme:

Xpp1 = 0%, + (1—e,)SPo (I - A,B)x,, VYn>=0. (4)

They proved that the sequence {x,} converges weakly to a
pointg € VI(C, B) [ F(S). Y. Yao and J. C. Yao [2] introduced
the following iterative scheme:

x, =u€C,
Yn = PC (I - /\nA) Xnp> (5)

Xp1 = QU + ﬂnxn + ynSPC (I - An‘A) Yn:
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Chang et al. [3] introduced the following iterative scheme:

1
¢(un’y)+r_<y_un’un_xn>> VyEC,

Xn+1 = (xnf (xn) + ﬁnxn + annkn’ (6)
kn = PC (I - AnB) Y
Yn = PC (I - /\nB) Uy

and obtained some strong convergence theorems.

In this paper, we will introduce a new hybrid iterative
scheme for finding a common element of the set of com-
mon fixed points for a family of infinitely nonexpansive
mappings, the set of solutions of the variational inequality
problem, and the equilibrium problem. Further, we obtain
some strong convergence theorems and extend the results in
[2-10].

2. Preliminaries

Let x, — x and x, — x be the weak convergence and
strong convergence of the sequence {x,} in H. Let C be a
nonempty closed convex subset of a Hilbert space H. Let
{S,}22, : C — C be a family of infinitely nonexpansive
mappings and let {A,}°, be a sequence of positive numbers
in [0,1]. For n > 1, we define a mapping W, : C — Cas
follows:

Un,n+1 =1

Un,n = /\nann,rHl + (1 - /\n) I

Un,n—l = /\n—lsn—lUn,n + (1 - An—l) I

Upi = MSkUppe + (1= A4) T (7)

Un1 = Mec1Sec1Upge + (1=An) I

Unp = 4,5U,5 + (1-A)1
W,=U,; = A8 U,,+(1-2))L

W,, is the W-mapping of C into itself which is generated by
S Sp-tre-wSiand AL A, 1,5 AL

In order to prove our main results, the following Lemmas
are needed.

Lemma 1 (see [11]). Let C be a nonempty closed convex subset
of a Banach space E, let {S,};>, : C — C be a family
of infinitely nonexpansive mappings, such that ()2, F(S,) #0,
and let {A,}., be a sequence of positive numbers in [0, b] for
someb € (0,1). For any n > 1, let {W,} be the W-mapping of
C into itself generated by S,,, S,_1, .. Sy and A, Ay, .. Ay
Then W, is asymptotically regular and nonexpansive. Further,
if E is strictly convex, then F(W,)) = (), F(S;).
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Lemma 2 (see [4]). Let C be a nonempty closed convex
subset of a strictly convex Banach space E. Let {S,},,
C — C be a family of infinitely nonexpansive mappings, such
that ()2, F(S,) #9, and let {A,,};2, be a sequence of positive
numbers in [0, b] for some b € (0, 1). Then for every x € C and
k = limy_, U, xx exists.

Using Lemma 2, we can define a mappingW : C — C as
follows:

Wx = nleréOan = nangoUn)lx, Vx € C. (8)

Such a W is called the W-mapping generated by the sequence
{S, )2, and {A,}2,. Throughout this paper, we always assume
that {A,}2, is a sequence of positive numbers in [0,b] for an
element b € (0,1).

Lemma 3 (see [4]). Let C be a nonempty closed convex
subset of a strictly convex Banach space E. Let {S,},°,

C — C be a family of infinitely nonexpansive mappings
such that ﬂzzl F(S,)#0 and let {A,},2, be a sequence of
positive numbers in [0,b] for some b € (0,1). Then, W is a
nonexpansive mapping and F(W) = (2, F(S,,).

Lemma 4 (see [4]). Let C be a nonempty closed convex subset
of a Hilbert space H, let {S,};2, : C — C be a family
of infinitely nonexpansive mappings, such that ()2, F(S,) #0,
and let {A,}72, be a sequence of positive numbers in [0,b]
for some b € (0,1). If K is any bounded subset of C, then
lim,, , sup, . lIWx - W, x| = 0.

Lemma 5 (see [10]). Let {x,} and {z,} be bounded sequences
in a Banach space E and let {3,} be a sequence in [0, 1] with
0 <liminf, _, B, < limsup, _, B, < 1. Suppose that x, ., =
(1-B,)z,+B,x, for all integersn > 1 andlim sup,, _, . (12, —
Z,l = %,41 — x,1) < 0. Then, lim,, _, ., llz,, — x,,| = 0.

