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We study the one-dimensional bipolar nonisentropic Euler-Poisson equations which can model various physical phenomena, such
as the propagation of electron and hole in submicron semiconductor devices, the propagation of positive ion and negative ion in
plasmas, and the biological transport of ions for channel proteins. We show the existence and large time behavior of global smooth
solutions for the initial value problem, when the difference of two particles’ initial mass is nonzero, and the far field of two particles’
initial temperatures is not the ambient device temperature. This result improves that of Y.-P. Li, for the case that the difference of
two particles’ initial mass is zero, and the far field of the initial temperature is the ambient device temperature.

1. Introduction

In this paper we study the following 1D bipolar nonisentropic
Euler-Poisson equations:
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where n; > 0,j;,T;, (i = 1,2), and E denote the particle
densities, current densities, temperatures, and the electric
field, respectively, and T* > 0 stands for the ambient device
temperature. The system (1) models various physical phe-
nomena, such as the propagation of electron and hole in sub-
micron semiconductor derives, the propagation of positive
ion and negative ion in plasmas, and the biological transport
of ions for channel proteins. When the temperature T; (i =
1,2) is the function of the density #; (i = 1,2), the system
(1) reduces to the isentropic bipolar Euler-Poisson equations.
For more details on the bipolar isentropic and nonisentropic
Euler-Poisson equations (hydrodynamic models), we can see
[1-3] and so forth.

Due to their physical importance, mathematical complex-
ity, and wide rang, of applications, many results concerning
the existence and uniqueness of (weak, strong, or smooth)
solutions for the bipolar Euler-Poisson equations can be
found in [4-14] and the references cited therein. However,
the study of the corresponding nonisentropic bipolar Euler-
Poisson equation is very limited in the literature. In [15]
Li investigated the global existence and nonlinear diffusive
waves of smooth solutions for the initial value problem of
the one-dimensional nonisentropic bipolar hydrodynamic
model when the difference of two particles’ initial mass is
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zero, and the far field of two particles initial temperatures is
the ambient device temperature. We also mention that there
are some results about the relaxation limit and quasineutral
limit of the bipolar Euler-Poisson system see [16-19]. In this
paper, we will show the existence and large time behavior of
global smooth solutions for the initial value problem of (1),
when the difference of two particles’ initial mass is nonzero
and the far field of the initial temperatures is not the ambient
device temperature. We now prescribe the following initial
data:
(n5 ji> Ti) (o, = 0) = (1305 jio» Tio) (%) »
ne>0, i=1,2,
. . . 2)
E}}goo (Mi0» jio» Tio) (%) = (M5 jiz» Tix)

X

n,>0,T, >0, i=12,

and (n,, j;,,T;,) are the state constants. We also give the
electric field as x = —oo; that is,

E(~00,t) = 0. 3)

The nonlinear diffusive phenomena both in smooth and weak
senses were also observed for the bipolar isentropic and
nonisentropic by Gasser et al. [4], Huang and Li [5], and Li
[15], respectively. Namely, according to the Darcy’s law, it is
expected that the solutions (n,, j;, T}, 1y, j;» T5, E)(x,t) con-
verge in L®-sense to (7, j, T*,7, j, T*,0)(x,t); here (7, j) =
(n, })((x +x,)/ V1 +t) (x, is a shift constants) is the nonlinear
diffusion waves, which is self-similar solutions to the follow-
ing equations:

7, - (AT*), = 0,
j=-AT"),, (4)
(ﬁ,j) — (n,,0), as x — *co.
Note that in [15], the author assumed that
Jiw =i Tu=T", i=12 €)
which lead to the difference of two particles’ initial mass to be
zero; that is,

JR [y (x) =1y (x)]dx =0, i=1,2. (6)

This implies, from the last equation of (1), that
E (+00,t) — E (—00,t) = 0. 7)

In this paper, we try to drop off these too stiff conditions.
That is, j;, # j;, T;s #T" (i = 1,2). Moreover, for stating our
results, set fori = 1,2,

(Pi0> Vio» Bi0) (%)

= (_[x [ny &) —73; (&,1) =1 (& + xq,t = 0)] dE,

jmu%iww—ﬂx+%x=0Lnﬂm—iam—Tﬂ,
®)
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where (ﬁl,ﬂ,fl,ﬁz,jz,fz,ﬁ) are the gap functions (or say
correction functions) which will be given in Section 2, and
(n, }) = (n, j)(x + x,, t) are the shifted diffusion waves with
X0 = (1/(n, —n_)) IR [1;0(x) — 7350 (x) — 1(x)] dx fori =1,2.

