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We study the property of the solution in Sobolev spaces for the Cauchy problem of the following fourth-order Schrödinger equation
with critical time-oscillating nonlinearity 𝑖𝑢

𝑡
+ Δ
2
𝑢 + 𝜃(𝜔𝑡)|𝑢|

8/(𝑛−4)
𝑢 = 0, where 𝜔, 𝑡 ∈ 𝑅, 𝑥 ∈ 𝑅

𝑛, and 𝜃 is a periodic function. We
obtain the asymptotic property of the solution for the above equation as |𝜔| → ∞ under some conditions.

1. Introduction

In this paper we study the Cauchy problem of the following
fourth-order Schrödinger equation with a time oscillating
critical nonlinearity

𝑖𝑢
𝑡
+ Δ
2
𝑢 + 𝜃 (𝜔𝑡) |𝑢|

8/(𝑛−4)
𝑢 = 0, for 𝑡 ∈ 𝑅, 𝑥 ∈ 𝑅

𝑛
,

𝑢 (𝑥, 0) = 𝜑 (𝑥) , 𝑥 ∈ 𝑅
𝑛
,

(1)

where 𝜃 ∈ 𝐶
1
(𝑅, 𝑅) is a 𝜏-periodic function and 𝜔 is a real

constant. We define the solution of (1) to be 𝑢
𝜔
(𝑥, 𝑡).

In this paper we plan to study the behavior of 𝑢
𝜔
as |𝜔| →

∞.We define 𝐼(𝜃) = (1/𝜏) ∫
𝜏

0
𝜃(𝑠)𝑑𝑠 to be the average value of

𝜃(𝑠) on [0, 𝜏]. Naturally, we think of the following equation:

𝑖𝑢
𝑡
+ Δ
2
𝑢 + 𝐼 (𝜃) |𝑢|

8/(𝑛−4)
𝑢 = 0, for 𝑡 ∈ 𝑅, 𝑥 ∈ 𝑅

𝑛
,

𝑢 (𝑥, 0) = 𝜑 (𝑥) , 𝑥 ∈ 𝑅
𝑛
.

(2)

We define the solution of (2) to be 𝑢(𝑥, 𝑡). We will study
the relation of 𝑢

𝜔
(𝑥, 𝑡) and 𝑢(𝑥, 𝑡) as |𝜔| → ∞.

Definition 1. For two integers 2 ≤ 𝑞 ≤ ∞ and 2 ≤ 𝑟 < ∞, we
say that (𝑞, 𝑟) is an admissible pair if the following condition
is satisfied:

4

𝑞
= 𝑛 (

1

2
−
1

𝑟
) . (3)

To begin with, we give the following local well-posed results
by similar techniques in [1].

Proposition 2. Let 𝜑 ∈ 𝐻
2
(𝑅
𝑛
). Then there exists a

unique 𝐻
2-solution 𝑢

𝜔
(𝑥, 𝑡) on a maximal time interval

(−𝑇min, 𝑇max) for (1). Moreover, for any admissible pair (𝑞, 𝑟)
and 𝐼 ⊂ (−𝑇min, 𝑇max), 𝑢

𝜔
(𝑥, 𝑡) ∈ 𝐿

𝑞
(𝐼,𝐻
2,𝑟
(𝑅
𝑛
)). If

𝑇max < ∞ (or 𝑇min < ∞), then ‖𝑢
𝜔
‖
𝐿
𝑞
(0,𝑇max ;�̇�

2,𝑟
(𝑅
𝑛
))

=

∞ (or ‖𝑢
𝜔
‖
𝐿
𝑞
(−𝑇min ,0;�̇�

2,𝑟
(𝑅
𝑛
))
= ∞).

Energy-critical fourth-order Schrödinger equations are
very important equations which arise in many physical
application fields [2, 3]. They have been discussed not only
by physical researchers but also frommathematical viewpoint
bymany authors [4–8]. In particular, if the coefficient of non-
linear term is a periodic function in time, condensation and
blowup phenomenonmay appear fromphysical experiments.
Naturally, from mathematical point, we will analyze why
does it happen? What is the condition when condensation
or blowup phenomenon appears? What is the property if
condensation appears? For the Schrödinger equation, in [9]
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Fang and Han studied the Schrödinger equation with time-
oscillating critical nonlinearities. They gave the asymptotic
property of local solution and global solution for large
frequencies (as |𝜔| → ∞). As far as we know, there are
few results about the asymptotic property of the solutions for
the energy-critical fourth-order Schrödinger equations with
periodic coefficient in time. So we will utilize the ideals and
techniques of [9] to study the asymptotic behavior of the
solution for (1) as |𝜔| → ∞. The difficulty of our work is
how to seek power index. The index is dependent to space
dimension. And the order of equation is four. This will make
it more difficult to look for proper index for us. The aim of
this paper is to study the property of the solution for the
Cauchy problem of fourth-order Schrödinger equation with
time-oscillating critical nonlinearities.

The main results of this work are the following theorems.

Theorem3. Suppose that 5 ≤ 𝑛 < 12. For arbitrary initial data
𝜑 ∈ 𝐻

2
(𝑅
𝑛
), we define 𝑢

𝜔
and 𝑢, respectively, as the maximal

solution of (1) and (2) on maximal time [0, 𝑇max]. Then we
have

lim
|𝜔|→∞

𝑢𝜔 − 𝑢
𝐿𝑞(0,𝑇;𝐻2,𝑟(𝑅𝑛)) = 0, (4)

where 𝑇 < 𝑇max and (𝑞, 𝑟) is arbitrary admissible pair.

Theorem 4. Suppose that 5 ≤ 𝑛 < 12. Let 𝛾 = 2𝑛/(𝑛 − 4), 𝜌 =

2𝑛
2
/(𝑛
2
− 4𝑛 + 16). Assume that 𝑢 is the global solution of (2),

and 𝑢 ∈ 𝐿
𝛾
(0,∞; 𝐿

𝜌
(𝑅
𝑛
)). Then the solution 𝑢

𝜔
of (1) is global

if |𝜔| is sufficiently large. Moreover, we have

lim
|𝜔|→∞

𝑢𝜔 − 𝑢
𝐿𝑞(0,∞;𝐻2,𝑟(𝑅𝑛))

= 0, (5)

for any admissible pair (𝑞, 𝑟).

The succeeding section is devoted to establishing the
dispersive estimates for the linear equation related to (1)
and (2), and we will present the nonlinear estimates of
nonlinearity. In Section 3 we present the proofs of Theorems
3 and 4.

2. Notations and Preliminaries

Given 𝑇 > 0 and a function space on 𝑅
𝑛, we denote by

‖ ⋅ ‖
𝐿
𝑞
([−𝑇,𝑇];𝑋)

and 𝐿
𝑞
([−𝑇, 𝑇]; 𝑋), respectively, the following

norm and the corresponding function space on [−𝑇, 𝑇] × 𝑅
𝑛.

For 1 ≤ 𝑞 < +∞,

𝑓
𝐿𝑞([−𝑇,𝑇];𝑋)

= (∫

𝑇

−𝑇

𝑓 (⋅, 𝑡)


𝑞

𝑋
𝑑𝑡)

1/𝑞

; (6)

and for 𝑞 = ∞,
𝑓

𝐿∞([−𝑇,𝑇];𝑋)
= ess sup
−𝑇<𝑡<𝑇

𝑓 (⋅, 𝑡)
𝑋
. (7)

Later we will particularly take 𝑋 = 𝐻
𝑠,𝑟
(𝑅
𝑛
) (𝑠 ∈ 𝑅, 1 ≤ 𝑟 ≤

∞). For simplicity of the notations, we, respectively, abbrevi-
ate ‖ ⋅ ‖

𝐿
𝑞
([−𝑇,𝑇];𝐿

𝑟
(𝑅
𝑛
))
and ‖ ⋅ ‖

𝐿
𝑞
([−𝑇,𝑇];𝐻

𝑠,𝑟
(𝑅
𝑛
))
as, respectively,

‖ ⋅ ‖
𝐿
𝑞

𝑇
𝐿
𝑟

𝑥

and ‖ ⋅ ‖
𝐿
𝑞

𝑇
𝐻
𝑠,𝑟

𝑥
. In particular, for the case 𝑞 = 𝑟, we

abbreviate ‖ ⋅ ‖
𝐿
𝑞
([−𝑇,𝑇];𝐿

𝑟
(𝑅
𝑛
))
as ‖ ⋅ ‖

𝐿
𝑞

𝑇,𝑥

. We also abbreviate
𝐻
𝑠,2
(𝑅
𝑛
) = 𝐻

𝑠
(𝑅
𝑛
). In the following, we will introduce our

four working spaces.
For any time interval 𝑇, we denote

‖𝑢‖
𝑋
0
(𝑇)

= ‖𝑢‖
𝐿
𝑛(𝑛+4)/2(𝑛−4)

𝑇
𝐿
2𝑛
2
(𝑛+4)/(𝑛−4)(𝑛

2
+4𝑛−16)

𝑥

,

‖𝑢‖
𝑋(𝑇)

=

|∇|
8/(𝑛+4)

𝑢
𝐿𝑛(𝑛+4)/2(𝑛−4)
𝑇

𝐿
2𝑛
2
(𝑛+4)/(𝑛

3
−16𝑛+64)

𝑥

,

‖𝑢‖
𝑌(𝑇)

=

|∇|
8/(𝑛+4)

𝑢
𝐿𝑛/2
𝑇
𝐿
2𝑛
2
(𝑛+4)/(𝑛

3
+8𝑛
2
+16𝑛−64)

𝑥

,

‖𝑢‖
𝑆
0
(𝑇)

= sup
(𝑞,𝑟) is admissible

‖𝑢‖
𝐿
𝑛/2

𝑇
𝐿
𝑞

𝑥𝑟
.