Lemma 6 (see [10]). Assume that a, is a sequence of nonneg-
ative real numbers, such that

a1 <(1-vy,)a,+6, Vn=n, 9)

where n,, is some nonnegative integer, y, € (0, 1), and J,, are
sequences satisfying

M) X021 Vu = 005
(2) lim supn—»oo((sn/’yn) <
lim a, =0.

n—00"n

0 or Y0216, = oo; then,

Lemma 7 (see [10]). Let C be a nonempty closed convex subset
of a Hilbert space H. Let {T,, : 1 < m < r} be a sequence
of nonexpansive mappings on C. Suppose that (), _, F(T,,) is
nonempty. Let {A,,} be a sequence of positive numbers with
Y i Am = L Then, a mapping S on C defined by Sx =
Yri AmToux for all x € C is well defined and nonexpansive
and F(S) = (., F(T,,) holds.

For solving the equilibrium problem for bifunction F :
CxC — R, assume that F satisfies the following conditions:

(A)) F(x,x) =0forall x € C;
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(A,) F is monotone; that is, F(x, y) + F(y,x) < 0 for all
x,y €G;

(Aj) lim, _, (F(tz+(1-t)x, y) < F(x, y),forany x, y,z € C;

(A,) for each x € C,y — F(x,y) is convex and lower
semicontinuous.

If an equilibrium bifunction F CxC - R
satisfies conditions (A)-(A,), then we have the following
two important results.

Lemma 8 (see [4]). Let C be a nonempty closed convex subset
of a Hilbert space H and let F be an equilibrium bifunction
F:CxC — R that satisfies conditions (A,)-(A,). Letr > 0
and x € C; then, there exists y € C such that F(y,z)+(1/r){(z—
y,y—x) 20, forallz € C.

Lemma 9 (see [4]). Let F be an equilibrium bifunction F : Cx
C — R that satisfies conditions (A,)-(A,). For givenr > 0
and x € C, define a mappingV, : H — C as follows:

Vr(x)={yeC:F(y,z)+%(z—y,y—x)20, VzeC}.
(10)

Then, the following conclusions hold:

(1) V, is single-valued;

(2) V, is firmly nonexpansive; that is, for any x,y € H,
[V, x — V,yII2 <(Vx-V.y,x - y);

(3) F(V,) = EP(F)

(4) EP(F) is a closed and convex set.

3. The Main Results

Theorem 10. Let C be a nonempty closed convex subset of a
real Hilbert space H. Let B, : C — H be al, -inverse strongly
monotone mapping for each 1 < m < r, wherer is some positive
integer. Let D : C — H be a a-inverse strongly monotone
mapping. Let F be an equilibrium bifunction F : C x C —
R that satisfies conditions (A,)-(A,). Let {T,}2, : C — C
be a family of infinite k,-strict pseudocontractive mappings
with 0 < k, < 1 and let {1}, be a sequence of positive
numbers in [0,b] for some b € (0,1). {S,};2, : C — Cis
a family of infinitely nonexpansive mappings such that & =
F(W)(VI(C,B,,)(EP #0, where F(W) := (2, F(S,). Let
A be a strongly positive linear bounded operator with coefficient
Y >O0andlet f: H — H be a contraction with contraction
constanth (0 < h < 1) and 0 <y < (y/h). Let {x,,}, {y,}, {p.}
be sequence generated by x, € H and

1
E (Y1) + (DYt = y) + — 1= Yo Yu = %) 20,

Vn € C,
, (11)
Pn = Zr’:znPC (I - /’lmBm) Yo

m=1

Xnt1 = “an (xn) + ﬁnxn + ((1 - :Bn) I- ‘XnA) Wnpn’

where p,, € (0,21,), {«,},{B,} ¢ [0,1], and {r,} c [0,00]. If
the following conditions are satisfied:

(Cy) lim,, , oo, = 0and Y2 e, = 00;

(Cy) lim, _, o1, = 7™ € (0,1);

(C3) X2 ey — 1l < 005

lim inf

fl*)OOﬁn S

(Cy liminf, , r, > 0, 0 <
limsup, , B, < L;

(C) Y2t =1, foralln>1,
then {x,} converges strongly to q € &, where q = Pg(yf + (I -
A))g.

