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We define new subclasses of meromorphic p-valent functions by using certain differential operator. Combining the differential
operator and certain integral operator, we introduce a general p-valent meromorphic function. Then we prove the sufficient
conditions for the function in order to be in the new subclasses.

1. Introduction

Let X, denote the class of meromorphic functions of the form

fz) = —+Zaz (peN={L2..1}), @

n=p+1
which are analytic and p-valent in the punctured unit disc:
U'={zeC:0<|z| <1} =U-{0}. (2)

A function f € Z, is said to be in the class 22(8) of mer-
omorphic p-valent starlike of order § (0 < & < p) ifit satisfies
the following inequality:

zf' (2)
A(Fe o

For f € Z,, Saif and Kiligman [1] introduced the linear

operator &%, as follows:
22f (2) = (1+pA) f (2) + Azf' (2),
2f @ =1,
2,f (@) =2,f (),

D3 f (2) = 2,(2,f (2)),

A =0,

(4)

and in general, for k = 0,1, 2,.. ., we can write

00

Z (1+pA+nd) az,
n=p+l (5)

(keNy=NuU{0}, peN).

Dif(2) =

It is easy to see that, for f € £, we have

PV f(2)- (1+ pV) D5 f (2),
(keNy, peN).

A2(25f (2)) =

Meromorphically multivalent functions have been exten-
sively studied by several authors; see, for example, Uralegaddi
and Somanatha [2, 3], Liu and Srivastava [4, 5], Mogra [6, 7],
Srivastava et al. [8], Aouf et al. [9, 10], Joshi and Srivastava
[11], Owa et al. [12], and Kulkarni et al. [13].

Now, for f € £, we define the following new subclasses.

Definition I. Let a function f € X, be analyticin U". Then f
is in the class ZpSk(é, b, A) if, and only if, f satisfies

9k+1f(z) )}
R -1 S, 7
{p ( Pr@ )7 7

where § € [0,p), be C\ {0}, A >0, k eN,.
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From (6), one can see that (7) is equivalent to

A [ ZHDif @)
”{P‘z<%”’>}>& ®
A

Remark 2. In Definition 1, if we set
(i) k = 0and p = A = 1, then we have [14, Definition 1.1];
(i) k = 0and p = A = b = 1, then we have Z;(@), the
class of meromorphic p-valent starlike of order &;
(iii) k = 1 and p = A = 1, then we have [14, Definition 1.7].

Definition 3. Leta function f € ¥, be analytic in U*. Then f
is in the class 2 ,US; («, 8, b, A) if, and only if, f satisfies

1 k+1f(z)
m{p_5< 25 f (2) 1>}

k+1 (9)

(e ),

D5 f (2) ’

wherea 20,8 € [-1,p), be C\ {0}, A >0, k e N,,.
Inequality (9) is equivalent to
A [ 2(25f @)

) {P_5< 75 @) +p>}

(10)

95f (@)
———+tp |+
QZAf (2)

ag@

Remark 4. In Definition 3, if we set
(i) k = 0and p = A = 1, then we have [14, Definition 1.3];

(ii) for k = 1 and p = A = 1, then we have [14, Definition
1.8].

Definition 5. Leta function f € X, be analytic in U". Then f
is in the class X ,SHy(a, b, 1), if, and only if, f satisfies

-3 (B 1)t
k+1
<\/§2R{p (9 ff(S) )}+2cx(\/§—1),

(11)
wherea >0,be C\ {0}, A 20, k e N,.

Inequality (11) is equivalent to

A (225 @)
IP_Z <W +p>—2a(\/§—1)

k !
< V2R {p—%(% +p>} +2a(\/§—1).
A

(12)
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Remark 6. In Definition 5, if we set

(i) k = 0and p = A = 1, then we have [14, Definition 1.5];

(ii) for k = 1 and p = A = 1, then we have [14, Definition
1.9].