(8)

The fundamental solution of the linear equation related
to (1) and (2) is given by the following oscillatory integral:

𝐼 (𝑥, 𝑡) = (2𝜋)
−𝑛

∫
𝑅
𝑛

𝑒
𝑖𝑥⋅𝜉+𝑖𝑡|𝜉|

4

𝑑𝜉. (9)

We denote by 𝑊(𝑡) (𝑡 ∈ 𝑅) the fundamental solution
operator

𝑊(𝑡) 𝜑 = 𝐼 (𝑥, 𝑡) ∗ 𝜑 (𝑥) , 𝜑 (𝑥) ∈ 𝑆

(𝑅
𝑛
) . (10)

So (1) and (2) have the following integral forms, respectively:

𝑢
𝜔
(𝑥, 𝑡)

= 𝑊 (𝑡) 𝜑 + 𝑖 ∫

𝑡

0

𝑊(𝑡 − 𝑠) 𝜃 (𝜔𝑠) |𝑢
𝜔
(𝑠)|
8/(𝑛−4)

𝑢
𝜔
(𝑠) 𝑑𝑠,

(11)

𝑢 (𝑥, 𝑡) = 𝑊 (𝑡) 𝜑 + 𝑖𝐼 (𝜃) ∫

𝑡

0

𝑊(𝑡 − 𝑠) |𝑢(𝑠)|
8/(𝑛−4)

𝑢 (𝑠) 𝑑𝑠.

(12)

Lemma 5 ((Strichartz estimates) (see [10])). Assume 𝑠 ≥

0, 𝜑(𝑥) ∈ 𝐻
𝑠
(𝑅
𝑛
), 𝑓(𝑥, 𝑡) ∈ 𝐿

𝛾


𝑇
𝐿
𝜌


𝑥
, and 𝑢(𝑥, 𝑡) is a solution

on [0, 𝑇] of the following initial value problem:

𝑖𝑢
𝑡
+ Δ
2
𝑢 + 𝑓 (𝑥, 𝑡) = 0, 𝑓𝑜𝑟 𝑡 ∈ 𝑅, 𝑥 ∈ 𝑅

𝑛
,

𝑢 (𝑥, 0) = 𝜑 (𝑥) , 𝑥 ∈ 𝑅
𝑛
,

(13)

then for all admissible pairs (𝑞, 𝑟) and (𝛾, 𝜌), we have
𝑊 (𝑡) 𝜑

𝐿
𝑞

𝑇
𝐻
𝑠,𝑟

𝑥

≤ 𝐶
𝜑
𝐻𝑠(𝑅𝑛)

,



∫

𝑡

0

𝑊(𝑡 − 𝑠) 𝑓 (⋅, 𝑠) 𝑑𝑠

𝐿
𝑞

𝑇
𝐿
𝑟

𝑥

≤ 𝐶
𝑓

𝐿
𝛾


𝑇
𝐿
𝜌


𝑥

.

(14)

Lemma 6. Let 𝑇 be a compact time interval containing 𝑡
0
.

Then we have


∫

𝑡

𝑡0

𝑊(𝑡 − 𝑠) 𝐹 (⋅, 𝑠) 𝑑𝑠

𝑋(𝑇)

≤ 𝐶‖𝐹‖
𝑌(𝑇)

. (15)

Proof. By the definition of𝑊(𝑡), we obtain

‖𝑊 (𝑡 − 𝑠) 𝐹 (⋅, 𝑠)‖
𝐿
2𝑛
2
(𝑛+4)/(𝑛

3
−16𝑛+64)

𝑥

≤ 𝐶|𝑡 − 𝑠|
−𝑛
3
+4𝑛−16/𝑛(𝑛+4)

‖𝐹 (𝑥, 𝑡)‖
𝐿
2𝑛
2
(𝑛+4)/(𝑛

3
+8𝑛
2
+16𝑛−64)

𝑥

.

(16)
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Using Hardy-Littlewood-Sobolev inequality, we have


∫

𝑡

𝑡0

𝑊(𝑡 − 𝑠) 𝐹 (⋅, 𝑠) 𝑑𝑠

𝐿𝑛(𝑛+4)/2(𝑛−4)
𝑇

𝐿
2𝑛
2
(𝑛+4)/(𝑛

3
−16𝑛+64)

𝑥

≤ 𝐶‖𝐹 (𝑥, 𝑡)‖
𝐿
𝑛/2

𝑇
𝐿
2𝑛
2
(𝑛+4)/(𝑛

3
+8𝑛
2
+16𝑛−64)

𝑥

,

(17)

which completes the proof.

Lemma 7. For any compact time interval 𝑇, we have

‖𝑢‖
𝑋
0
(𝑇)

≲ ‖𝑢‖
𝑋(𝑇)

≲

𝐷
2
𝑢
𝑆0(𝑇)

,

‖𝑢‖
𝑋(𝑇)

≲ ‖𝑢‖
1/(𝑛+4)

𝐿
2(𝑛+4)/(𝑛−4)

𝑇,𝑥


𝐷
2
𝑢


(𝑛+3)/(𝑛+4)

𝑆
0
(𝑇)

.

(18)

Proof. Using Sobolev embedding (see [11])
�̇�
8/(𝑛+4),2𝑛

2
(𝑛+4)/(𝑛

3
−16𝑛+64)

(𝑅
𝑛
) → 𝐿

2𝑛
2
(𝑛+4)/(𝑛−4)(𝑛

2
+4𝑛−16)

(𝑅
𝑛
),

we have

‖𝑢‖
𝑋
0
(𝑇)

≤ 𝐶‖𝑢‖
𝑋(𝑇)

. (19)

Similarly, using Sobolev embedding �̇�2,2𝑛
2
(𝑛+4)/(𝑛

3
+4𝑛
2
−16𝑛+64)

(𝑅
𝑛
) → �̇�

8/(𝑛+4),2𝑛
2
(𝑛+4)/(𝑛

3
−16𝑛+64)

(𝑅
𝑛
) and noting that (𝑛(𝑛 +

4)/2(𝑛 − 4), 2𝑛
2
(𝑛 + 4)/(𝑛

3
+ 4𝑛
2
− 16𝑛 + 64)) is an admissible

pair, we have

‖𝑢‖
𝑋(𝑇)

≤ 𝐶

𝐷
2
𝑢
𝐿𝑛(𝑛+4)/2(𝑛−4)
𝑡

𝐿
2𝑛
2
(𝑛+4)/(𝑛

3
+4𝑛
2
−16𝑛+64)

𝑥

≤ 𝐶

𝐷
2
𝑢
𝑆0(𝑇)

,

(20)

which completes the proof of the first inequality.
Next we prove the second inequality.
Using interpolation inequality (see [12]), we obtain

|∇|
8/(𝑛+4)

𝑢
𝐿𝑛(𝑛+4)/2(𝑛+4)
𝑇

𝐿
2𝑛
2
(𝑛+4)/(𝑛

3
−16𝑛+64)

𝑥

≤ 𝐶‖𝑢‖
1/(𝑛+4)

𝐿
2(𝑛+4)/(𝑛−4)

𝑇,𝑥

×

|∇|
8/(𝑛+3)

𝑢


(𝑛+3)/(𝑛+4)

𝐿
2𝑛(𝑛+3)(𝑛+4)/(𝑛−4)(3𝑛+16)

𝑇
𝐿
2𝑛
2
(𝑛+3)(𝑛+4)/(𝑛

4
+3𝑛
3
−12𝑛
2
+256)

𝑥

.

