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We introduce and study a type of (one-dimensional) wave equations with noisy point sources. We first study the existence and
uniqueness problem of the equations. Then, we assume that the locations of point sources are unknown but we can observe the
solution at some other location continuously in time. We propose an estimator to identify the point source locations and prove the

convergence of our estimator.

1. Introduction

Assume that there are a certain number of objects in a certain
area of ocean or other media. The total number of the objects
and the location of each object are unknown. We need to
identify the total number and the precise locations of the
objects. The objects are also assumed to emit (point source)
sound waves and we are able to measure these sound waves
received in some known locations. The objective is to use
these measurements for our identification problem.

This type of problem has been studied mathematically
in the framework of inverse problems for partial differential
equations (wave equations). The sound travels according to
the following second-order wave equation with point sources:

o%u (t, x) d Fult,x) <
- = E 0 (x = yj)
ot? Z 0x; k=1

i=1

@

ou

u(0,x) =0, o (0,x) =0,

where x € Rd,t € (0,T), N € N, and y,,..., yy are some
given points in Rd, d(x) is the Dirac delta function, and oy,
k = 1,2,...,N, are some known constants. The solution
(u(t,x), x €D, 0<t<T)issupposed tobeknown for some
space points D and for some interval [0, T]. The total number
N and each location y; of point sources are estimated from

(u(t,x), x € D, 0 <t < T). We refer to, for example, [1]
and in particular the references therein for some recent study
in this area. This theory has found substantial applications
in determining the heat sources in heat conduction, the
magnetic sources in brain, the earthquake sources of seismic
waves, and so on.

In practice, the sound wave travels inevitably under some
influence of noises. Voluntarily or involuntarily, the point
sources themselves may also emit noises to avoid being
detected. Thus, we are led to the following stochastic wave
equations:

o’u(t, x) d o%u (t, x)
-2

2 2
ot & 0x;

=b(t,x u(t,x)) + 0, (t, x,u) By (£, x)

N (2)
+ Zak (t,x,u) 8 (x — y;) By (£, x)
k=1
ou _
u(0,x) = v, (x), e (0,x) = vy (x),
where x € R% t € (0,T), N € N, and y,,..., yy are

some given points in Rd, O(x) is the Dirac delta function,
vy and v, (x) are two given deterministic functions, and By,
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k=0,1,2,...,N,are independent Gaussian noises which are
white in time and correlated in space.

When o, = -+ = g = 0, the stochastic wave equation
(2) has been studied since long time. Let us mention the first
lecture note [2] and a recent lecture note [3]. Many properties
such as the sample path Holder continuity of the solution are
obtained (see [4, 5] and the references therein).

However, when 0;,i = 1,..., N, are not all zero, then (2)
is highly singular because of the presence of the Dirac delta
functions multiplied by the Gaussian noises. Such equation
has not been studied yet. The first objective of this paper is to
give the definition of the solution to such an equation and to
show the existence of uniqueness of the solution under some
appropriate conditions. This will be done in Section 2. Since
the case when 0, = --- = oy = 0 has been well studied,
we will now assume g, = 0 to simplify our presentation.
However, since our objective is the identification of the N
and point source positions y;, .. ., ¥y, we will not go to spend
too much effort here. For this reason, we restrict ourselves to
only one space dimension case. We will present higher space
dimension case in another project.

To well explain our approach of identification, we will
further restrict our model. We will consider the special case of
(2) where the coefficients oy (t, x, u) = p(t) are independent
of x and u and v, = ¥, = 0. Namely, we will concentrate on
the stochastic wave equation of the form

o%u (t, x) B d%u (t, x)
ot? :

N
= ) ()8 (x = ) B (8, %)
axiz ];1 k k k

i1

(3)

ou
u(0,x) =0, 3 (0,x) =0.
In this case, we will write down the explicit expression of the
solution. It will be done in Section 3. In this section, we also
obtain some properties of the solution which will be useful in
the later section of the paper.
Now, we assume that, in (3), the total number of

point sources N and the positions y;, i = 1,...,N,
are unknown. However, we are able to observe the sound
signal received at some given known locations x,...,x,,,

continuously in the time interval [0, T']. Namely, we assume
that (u(t,x,),...,u(t,x,,),0 < t < T) are known. We
would like to use this information to identify N and y,,

i = 1,...,N. In Section 4, we will develop a new approach
to obtain some statistical estimators N and ¥, ¥,,..., yy to
estimate the total number N and the locations y;, ¥5,..., ¥y

of the point sources. The approach combines the reciprocity
gap functional approach from the theory of partial differ-
ential equations with theory from stochastic processes. We
show the almost sure convergence of our estimators N and
V1> P> - > Yy to the true parameters N and y,, y,, ..., ¥n-