Throughout this paper, the diffusion waves are always
denoted by (7, j)(x/ V1 +1t). C denotes the generic positive
constant. LP(R)(1 < p < o0) denotes the space of
measurable functions whose p-powers are integrable on R,
with the norm |-l = ([, 1-1Pdx)""", and L% is the
space of bounded measurable functions on R, with the norm
[l -l = esssup,| - |. Without confusion, we also denote the
norm of L*(R) by | - | for brevity. H*(R) (H* without any
ambiguity) denotes the usual Sobolev space with the norm

Il - Iy especially || - lp = [I - |I.
Now we state our main results as follows.

Theorem 1. Let (¢, Wy, 0;0)(i = 1,2) € H*(R) x H*(R) x
H*(R), andset 8 := | jy, |+ jy_|+]jps |+ oo || Ty = T*|+|T)_—
T*|+|Ty, =T*|+|T,_ =T |+|n, —n_| and @y := [[($10, P2o)ll; +
(10> Wao)ll, + (6195 O29)ll5. Then, there is a 8y > 0 such that if
D, +0 < §, the solutions (n;,n,, j;, j,»0,,6,, E) of IVP (1)-(3)
uniquely and globally exist and satisfy

ny -7y, — Ay~ 7, — 7

e C([0,+00), H* (R)) N C" ([0, +00), H' (R)),
h=hi=jh=h-]

e C([0,+00), H (R)) n C' ([0, +00), H' (R)),
T,-T,-TT,-T,-T"

€ C([0,+00), H* (R)) nC' ([0, +00), H' (R)),
E-EeC([0,+00), H* (R))

nC' ([0,+00), H* (R)) N C* ([0, +00), H' (R)).
€

Moreover, it holds that
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I(ny =7y =y + 7,) D7
+ "(]1 —Ji—+ JAz) (t)"?
+ ||(T1 - Tl -T,+ Tz) (t)“i

+|(E-B)wl,

<C (0, +8)e™,
(10)

for some constant o > 0.

Remark 2. It is more important and interesting that we
should discuss the existence and large time behavior of global
smooth solution for the bipolar nonisentropic Euler-Poisson
system with the general ambient device temperature func-
tions, instead of the constant ambient device temperature,
as in [20]. Moreover, we also should consider the similar
problem for the corresponding multi-dimensional bipolar
non-isentropic Euler-Poisson systems. These are left for the
forthcoming future.

The rest of this paper is arranged as follows. In Section 2,
we make some necessary preliminaries. That is, we first give
some well-known results on the diffusion waves and one key
inequality will be used later; then we trickly construct the
correction functions to delete the gaps between the solutions
and the diffusion waves at the far field. We reformulate the
original problem in terms of a perturbed variable and state
local-in-time existence of classical solutions in Section 3.
Section 4 is used to establish the uniformly a priori estimate
and to show the global existence of smooth solutions, while
we prove the algebraic convergence rate of smooth solutions
in Section 5.

2. Some Preliminaries

In this section, we state the nonlinear diffusive wave and
then construct the correction functions. First of all, we list
some known results concerning the self-similar solution of
the nonlinear parabolic equation (4). Let us recall that the
nonlinear parabolic equation

A, - (AT*),, =0,
(11)

n—mng, asx— oo,

possesses a unique self-similar solution n(x,t) £ n(&), & =
x/+1+t, which is increasing if n_ < n, and decreasing if
n_ > n,. The corresponding Darcy law is j = —(nT"),

satisfying j — 0as x — +00.

Lemma 3 (see [4, 15, 21] ). For the self-similar solution of (11),
it holds

[7(8) - "+|g>o +[r (&) - ”—|£<0’

<Cln, —n_| e,

3
|osai (x, 1)
<Clu, —n |1 +8) ®D2eE 11, k120,
0 2 +00 2
J [ (x,t) —n_|” dx + J- [ (x,t) = n,|” dx
-0 0
< C|nJr - n_|2(1 + t)l/z,
k~l—|2
| Jokala]" ax
R
<Cln, - n,|2(1 + )R 1>,
(12)

where v, > 0 is a constant.

Next, we construct the gap function, which will be
used in Sections 3 and 4. First of all, motivated by [6,
22], let us look into the behaviors of the solutions to (1)-
(3) at the far fields x = +o00. Then we may understand
how big the gaps are between the solution and the dif-
fusion waves at the far fields. Let (nl.i(t),jii(t), Tii(t)) =
(n;(+00,1), ji(+00,t), Ty(+c0,t)),i = 1,2 and E*(t) :=

E(+00,t). From (1), and (1), since 0, jil 1o, = 0 fori = 1,2,
it can be easily seen that
nli (t) = n; (o0, t) = n,. (13)

Differentiating (1), with respect to t and applying (1), and (1),
we have E,, = (n, —n,), = —(j, — j,),» which implies

d ., d __
EE (t)—aE (1)

=-[h -5 O+ ©-j O]

(14)

Taking x = +00 to (1), ; and (1)5 4, we also formally have

d

QR ORSOF (15)
d . + +
SHO=nE 00, (6)
N2
%Tf() %(#) —(TE-T), i=12 W)