(21)

Using Sobolev embedding, we obtain

|∇|
8/(𝑛+3)

𝑢
𝐿2𝑛(𝑛+3)(𝑛+4)/(𝑛−4)(3𝑛+16)
𝑇

𝐿
2𝑛
2
(𝑛+3)(𝑛+4)/(𝑛

4
+3𝑛
3
−12𝑛
2
+256)

𝑥

≤ 𝐶

𝐷
2
𝑢
𝐿2𝑛(𝑛+3)(𝑛+4)/(𝑛−4)(3𝑛+16)
𝑇

𝐿
2𝑛
2
(𝑛+3)(𝑛+4)/(𝑛

4
+7𝑛
3
−16𝑛+256)

𝑥

.

(22)

So we have

|∇|
8/(𝑛+4)

𝑢
𝐿𝑛(𝑛+4)/2(𝑛+4)
𝑇

𝐿
2𝑛
2
(𝑛+4)/(𝑛

3
−16𝑛+64)

𝑥

≤ 𝐶‖𝑢‖
1/(𝑛+4)

𝐿
2(𝑛+4)/(𝑛−4)

𝑇,𝑥


𝐷
2
𝑢


(𝑛+3)/(𝑛+4)

𝑆
0
(𝑇)

,

(23)

which completes the proof of the second inequality.

Assume that the nonlinear function 𝐹(𝑢) = |𝑢|
8/(𝑛−4)

𝑢.
Then we have the following two lemmas.

Lemma 8. Let 𝑇 be a compact time interval. Then, we have

‖𝐹 (𝑢)‖
𝑌(𝑇)

≤ 𝐶‖𝑢‖
(𝑛+4)/(𝑛−4)

𝑋(𝑇)
,

𝐹𝑧 (𝑢 + V) 𝑤𝑌(𝑇) +
𝐹𝑧 (𝑢 + V) 𝑤𝑌(𝑇)

≤ 𝐶(‖𝑢‖
4(𝑛+8)/(𝑛

2
−16)

𝑋(𝑇)


𝐷
2
𝑢


4𝑛/(𝑛
2
−16)

𝑆
0
(𝑇)

+ ‖V‖4(𝑛+8)/(𝑛
2
−16)

𝑋(𝑇)


𝐷
2V


4𝑛/(𝑛
2
−16)

𝑆
0
(𝑇)

) ‖𝑤‖
𝑋(𝑇)

.

(24)

Proof. Using Lemma A.11 of [13] and Lemma 7, we have

‖𝐹 (𝑢)‖
𝑌(𝑇)

≤ 𝐶

|𝑢|
8/(𝑛−4)𝐿𝑛(𝑛+4)/16

𝑇
𝐿
𝑛
2
(𝑛+4)/4(𝑛

2
+4𝑛−16)

𝑥

×

|∇|
8/(𝑛+4)

𝑢
𝐿𝑛(𝑛+4)/2(𝑛−4)
𝑇

𝐿
2𝑛
2
(𝑛+4)/(𝑛

3
−16𝑛+64)

𝑥

= 𝐶‖𝑢‖
8/(𝑛−4)

𝐿
𝑛(𝑛+4)/2(𝑛−4)

𝑇
𝐿
2𝑛
2
(𝑛+4)/(𝑛−4)(𝑛

2
+4𝑛−16)

𝑥

×

|∇|
8/(𝑛+4)

𝑢
𝐿𝑛(𝑛+4)/2(𝑛−4)
𝑇

𝐿
2𝑛
2
(𝑛+4)/(𝑛

3
−16𝑛+64)

𝑥

= ‖𝑢‖
8/(𝑛−4)

𝑋
0
(𝑇)

‖𝑢‖
𝑋(𝑇)

≤ 𝐶‖𝑢‖
(𝑛+4)/(𝑛−4)

𝑋(𝑇)
.

(25)

For the second inequality, we have

𝐹𝑧 (𝑢 + V) 𝑤𝑌(𝑇)

=

|∇|
8/(𝑛+4)

(𝐹
𝑧
(𝑢 + V) 𝑤)

𝐿𝑛/2
𝑇
𝐿
2𝑛
2
(𝑛+4)/(𝑛

3
+8𝑛
2
+16𝑛−64)

𝑥

≤ 𝐶(
𝐹𝑧 (𝑢 + V)𝐿𝑛(𝑛+4)/16

𝑇
𝐿
𝑛
2
(𝑛+4)/(4𝑛

2
+16𝑛−64)

𝑥

×

|∇|
8/(𝑛+4)

𝑤
𝐿𝑛(𝑛+4)/2(𝑛−4)
𝑇

𝐿
2𝑛
2
(𝑛+4)/(𝑛

3
−16𝑛+64)

𝑥

+

|∇|
8/(𝑛+4)

𝐹
𝑧
(𝑢 + V)

𝐿𝑛(𝑛+4)/16
𝑇
𝐿
𝑛
2
(𝑛+4)/4(𝑛

2
+6𝑛−16)

𝑥

× ‖𝑤‖
𝐿
𝑛(𝑛+4)/2(𝑛−4)

𝑇
𝐿
2𝑛
2
(𝑛+4)/(𝑛−4)(𝑛

2
+4𝑛−16)

𝑥

)

≤ 𝐶(‖𝑢 + V‖8/(𝑛−4)
𝐿
𝑛(𝑛+4)/2(𝑛−4)

𝑇
𝐿
2𝑛
2
(𝑛+4)/(𝑛−4)(𝑛

2
+4𝑛−16)

𝑥

×

|∇|
8/(𝑛+4)

𝑤
𝐿𝑛(𝑛+4)/2(𝑛−4)
𝑇

𝐿
2𝑛
2
(𝑛+4)/(𝑛

3
−16𝑛+64)

𝑥

+

|∇|
8/(𝑛+4)

𝐹
𝑧
(𝑢 + V)

𝐿𝑛(𝑛+4)/16
𝑇
𝐿
𝑛
2
(𝑛+4)/4(𝑛

2
+6𝑛−16)

𝑥

× ‖𝑤‖
𝐿
𝑛(𝑛+4)/2(𝑛−4)

𝑇
𝐿
2𝑛
2
(𝑛+4)/(𝑛−4)(𝑛

2
+4𝑛−16)

𝑥

)

≤ 𝐶(‖𝑢 + V‖8/(𝑛−4)
𝑋
0
(𝑇)

‖𝑤‖
𝑋(𝑇)

+

|∇|
8/(𝑛+4)

𝐹
𝑧
(𝑢 + V)

𝐿𝑛(𝑛+4)/16
𝑇
𝐿
𝑛
2
(𝑛+4)/4(𝑛

2
+6𝑛−16)

𝑥

‖𝑤‖
𝑋
0
(𝑇)

)
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≤ 𝐶(‖𝑢 + V‖8/(𝑛−4)
𝑋
0
(𝑇)

‖𝑤‖
𝑋(𝑇)

+

|∇|
8/(𝑛+4)

𝐹
𝑧
(𝑢 + V)

𝐿𝑛(𝑛+4)/16
𝑇
𝐿
𝑛
2
(𝑛+4)/4(𝑛

2
+6𝑛−16)

𝑥

‖𝑤‖
𝑋(𝑇)

) .

(26)
For 5 ≤ 𝑛 < 12, using Lemma A.11 of [13] and Lemma 7, we
obtain


|∇|
8/(𝑛+4)

𝐹
𝑧
(𝑢 + V)

𝐿𝑛(𝑛+4)/16
𝑇
𝐿
𝑛
2
(𝑛+4)/(4𝑛

2
+24𝑛−64)

𝑥

≤ 𝐶

|𝑢 + V|(12−𝑛)/(𝑛−4)

𝐿𝑛(𝑛+4)/2(12−𝑛)
𝑇

𝐿
2𝑛
2
(𝑛+4)/(12−𝑛)(𝑛

2
+4𝑛−16)

𝑥

×

|∇|
8/(𝑛+4)

(𝑢 + V)
𝐿𝑛(𝑛+4)/2(𝑛−4)
𝑇

𝐿
2𝑛
2
(𝑛+4)/(𝑛

3
−16𝑛+64)

𝑥

≤ 𝐶‖𝑢 + V‖(12−𝑛)/(𝑛−4)
𝐿
𝑛(𝑛+4)/2(𝑛−4)

𝑇
𝐿
2𝑛
2
(𝑛+4)/(𝑛−4)(𝑛

2
+4𝑛−16)

𝑥

×

|∇|
8/(𝑛+4)

(𝑢 + V)
𝐿𝑛(𝑛+4)/2(𝑛−4)
𝑇

𝐿
2𝑛
2
(𝑛+4)/(𝑛

3
−16𝑛+64)

𝑥

≤ 𝐶‖𝑢 + V‖(12−𝑛)/(𝑛−4)
𝑋
0
(𝑇)

‖𝑢 + V‖
𝑋(𝑇)

≤ 𝐶‖𝑢 + V‖8/(𝑛−4)
𝑋(𝑇)

≤ 𝐶 (‖𝑢‖
8/(𝑛−4)

𝑋(𝑇)
+ ‖V‖8/(𝑛−4)
𝑋(𝑇)

)

≤ 𝐶(‖𝑢‖
4(𝑛+8)/(𝑛

2
−16)

𝑋(𝑇)


𝐷
2
𝑢


4𝑛/(𝑛
2
−16)

𝑆
0
(𝑇)

+ ‖V‖4(𝑛+8)/(𝑛
2
−16)

𝑋(𝑇)


𝐷
2V


4𝑛/(𝑛
2
−16)

𝑆
0
(𝑇)

) .