2. Stochastic Wave Equations with
Noisy Point Sources

Let (Q, #, P) be a basic probability space with right contin-
uous filtration of o-algebras {#,, t > 0} satisfying the usual
conditions. Let B(t, x) = (B, (t, x), B,(t, x),..., By(t, X)), t >
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0, x € R? be N dimensional Gaussian random fields. The
formal derivatives B (t, x) := (ad“/ataxl -+ 0x,4)Bi(t, x),
k = 1,2,...,N, are called the Gaussian noises. We assume
that these Gaussian noises are white in time and correlated
in space with covariance r(x, y) (see [5]). Namely, we assume
that

E [Bk (t, x) By (s,y)] =8(t-s)re(xy), (4)

where E denotes the expectation on (Q), %, P), 1. : RYxRY —
R,and (k = 1,2,..., N) are some symmetric positive definite
functions of x and y. This is interpreted as

E [By (t, x) By (s, y)]
Jy 1 (u, v) dudv.

:(t/\S)JOXI“.JOXd Joylm od

For any (deterministic) smooth function ¢ in €;°([0,T] x

R%), the stochastic integral B (¢) = _[OT .[IR"’ @(s, x)Bi(ds, dx)
is well-defined in the sense of Walsh ([2]). The following fact
is well-known: for any two smooth functions ¢ and y in
€, ([0,T] x R%), we have

E (Bi (¢) Bi ()

(5)

T (6)
= J ds“ Psx)7 (x,y)w (s, y)dxdy.
0 R

We also call E(By(¢)B,(y)) the covariance functional of Bk,
denoted by Ji. (@, y).

Sometimes, we also use the Fourier transform theory to
study the stochastic integral and the stochastic equations. We
use Fo(s,)(&) = j B eZ"ix'E(p(s, x)dx to denote the Fourier
transformation ofgbgR, -)and @(s, x) = @(s, —x).

If we assume that the noise is spatially homogeneous,
that is, r.(x, y) = r(x — »), then there exists a nonnegative
tempered measure 4, which is the Fourier transform of
7.(x)dx. With this notation, we can also write

o) = [T 8] @060 ©F769©. 0

From the general theory of stochastic integral (see, e.g., [3]),
we see that if (g(t,x), 0 <t < T, x € R%) is a real valued
F ,-adapted process such that

T
J ds” T (. y)E[|lg (s 0)|]g (s y)|] dxdy < 00, (8)
0 R

then the stochastic integral f()T .[Rd g(t, x)B,(dt, dx) is well-
defined and

E [ LT de (s, %) B (ds, dx) ] 2
9)

= JT dS“Rdrk (%, y)E[g(s,%) g (s, y)] dxdy.

0

Now, let y be a given fixed point in R? and let (A(£, x),0 < t <
T, x € R?) be a real valued & .-adapted process. We want to
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define the stochastic integral Iot .[Rd A(s, x)0(x — y)F(ds dx),
where §(x — y) is the Dirac delta function. To this end, we
will use smooth functions to approximate the Dirac delta
function.

Let ¢ be a smooth function with compact support K =
[-1,1]%. Set ¢, (x — y) = n¢(n(x — y)). It is clear that ¢,
converges to §(x — y) in the sense of distribution asn — oo.
For each n, the stochastic integral

T
In = ,[ j A (S’ X) ¢n (x - y) Bk (dS, dx) (10)
0 Jr4

is well-defined. We want to know whether I,, has a limit in
L*(Q, &, P) or not. First, we have the following computations:

[E[In - Im]2

—e([ [ A0,
e Bdsdn) )
(1)

_ LT ”Rd[E A (s, x) A (s, 2)]
X (¢, (x = y) = ¢ (x ~ y))
X (¢, (z=y) =, (2~ y))

X 17 (x,2) dx dz ds.

Passing the difference ¢,,(x — y) — ¢,,(x — ¥) to that of A and
we have

E(L, ~1,,]°
T x z
=), e (o)A (s +3)
r<y+ f,y+z)—/\<s,y+ f)
n n n
xA(s,y+£)r<y+ f,y+£>]
m n m

x ¢ (x)p(z)dxdzds
LG a2
e i) A7)
sy )l red)

x ¢ (x)p(z)dxdzds

=1 +1I,.
(12)

I, can be written as

v L IR ()
(er)
[l red)
ST

(r+503)
[+
A )

x ¢ (x)p(z)dxdzds.