It can be easily seen that (14)-(17) can uniquely determine
the unknown state functions j; (), T; (t)(i = 1,2), and E*(t)
since we have known E™(t) = E(-00,t) = 0. Solving these



O.D.E and noticing (13), there exists some constant 0 < 3 <
1/2 such that

n;(xo00,t) =n,, i=12,

lj; (roo,t)| = O (1) e, i=1,2,

ji(—co,t) =0 e, i=1,2,

T, (+00,t) = T* + (T, = T*) e +O (1) e P!, i=1,2,

|E (+00,1)| = O (1) e 7,

E(-00,t) =
(18)

Obviously, there are some gaps between j;(+00,t) and
j(00,t), T;(+00,t) and T*, and E(+0c0,t) and E = 0, which
lead to j;(x, t)—j(x, 1), Ty(x,t)=T", E(x,t) ¢ L*(R). To delete
these gaps, we need to introduce the correction functions
(ﬁl,ﬁz,]’l,jz,fl,fz,ﬁ)(x, t). As those done in [6, 22], we
can construct these gap functions. That is, we can choose
(1, 7y, ]A'l, fz, E)(x, t), which solve the system

Myt + Jix = 0’

jlt =#iE - j1>
gt + Jox = 0, (19)
_721‘ = —iiE - jz’

Ex =Ny =1y,

with ],(x, ) — ;i £(t) as x — +0o, E(x,t) — 0 as
—00, and E(x, 1)
A(x) =n_+(n, —n_) j_x(:LO
[-Ly, Lyl, and j:f my(y)dy = 1L
Moreover, we take T,-(x, t) = Ti_(t)(l -g(x))+ Ti+(t)g(x)(i =
1,2) with g(x) = foo mqy(y) dy, which together with (17)

implies

x - — E"(t) as x — +00. Here,

my(y)dy with my(x) > 0, m, €
Cy’(R), suppmy, <

%T,-(x,t) T, (at) + 5 (]’()) (1-g(x)

1o\ (20)
{7 e

= T, (x,t) +S; (x,1), i=1,2.
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In conclusion, we have constructed the required correc-
tion functions (7;, #,, ji» j,» 11> T3, E) which satisty

ﬁlt + 71x = 0’
jlt =#E - jl’

Ny + Jox = 0’

72t = —iiE - 72’
Ty =-T;+S;(x1), (21)
E, =7, -7,
]A'i(x,t) - ]:" ), as x — 00,
. Ti (x,t) > T (1) =T, asx — oo,
with 4 2
E(x,t) — 0, as x — —oo,
E(x,t) —» E* (1), as x — +00.
Since these details can be found in [6, 22], we

only give the following decay time-exponentially of
(ﬁl) ﬁz: jla j2) Tl) T2> E)(X, t)

Lemma 4. There exist positive constants C and v < 1/2
independent of t, such that

||(ﬁi,fi,Ti,E)(t)||Lm(R)SC(Se , i=12, (22

and supp #; = suppmg, € [-Ly, Lo), i=1,2.

3. Reformulation of Original Problem

In this section, we first reformulate the original problem in
terms of the perturbed variables. Setting fori = 1, 2,

(95130, ) (x,1)
([ neo-nen-nEsx0) d
o . (23)
Ji 6 t) = Ji (6 t) = j(x + x0, 1), T; (%, 1)

_Ti(x,t)—T*,E(x,t) —E(x,t)),

then from (1), (11), and (21), we have fori = 1, 2,

@i +¥; =0,
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w(#“”) ot perm ot T,
+%<le+_]> (9i+Ti+T*)
~ 3\ th+n J
x(6i+Ti+T*)—ﬁT*)
2 _
- (6,+T.+T"
’ 3((/)ix+ﬁi+ﬁ)( L )xx
, ) - [—(M) —s,-(x,t)]—ei,
+ () (@ + 7 + 71— 1) E S\ Gix 1 41
* %: —_ N
i+ (AT") o P

(24)

with the initial data (¢;, ¥;,0,)(x,0) = (@10, ¥ig>0i0)(x), i =
1, 2. Further, we have

Pree T P1r — ((91 + T1 + T*) P1x +591)x + (P + 7y +1) H
= _fl T 91x ~ (ET*)M’

Port T Por — ((92 + Tz + T*)‘sz +591)x ~(ppe + P+ 1) H

= fo+ gox — (AT” )tx’ (25)
61t+91—3(%91xx_%(91+T1+T*)<#> =G,
P + 7y +71) 3 Pty +n/,
2 2 = * Por >
0, +0,-—— = 9 (g, +T,+7")(—F ) —G,
2 ¥ 3(pyy + 17, +71) 2xx 3( 2l )<<p2x+ﬁ2+ﬁ 2
with the initial data _2 ﬂ (9, +T + T*)
3\ +m+n) V'
2 Ji+j > .
(x,0) = @ (x), - I =2 0,+T,+T")=S;(x,1).
901( ) 9010() 3(‘Pix+ni+n x( )
@i (x,0) = =y (x), (27)
(26)

0; (x,0) = 0, (x),

i=1,2. By the standard iteration methods (see [23]), we can prove

the local existence of classical solutions of the IVP (25) and
(26). Here for the sake of clarity, we only state result and omit
the proof.