Proof. We define a bifunction ¢ : Cx C — Rby ¢(z,y) =
F(z,y) + (Dz,y — z), for all y,z € C, so the equilibrium
problem is equivalent to the following equilibrium problem:
find an element z € C such that ¢(z, y) > 0, forall y € C and
(11) can be written as

1
¢ (Y1) + . (=Y Yu=%,) 20, VneC,

n

o 12
Pn:ZHnPC(I_MmBm)yn’ 12)

m=1
Xne1 = (Xan (xn) + ﬁnxn + ((1 - ﬂn) I- ‘an) Wnpn'
O
Step 1. First, we prove the sequences {x,}, {y,}, {p,} are
bounded.
Let p € F;as y, =V, x,, we have ||y, - pll = |V, x, -

pll < llx,, — pll. Next we show that the mapping I — u,,B,), is
nonexpansive for each m. Consider

| = 4, B,)x = (I = 1, By
= (= ») = 4, (B - B,y)|’
=l =3I + .| Brux = By
= 244, (B,,x = B,,y,x ~ y)
< Jlx = " + 1B = By |” = 2l | B = By’
=l = I =t (21, = 1) [ Brx = By

< Jx =5’

“pn_p" = qurLHPC(I_AumBm)yn_P

m=1 "

< 2y w2l < Jx - pll-
m=1
(13)



Since A is a strongly positive linear bounded operator, then
Al = sup{l{Au,1)| = u € H,llul = 1} (((1 = B)I -
a,Au,uy =1-, -, (Au,u) > 1 -, — o, llAl = 0, so

(1=B) -, A
=sup {[{((1 = ) I - o, A) w,u)| - u € H, |l = 1}
<1-B, -7
(14)
I(1=B) -, A
=sup {|(((1 - ) I - a,A) u,u)| s e € H, Jull = 1}
<1-B,-ay
%1 = 2l

= lovuyf (%) + Bty + (1= B) I = 0, A) W,p, =
= Jlovy (f (x,) = f () + By (x, = P)

+((1- ﬁn) I-a,A)(W,p, - Pp)

+a, (vf (p) - Ap)|
< apyh |x, = pll + B lx. - Pl

+((1=B) I =, A) |x, = pll + et [yf (p) - Apl|
< oy |x, = pll + By lxu = Pl + (1 = B,) 1%, - pl

— o7 |x. — pll + e |lvf (p) - Ap|
= (1-a, (7~ vh)) IIxn = pll+ e llvf (p) - Ap|

< ma {5, =l == I/ ()~ 401}

1
< max {Hxl -7l T—yh lvf (p) - AP"} :
(15)

This implies that {x,} is bounded sequence in H. Therefore
b Apubs {yf ()1, {W,,p,} are all bounded.

Step 2. Next, we prove that lim, | llx,,; — x,| = 0 and
limn—>oo"pn+l - pn" =0.

In fact, let us define a sequence {z,} by x,,,; = (1-,)z, +
B,x,, for all n > 1; then, we have

Zp+l ~ Zn
_ Xni2 _ﬁn+1xn+1 _ Xn+1 ﬁn Xn
1- ﬁnJrl 1- ﬁn
(Xn+1yf (xn+1) + (( ﬁn+1) I- (xn+1A) n+1Pn+1

I- ﬁnﬂ
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((1 _ﬁn)l_“nA)W
1-8,

( n+1) AW,

o, yf (%) +

“n-f—l [

1- ﬁn+1
Xy
1- ﬂn

(xn+1 [

- 1 _ﬁn+1

+1Pn+1]

[yf (xn) - AWnPn] +W,

n+1Pn+1 ~ WnPn

(n+1) AW, +1pn+1]

“Tl
1- /3n
( n+1Pn+1 ~

[Yf (xn) - AWnPn]

n+1Pn) + (Wn+lpn - Wnpn) >

"zn+1 - Zn" - "xn+1 - xn“

/§‘+ (lyf Gene)l + AW,

n+1Pn+1 ”

+[AaW.p.])