Now, we let 7(x, y) be a continuous function of x and y. We
also assume that there is a ¢, > 0 such that

T
sup [EJ [/\(s, y)z] ds < o0,
ly-x|<gy Y0

T (14)
L [[/1 (s, 9) = A(s, x)]z] ds=0.

lim sup
e—0
|y-x]<e

We write I, = I;; + I;,, where I;; and I,, are defined and
estimated as follows. For I;,, we have

I, = Jj ”Rd[E{/\<s,y+ %)A(s,y+ Z)}
ey d) o)l
x ¢ (x)p(z)dxdzds
<C sup

r(y+f y+ E)—r(y+f y+ i)|
|x|<1,)z|<1 n n n m

Tl )
e3e3)

] ¢ (x) ¢ (2) ds dx dz
X z

<C su < +—y+ —)‘
|x|§1,|§|<1 4 n Y m

xJRdJ [(s,y+£>]2ds¢(x)dx
<C sup

(e D)l )
|x|<1,]z|<1 n

X supj [E[ < +
Ix|<1

— 0.

SR

Ja

(15)



For I,, we have (recall K = [-1, l]d)

el b )

oo 2)
[
A 2))

x ¢ (x)p(z)dxdzds

cof fl efafer-)
o)

—/\<s,y+ E)”dxdzds
m

T x 1/2
SC{J J [E/\2<s,y+—>dxds}
o Jx n
T z
X [E[A( s +—>
{J-o JK > n
2
—A(s,y+ i)] dzds}
m
T N 1/2
SC{supJ [E)L2<s,y+—>dx} ds
n
T z
x{supj [E[/\(s,y+—>
|x|<1 JoO n
2
—A(s,y+£)] ds}
m

(16)

1/2

1/2

— 0.

Thus, we have I; converging to 0.
In the same way, we can show that I, converges to 0 under
the same conditions.

Theorem 1. Let B, (t, x) be a Gaussian noise which is white in
time and correlated in space with covariance ri(x, y). Assume
thatr(x, y) is a continuous function of x and y. Let (A(t, x), 0 <
t <T,x € R?) bean F,-adapted processes such that conditions
(14) hold. Then, the stochastic integral IOT _[R,, AL, x)0(x —
v)By(ds, dx) exists and

2

[E[JT J[Rd A(s,x) 8 (x — y) By (ds, dx)]

’ (17)

“r(09) || A Gs)Pas
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Proof. The above argument shows the existence of the
stochastic integral _[OT .[Rd At, x)8(x — y)By(ds, dx). We have

T
E[L,)’ = L “Rd[E A (s, A (5,2)]
X¢n(x_y)¢n(z_y)

X 1 (x,2) dx dz ds

T (18)
=], e[ () ()
o e lore )alore
><r< X +E)]
k\Y n’)’ "
x ¢ (x) ¢ (z) dx dz ds.
Now, the Fatou lemma yields (17). O

We also need to bound general moments of the stochastic

integral fOT .[[Rd At, x)0(x — y) B (ds, dx). We have the follow-
ing Burkholder type inequality.

Theorem 2. Let B, (t, x) be a Gaussian noise which is white in
time and correlated in space with covariance ri(x, y). Assume
thatr(x, y) is a continuous function of x and y. Let (A(t, x),0 <
t <T,x € RY) be an F,-adapted processes such that

sup [E<J-T [A(s, y)z] ds)p/2 < 00,

|y—x|<ey 0

(19)
p/2
lim sup [E(JT [[A (s, y) - A(s,x)]z] ds) = 0.

€= 0|y—x|£s 0
Then, the stochastic integral IOT -[Rd A(t, x)8(x — y)By(ds, dx)
exists and

[E“OT J-Rd A(s,x)8 (x — y) B, (ds, dx)]p
(20)

<Cprt” (1.y) [E(LT (A (s,y)]zds)p/z-

Now, we turn to consider the existence and uniqueness
of the solution to the stochastic wave equation (2). We will
follow the idea of mild solution. Since the Green function is
more sophisticated to study in the dimension higher than 1,
we will only study the one space dimensional wave equation
in this paper. Higher dimension case needs much more care.
Consider

%u (t, x) B %u (t, x)
ot? 0x?

=b(t, x,u(t x))

+ 0, (t, x,u (t, x)) BO (t, x)

N
+ Zok (t, x,u (t, x))
k=1

x 8 (x = y;) B (£, %)
)
u(0,x) = vy (x), a—’;‘ (0, %) = 7, (x).

(21)
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In the one-dimensional case, the associated fundamental
solution (Green’s function) of the wave operator o*/ot* —
0% /ox is

G(txy) = > Ly (22)

First, we give the following definition about the solution.