Here
Lemma 5. Suppose that (¢;y, —V,0;) € H>(R) x H*(R) x
H*(R) fori = 1,2. Then there is a C, > 0 such that if

fi= (¢ +7; +n—1)E - ((Oi +T}+T*)ﬁi +ﬁi)x’

L2 ||(‘P10)910’<P20>920)"§ + "(‘//10"//20)”2 <Cp, (28)

(et dit])

9= Pt A

o then there is a positive number T, such that the ini-

Pt Ji + j(e. AT+ T*) tial value problems (25) and (26) have a unique solu-

G. = . . . .
(P S A tion (¢,,0,,9,,0,) satisfying ¢, € C([0,T,); H(R)) n

1



C'([0, T,1; H*(R)) n C*([0,T,]; H'(R)),0; € C([0,T,l;
H’(R)) n C'([0, Ty]; H'(R))(i = 1,2), and

[(1:6192,62) O + (910 220) )1
+ (641, 05¢) (- t)"f (29)
<C,

for some positive constant C.

To end this section, we also derive

Hy+ K+ 20T — (ﬁ(@l -0,)+ (61 +T, +T*)%’x)

X

=hy, —hy —hy + hy,,
(30)
0,-6,), +(6,-6,) - — > _(6,-6,)
R Y O A N
2 (01 +T, + T*) (31)

tx

3(pry + 7y +1)

hy = (91 + Tl + T*) (71, = 71y) + (9o +71,) (6, - 6,)

+ (o + 71, +70) (T1 _Tz)’
hy = (P + o + 7y +70) T,
hy = (@ + @y + 7y + 7, + 2 (11— 11)] E,

(_Sou +Jy+ })2 (_‘Pzr t it })2

hy = -
* @ +H +1 Qe T, + 1
Gs
2 2
=G, -G, + -
' ? |:3(¢1x+ﬁl+ﬁ) 3((P2x+ﬁ2+ﬁ):| e

0, +T, +T* 0,+T,+T*
+|:2(1+T1+T) 2(2+T2+T) o

3(py, + 7y +70) - 3 (o + 71y +71)

2 (61 +T) + T*)
-5
(@ + 71y + 1)

2(91 +T, +T*)A
- o,
3((P1x + 1’11 + Yl)
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_2(62+T2+T*)

2(61 +T, +T*) ]
3t i ri) " gyt aa) "
X (SDZx +ﬁ)x

_2(62+T2+T*)A

2 M)y

2(61+T1+T*)A ]go
2t

— 2 x T P
| 3(yy + 71, +71) 3(@y, + 7y +7)

(32)

4. Global Existence of Smooth Solutions

In this section we mainly prove global existence of smooth
solutions for the initial value problems (25) and (26). To begin
with, we focus on the a priori estimates of (¢,,0,, ¢,,0,). For
this purpose, letting T' € (0, +00), we define

X (T)

= {(919:06,,0,) : 09, e C([0,T); H*7 (R)),

6; € C([0,T1;H’ (R)),6; € C([0.T; H' (R)),

i=1,2,j=01},
(33)
with the norm
N(T)* = nax {"((Pp $5,61,6,) (t)I|§ + (1 92) (t)lli
o (34)

+ (6,4 65) (t)"i} :

Let N(T)* < &, where ¢ is sufficiently small and will be
determined later. Then, by Sobolev inequality, we have for
i=1,2,

(@35 P> Pies O Bies Bt B> Pits D) (t)”Loo <Ce. (35)

Clearly, there exists a positive constant ¢;, ¢, such that

1 P
O<—<m=¢,+tn,+n<g,
G

T (36)

Further, from (24),, we also have 85%’ e C(0,T; H*I(R))
and

|, 9., 9 ,)(t)| o < Ce. (37)

Now we first establish the following basic energy estimate.
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Lemma 6. Let (¢,,0,,9,,0,)(x,t) € X(T) be the solution of
the initial value problem (25) and (26). If § + ¢ < 1, then it
holds that for0 < t < T,
2 t
J
0

2t
+ Z ,[0 (950 965 0:) (D i < C (@ +9).
i=1
(38)

2

F (1) # ()| dr

2
Z"((Pi’ P> Pt 0) (- t)”Z +
i=0

Proof. Multiplying (25), and (25), by ¢, and ¢,, respectively,
and integrating them over R by parts, we have fori = 1,2,

d 1 2 =~ * 2
EJR (‘Piq)it+ Eq)i)alx+J'[R (0,~+T,~+T )(pix dx

+(-1)! JR (@i +73; +711) Hpdx — JR (pizt dx
(39)