(27)

For 𝑛 ≥ 12, using Lemma A.12 of [13] (𝛼 = 8/(𝑛 − 4), 𝑠 =

8/(𝑛 + 4), 𝜎 = 𝑛/(𝑛 + 4)) and Sobolev inequality, we have

|∇|
8/(𝑛+4)

𝐹
𝑧
(𝑢 + V)

𝐿𝑛
2
(𝑛+4)/(4𝑛

2
+24𝑛−64)

𝑥

≤ 𝐶

|𝑢 + V|32/𝑛(𝑛−4)

𝐿2𝑛
2
(𝑛+4)/(𝑛−4)(𝑛

2
+4𝑛−16)

𝑥

×

|∇|
𝑛/(𝑛+4)

(𝑢 + V)


8/𝑛

𝐿
2𝑛
2
(𝑛+4)/(𝑛

3
+2𝑛
2
−32𝑛+64)

𝑥

≤ 𝐶

|∇|
𝑛/(𝑛+4)

(𝑢 + V)


8/(𝑛−4)

𝐿
2𝑛
2
(𝑛+4)/(𝑛

3
+2𝑛
2
−32𝑛+64)

𝑥

.

(28)

From (28), using interpolation inequality and Lemma 7, we
have


|∇|
8/(𝑛+4)

𝐹
𝑧
(𝑢 + V)

𝐿𝑛(𝑛+4)/16
𝑇
𝐿
𝑛
2
(𝑛+4)/4(𝑛

2
+6𝑛−16)

𝑥

≤ 𝐶

|∇|
𝑛/(𝑛+4)

(𝑢 + V)


8/(𝑛−4)

𝐿
𝑛(𝑛+4)/2(𝑛−4)

𝑇
𝐿
𝑛
2
(𝑛+4)/(𝑛

3
+2𝑛
2
−32𝑛+64)

𝑥

≤ 𝐶(

|∇|
𝑛/(𝑛+4)

𝑢


8/(𝑛−4)

𝐿
𝑛(𝑛+4)/2(𝑛−4)

𝑇
𝐿
𝑛
2
(𝑛+4)/(𝑛

3
+2𝑛
2
−32𝑛+64)

𝑥

+

|∇|
𝑛/(𝑛+4)V



8/(𝑛−4)

𝐿
𝑛(𝑛+4)/2(𝑛−4)

𝑇
𝐿
𝑛
2
(𝑛+4)/(𝑛

3
+2𝑛
2
−32𝑛+64)

𝑥

)

≤ 𝐶(‖𝑢‖
4(𝑛+8)/(𝑛

2
−16)

𝐿
𝑛(𝑛+4)/2(𝑛−4)

𝑇
𝐿
2𝑛
2
(𝑛+4)/(𝑛−4)(𝑛

2
+4𝑛−16)

𝑥

×

𝐷
2
𝑢


4𝑛/(𝑛
2
−16)

𝐿
𝑛(𝑛+4)/2(𝑛−4)

𝑇
𝐿
2𝑛
2
(𝑛+4)/(𝑛

3
+4𝑛
2
−16𝑛+64)

𝑥

+ ‖V‖4(𝑛+8)/(𝑛
2
−16)

𝐿
𝑛(𝑛+4)/2(𝑛−4)

𝑇
𝐿
2𝑛
2
(𝑛+4)/(𝑛−4)(𝑛

2
+4𝑛−16)

𝑥

×

𝐷
2V


4𝑛/(𝑛
2
−16)

𝐿
𝑛(𝑛+4)/2(𝑛−4)

𝑇
𝐿
2𝑛
2
(𝑛+4)/(𝑛

3
+4𝑛
2
−16𝑛+64)

𝑥

)

≤ 𝐶(‖𝑢‖
4(𝑛+8)/(𝑛

2
−16)

𝑋
0
(𝑇)


𝐷
2
𝑢


4𝑛/(𝑛
2
−16)

𝑆
0
(𝑇)

+‖V‖4(𝑛+8)/(𝑛
2
−16)

𝑋
0
(𝑇)


𝐷
2V


4𝑛/(𝑛
2
−16)

𝑆
0
(𝑇)

)

≤ 𝐶(‖𝑢‖
4(𝑛+8)/(𝑛

2
−16)

𝑋(𝑇)


𝐷
2
𝑢


4𝑛/(𝑛
2
−16)

𝑆
0
(𝑇)

+‖V‖4(𝑛+8)/(𝑛
2
−16)

𝑋(𝑇)


𝐷
2V


4𝑛/(𝑛
2
−16)

𝑆
0
(𝑇)

) .

(29)

From (26), (27), and (29), we have
𝐹𝑧 (𝑢 + V) 𝑤𝑌(𝑇)

≤ 𝐶(‖𝑢‖
4(𝑛+8)/(𝑛

2
−16)

𝑋(𝑇)


𝐷
2
𝑢


4𝑛/(𝑛
2
−16)

𝑆
0
(𝑇)

+‖V‖4(𝑛+8)/(𝑛
2
−16)

𝑋(𝑇)


𝐷
2V


4𝑛/(𝑛
2
−16)

𝑆
0
(𝑇)

) .

(30)

Similarly, we can prove
𝐹𝑧 (𝑢 + V) 𝑤𝑌(𝑇)

≤ 𝐶(‖𝑢‖
4(𝑛+8)/(𝑛

2
−16)

𝑋(𝑇)


𝐷
2
𝑢


4𝑛/(𝑛
2
−16)

𝑆
0
(𝑇)

+ ‖V‖4(𝑛+8)/(𝑛
2
−16)

𝑋(𝑇)


𝐷
2V


4𝑛/(𝑛
2
−16)

𝑆
0
(𝑇)

) ,

(31)

which completes the proof.

Using Lemma 8, we immediately obtain the following
lemma.

Lemma 9. Let 𝑛 ≥ 5. Then we have

‖𝐹 (𝑢) − 𝐹 (V)‖
𝑌(𝑇)

≤ 𝐶(‖V‖4(𝑛+8)/(𝑛
2
−16)

𝑋(𝑇)


𝐷
2V


4𝑛/(𝑛
2
−16)

𝑆
0
(𝑇)

+ ‖𝑢 − V‖4(𝑛+8)/(𝑛
2
−16)

𝑋(𝑇)

×

𝐷
2
(𝑢 − V)



4𝑛/(𝑛
2
−16)

𝑆
0
(𝑇)

) ‖𝑢 − V‖
𝑋(𝑇)

.

(32)

Using the proof techniques in [14], similarlywe can obtain
the following lemma.

Lemma 10. For any admissible pair (𝛾, 𝜌), (𝑞, 𝑟), 𝑓 ∈ 𝐿
𝛾


𝑇
𝐿
𝜌


𝑥
,

we have


∫

𝑡

𝑡0

𝜃 (𝜔𝑠)𝑊 (𝑡 − 𝑠) 𝑓 (⋅, 𝑠) 𝑑𝑠

−𝐼 (𝜃) ∫

𝑡

𝑡0

𝑊(𝑡 − 𝑠) 𝑓 (⋅, 𝑠) 𝑑𝑠

𝐿
𝑞

𝑇
𝐿
𝑟

𝑥

→ 0 𝑎𝑠 |𝜔| → ∞.

(33)
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Lemma 11. Let 𝛾 = 2𝑛/(𝑛 − 4), 𝜌 = 2𝑛
2
/(𝑛
2
− 4𝑛 + 16). For

any initial value 𝜑 ∈ 𝐻
2
(𝑅
𝑛
), 5 ≤ 𝑛 < 12, assume that

lim
|𝑤|→∞

sup 𝐷
2
𝑢
𝜔

𝐿𝛾(0,𝑙;𝐿𝜌(𝑅𝑛))
< +∞, (34)

then we have
𝑢𝜔 − 𝑢

𝐿𝑞(0,𝑙;𝐻2,𝑟(𝑅𝑛))
→ 0 𝑎𝑠 |𝜔| → ∞, (35)

where (𝑞, 𝑟) is admissible pair.