Definition 3. A random field {u(t, x),t > 0,x € R} is called
a solution to the stochastic wave equation if it satisfies the
following identity:

N

u(t,x) = Z j: IRG(t—s,x—z)

k=1

X 0y (s, 2,u(5,2)) 8 (z = y;) Bi (ds, dz)

J G({t-s,x—2)b(s,z,u(s,z))dsdz
J G(t,x—z)vy(z)dz
G

(,x—y) ¥, (2) dz.

(23)

Theorem 4. Assume that b(t,x,u) and o (t,x,u), k =
0,1,..., N, satisfy the global Lipschitz condition and the linear
growth condition in u uniformly int € [0,T] and x € R.
Assume that v, is bounded continuous functions in R and
v, is bounded continuously differentiable functions in R with
bounded derivative. Then, there is a unique solution to (21).

Proof. Since the solution of wave equation has the past-light
cone property (see [6], p. 63), we can study the solution on
a bounded domain. To simplify the presentation, we assume
b=0.

Let us define B, as the set of all mappings u : [0, T] x R x
Q — Rsuch that u(t, x, w) is continuous in (¢, x) € [0, T]xR
for almost all w € O and

sup Elu(t,x)|? < co. (24)
0<t<T,xeR

Itis clear that B, is a Banach space with the norm

1/
lulg, == sup (Elu t, x)")"". (25)
0<t<T,xeR

We will prove the existence and uniqueness of the solutions in
B = N,s,B, to (21) by the Picard iteration. We define {u;}7°,
recursively by the following:

u; (t,x) =T (u;y) (£, %)
N -t
= Z L IRG(t—s,x—z)
x 0y (s, z,u;_, (5,2))

x 8 (z — y;) Bi (ds, dz)

d
+ o JRG(t,x—z)vo(z)dz

+ J- G(t,x—y)v,(z)dz
R
(26)

for any (¢, x) € [0,T] x R. We also define 1, = 0.

First, we show the well-posedness of the above stochastic
integral for everyi =1,2,....

Forany p > 1,letu;_; € B,,. By the Burkholder inequal-
ity, we have

[E|ui (t,x+h)—u,(t x)|2p

N
<CY'r* (Yo m)E
Pt

‘ “; (G(t=sx+h—y)

, (27)
-G (t-sx-y)]
) P
o (5 042 (50 s
N
= Czllk'
k=1
By the Holder inequality, we have
t
L SC[J |G(t-s,x+h-y)
0
rlq
~G(t-sx-y)|'ds
t
XJ IG(t-sx+h-y)-G(t-sx-y)f
0
2p
x Eloy (s, yio ;-1 (5 33))[ " ds
t
C[J |G(t-s,x+h-y) (28)

0

rlq
-G(t—s,x— yk)|qu]
t
xj |G(t-sx+h-y)-G(t-sx-y)|fds
0

X [1 + supE|u;_, (s, yk)|2P]
$Vk

< Clh|"P,

where g = p/(p — 1) is the conjugate number of p.
In the similar way, we can show E|u(t, x) —u(t +s, x)|* <
Cls|"*?/ for any (t, x) € [0, T]xR. Thus by induction we have

Elu; (£ + 5% + h) —; (6, )|F <C(Isl? + [W[P),  (29)



foralli € Nand (t,x) € [0,T] x R. Let €, denote the set
of all functions of t € [0,T] and x € R, which are Holder
continuous on both t and x on any compact subinterval of
R. Hence, by Kolmogorov’s theorem, we have, for any (fixed)
0 < a < 1/2,u; € €, foreveryi € N. It is easy to check
Elu(t, x)|*? < C. Now, we verify easily

J-t E[G(t-s,x—-y)o (s, y,1; (s, y))]’ds < C. (30)
0

Moreover,
t
L E[G(t-5x—)0(5yu (s )

-G(t-s,x-2)0(sz(u(s, z)))]zds

< JtE[|G(t—s,x—y)
' (1)
w; (s, )’

~G(t-sx-2)|o(sy,

+G2(t—s,x—z)

x (o (s yui (s y))
-o(s,zu (s,z)))z] ds<Cly-¢|

for any x € R. Thus, G(t — s,x — y)o(s, y,u;(s,x)), i =
1,2,..., N, satisfy conditions (14). Therefore, (26) is well-
defined for all i € N.