— J 70,0, dx + J (AT"), s dx
R R
+ (_l)i J fipidx — J 9iPixdx.
R R

Using Cauchy-Schwartz’s inequality, and Lemmas 3 and 4, we
have

- J 10,0, dx + J (AT™"), i dx
R R
(40)
< KJ goizx dx+CJ (6,2 +ﬁf)dx,
R R

where and in the subsequent ¥ > 0 is some proper small
constant, and

(-1) J fig; dx < csj @ dx +CO(1+ )™, (41)
R R
where we also used the facts
I (7 - 7)? dx < CO*(1 + 1)'12 (42)
R

which can be proved from the construction of 7i(x) — n,,
as x — 00, and the property of the diffusion wave n((x +

Xo)/ /(1 + t)). Similarly, we can show
_J gi(Pixdx
R

R

~ — ix
Qi t 1+ 1

<C(d+e) J ((pizx +¢;)dx + CSJ . dx +C8%e ™,
R R
(43)

7
which together with (39)-(41) implies,
d 1 2 =~ * 2
ar JR <‘Pi‘Pit + ES";’ )dx + JR [(91' +T;+T ) ‘K] ¢; dx
- J (pizt dx + (-1)"! J (s +7; + 1) Hg; dx
R R
< C(8+s)J- (goi2x+goi2t)dx
R
+C j (67 +7; +7)dx + C6%e ™,
R
(44)

where 0 < v, < v. Moreover, for the coupled term with the
electric field, we have

|| (oret 7 g, = (o + 1y +7) )

> J A% dx - Ce J (%2 + ol + gogx) dx — C&%e™.
R R
(45)

Next, multiplying (25), and (25), by ¢,, and ¢,,, respec-
tively, and integrating their sum over R by parts, we have

d 1 2 1 -~ * 2
a JR <E§Dit + E (61 + Ti +T )(pix>dx
2 = i-1 PO
+ J (‘Pit + 10 + (1) (@, + 71+ 71) %S"it) dx
R
=(-1)' J fipudx + J GixPirdx
R R

.

Using Schwartz’s inequality, (42), and Lemmas 3 and 4, we

have
-,

—rk 1 *
(HT )tx(Pit - z(ez + Tz +T )t(Pzzx] dx.

(46)

* 1 T *
(nT )tx(Pit - 5(91' +T;+T )t‘Pin] dx

(1) jR fig dx
(47)

gKJRq)iZt dx+C(6+s)JR((pft+(pfx)dx

+C J 7, dx + CO*(1+1) e
R
Since

2(_(Pit +7i +j)

(_(pit + i + 3)2 B
(q)ix + ﬁi + ﬁ) Vit

) (pix + 7 + ﬁ)2

ix ixx

+O)[(gu +7+7) B+ 7), + (i +7) (3 +7),

+ (7, + ﬁ)xqoft] ,
(48)



we obtain, after integration by parts, that
J GixPir dx
R

( q)zt+.71+.7)2 2

dj 2§01de
At Jr 2(g,, + 71 +7)

(49)

+C(6+€)J ((Pi2t+(Pi2x)d‘x
R

+Cd JR (7
(_(Pit + ]z + 3)2
’ (P + 71 + ﬁ)z ,

with the aid of |¢;,,| < Cl@i y + @ixs + Pix + @i + @ +0; + 0, +
7| +C8% ™. Putting the above inequality into (46), we have

+7y ) dx +C8%e™",

where we have used

(_(Pit + ]z + 3)2
(pix + 7 + ﬁ)z .

<C(6+e),

(50)

L*>® L*®

)2 ix

2 ( q)1t+.71+7)2 2 d
2(@; +7;+7

d 1, 1 -~ "
EJR {E(Pit+§(6i+’ri+T )(P
+(1- K)j P dx +(-1)" j (fx + 7y +71) H oy, dx
R R
+J 10,9, dx
R
SC(5+€)J ((pizt+(pfx)dx
R

—2 -2 —4 2 -yt
+CJ (e + 7 + 71, ) dx + C8%e .
R

(51)
On the other hand, we have
JR (@1 + 7y +70) H Py, = (@ + 7y + 1) H ) dx
d _ 1_ _,
— — 52
Zdtj A dx — Jznt%dx (52)

- Ce JR (@1, + @iy + 93 + 93 ) dx — Ce ™"

Finally, multiplying (25); (I = 3,4) by (3n(e;, + 7; +
n)/2(0; + Ti +T7"))6; (i = 1,2) and integrating the resultant
equation by parts over R, we have

dj 3n (g, +7; +7) ,
dt R4(6i+i-+T*) '