Recently, Mohammed and Darus [15] introduced the
following p-valent meromorphic function:
G(z) = zJ« y (B + (P+1)F pp,, (@), (13)
where &, is the integral operator introduced and
studied by the authors [15, 16] and defined by

1 £ 1 n
T e @) = i || W0 @) (0, (o)
(14)
where
mpeN, je{l,23,...,n}, yj>0. (15)

For p = 1 we obtain [17]. It is clear that

Ge) = ( Ph@)" (@ f )" (16)

By using the differential operator given by (4), we intro-
duce the following p-valent meromorphic function.

Definition 7. Let k € Ny, I = (I;,...,1,) € Njandy; >
0,1< j < 1. One defines the p-valent meromorphic function
IknlyZ - Z

Ik,n,l,y (fl’ R fn) = (D’ (17)
k 1 L n I, Ta
0@ = S (26 @)" (225, @),
(18)
where fi,..., f, € Z,, and 9, is the differential operator
given by (4).

Remark 8. Iff wesetA =1, k=0,andl, =--- =1, =0, then
we have the p-valent meromorphic function given by (13).

2. Main Results

To prove our main results, we need the following lemma.

Lemma 9. For the p-valent meromorphic function Ii ;. (f1,
-» f,) = O given by (18), one has

) Az(Dho (z))

I+1
n 9 J f] n
+ pA+ . (19)
Fom & P2

f] (2) j=1

Proof. From (18), we have

2P0 (2) = (D £ @) (2D £, )]

(20)
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Differentiating (20) logarithmically and then by simple com-
putation, we get

AFo@) o ((2@) + 2@
Fow 31,2

(21)

From (6), we obtain

I:+1
_ b D) - (14 pA) DY ()
(2if,@) == IS (AZP) i@ @

Then using (22) on the right-hand side of (21), one gets

(T (2)) & <9’f“ G 1>
==y S E—-1|-p (23
250 (2) JZH ADfi ()
Multiplying (23) by A yields that
r(Pho ) o (2
1(@h0@) - ) =Zy< /@) 1>—pA, (24)
@ACD (2) j=1 Afj( )

or, equivalently, we can write that

A(Phe@) & 9fe n
<A S
_ = +p/\ + )y, (25)
9k®(z) Z ] f,( ) ; J
which is the desired result. ]

Our first theorem is as follows.

Theorem 10. Let a; > 0, Sj € [-1,p), o+ Sj >
n)andb e C\ {0}, A > 0. Suppose that

Zw(a +1> p. (26)

If fj € Z,U8,(«};0;,b,A) (1 < j < n), then the function
9’j®(z) defined by (18) is in the class £,S, (4, b, A), where

p-9;
w=p- ny<a+1) 27)

8j,b,/\) (1 <j<mn),by(9),we

0, (1<j<

Proof. Since f; € ZPUSlj(ocj,
have
L+1
9] .+ 0.
m‘|P_b< f]() 1>}>%. (28)
)ij +(xj

By (19), we get
1> . (29)

RECRION " (9”“ £ (@
/\f] ( )

Fto@ M7 “2,

j=1

3
This is equivalent to
_afd2ew@)
P2\ "o P
1.+1
1 2, fiz )
=p=-7 V| —/—— -1
bjzl ]< 91 f,(2)
n 9lJ+1fJ( ) n
= Z}’j p- +P‘PZY]'-
j=1 Afj( ) j=1
(30)
From (28) together with (30), we can get
A z(@’j@(z)),
R _4 ATA T
{P ”< 250 @) +p>}
1+1
n 91 f
i)
j=1 Afj ( )
- Y, (D)
=1
n po; +8
> Zw( e ) PZVﬁP
j=1 J j=1

e iyf<1+oc>

Hence, we obtain @]/{CD(z) € L5 (p b,A), where y = p -
Z;’l:l yi((p—8;)/(a; + 1)). O

Corollary11. Leta; >0, §; € [-1,p), &j+6; 20, (1<j<
n), andb € C\ {0}, A > 0. Suppose that

Zy](a +1> (32)

If f; € ZPUSIj(ocj, 0,,b,1) (1 < j < n), then the function

SZIX@(Z), defined by (18), is in the class ZpSkH(y, b, 1), where
y is defined as in (27).