- "xn+1 - xn" .
(16)

+ ||pn+1 Pn” + ” n+1Pn ~ npn"

Because p, = Y. _ 7" Po(I - y,,B,,) y,, we have

||pn+1 - pn”

r r
Z’/I::-IPC (I _AumBm) Yne1 ~ ZWZLPC (I _[’lmBm)yn

m=1 m=1

r r
z ’7:11PC (I - AMmBm) Yne1 ~ ZTIZ:-IPC (I - #mBm) In

m=1 m=1

r r
+Z’7::—1PC (I_ MmBm) Yn— Z}/I;TPC (I _AumBm)yn

m=1 m=1

.
s "ynﬂ - yn" + MZ |’7:11 -1, ],

m=1

17)

where M = max {sup{|P-(I - 4,,B,) vl :n>1}:1<m<

r}, 0

"Zn+1 - Zn" - "xn+1 - xn"

< ”[;;1 (vf Gene)l + [AW,11001 )

()l + AW, ]) (18)

er = yall + MY |y =1l

m=1

” n+1Pn ~ Wnpn“ - ”xn+1 - xn" :
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Observing y, =V, X, Yp1 =V, X1, We have
1
S )+ ==Y yu=%0) 20, VneC, (19)
1
S Dsrot) + = (1= Yust2 Vs = Xu1) 20, Yy € C.
n+l
(20)

Putting 17 = y,,,, in (19), 1 = y, in (20), adding up these two
inequalities, and using condition (A,) to simplify, we have

<yn+1 Y Vn = Y1 T Vo1
(21)

r
=Xy~ —= (yn+1 - xn+1)> = 0.

Tn+1

By condition (C,), without loss of generality, we can assume
that there exists a real number m such that r,, > m > 0, so

||yn+1 _yn"2 < “ynH _yn“

(I =l |1 -

= (W1 — xn+1)>

n+l

M
! |rn+1 - rn| >
m

||yn+1 - yn" < "xn+1 - xn“ +
(22)
where M, = sup,. [y, — x,l.
Since S;,U,,; are nonexpansive, so [W,,,p, — W,p,|l <

[T AillS 0= pall < LTI A,), where L = sup, ., 18,1 p,
pull. Consider

“zn+1 - Zn“ - “xn+1 - xn”

”” IIVf (o) + [AW,11 i)

I+ 1AW, p,) 23)

n+l
|rn+1 |+L<HA >

Using 0 < A; < b < 1 (i > 1) and the conditions (C,)-(C;),
limsup, _, (12,11 — 2,/ = %, — x,[) < 0. By Lemma 5, we
conclude that lim,, _, . llz,, — x,,Il = 0, lim, -x,| =
lim - Bz, — x,|l = 0. Consider

n—>oo||'xn+1

H%OO(I

"Pn+1 - Pn" < ”yn+1 - )’n“ + MZ lrl::‘lfl ~ 1y

m=1

r

My |rn+1_rn|+MZ |’1:11 _’7;”|'
m=1

(24)

< o =l —

So lim - pl=0.

n—»oo"pn+1

Step 3. Consider

"xn — Xp1 t X Wnpn”

“xn - Wnpn“ =

< "xn - xn+1"

+ oy f () + B,
+((1
< "xn+1 - xn" + o, ”Vf (xn)

+ /Sn "xn - Wnpn"

1
“xn - Wnpn“ < W "xn+1 - xn“

n) - AWnPn" .

So we have lim W,p.l =0

ﬂ‘)OO”xl’l

Step 4. For any given p € F

= = (Vx
pX, = P)

||y7! P| ‘/rnpa

= <yn_

- /jn) I- (an) WnPn -W,

Pl

W0

xn_p>

1 2 2 2
=5 (I =27+ lw =PI = I = 2l7)

%1 = I
= [lovyf (x,) + Box,
+((1=B) I =, A) W,p, - pl’
= [( - o, A) (Wopo = p) + B (x5 =
+a, (vf (x,) = Ap)|
< | - o, Y W,p, -
+ 200, (pf (
< (1= ,7) lpu - ol + B, -
+ 20, [y () - Apl - s - ol

P) +ﬁn(xn -
xn) _Ap’xn+1 _P>

= (1=, 3) low = oI + Bilx. -
+2(1-a,9) Bullpn = pll - %0 -
+ 20, [lyf (x) = Ap|l - %1 = Pl
< (1-a,7)" [|x, - ol - |,
+ Ballx, - W,

-l’]
ol

+2(1=a,9) Bu llpn = 2l - 1 -
+2a, [[yf (x,) = Ap|| - %1 = Pl -

W,pll*

W,p,°
W,pu

W0

W,p,)]

W,

(25)

(26)

(27)



Simplifying it, we have
(1=, 9) = 2l
<[ = 21" = %1 - 2l
+ oy %, = pl” + Bk, - Wapal®
+2(1=a,7) B, lpw = £l - %, = Wopal
+2a, [yf (x,) = Ap|| - %1 - P
< (I = 2l + %01 = 21D 16 = X
+ oy x, = plI* + Ballxn - Wapal®
+2(1=a,9) B, llpw = £l - %, = Wopal
+ 20, [vf () = Apll - %1 - Pl -
Solim,, _, o lIx, = y,ll = 0.