I,

dx,

37 (@ + 7 +71) n
= i+ ezx
2(6,-+T,-+T*) 0, +T,+T*
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3n(p.. +7 +7
- J 70,0, dx = J M 01'2 dx
R R\ 4 (61- +T; + T*) ,

j ( >96ixdx
0, +T +T*

d
JR (P,x"'” +ﬁ(Ptt(§D1x+n +1’1) X

+j Gl3n((p,x+n +n)9i e
R 6+T +T*)

(53)

Now we estimate the term of the right hand side of (53), using
Cauchy-Schwartz’s inequality and Lemmas 3 and 4. First,
with the help of the following equality]: = (1-g(x)j; @) +
g(x)j; () (see [6, 22]), we have

J 3ﬁ(¢ix+ﬁi+ﬁ)< ji
R

— =S (x,t) |0; dx
2(6,-+T,-+T*) 3((p,-x+ﬁi+ﬁ)2 )

-L, +oo Ly 31 (o; 1. +n
:“ +J +J } (9 + 71 +71)
—c0 Ji, - 2(6i+Ti+T*)

y < Ji .
3(¢i +11; +71)

J‘Lﬂ 37 (¢ + 1; +71) ~.z< 1 1 )d
= Ta A~ o Jili\ 25T 5 )ax
—o0 2(6i+Ti+T*) 37 3n?

+00 3_ 3 A' b7
+J n((plxn:nl+n)xeiji2( 12_ 12>dx
L, 2(6i+Ti+T*) 3n;  3nl

JLU 3n (@, +1; + 1)
2(0i+f‘i+T*)

x[%—(l D 0y - g(+)( (t))]

- Si (x, t)) 01' dx

i

—00

-L,
<Cé J ((pfx + 012) dx +Co*e ™ J (fi-n_) dx
R

+00

+C8%e ™" J (fi-n,)" dx+Cé%™

Lo

<Co j (g2 +67) dx+CO(1+ 0™, (54)
R

which implies

—~ —\ 2
3n(g, +1,+n —Qit jit]
J n(¢,xtn,+n) (=i + J ])Z—Si(x,t) 6, dx
R 2(60,+T;+T*) \ 3(qy, +7; +7)
_J 3ﬁ(¢ix+ﬁi+ﬁ)<¢i2t
R

__Z‘Pit(7i+j) 0. d
2(6i+Ti+T*) 3n? 3n2 i 4%
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-2 P

(o 472 7) Pt 2T

*J ”(‘Plxt”z‘”’)J +21119i dx
R2(9i+Ti+T*) 3n;

3% (0. +7 +7 7
+J —n(q)lxtn'-’-n)el.(J_‘z—Si(x,t))dx
R 2(6i+Ti+T*) 3n;

SC(5+€)j (9"1’2x+(P1'2t+6i2)dx
R
+Co J 2 dx+ C8Y(1+ 1) 2™,
R
(55)

From the definition of G; (i = 1,2), and using Schwartz’s
inequality, we have

J‘ G13ﬁ(¢1xtﬁl+ﬁ) id
R 2(0,-+T,-+T*)

SKJ 62 dx+C<6+e)j (67 + 65, + 95 + i) dx
R R
+CJ (ﬁi+ﬁix)dx+c8ze_vzt,
R
(56)

with »; < v, < 7 And using Schwartz’s inequality and
Lemma 3 yields

J 3n (g, +1; + 1) 02 dx
R 4(6i+Ti+T*) :l

_J (A;) eieix dx
R\O,+T,+T* /,

<C@+e) J (62 + 6% dx,
R (57)
76, o

— J[R m(Pit((Pix +n; + ")xdx

d 6, ,
< —J ——— ¢, dx
dt Jr 2 (@, +7; +7)

+C(8+£)J (6?+(pfx+(pi)dx.
R

Putting the above inequalities into (53) yields

iJ’ 3ﬁ(go,»x+ﬁ,-+ﬁ)92_ b,
dt Je | 4(0,+T,+T*) * 2(piu+ 7 +7

3n(op; n.+n n
+J n((sz tnl +1’l) —x 912 + Il 912x
R 2(9i+Ti+T*) 0,+T,+T*

- J n0,¢;,, dx
R

2
SDix dx
) ]

dx

SC(8+3)J (67 + 6. + ¢p, + 97 ) dx
R

+C J (7 + 7y, ) dx + C8%e ™
R
(58)

Combining (44), (45), (51), (52), and (58), we can obtain (38);
this completes the proof. O

Further, in the completely similar way, we can show the
following.