Next, we show that {u;, i = 1,2,...} is a Cauchy sequence
in B, for any p. For n,m € N, by Burkholder’s inequality and
Jensen’s inequality, we have

[E|un (t,x) —u,, x)|2p
N t 5
<CYr (][ & -sx- )
k=1

X (0% (85 Yioo 1 (55 90))

p
04 5 it (7)) ]

N
< CZ”P (V> )
k=1
t 2
[ Bl (5:36) =t (590
(32)
Let us denote by B, the set of all mappings u : [0,¢] x R x

Q — R such that u(s, x, w) is continuous in (s, x) € [0, ] xR
for almost all w € Q and

sup  Elu(t,x)|? < co.
OstsT,I?ceR (33)
We also denote
1/
lullg, = sup (Efu(s, %)) k. (34)
P 0<s<t,xeR
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Thus, (32) can be written as
t
Ity =y <€ [ = malds. 69

Now, a routine argument shows that u,, is a Cauchy sequence
in B,,. The limit of this sequence is denoted by u.
Lettingi — oo in (29), we have

Elu(t +s,x +h) —u(t,x)[*P <C(|s| + |h|P) (36)

and sup, g Elu(t, x)[*? < C. This implies that the stochastic

integral J'g G(t—s,x— )i (s, ¥, (u(s, ¥))8(y — y1)Bi(ds, dy)
is well-defined. It is easy to see

swp E|| Gt-sx-2)8(-n)
0<t<T,x€R 0
x (01 (53> (1 (5:))) =0k (5,3 (e (s, %))
2p
xBi(ds,dy)] — 0

(37)

asi — 00.Now, letting i tend to infinity on both sides of (26),
we see that u satisfies (23). The uniqueness can be proved in
similar way. Thus, we complete the proof of this theorem. [J

3. Some Preliminaries for Estimation of the
Point Sources

To simplify the presentation of estimation method, we
assume o,(t,x,u) = 0 in (21). We also assume that the
noises are space independent. Without loss of generality, we
also assume vy(x) = v,(x) = 0. Moreover, we assume that
o (t,x,u) = p;. This means we will consider the following
stochastic wave equation:

Pu(t,x) u(t,x) o .
ot2 - Ox2 = Zpk8 (x_yk) Bk (t)
k=1
(38)
u(0,x)=0 a—M(Ox)—O
> - > at > - .

From the Duhamel principle, we know that the solution
of one-dimensional stochastic wave equations (38) is given by

t N
u(t,x) = LJ jxmyict—s) (19) szﬁ - y)dydB}

N .t .
=3 [ | pelieosien 0258 (v = 3 dy B,
k=10 R
(39)

In the remainder of this paper, we assume that the
parameters N, y,..., ¥y Pp>- - -» P are unknown. However,
at some fixed location x € R, we can observe the sound wave
signal {u(t, x), 0 < t < T} continuously over the time interval
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[0, T]. We would like to use {u(t, x),0 < t < T} to identify N,
y-and p, k=1,2,...,N.Ifone can observe the sound wave
signals at some other locations x,,...,x,,, we can use the
similar approach to (better) estimate N, y;,..., Y5 P>+ > PN
from all the observations {u(t, x,),...,u(t, x,,),0 <t < T}.

Put o = |y, — x|, k = 1,2,..., N. We arrange the real
positive numbers «;, in increasing order. For example, we can
assume &) < &, < -+ < Ay

Ift < «, then, forany kand s < t, a; = |y,
cannot hold, and hence u(t, x) = 0

fa, <t <ayand0 < s <t-|y, —x| =1t-«then
y1 € iy, ly — x| <t —s}; hence

—-x|<t-s

t—oy
u(tx)= | pdBl=pBL,. (40)
0

Similarly, we have, for &, <t < a3,

1 2
u(t,x)=p B, +pB s
(41)
foray_; <t < ay,
1 2 N-1
u(t,x) = PiBio + By, ¥+ pnaBily s (42)

and, for oty < t,

u(t’ x) = PlBtl—oc1 + pZBf—ocz Tt PNBﬁth' (43)

Now, for any process Z,, we define its quadratic variation
process (if it exists) as

n—-1

2
2,2, =12) = lm 3 (2,,-2,), 49

i=
wheren : 0 = t, < t; < .-+ < t, = tis a partition
of the interval [0,¢] and |7| = max,_.., 1(1,‘J+1 t ) For d
dimensional Brownian motion B = (Bl, . we know

that [B;, B;], = t6;; fori, j = 1,2,...
8;; = L,ifi = j, 0, otherwise.
The quadratic variation process of u(f, x) is given by

,d and anyt > 0, where

0, t<oy;
pt-a), o <t<ay

) 20l =1 & t—o) «
I;Pk( RN

N
ZPk (t—oy),
[ k=1

<t <oy

oy <t

(45)

Since we can observe {u(t,x)} at the space location x
continuously from the time interval [0,T], we know that
the quadratic variation process h(t), 0 < t < T is also an
observable.