Proof. In Theorem 10, we consider A = 1. O

By Corollary 11, we easily get the following.

Corollary 12. Leta; > 0, Sj € [-Lp), o; +8j >0,(1<j<
n), andb € C\ {0}, A > 0. Suppose that

ZyJ(oc +1) p- (33)

Iff; € ZPUSIj(ocj, 8,,b,1) (1 < j < n), then the function
9’;@(2), defined by (18), is in the class £,5;,(0,b, 1).




Now, we prove a sufficient condition for the function 9’;
®(z) defined by (18) to belong to the class Z,US(a, S5,b,M).

Theorem 13. Leta >0, § € [-1,p),a+8 >0 (1 < j<n),
and b € C\ {0}, A > 0. Suppose that

Zyj <L (34)

If fj € ZPUSlj(oc, 6,b,A) (1 < j < n), then the function 9’;
®(z) defined by (18) is in the class ZPUSk(oc, 6,b,0).

Proof. Since fj € ZPUSlj(oc,S,b,)t) (I < j < n),by(9), we

have
Ii+1
m{p_1<%l__f<z>_l>}
b\ 2if (2

- (35)
27" f,
>« !—1) (M - 1> +8.
2,1 (=)
On the other hand, from (19), we obtain the following:
A [ 22k )
P—7| (= *tP
b 250 (2)
d (2@ -
=2V p- b <Az—] - 1)] tP-pY Y
j=1 2,f; (@) j=1
(36)

Considering (10) with the above equality, we find

b\ 25f(2)

IO
al- | — P
b 25 f (2)

R {p— A (z(gﬁf @) +
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1+1
LoDy fi(?)
i)

21
1 gzl)iﬂfj (2)
p- b\ oL 1
9)ifj (2)
b 9i{fj (z)
+8]

1.+1
c z 125 fi(@ )
Sp-pYyi+tyyilal-| ———-1
; ! JZ;YJ[ b< gJZ{{fj(Z)

-« -0

>p-pYyi+ YR
=1

i1

-6

n
- “ZYJ'
j=1

1+1
s (9] @
(e )
j=1 2, f;(2)
= (p—8)<1 —Zy]-) > 0.
=1

(37)
The proof is complete. O

Corollary 14. Leta >0, § € [-1,p), a+5 >0 (1 < j<n),
and b € C\ {0}. Suppose that

PRVERE (38)
If fj € Z,U8(a,8,b,1) (1 < j < n), then the function
QIX@(Z) defined by (18) is in the class ZPUSkH((x, 5,b,1).
Proof. In Theorem 13, we consider that A = 1 O

Next, for the function QZ’;(D defined by (18) to belong to
the class X ,SH(a, b, 1), we have the following result.

Theorem 15. Leta >0, A > 0, and b € C\ {0}. Suppose that

Zyj <1 (39)
Iffi € ZPSH,j(oc, b, A), then the function QZI;L(D(z) € Z,SH(e,
b, A).