Proof. (1) First we prove that ‖𝑢
𝜔
(𝑥, 𝑡) − 𝑢(𝑥, 𝑡)‖

𝐿
𝑞
(0,𝑙;𝐿
𝑟
)
→

0 as |𝜔| → ∞.
By (34), there must be constants 𝐿 and𝑀 such that

sup
|𝜔|≥𝐿


𝐷
2
𝑢
𝜔

𝐿𝛾(0,𝑙;𝐿𝜌(𝑅𝑛))
≤ 𝑀. (36)

From (11) and (12), we have

𝑢
𝜔
(𝑥, 𝑡) − 𝑢 (𝑥, 𝑡) = 𝑖 (𝐼

1
+ 𝐼
2
) , (37)

where 𝐼
1
= ∫
𝑡

0
𝜃(𝜔𝑠)𝑊(𝑡 − 𝑠)[|𝑢

𝜔
(𝑠)|
8/(𝑛−4)

𝑢
𝜔
(𝑠) − |𝑢(𝑠)|

8/(𝑛−4)

𝑢(𝑠)]𝑑𝑠 and 𝐼
2
= ∫
𝑡

0
[𝜃(𝜔𝑠) − 𝐼(𝜃)]𝑊(𝑡 − 𝑠)|𝑢(𝑠)|

8/(𝑛−4)
𝑢(𝑠)𝑑𝑠.

By Lemma 10, we have
𝐼2

𝐿𝑞(0,𝑙;𝐿𝑟(𝑅𝑛)) := 𝐶𝜀
𝜔
→ 0 as |𝜔| → ∞. (38)

Using Hölder inequality and Sobolev embedding inequality,
we obtain

𝐼1
𝐿𝑞(0,𝑙;𝐿𝑟(𝑅𝑛))

≤ 𝐶


𝑢𝜔 (𝑠)


8/(𝑛−4)

𝑢
𝜔
(𝑠) − |𝑢 (𝑠)|

8/(𝑛−4)
𝑢 (𝑠)

𝐿𝛾

(0,𝑙;𝐿
𝜌

(𝑅
𝑛
))

≤ 𝐶(

𝐷
2
𝑢
𝜔



8/(𝑛−4)

𝐿
𝛾
(0,𝑙;𝐿
𝜌
(𝑅
𝑛
))
+

𝐷
2
𝑢


8/(𝑛−4)

𝐿
𝛾
(0,𝑙;𝐿
𝜌
(𝑅
𝑛
))
)

×
𝑢𝜔 − 𝑢

𝐿𝛾(0,𝑙;𝐿𝜌(𝑅𝑛))

≤ 𝐶 (𝑀
8/(𝑛−4)

+ 𝑁
8/(𝑛−4)

)
𝑢𝜔 − 𝑢

𝐿𝛾(0,𝑙;𝐿𝜌(𝑅𝑛))
,

(39)

where𝑁 = ‖𝑢‖
𝐿
𝛾
(0,𝑙;𝐻

2,𝜌
(𝑅
𝑛
))
.

Using (38) and (39), we have
𝑢𝜔 (𝑥, 𝑡) − 𝑢 (𝑥, 𝑡)

𝐿𝑞(0,𝑙;𝐿𝑟(𝑅𝑛))
=
𝐼1 + 𝐼

2

𝐿𝑞(0,𝑙;𝐿𝑟(𝑅𝑛))

≤
𝐼1

𝐿𝑞(0,𝑙;𝐿𝑟(𝑅𝑛))
+
𝐼2

𝐿𝑞(0,𝑙;𝐿𝑟(𝑅𝑛))

≤ 𝐶𝜀
𝜔
+ 𝐶 (𝑀

8/(𝑛−4)
+ 𝑁
8/(𝑛−4)

)

×
𝑢𝜔 (𝑥, 𝑡) − 𝑢 (𝑥, 𝑡)

𝐿𝛾(0,𝑙;𝐿𝜌(𝑅𝑛))
.

(40)

In the following we will prove that ‖𝑢
𝜔
(𝑥, 𝑡) −

𝑢(𝑥, 𝑡)‖
𝐿
𝛾
(0,𝑙;𝐿
𝜌
(𝑅
𝑛
))
.

Since sup
|𝜔|≥𝐿

‖𝐷
2
𝑢
𝜔
‖
𝐿
𝛾
(0,𝑙;𝐿
𝜌
(𝑅
𝑛
))
≤ 𝑀, we can divide the

time interval [0, 𝑙] into subintervals [𝑡
𝑖
, 𝑡
𝑖+1

], 𝑖 = 0, . . . , 𝐽 −

1, where 𝑡
0

= 0, 𝑡
𝐽−1

= 𝑙, such that in each part
𝐶(‖𝐷
2
𝑢
𝜔
‖
8/(𝑛−4)

𝐿
𝛾
(𝑡𝑖 ,𝑡𝑖+1;𝐿

𝜌
(𝑅
𝑛
))
+ ‖𝐷
2
𝑢‖
8/(𝑛−4)

𝐿
𝛾
(𝑡𝑖 ,𝑡𝑖+1;𝐿

𝜌
(𝑅
𝑛
))
) = 1/2.

On [𝑡
0
, 𝑡
1
], since 𝑢

𝜔
(𝑡
0
) = 𝑢(𝑡

0
) = 𝜑, we have

𝑢𝜔 (𝑥, 𝑡) − 𝑢 (𝑥, 𝑡)
𝐿𝑞(𝑡0 ,𝑡1 ;𝐿

𝑟
(𝑅
𝑛
))

≤ 𝐶𝜀
𝜔
+ 𝐶(


𝐷
2
𝑢
𝜔



8/(𝑛−4)

𝐿
𝛾
(𝑡0 ,𝑡1;𝐿

𝜌
(𝑅
𝑛
))

+

𝐷
2
𝑢


8/(𝑛−4)

𝐿
𝛾
(𝑡0 ,𝑡1;𝐿

𝜌
(𝑅
𝑛
))
)

×
𝑢𝜔 (𝑥, 𝑡) − 𝑢 (𝑥, 𝑡)

𝐿𝛾(𝑡0 ,𝑡1;𝐿
𝜌
(𝑅
𝑛
))

≤ 𝐶𝜀
𝜔
+
1

2

𝑢𝜔 (𝑥, 𝑡) − 𝑢 (𝑥, 𝑡)
𝐿𝛾(𝑡0 ,𝑡1;𝐿

𝜌
(𝑅
𝑛
))
.

(41)

For the case (𝑞, 𝑟) = (𝛾, 𝜌), we have
𝑢𝜔 (𝑥, 𝑡) − 𝑢 (𝑥, 𝑡)

𝐿𝛾(𝑡0 ,𝑡1;𝐿
𝜌
(𝑅
𝑛
))
≤ 2𝐶𝜀

𝜔
. (42)

For the case (𝑞, 𝑟) = (∞, 2), we have
𝑢𝜔 (𝑥, 𝑡) − 𝑢 (𝑥, 𝑡)

𝐿∞(𝑡0 ,𝑡1;𝐿
2
(𝑅
𝑛
))
≤ 2𝐶𝜀

𝜔
. (43)

On [𝑡
1
, 𝑡
2
], we have

𝑢𝜔 (𝑥, 𝑡) − 𝑢 (𝑥, 𝑡)
𝐿𝑞(𝑡1 ,𝑡2;𝐿

𝑟
(𝑅
𝑛
))

≤
𝑢𝜔 (𝑡1) − 𝑢 (𝑡

1
)
𝐿2(𝑅𝑛)

+ 𝐶𝜀
𝜔

+
1

2

𝑢𝜔 (𝑥, 𝑡) − 𝑢 (𝑥, 𝑡)
𝐿𝛾(𝑡1 ,𝑡2 ;𝐿

𝜌
(𝑅
𝑛
))

≤ 3𝐶𝜀
𝜔
+
1

2

𝑢𝜔 (𝑥, 𝑡) − 𝑢 (𝑥, 𝑡)
𝐿𝛾(𝑡1 ,𝑡2;𝐿

𝜌
(𝑅
𝑛
))
.