Let T be large enough; for example, T > a5, We denote
a = 0,apn,; = T.On [0,T], h(t) has its second-order
distributional derivative by

N
W () =) pid (8- oy) (46)
k=1

Forg e C?[0, T] with g(0) = 0, we can define linear operator
R(g), which is called the reciprocity gap functional as follows:

7 (g) = jOT h(©)g" (O dt = h(T) g' (T) + W' (T) g (T).
(47)
By the integration by parts formula, we have
N
% (9) = ZPkg () - (48)

k=1

For any function independent of the unknown parameters,
we know from the definition that %(g) is also independent
of the unknown parameters. Namely, %(g) is observable.

To obtain our estimators for the parameters, we take

gn(t)=<sin:—;>, n=12,.... (49)

Then,

R (94) = ZPk(Sm —) ZPkSka (50)

where ;. = sin(may /2T).

Clearly, since {%(g,),n = 1,2,...} are constructed from
u(t, x), we see that they are observable. Furthermore, once
we know S, then we can get oy from the identity o =
(2T /) arcsin(Sy).

The S; can be obtained from %(g,,) by the following way.
We let H,(u = 0,1) be the N x N matrices of the following
forms:

% (g;,) % (9#+1) R (9H+N71)
g * (1) % (Gs2) R (Guin)
R (94+N—1) R (g..u+N) R (gy;-ZN—Z)

(51)

The following result is from [7, 8]. For more details, see
[7, 8] and references therein.

0,1) be defined above; then
, Sy are the eigenvalues of Hermite matrix Hy" H,.

Theorem 5. Let H, (u =
S1Sy .-

Proof. First, we will introduce some intermediate quantities
as follows. For j € N, we define

S)  (8) e (S

j+l j+l j+1
a @) (5x) o

N+j-1 Nei1 N+j-1
(Sl) Y (SZ) " (SN) Y NxN



We denote the diagonal matrix
D = diag(S,,S,,...,Sy) - (53)

We define the vectors

% (9;)
. (9,4) (54)
R (9N+j71) Nx1
and vector p = (py, Pys-- > ) -
It is obvious that, for all j > 0, we have
uj=Ap, A =A;D. (55)

Thus, for all j, we have
Hj1 = AoD""'p = AyDA' A D/p = AODA_Oltuj' (56)

Denote I' = AODABI. Then, y;,; = I'u; and the matrix I
has the S, as its eigenvalue corresponding to the eigenvector
Be=1,8,...,S8 T fork =1,2,...,N.

On the other hand, we have
spn-1) =THy.  (57)

H, = (P‘v.“zs--wﬂN) :r(ﬂo’.”l’---

Because A, is a Vandermonde matrix and S,,S,,...,Sy
are assumed to be distinct, we also can show that vectors
Uo> Uy - - -» -, are independent, which means that H, is
invertible. Hence, I' = H H;; !, The conclusion follows. [

Remark 6. Let M > N be integers. Defining y1;,(M) = (%(g;)
R(Gjr1)s - %(gMﬂ_l))T (T denotes the transpose), one can
see that the vectors py (M), u, (M), ... ., pp_, (M) are images of
p>Dp,...,DM™'p e RV by the action of the matrix

1 1 1
)b Sy (Sp)'!
AO (M) = . . . > (58)

(SI)M_I (Sz)M_l . (SN)M—I M
from which and from the independence of the vectors
po (M), uy (M), ..., pips_ (M) one can deduce that the deter-
minant of matrix (g, 4y . . . » pr—;) is equal to zero. For more
details, see [7].

Remark 7. One can find, from the proof, that vector p is the
solution of linear equations y, = Ap.

4. Estimations for Point Sources from Discrete
Time Observations

By Theorem 5, we know that the parameters we want to
estimate are contained in the eigenvalues of Hermite matrix
H;'H,.

We assume in this section that the wave signals are
observed at the location x € R but at discrete time instants
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0=ty <ty <--<t, =T Wedenote A =t;,, -t; (j =
0,1,...,m—1).

We define the approximation h, of the quadratic varia-
tions h of solution process u(t, x) for any A > 0. Assume that
there are integers [}, 1, ..., Iy such that f, S & <ty for all
j=1,2,...,N.Forany0 < t < T, since there is an integer j,

such thatt; <t <t; ., one defines
t Jt

Ji
hy (1) 2 Z|u (teox) — u (teys x)|2. (59)
k=1

This is also an approximation of the quadratic variations pro-
cess h(t) of solution process u(t, x) based on the observation
time instants 0 = ¢, < ¢; < --- < t,, = T. We know that

2
for t fixed h, () LN jt—op—ay =+ —ajas A — 0with
a; <t <aj,. Infact, we can show that convergence holds in
the almost sure sense (see Lemma 10).
To use h,(t) to obtain estimators of the parameters, we
compute the following. For any twice differentiable function
g> by Abel sum formula, we have