Proof. Since fj € ZPSH,J_(oc, b, 1), by (11), we have

Li+1

m{p_%w_l)}m(ﬁ_l)

P, 1, ()
1+1
D7 .
- p—l<w—l>—2(x(\/§—l) > 0.
b\ 21
(40)
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Combining (12), (30), and the above inequality, we obtain

k !
ﬁm{p_&<%+p>}+2a(\/§—l)
A

2 <Z(9§f (2)
b

L+1
c 1({ 92y £
:\/im{zyj P_E< Az. j _1>]
j=1 2, fi @)

+p—pZyj]> +2cx(\/§—1)

j=1

L+1
- 1( 20" £, )}
—12yi|lp-+ : -1
J'Z;JI: b<91{f]‘(z)

+p—pZyj—2oc(\/§—l)

=

n gzl]+1f( )
;; ! { b AJ}(Z)

+m(ﬁ—g}—m(ﬁ—g

=

Y

1

J

+\/§<p—pzn:yj>+2(x(\/§—l)

i

A (CHE =)

—2a(V§—l)}

+20¢( )i 4—2(x(

L 9’f()
LAk G Erea))
2; ! { b AJ}(Z)

+za(vz_1)}

[3p o0 (1- 5

9],{]((2) +p> —206<\/§— 1)

1)+ p-pY,

j=1

911+1f1() ))
-1
ES)U { ( < Af;(z)
—Zoc(\/f—l)}
+p_2a@5_1ﬂ<1_i%>
j=1
(41)
which is
b+1
2%y, L _1<9 5;@ 1>>
j_le{ <p b\ 201 (2)
+2a(\/§—1)}
+[wb+za@5_1n<1_iw>
=1
n glﬁlf]() >>
_ . ~-1
;y’ K ( P, f;(2)
—Za(\/i—l)H
Jp-an(v-0) 1 5
b+1
-3, V2R —1<@ f;@ 1>]
;y’{ b\ 92,
+2a(V2-1)
5+1
_‘p_ (9 f;(® 1)—204(\/5—1)}
Afj()
[\/_p+20¢(\/_ |p 2« \/_ I)H
x<1—iyj>
j=1
>[\/_p+2¢x(\/_ 'p 2« \/_ 1)']

(42)



and finally

><1—iyj>min{(\/§—1)(p+40¢),p(\/§+1)} > 0.

=1
(43)
Hence, by (12), we have 9’;@(2) € ZPSHk(oc, b, A). O
Corollary 16. Let x> 0 and b € C\ {0}. Suppose that
n
DRIERE (44)

Iff; € Z,SH), (a,b, 1), then the function 9])‘}1)(2') defined by
(18) is in the class £,SHy.(a, b, 1).

Proof. In Theorem 15, we consider A = 1. O

Finally, we end this paper by the following theorem and
its consequence.

Theorem 17. Letax > 0, A > 0, and b € C \ {0}. Suppose that
(p+ \/Ecx(\/z—l))Zyj<p. (45)
=1

Iffj € ZPSHlj (a0, b, A), then the function @]/{(D(z) defined by
(18) is in the class ZPSHk(O, b, A).

Proof. Since fj € ZPSHlj (o, b, 1), by (11), we have

Li+1
V2R {p—%(g)‘—fj(z)—lﬂ +2a(V2-1)

@i{fj(z)
141 (46)
P f

> —é<w—1>—2a(\/§—1).
9;ifj(z)

Considering this inequality and (30), we obtain

e CHION
oy (el

I+1
z 1( 2, [
= V2R {Zyj |:p—E<AZ—J—l>]
= P11, (2)
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+p—pzw}

i1

b gi{fj(z)

+2a(ﬁ_1)}

(47)
+\/§p<1 - iy]) —2a(V2-1) iyj
=1 =1
> \/§p<1 - iw) —204(\/5— 1) iyj
=1 =1
= \/§<p—(p+ V2o (V2 - 1))iyj> > 0.
=1
Hence, we have QZ’/{@(Z) € ZPSHk(O, b, A). O
Corollary 18. Let & > 0 and b € C \ {0}. Suppose that
(p+Vaa(V2-1)) Yy < p. (48)
=

If fj € Z,SH, (a, b, 1), then the function DX 0(2) defined by
(18) is in the class ZPSHk+1(0, b, 1).

Proof. In Theorem 17, we consider that A = 1. O

For other work that we can look at regarding differential
and integral operators, see [14, 18-24].
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