Lemma 7. Let (¢, 0,,¢,,0,)(x,t) € X(T) be the solution of
the initial value problems (25) and (26); then it holds that for
0<t<T,

2
Z"((Pix’ Pixx> Pitx> Pite> 6ix> eit’ eixx) ( > t)"2 + "%x ( > t)||2

i=1

t 2
+ J; (Z"((Pixx’ Pitx> Pite> Oix’ Git’ Gixx’ eitx’ eixxx) ( > T)"2

i=1
+||7. (',T)“2> dr

<C(®y+96),
> 2
Z" ((Pixx’ q)ixxx’ (Pitxx’ q)ittx’ eixx’ Oitx’ eixxx)(' > t) ”
i=1

+ ”%xx (" t)“z

t 2
+ _L (Z”((Pixx’ Pix> Piex> eixx’ eitx’ Oixxx) ( > T)"Z

i=1

+ ”%xx S ’T)||2) a
<C(D, +9),
(59)
provided that e + § < 1.

Based on the local existence given in Lemma 5 and the
a priori estimates given in Lemmas 6 and 7, by the standard
continuity argument, we can prove the global existence of the
unique solutions of the IVP (25) and (26).

Theorem 8. Under the assumption of Theorem 1, the classical
solution (¢,,0,, ¢,,0,, Z)(x, t) of the solutions of the IVP (25)

and (26) exist globally in time if ®y + & is small enough.
Moreover, one has

"(‘Ppep‘Pz’ez) ( ’f)||§ + “(‘Pw%p 7z (- t))lli

+ (645 65) (- ,t)"f

t
+ L (”(q)lx’ P16 Prse> Pors ) (- T)”i
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+[(6,,6,) (- 7T)||i + (044, 05¢) ’T)lli) dr
<C ("(‘Plo’em)?’zo)ezo)ni + ”(‘//10)‘//20)"2 + 6) » >0,

10161 92,6,) CL 1) + | (1 920 L)

(G ('»t)"f — 0, t— co.
(60)

5. The Algebraic Decay Rates

In this section, we prove the time-decay rate of smooth
solutions (¢;,0,,¢,,0,) of (25) with the initial data
(@100 ~¥105 010> P20> —Wa0> Op)- For this aim, using the idea
of [4, 15, 24], we first prove the exponential decay of # and
0, — 0, to zero then obtain the algebraic convergence of
(¢1,0,,¢9,,0,). Due to Theorem 8, we know that the global
smooth solutions (¢;, 0,, ¢,, 0,) satisfy

||(§01’61’§02’62)”§ + ||(90ws02p?f)||§ + ||(91t>92t> %t)lﬁ (
<C(®,+9),

61)

which leads to, in terms of Sobolev embedding theorem, that

”(q)l’ P2 Pr> Pax> Prxx> Paxxo> P> P> Par> Pt
015015 010 02, 02, 0o T, 1 H )| oo (62)

1x> Y1xx>

<C(Dy+9).
Further, by (25), we also have

(@116 Pases elt’GZt)"L‘x‘(R) <C(® +96). (63)
Lemma 9. Let (¢,,0,,9,,0,) be the global classical solutions

of IVP (25) and (26) satisfying @, + & < 1. Then it holds for
Z and 0, — 0, that fort > 0,

"(%’ %x’ %t’ %xw %tx’ 91 - 92’
(6, -6,),,(0, - 6,).,) ol (64)
< C(®, +8) e,

Proof. Multiplying (30) by # and integrating it by parts over
R, we obtain

ij <%%t+l%z)dx—J 7 dx+J R dx
dt Jr 2 R R

+J (61+T1+T*)%’i dx
R
=—J (0, - 0,) 7, dx

R

N j (hy, = hy = by + hy,)  dx.
R
(65)

Abstract and Applied Analysis

Using Cauchy-Schwartz’s inequality, Lemmas 3 and 4, (62),
and (63), we have

—J (0, - 0,) 7, dx+j hy 9 dx
R R
ng 7 dx+Cj (0, 6,) dx +Coe™,
R R

- J (hy + hy) 7 dx < C (D, +9) J 9 dx + Coe ™.
R R

(66)
Moreover, noticing that
it 2j S
h4x = __;%xx - _l%tx +0(1) (ﬁlx + ﬁ2x + jlx + j2x)
ny n,
+0(1) (%xx + Py + Ty F i+ Ty + ij)
x(%x+%t+ﬁ1 +ﬁ2+]’1 +72),
(67)
then
I hy 9 dx
R
(68)

< C (D, +9) J (7% + 9%+ 97 ) dx + CSe ™.
R

Therefore, we have

ij (%%t+1%2>dx—J 7 dx+zj A dx
dt Jr 2 R R

o[ [0 +T41)-u] 72 dx
R
< C(Dy+9) JR (72 + 9%+ 77 dx
e J (0, - 0,)* dx + Coe™".
R
(69)

While multiplying (30) by &, and integrating the resultant
equation by parts over R, similarly, we can show

d( (1. —on (1 Syt ) o2
EL{(E%M% +<5(01+T1+T)—n—1% 7 ) dx
+J 7 dx+J (6, - 0,) 7,, dx
R R
<C(®,+9)