T
| m®g" @ =n g @)

0

T
[ g wan©=nmg @

0

-3 () (e ) -t O

=h, (T) g' (T) - |u (T,x)—u (tMA_l,x)'2

m m—1 i
X Zg’ (t) + Z (Zin = Z)) Zgl (te)
i=1 i=1 k=1
(60)
where Z; = Iu(ti,x)—u(t,-_l,x)lz,i =1,2,...,m. Thus, we can
define
a (T '
A(9)2 | ha gyt —hy (1) g (D
(61)

m

+ |u (T,x)-u (tMA_l,x)'ZZg' (t).

i=1

For any nonnegative integer y, we introduce

H, Apu,m

R (gy+m—1)
‘%A (gy+m)

N (gH) R (gwl)
9 (9H+1) 9 (9y+2)

'%A (gy+2m—2 )
(62)

'%A (germ—l) '%A (germ) Y
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First, we estimate N. It is known that when m > N, H;,
will be degenerate. However, there is a difference between
Hypg,, and Hy,, and there may be also error from the
computer computation. To make the method robust, we
introduce a small number §. We propose to estimate N by
the following estimator:

N = max {m, |det (H,,,,)| > &} (63)

As in the case of continuous time observation we let

SLI, SLZ, o SLN be the n eigenvalues (in increasing order)

of the Hermite matrix I, = H;}OH a1 Then, we obtain the
estimations of the locations of the point sources by

A = |)7k - x| = 9121 (Sl,k)’ (64)

for k = 1,2,...,N. The estimation of y, follows from (64).
Note that g, k =1,2,..., are given by (49).
Similar to A, y, in Theorem 5, we define

1 1 1
T T T
Sa Saz o San
AO (A) - : : CIEaY : >
1 N-1 1 N-1 1 N-1
(SA 1) ( A,Z) ’ (SA,N) NxN
R 1(90)
Z(g1)
to (A) = .
P (9n-1)/
(65)
As in Remark 7, the estimation p = (p;,p,...,py) of the

strength p of the point sources can be obtained by solving the
following linear equation:

Ho (8) = Ag (8) p. (66)

Now, we can summarize the estimation procedure as
follows.

Step 1. Compute h,(t) on [0,T] and R, (g;) according to
transformation (61).

Step 2. Identify the value of N as the maximum M such that
det (o (A, M), gty (A, M), pipg, (A, M)) 0. (67)

Step 3. Compute the eigenvalues Sl’k of matrix H:OH Al

Step 4. Compute the intensities by formulae p(A) =

A (D) (D).

5. Convergence of Estimations

In this section, we will show that the estimations obtained in
the previous section converge to the true values a.s. as time
space A tends to zero.

Theorem 8. For any function g € C2([0, T]) with g(0) =0,
we have R ,(g) converging to £(g) a.s. as A — 0.

This will be fulfilled by the following two lemmas.

Lemma 9. For any function g € C([0,T]), _[OT ha(t)g(t)dt
converges to JOT h(t)g(t)dt in the sense osz asA — 0.

Proof. 1t is sufficient to show that, for any function g €
C(0,T]), [, ha(t)g(t)dt converges to [ h(t)g(t)dt in the

sense of L? as A — 0. By Holder inequality, one has, for any
function g € C([0,T1),

2

[E< LT hy (H)g(t)dt - LT he) g(t)dt>

T T
< J E(hy, () - h () dt x J g (1) dt
0

N % 5 T (68)
-y I E[hy () - h(r)]2dt x J g (D dt
J=17% 0
T N
= J g M) 1,
0 i3
where
I, = j " (0 - h o)
lj+l_1 [738)
. J E(hy (t) - h(6))dt (69)

k=l;+1 T

. r’” E(hy (t) - h (1)) dt.

Jj+1

Forl; +1< k <lj,; — 1, wehave

th“ E(hy (t) = h (1)) dt
%

7981 k
B L " (Z|” (t %) = u (ti, %)
k i=1

2

- <ZP1‘ (t _‘Xi)>> dr

tr1 J=1 Ly
- E<Z 2. Ju b x) w1 )
k

s=li=l+1

) ultnx) —u(t )

i=l;+1

2

. (zp (t—oci))) at
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s=1 \i=l+2

|79 j-1 s+l
= L < < Y |(PiBt o, + o+ PB; )
k

1 2
- (PlBti,l—(xl Tt psB:H—as)

1 S
+ |(PlBtls+1*‘x1 + + ‘DSBtlsﬂ*"‘s)

- (plBtlls—ocl By lBtl -0, 1>|2>
k .
+ < Z '(PIB:,-—ocl toeet PjBii—ocj)
i

i=1 42

2

- (P1Bt1,.,1—o¢1 Tt P;B], — )

|<Pl o

1
— <PlBtlj—oc1 4+ ..