Step 5. Consider

e - oI’

2

ZﬂZLPC(I_AumBm)yn -p
m=1

<G = ) = By = B
= lyu - oI + 4,1 Bouys — Bupl’
= 2y (Yn = P> BuYn = Bup)
<Ny = 21" + By = Bupl
= 2tth| By = Bt
< % = Pl + th (ty = 200) By = B’
1 = oI
< (1-0,9) %, - oI
+ (1= 0,) th (t0 = 28,,) | By = Bupl”
+2(1 = 7) Bl = Pl - %0 = Wapal
+2a, [[vf (x,) = Apll - %1 — Pl
(2L = ) (1= 7)1 B3 = Bp|”
< (s = 2l + 2001 = 21D 1% = %
+ a2y |x, - plI
+2(1 =0, ) Bl = Pl - %0 = Wapal

+ Zan "}}f (xn) - Ap" ’ ||xn+1 - p” .
Solim,, , B, ¥, — B,,pll = 0.

(28)

(29)
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Step 6. Consider

2
"
ZWTPC(I_MmBm)yn_p

m=1

lew = ol =

< <(yn - MmBmyn) - (P - numBmp) > P~ P>
1
= 5 {”I - A"thmyn -I- MmBmP“z + "Pn - p"2
_”(yn - pn) ~Um (Bmyn - Bmp)uz}

<

{l =2 + o= 2" = Iy =l

N | —

— 4| By = Bt
+24, (Y = P> BYn = Bup) }
loa = 2I° < Iy = 217 = 19 = Pl = #5,1Bn s = Bl
+ 2y Y = P> BV — BuP)
%1 = I

< (L= 0,7) o= 21 + Ballxa = Wil
+2(1=a7) Bl = 2l - %, = Wpl
+ 20, [y (%) = Apll - %0 - £

< (1=a) (I3 = 2l = lyn = pall’

~ t]1Bosyn = Bupl
+244, (Y = P> BuYu = B |

+ Bl = Wopal®
+2(1 =) By low = 2l - 1% = Wopa
+ 20, yf (x,) = Ap - %01 - Pl

<l = I + o, - I
+ 2041 = &, 7) 19 = Pull - 1By = B
= (1= )l = pull + Bl = Wopal®
+2(1 =) By low = 2l - 1% = Wopa
+ 20, yf (x,) = Ap - %01 - Pl

(1=, 9) Iy = pull”
< (I = 21+ s = 2D 150 = |
+ 24,,(1 = 0 9)" |9 = Pl 1By = Bap

+ :Br21||xn - Wnpnllz
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+2 (1 - ‘Xn)_’) B "Pn - P" ’ "xn - Wnpn"
+2at, [lpf (x,) = Ap|| - %001 = P -

(30)
Solim, _, oIy, = pall = 0.
Step 7. Consider
[y = Wyl < Wy = Wopa
+ Wapn = 4]l + [ = 32 (31)

S “yn - pn” + "Wnpn - xn" + "xn - yn" :
So limnﬂoo"yn - Wnyn” =0.

Step 8. Next, we prove thatlimsup,, _, . (yf(q)—Aq,x,—q) <
0, where g = Po(yf + (I — Aq)).

To show it, we can choose a subsequence {xni} of {x, } such
that

lim sup (yf (q) - Ag. x, — q)
(32)
= lim (yf (q) - Aq.x,, — q).

Since {y,, } is bounded, so there exists a subsequence {y, } of
1 ‘j

{7y} which converges weakly to w. Without loss of generality,
we can assume that y, — w; then, ¢(y,,, 1) +(1/7,)n—y,> ¥, —
x,) = 0,forally € C, (n -y, (v, — x)/r.) = ¢, y,)s
M= Yo W, = X0 )10, 2 G115 3,,). S0 P, w) < 0.