X J ((91 - 92)2 +(0, - Gz)i + X+ %i + %f)dx
R

+Coe ™.
(70)
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Next, multiplying (31) by (37(g,, + 7, + 1)/2(6, + T, +
T7))(8, — 6,) and integrating the resultant equation by parts
over R, we get

dJ 3ﬁ(q)1x+ﬁ1+ﬁ)(9 0.) dx
1 2

dt Jn 4(6,+T,+T*)

dt
35 o
+ J n((Plx tnl + }’l) (01 _92)2
R\ 2(6,+T, +T*)

T (- 02)§> dx

o
0,+T,+T*

- [ 76, -0) 7, dx
R

31 (1 + 7y +71) 2
~|-R < 4(91 + ’T"l + T*) >t( 1 2) X (71)

n
- —— | (0,-0,)(0,-0,), dx
(o) @-ee-s,

- o
+j GSM(QI_QZ)dx
R 2(91+T1+T*)
<C(D,+9)
x J (6, = 0,7 + (8, = 0,) + 7 + %) dix
R

+C(Dy+8)e ™,

where in the last inequality, we have used

J < 30 (@, + 7y +7) ) (6, - 0,)dx

4(01 +T, +T*)

- n - - (72)
= 0,-6,)(6,-96,)d
JR(91+T1+T*> (6, = 6,) (6, - 02) e

<C(Dy+0) jR ((6, -6, + (6, - 6,)? ) dx,

37 o

J G3 n(q)lxtnl"'n) (61—02)dx

R 2(91+T1+T*)

< C(D, + 5)J (6, - 6, + (6, - 0,)° + 7 + 72)
R

+C(Dy+68) e,
(73)

11
with the aid of

2 —o + 7 +7\
Y <(—"’“ - ) -5, (x, r))
Pt R\N\ @ +7; +7

3n (‘Plx + ﬁl + ﬁ)

I g _6))dx

2(0, + T, +T%) (74)

< C (o, +5)J (0, -6, + 7 + 72) dx
R

+C(Dy+8)e ™.

Combine (69), (70), and (71), and choose proper positive
constant A; and A such that

Ay % (70) + A, x ((71) + (72)
(75)
~ T+ X+ I+ (0,-6,)

Then, we have
d 2
E"(%v X, s (91 - 92)) (> T)”

+ Ol 7, 7,0 (60,0, - 0),) 0 7
< C(D, +8)e,
which, together with Gronwall’s inequality, yields
|, % %, (8, 6,)) (DI < C (@ +8) ™, (77)

for some positive constants p; and C. In the completely same
way, treating [, 1,(30), 7 + A((30), %, + (31),(37(py , +
A, + n)/20, + T, + T*)(O, —6,),)dx for proper positive
constants A, and A ,, we can show

“(%x’ %xw %tx’ (01 - 92)x(" t)"2 <C (q)O + 8) 67YZt’ (78)

for some constant y,.
Moreover, from (30), (77), and (78), we obtain

1. < C (@ +8) ™, (79)

for y; = min{y,,y,}. Finally, by jR (31),(6, = 6,), dx and
using (77)-(79), there is a positive constant y, such that

16, - 6,),]” < C (@ +8) e, (80)
while from (31) and (77)-(80), we have
16, = 6,) e |” < C (D +8) e, (81)

with y; = min{y;, y,}. Combination of (77)-(80) and (81)
yields (64). This completes the proof. O

In the following, using the idea of [4, 15], we turn to derive
the time-decay rate of (¢,,0,,¢,,0,) by which we are able
to obtain the algebraical decay rate of (¢;,0,,9,,0,) in large
time.
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Lemma 10. Let (¢;,0,,¢,,0,) be the global classical solution
of the IVP (25) and (26) with initial data satisfying ®,+8 < 1.
If it holds for (¢,,¢,,0,,0,) (t > 0) that

3 2
Z(l + t)k"al; (¢15 ‘Pz)“z + Z(l + t)k+2 "a]; (o ‘Pzt)”z
k=0 k=0

1
+ Z(l + t)k+2“a§ (91t>02t)"2
k=0 (52

LS a0k 6,0,
k=0

1+ 002 (6,6, < 1,

then one has

3 3t
Yook (g + Y | a0+ ook (ouen)] ar
k=0 k=170

+
k

2 2
> (u #1110 (6,.60,)]
k=0

2 2
(1+ 635 (6,,6,)|

0
t
0
r@+oo; (01t,02t)ll2) dr

<C(®,+9),

2
> @+ 0520k (g )|
k=0
[ k+2]|~k 2
+ Z J- (1 + T) ||ax ((Pl‘r’ (PZT)“ dr
k=070

(14 023 (6, 85| + (14 003 (810060

0

+
k

tfd k+2 |2k 2
o (};}a Lok (6,.6,)]

2>d1

Since the proof is similar as that in [15], we can omit the
details.

1

+ (1 + 1)3“6i (911’021)

<C(D,+9).
(83)
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