2
+P] lBt, —ot >|

2

- (ZP:’ (t- “i)) ) dr.

Let X be a standard normal random variable. Denote the
constant E(X? — 1)2 by A (actually A = 2). By the inde-
pendent increments property of Brownian motion and the
independence between B* and B' for k # I, we have

+P] tl+1 ‘x')

(70)

rk“ E(hy (t) = h (1)) dt
%

th+1< z( (g = 1, — 1) %A

H(6-DA+h, -a))

+ AN (k-1;-1)

+ A((j “ DA+t - ocj)2>

+[(jt—oc1—~~—ocj)

—(jkA—llA—---—le+t,1H

2
—oc1+-~-+tlj+1—ocj>] dt

Abstract and Applied Analysis

+ 7707 (k-1;) + 9j2A2> dr

=CA* +0(A%),

(71)
where the constant C depends only on T, A, «j, p; (j =
1,2,...,N) and o(x)/x — O0as x — O0.In the similar
way, we can get the same estimates for the first and last terms
in I;. Since the total number of the terms in I; is less than

((ocj+1 - oc]-)/A) +2,I; - 0as A — 0. Hence, we complete
the proof of this lemma. O

Lemma 10. For any function g € C([0,T]), IOT h(t)g(t)dt
converges to JOT h(t)g(t)dt a.s.as A — 0.

Proof. By integration by parts, we know

T
J, hag©d =@ @

- ZG (te) Ju (t x)

tk g x)|
(72)

where G(t I g(s)ds. Therefore, for any A > 0, the

square 1ntegrable functional fo h,(t)g(t)dt of N dimensional

Brownian motion B = (Bl, B%,...,BY ) belongs to the direct
sum of R and the second chaos.

To this end, we define the second quantization operator
[(«) (for 0 < & < 1) from L* to L? by

[(a)F =) a"],F, (73)

n=0

where F € L*(Q).
Setting m = o> + 1 > 2, then, by the hypercontractivity
of OU semigroup (see [9, 10]), one has

IT (&) Fll,, < IIFll,. (74)

Letting F = [} hy(g(D)dt — [ h(t)g(t)dt € Range(J, ® J,),

we have

[(0)F=EF+a’ (F-EF)=(1-o’)EF+a’F.  (75)

Thus, the hypercontractivity justifies the following form:

JoF,, < 1F1, + (1 - o) EF],,

76)
< IFl, + || (1 - o) EE|, < cA'.
In the last inequality, we use the facts appearing in the end of

the proof of Lemma 9. Therefore,

E|F|™ < Cm — 1)"A™2, (77)
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Now, we identify the A — 0 with 1/n — Oasn —
0. Denote the set {|F| > n_l/s} by A, n = 1,2,...
Then, P(A,) < C/n™?. Choose m large enough such that
Yo P(A,) < oo holds. Thus, the Borel-Cantelli lemma can
be applied to show F = jOT h,(£)g(t)dt — jOT h(t)g(t)dt — 0
a.s. as A tends to zero. O

Proof of Theorem 8. As the proof of Lemma 10, we just need
to show that the limit holds in the sense of L*. Actually, as
A — 0, one has

M,

'u (T,x) - u (tMA_pX)FZQI (t)

i=1

= ('u(T, x)—u (tMA—l’x)|2 - NA)

M, M, (78)
X Zg’ (t;) + NAZQI (t;)
i=1 i=1
T ! !
— NL g (t)dt = Ng(T) =h'(T)g(T).
Hence, the result of Theorem 8 is concluded. O

Since Weyl’s perturbation theorem (see [11, 12]) says that
Ay - Al < |HAH,, - H'H
m];ax| x (B) k' < " aotan — Hy 1||> (79)

by Theorem 8, we can get the convergence of estimations of
the locations by an obvious way, which is stated as follows.

Theorem 11. Foranyk = 1,2,...,N, one has Sl’k — S as.
asA — 0.

Next, we will give the convergence of estimators of the
intensities of the point sources.

Theorem 12. Let p(A) = (p,(A), py(A),...,pn(A)) be the
solution of linear equations uy(A) = A (A)p(A); that is,
p(A) = A(_)l(A)yO(A). Then, one has p(A) — pa.s.asA — 0.

Proof. Notice that p solves the equation y, = Ayp. By
Theorems 8 and 11, one can get the conclusion of this
theorem. O
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