(44)

Similarly for the case (𝑞, 𝑟) = (𝛾, 𝜌), we have
𝑢𝜔 (𝑥, 𝑡) − 𝑢 (𝑥, 𝑡)

𝐿𝛾(𝑡1 ,𝑡2;𝐿
𝜌
(𝑅
𝑛
))
≤ 6𝐶𝜀

𝜔
. (45)

For the case (𝑞, 𝑟) = (∞, 2), we have
𝑢𝜔 (𝑥, 𝑡) − 𝑢 (𝑥, 𝑡)

𝐿∞(𝑡1 ,𝑡2;𝐿
2
(𝑅
𝑛
))
≤ 6𝐶𝜀

𝜔
. (46)

By induction, we have
𝑢𝜔 (𝑥, 𝑡) − 𝑢 (𝑥, 𝑡)

𝐿𝛾(𝑡𝑖 ,𝑡𝑖+1;𝐿
𝜌
(𝑅
𝑛
))
≤ 2 (2

𝑖+1
− 1)𝐶𝜀

𝜔
,

𝑢𝜔 (𝑥, 𝑡) − 𝑢 (𝑥, 𝑡)
𝐿∞(𝑡𝑖 ,𝑡𝑖+1;𝐿

2
(𝑅
𝑛
))
≤ 2 (2

𝑖+1
− 1)𝐶𝜀

𝜔
,

(47)

for 𝑖 = 0, . . . , 𝐽 − 1.
So we have
𝑢𝜔 (𝑥, 𝑡) − 𝑢 (𝑥, 𝑡)

𝐿𝛾(0,𝑙;𝐿𝜌(𝑅𝑛))

≤

𝐽−1

∑

𝑖=0

2 (2
𝑖+1

− 1)𝐶𝜀
𝜔

= [4 (2
𝐽
− 1) − 2𝐽] 𝐶𝜀

𝜔
→ 0 as |𝜔| → ∞.

(48)

Using the above estimate and (40), we have
𝑢𝜔 (𝑥, 𝑡) − 𝑢 (𝑥, 𝑡)

𝐿𝑞(0,𝑙;𝐿𝑟(𝑅𝑛))

≤ 𝐶𝜀
𝜔
+ 𝐶 (𝑀

8/(𝑛−4)
+ 𝑁
8/(𝑛−4)

)

×
𝑢𝜔 (𝑥, 𝑡) − 𝑢 (𝑥, 𝑡)

𝐿𝛾(0,𝑙;𝐿𝜌(𝑅𝑛))
→ 0 as |𝜔| → ∞.

(49)
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(2) In the following we discuss the estimate ‖∇(𝑢
𝜔
−

𝑢)‖
𝐿
𝑞
(0,𝑙;𝐿
𝑟
(𝑅
𝑛
))
.

By (11) and (12), we have

∇ (𝑢
𝜔
− 𝑢) = 𝑖 (𝐽

1
+ 𝐽
2
) , (50)

where 𝐽
1
= ∫
𝑡

0
𝜃(𝜔𝑠)𝑊(𝑡 − 𝑠)∇(|𝑢

𝜔
|
8/(𝑛−4)

𝑢
𝜔
− |𝑢|
8/(𝑛−4)

𝑢)𝑑𝑠

and 𝐽
2
= ∫
𝑡

0
[𝜃(𝜔𝑠) − 𝐼(𝜃)]𝑊(𝑡 − 𝑠)∇(|𝑢|

8/(𝑛−4)
𝑢)𝑑𝑠.

Using (11)-(12) and Lemma 5, we obtain

∇ (𝑢
𝜔
− 𝑢)

𝑆0(0,𝑡1)

≤ 𝐶
∇ (𝑢
𝜔
(0) − 𝑢 (0))

𝐿2(𝑅𝑛)

+ 𝐶 (
𝐽1

𝐿𝑞(0,𝑡1 ;𝐿
𝑟
(𝑅
𝑛
))
+
𝐽2

𝐿𝑞(0,𝑡1 ;𝐿
𝑟
(𝑅
𝑛
))
)

≤ 𝐶
∇ (𝑢
𝜔
(0) − 𝑢 (0))

𝐿2(𝑅𝑛)

+ 𝐶

∇ (

𝑢𝜔


8/(𝑛−4)

𝑢
𝜔

−|𝑢|
8/(𝑛−4)

𝑢)
𝐿2𝑛(𝑛+4)/(𝑛

2
+4𝑛+8)
(0,𝑡1 ;𝐿

2𝑛
2
(𝑛+4)/(𝑛

3
+8𝑛
2
+16𝑛−32)
(𝑅
𝑛
))

+ 𝐶
𝐽2

𝐿𝑞(0,𝑡1 ;𝐿
𝑟
(𝑅
𝑛
))
.

(51)

Noting that


∇ (|𝑢|

8/(𝑛−4)
𝑢)
𝐿𝛾

(0,𝑡1 ;𝐿

𝜌

(𝑅
𝑛
))

≤

|𝑢|
8/(𝑛−4)𝐿𝑛/4(0,𝑡1 ;𝐿

𝑛
2
/4(𝑛−4)
(𝑅
𝑛
))
‖∇𝑢‖
𝐿
𝛾
(0,𝑡1 ;𝐿

𝜌
(𝑅
𝑛
))

= ‖𝑢‖
8/(𝑛−4)

𝐿
2𝑛/(𝑛−4)
(0,𝑡1 ;𝐿

2𝑛
2
/(𝑛−4)
2
(𝑅
𝑛
))

‖∇𝑢‖
𝐿
𝛾
(0,𝑡1 ;𝐿

𝜌
(𝑅
𝑛
))

≤ 𝐶

𝐷
2
𝑢


8/(𝑛−4)

𝐿
𝛾
(0,𝑡1 ;𝐿

𝜌
(𝑅
𝑛
))
‖∇𝑢‖
𝐿
𝛾
(0,𝑡1 ;𝐿

𝜌
(𝑅
𝑛
))
,

(52)

so ∇(|𝑢|8/(𝑛−4)𝑢) ∈ 𝐿
𝛾


(0, 𝑡
1
; 𝐿
𝜌


(𝑅
𝑛
)).

Using Lemma 5 and Lemma 10, we have

𝐽2
𝐿𝑞(0,𝑡1 ;𝐿

𝑟
(𝑅
𝑛
))
:= 𝐶𝜖
𝜔
→ 0 as |𝜔| → ∞. (53)

Using Hölder inequality, Sobolev embedding, and
Lemma 7, we obtain

∇ (

𝑢𝜔


8/(𝑛−4)

𝑢
𝜔

−|𝑢|
8/(𝑛−4)

𝑢)
𝐿2𝑛(𝑛+4)/(𝑛

2
+4𝑛+8)
(0,𝑡1 ;𝐿

2𝑛
2
(𝑛+4)/(𝑛

3
+8𝑛
2
+16𝑛−32)
(𝑅
𝑛
))

≤ 𝐶


𝑢𝜔


8/(𝑛−4)
𝐿𝑛(𝑛+4)/16(0,𝑡1 ;𝐿

𝑛
2
(𝑛+4)/4(𝑛

2
+4𝑛−16)
(𝑅
𝑛
))

×
∇ (𝑢
𝜔
− 𝑢)

𝐿2𝑛(𝑛+4)/(𝑛
2
+4𝑛−24)
(0,𝑡1 ;𝐿

2𝑛
2
(𝑛+4)/(𝑛

3
−16𝑛+96)
(𝑅
𝑛
))

+ 𝐶(


𝑢𝜔


(12−𝑛)/(𝑛−4)
𝐿𝑛(𝑛+4)/2(12−𝑛)(0,𝑡1 ;𝐿

2𝑛(𝑛+4)/(12−𝑛)(𝑛
2
+4𝑛−16)
(𝑅
𝑛
))

+

|𝑢|
(12−𝑛)/(𝑛−4)𝐿𝑛(𝑛+4)/2(12−𝑛)(0,𝑡1 ;𝐿

2𝑛(𝑛+4)/(12−𝑛)(𝑛
2
+4𝑛−16)
(𝑅
𝑛
))
)

×
𝑢𝜔 − 𝑢

𝐿𝑛(𝑛+4)/2(𝑛−4)(0,𝑡1 ;𝐿
2𝑛
2
(𝑛+4)/(𝑛−4)(𝑛

2
+4𝑛−16)
(𝑅
𝑛
))

× ‖∇𝑢‖
𝐿
2𝑛(𝑛+4)/(𝑛

2
+4𝑛−24)
(0,𝑡1 ;𝐿

2𝑛
2
(𝑛+4)/(𝑛

3
−16𝑛+96)
(𝑅
𝑛
))

≤ 𝐶
𝑢𝜔



8/(𝑛−4)

𝑋
0
(0,𝑡1)

∇ (𝑢
𝜔
− 𝑢)

𝑆0(0,𝑡1)

+ 𝐶(
𝑢𝜔



(12−𝑛)/(𝑛−4)

𝑋
0
(0,𝑡1)

+ ‖𝑢‖
(12−𝑛)/(𝑛−4)

𝑋
0
(0,𝑡1)

)