ForanytwithO0 <t <land#y e Clety, =ty + (1 - t)w.
Since r7 € C and ¢(#,, w) < 0, from conditions (A;) and (A,),
we have

0=9¢(n) <td(non)+ 1 -1)¢(n,w) <td (m,rl)(-B)

This implies that ¢(#,,7) > 0. From condition (A;), we have
¢(w,7n) = 0.So w € EP(¢).

Define a mapping ] : C — Cby Jx = Y _ n'Po(I -
tB,)x, for all x € C, where lim,_, . #n = #". From
Lemma 7 we see that ] is nonexpansive such that

F() = (VF(Pc(I-pB,)) = [ VI(C.B,,).
m=1 m=1

13 = Tval < 1m = pull + llow = T3l

Z ”;nPC (I - HmBm) Yn

m=1

= ”yn - pn" +

_quPC (I - [’lmBm)yn

m=1

<|y.=pl+MY | 7" —0

m=1

(n — 00);
(34)

Since every nonexpansive mapping is strictly pseudocontrac-
tive, sow € F(J) = (., VI(C, B,,).

Now we prove that w € F(w), and if not, we have
w # W (w). From Opial’s condition, we have

lim inf ” Y, — w“ < liminf

i— 00 i— 00

y”i - Ww”

< lim inf ("y"i - Wy"i " + ||Wy"i - Ww")

<liminf (|y, = W, | + |y, — @)

i— 00

tim Wy, =y, < Jim ([W, = W] + [Wazs, = 20 ])

1— 00 1—> 00

shm%ﬂmwmw}
eC

i—00 | 4
+ lim [W, 3, =y, [ =o0.
(35)

Therefore, liminf; _, [y, — wl < liminf;_, ,lly, — wl, so
w € F(w).

Step 9. Finally, we prove that x,, — g = Po(yf + (I — A)q).
Since q = P (yf + (I - A)q), so

lim sup (yf (q) - Aq x, ~ q)
= lim (yf (9) - Aq x,, - q)
= lim (yf (q) = AQ X, = ¥, + ¥, = )
=(rf(q) - Agw—q) <0,
61—l
= [, (vf (x,,) - Ag)
+[(1= BT = &) (Wop, = q) + By (%, - )]
< (1= B -, 8) Wop, - 9) + B (%, —DII” (36)
+ 20,y (f (x,) = (@) %1 — @)
+ 20, (vf (q) - Aq, X1 = )
< [(1-Bu = D) lp. - pll + B %, — all)?
+20,vh %, = q - | %1 — 4|
+ 20, (vf (q) - Aq, X010 — )
< (1-a7) %, —al’
+ oy ([, = gl + % - al)

+ 20, (yf (q) = Aq, X1 = q) -
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This implies that
%1 - al’
2(?_)}1/‘) &, 2
1= T/ -
<|1-2E g
2(y-yh 2
, 27—y, Y e g
L-a,ph [ 2(y-yh)
1
—Agx,y —q) b
S Ton (vf (@) - Aq, X, q)}

(37)

From Lemma 6, {x,} converges strongly to g.
Taking F(x,y) =0,D=0forallx,y e H,r,=1,m=1
in Theorem 10, then Theorem 10 is reduced to the following.

Corollary 11. Let C be a nonempty closed convex subset of a
real Hilbert space H. Let B : C — H be a A-inverse strongly
monotone mapping and D : C — H a a-inverse strongly
monotone mapping. Let {T,},>, : C — C be a family of
infinite k,-strict pseudocontractive mappings with 0 < k,, < 1
and let {1}, be a sequence of positive numbers in [0, b] for
some b € (0,1). {S,}72, : C — C is a family of infinitely
nonexpansive mappings such that & = F(W) [ VI(C, B) #0,
where F(W) := (72, F(S,). Let A be a strongly positive linear
bounded operator with coefficienty > 0 and let f: H — H
be a contraction with contraction constant h (0 < h < 1) and
0 <y < (y/h). Let {x,} and {y,} be generated in sequence by
x, € Hand

vy, =P-(I-AB)x,,
Xpt1 = “ny_f (xn) + ﬁnxn + ((1 - ﬂn) I- (XnA) Wnyn’

where A € (0,2a],{e,},{B,} < [0,1]. If the following
conditions are satisfied:

(38)

(Cy) lim,, _, o0, = 0, Y02 ot = 00;
(C,) 0 < liminf, _, B, <limsup,_, B, <L

then {x,} converges strongly to q € F, where q = P (yf + (I -
A))g.
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