×
𝑢𝜔 − 𝑢

𝑋0(0,𝑡1)
‖∇𝑢‖
𝑆
0
(0,𝑡1)

≤ 𝐶
𝑢𝜔



8/(𝑛−4)

𝑋
0
(0,𝑡1)

∇ (𝑢
𝜔
− 𝑢)

𝑆0(0,𝑡1)

+ 𝐶
𝑢𝜔 − 𝑢



8/(𝑛−4)

𝑋
0
(0,𝑡1)

‖∇𝑢‖
𝑆
0
(0,𝑡1)

+ 𝐶‖𝑢‖
(12−𝑛)/(𝑛−4)

𝑋
0
(0,𝑡1)

𝑢𝜔 − 𝑢
𝑋0(0,𝑡1)

‖∇𝑢‖
𝑆
0
(0,𝑡1)

≤ 𝐶
𝑢𝜔 − 𝑢



8/(𝑛−4)

𝑋
0
(0,𝑡1)

∇ (𝑢
𝜔
− 𝑢)

𝑆0(0,𝑡1)

+ 𝐶‖𝑢‖
8/(𝑛−4)

𝑋
0
(0,𝑡1)

∇ (𝑢
𝜔
− 𝑢)

𝑆0(0,𝑡1)

+ 𝐶
𝑢𝜔 − 𝑢



8/(𝑛−4)

𝑋
0
(0,𝑡1)

‖∇𝑢‖
𝑆
0
(0,𝑡1)

+ 𝐶‖𝑢‖
(12−𝑛)/(𝑛−4)

𝑋
0
(0,𝑡1)

𝑢𝜔 − 𝑢
𝑋0(0,𝑡1)

‖∇𝑢‖
𝑆
0
(0,𝑡1)

≤ 𝐶
𝑢𝜔 − 𝑢



8/(𝑛−4)

𝑋
0
(0,𝑡1)

∇ (𝑢
𝜔
− 𝑢)

𝑆0(0,𝑡1)

+ 𝐶

𝐷
2
𝑢


8/(𝑛−4)

𝑆
0
(0,𝑡1)

∇ (𝑢
𝜔
− 𝑢)

𝑆0(0,𝑡1)

+ 𝐶
𝑢𝜔 − 𝑢



8/(𝑛−4)

𝑋
0
(0,𝑡1)

‖∇𝑢‖
𝑆
0
(𝑡0 ,𝑡1)

+ 𝐶

𝐷
2
𝑢


(12−𝑛)/(𝑛−4)

𝑆
0
(0,𝑡1)

𝑢𝜔 − 𝑢
𝑋0(0,𝑡1)

‖∇𝑢‖
𝑆
0
(0,𝑡1)

≤ 𝐶
𝑢𝜔 − 𝑢



8/(𝑛−4)

𝑋(0,𝑡1)

∇ (𝑢
𝜔
− 𝑢)

𝑆0(0,𝑡1)

+ 𝐶

𝐷
2
𝑢


8/(𝑛−4)

𝑆
0
(0,𝑡1)

∇ (𝑢
𝜔
− 𝑢)

𝑆0(0,𝑡1)

+ 𝐶
𝑢𝜔 − 𝑢



8/(𝑛−4)

𝑋(0,𝑡1)
‖∇𝑢‖
𝑆
0
(0,𝑡1)

+ 𝐶

𝐷
2
𝑢


(12−𝑛)/(𝑛−4)

𝑆
0
(0,𝑡1)

𝑢𝜔 − 𝑢
𝑋(0,𝑡1)

‖∇𝑢‖
𝑆
0
(0,𝑡1)

.

(54)
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Substituting (53)-(54) into (51), we obtain

∇ (𝑢
𝜔
− 𝑢)

𝑆0(0,𝑡1)

≤ 𝐶
∇ (𝑢
𝜔
(0) − 𝑢 (0))

𝐿2(𝑅𝑛)
+ 𝐶𝜖
𝜔

+ 𝐶
𝑢𝜔 − 𝑢



8/(𝑛−4)

𝑋(0,𝑡1)

∇ (𝑢
𝜔
− 𝑢)

𝑆0(0,𝑡1)

+ 𝐶

𝐷
2
𝑢


8/(𝑛−4)

𝑆
0
(0,𝑡1)

∇ (𝑢
𝜔
− 𝑢)

𝑆0(0,𝑡1)

+ 𝐶
𝑢𝜔 − 𝑢



8/(𝑛−4)

𝑋(0,𝑡1)
‖∇𝑢‖
𝑆
0
(0,𝑡1)

+ 𝐶

𝐷
2
𝑢


(12−𝑛)/(𝑛−4)

𝑆
0
(0,𝑡1)

𝑢𝜔 − 𝑢
𝑋(0,𝑡1)

‖∇𝑢‖
𝑆
0
(0,𝑡1)

.

(55)

Taking 𝑡
1
such that 𝐶‖𝐷2𝑢‖8/(𝑛−4)

𝑆
0
(0,𝑡1)

≤ 1/2, 𝐶‖∇𝑢‖
𝑆
0
(0,𝑡1)

≤ 1,
𝐶‖𝐷
2
𝑢‖
(12−𝑛)/(𝑛−4)

𝑆
0
(0,𝑡1)

‖∇𝑢‖
𝑆
0
(0,𝑡1)

≤ 1, using Young’s inequality
and Lemma 7, we obtain

∇ (𝑢
𝜔
− 𝑢)

𝑆0(0,𝑡1)

≤ 2𝐶
∇ (𝑢
𝜔
(0) − 𝑢 (0))

𝐿2(𝑅𝑛)
+ 2𝐶𝜖

𝜔

+ 2𝐶
𝑢𝜔 − 𝑢



8/(𝑛−4)

𝑋(0,𝑡1)

∇ (𝑢
𝜔
− 𝑢)

𝑆0(0,𝑡1)

+ 2
𝑢𝜔 − 𝑢



8/(𝑛−4)

𝑋(0,𝑡1)
+ 2

𝑢𝜔 − 𝑢
𝑋(0,𝑡1)

≤ 2𝐶
∇ (𝑢
𝜔
(0) − 𝑢 (0))

𝐿2(𝑅𝑛)
+ 2𝐶𝜖

𝜔

+ 𝐶
𝑢𝜔 − 𝑢



(𝑛+4)/(𝑛−4)

𝑋(0,𝑡1)
+ 𝐶

∇(𝑢𝜔 − 𝑢)


8/(𝑛−4)

𝑆
0
(0,𝑡1)

+ 2
𝑢𝜔 − 𝑢



8/(𝑛−4)

𝑋(0,𝑡1)
+ 2

𝑢𝜔 − 𝑢
𝑋(0,𝑡1)

.

(56)

Evidently, in order to get the estimate ‖∇(𝑢
𝜔
− 𝑢)‖
𝑆
0
(𝑡0 ,𝑡1)

,
we have to estimate the norm ‖𝑢

𝜔
− 𝑢‖
𝑋(𝑡0 ,𝑡1)

.
By (11)-(12), Lemmas 6 and 9, we obtain

𝑢𝜔 − 𝑢
𝑋(0,𝑡1)

≤ 𝐶
𝑊 (𝑡) (𝑢

𝜔
(0) − 𝑢 (0))

𝑋(0,𝑡1)

+ 𝐶


𝑢𝜔


8/(𝑛−4)

𝑢
𝜔
− |𝑢|
8/(𝑛−4)

𝑢
𝑌(0,𝑡1)

+



∫

𝑡

0

(𝜃 (𝜔𝑠 − 𝐼 (𝜃)))𝑊 (𝑡) (|𝑢|
8/(𝑛−4)

𝑢) (𝑡) 𝑑𝑡

𝑋(0,𝑡1)

≤ 𝐶

𝐷
2
(𝑢
𝜔
(0) − 𝑢 (0))

𝐿2

+ 𝐶(
𝑢𝜔 − 𝑢



4(𝑛+8)/(𝑛
2
−16)

𝑋(0,𝑡1)


𝐷
2
(𝑢
𝜔
− 𝑢)



4𝑛/(𝑛
2
−16)

𝑆
0
(0,𝑡1)

+ ‖𝑢‖
4(𝑛+8)/(𝑛

2
−16)

𝑋(0,𝑡1)


𝐷
2
𝑢


4𝑛/(𝑛
2
−16)

𝑆
0
(0,𝑡1)

)
𝑢𝜔 − 𝑢

𝑋(0,𝑡1)

+



∫

𝑡

0

(𝜃 (𝜔𝑠) − 𝐼 (𝜃))𝑊 (𝑡)𝐷
2
(|𝑢|
8/(𝑛−4)

𝑢) 𝑑𝑡

𝑆0(0,𝑡1)

.

(57)

Let ‖ ∫
𝑡

0
(𝜃(𝜔𝑠 − 𝐼(𝜃)))𝑊(𝑡)𝐷

2
(|𝑢|
8/(𝑛−4)

𝑢)𝑑𝑡‖
𝑆
0
(0,𝑡1)

=

𝐶𝜉
𝜔
. Noting that


𝐷
2
(|𝑢|
8/(𝑛−4)

𝑢)
𝐿𝛾

(0,𝑡1 ;𝐿

𝜌

(𝑅
𝑛
))

≤ 𝐶

|𝑢|
(12−𝑛)/(𝑛−4)𝐿2𝑛/(12−𝑛)(0,𝑡1 ;𝐿

2𝑛
2
/(𝑛−4)(12−𝑛)

(𝑅
𝑛
))

× ‖∇𝑢‖
2

𝐿
2𝑛/(𝑛−4)
(0,𝑡1 ;𝐿

2𝑛
2
/(𝑛
2
−6𝑛+16)
(𝑅
𝑛
))

+ 𝐶

|𝑢|
8/(𝑛−4)𝐿𝛾/(𝛾−2)(0,𝑡1 ;𝐿

𝜌/(𝜌−2)
(𝑅
𝑛
))


𝐷
2
𝑢
𝐿𝛾(0,𝑡1 ;𝐿

𝜌
(𝑅
𝑛
))

≤ 𝐶‖𝑢‖
(12−𝑛)/(𝑛−4)

𝐿
2𝑛/(𝑛−4)
(0,𝑡1 ;𝐿

2𝑛
2
/(𝑛−4)
2
(𝑅
𝑛
))


𝐷
2
𝑢


2

𝐿
𝛾
(0,𝑡1 ;𝐿

𝜌
(𝑅
𝑛
))

+ 𝐶

|𝑢|
8/(𝑛−4)𝐿8𝛾/(𝑛−4)(𝛾−2)(0,𝑡1 ;𝐿

8𝜌/(𝑛−4)(𝜌−2)
(𝑅
𝑛
))

×

𝐷
2
𝑢
𝐿𝛾(0,𝑡1 ;𝐿

𝜌
(𝑅
𝑛
))
≤ 𝐶


𝐷
2
𝑢


(𝑛+4)/(𝑛−4)

𝐿
𝛾
(0,𝑡1 ;𝐿

𝜌
(𝑅
𝑛
))
,

(58)

so𝐷2(|𝑢|8/(𝑛−4)𝑢) ∈ 𝐿
𝛾


(0, 𝑡
1
; 𝐿
𝜌


(𝑅
𝑛
)).

Using Lemma 10, we obtain
𝐶𝜉
𝜔
→ 0 as 𝜔 → ∞. (59)

From (57)–(59), we get
𝑢𝜔 − 𝑢

𝑋(0,𝑡1)

≤ 𝐶

𝐷
2
(𝑢
𝜔
(0) − 𝑢 (0))

𝐿2

+ 𝐶(
𝑢𝜔 − 𝑢



(𝑛
2
+4𝑛+16)/(𝑛

2
−16)

𝑋(0,𝑡1)


𝐷
2
(𝑢
𝜔
− 𝑢)



4𝑛/(𝑛
2
−16)

𝑆
0
(0,𝑡1)

+

𝐷
2
𝑢


8/(𝑛−4)

𝑆
0
(0,𝑡1)

𝑢𝜔 − 𝑢
𝑋(0,𝑡1)

) + 𝐶𝜉
𝜔

≤ 𝐶

𝐷
2
(𝑢
𝜔
(0) − 𝑢(0))

𝐿2

+ 𝐶(

𝐷
2
𝑢
𝜔



4𝑛/(𝑛
2
−16)

𝑆
0
(0,𝑡1)

+

𝐷
2
𝑢


4𝑛/(𝑛
2
−16)

𝑆
0
(0,𝑡1)

)

×
𝑢𝜔 − 𝑢



(𝑛
2
+4𝑛+16)/(𝑛

2
−16)

𝑋(0,𝑡1)
+ 𝐶


𝐷
2
𝑢


8/(𝑛−4)

𝑆
0
(0,𝑡1)

×
𝑢𝜔 − 𝑢

𝑋(0,𝑡1)
+ 𝐶𝜉
𝜔
.

(60)

Let 𝑡
1
→ 0 such that ‖𝐷2𝑢‖8/(𝑛−4)

𝑆
0
(0,𝑡1)

≤ 1/2, thus we have
𝑢𝜔 − 𝑢

𝑋(0,𝑡1)

≤ 2𝐶

𝐷
2
(𝑢
𝜔
(0) − 𝑢(0))

𝐿2

+ 2𝐶(

𝐷
2
𝑢
𝜔



4𝑛/(𝑛
2
−16)

𝑆
0
(0,𝑡1)

+

𝐷
2
𝑢


4𝑛/(𝑛
2
−16)

𝑆
0
(0,𝑡1)

)

×
𝑢𝜔 − 𝑢



(𝑛
2
+4𝑛+16)/(𝑛

2
−16)

𝑋(0,𝑡1)
+ 2𝐶𝜉

𝜔

≤ 2𝐶

𝐷
2
(𝑢
𝜔
(0) − 𝑢(0))

𝐿2

+ 2𝐶(2𝑀
1
)
4𝑛/(𝑛

2
−16)𝑢𝜔 − 𝑢



(𝑛
2
+4𝑛+16)/(𝑛

2
−16)

𝑋(0,𝑡1)
+ 2𝐶𝜉

𝜔
,

(61)

where𝑀
1
= max(‖𝐷2𝑢‖

𝑆
0
(0,𝑙)

, ‖𝐷
2
𝑢
𝜔
‖
𝑆
0
(0,𝑙)

).
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If ‖𝐷2(𝑢
𝜔
(0) − 𝑢(0))‖

𝐿
2 and 𝜉

𝜔
are small such that

(4𝐶)
(𝑛
2
+4𝑛+16)/(𝑛

2
−16)

(2𝑀
1
)
4𝑛/(𝑛

2
−16)

× (

𝐷
2
(𝑢
𝜔
(0) − 𝑢 (0))

𝐿2
+ 𝜉
𝜔
)
4(𝑛+8)/(𝑛

2
−16)

< 1,

(62)

we obtain
𝑢𝜔 − 𝑢

𝑋(0,𝑡1)
≤ 4𝐶


𝐷
2
(𝑢
𝜔
(0) − 𝑢 (0))

𝐿2
+ 4𝐶𝜉

𝜔
. (63)

Taking (63) into (56), we can get
∇ (𝑢
𝜔
− 𝑢)

𝑆0(0,𝑡1)

≤ 2𝐶
∇ (𝑢
𝜔
(0) − 𝑢 (0))

𝐿2(𝑅𝑛)
+ 2𝐶𝜖

𝜔

+ (4𝐶

𝐷
2
(𝑢
𝜔
(0) − 𝑢 (0))

𝐿2
+ 4𝐶𝜉

𝜔
)
(𝑛+4)/(𝑛−4)

+ (4𝐶

𝐷
2
(𝑢
𝜔
(0) − 𝑢 (0))

𝐿2
+ 4𝐶𝜉

𝜔
)
8/(𝑛−4)

+ 4𝐶

𝐷
2
(𝑢
𝜔
(0) − 𝑢 (0))

𝐿2
+ 4𝐶𝜉

𝜔

+ 𝐶
∇(𝑢𝜔 − 𝑢)



8/(𝑛−4)

𝑆
0
(0,𝑡1)

.

(64)

If ‖∇(𝑢
𝜔
(0) − 𝑢(0))‖

𝐿
2 , ‖𝐷2(𝑢𝜔(0) − 𝑢(0))‖

𝐿
2 and 𝜖

𝜔
, 𝜉
𝜔

are small such that

𝐶 (2𝐶
∇ (𝑢
𝜔
(0) − 𝑢 (0))

𝐿2(𝑅𝑛)
+ 2𝐶𝜖

𝜔

+ (4𝐶

𝐷
2
(𝑢
𝜔
(0) − 𝑢 (0))

𝐿2
+ 4𝐶𝜉

𝜔
)
(𝑛+4)/(𝑛−4)

+ (4𝐶

𝐷
2
(𝑢
𝜔
(0) − 𝑢 (0))

𝐿2
+ 4𝐶𝜉

𝜔
)
8/(𝑛−4)

+4𝐶

𝐷
2
(𝑢
𝜔
(0) − 𝑢 (0))

𝐿2
+ 4𝐶𝜉

𝜔
)
(12−𝑛)/(𝑛−4)

<
1

2
,

(65)

then we can obtain
∇ (𝑢
𝜔
− 𝑢)

𝑆0(0,𝑡1)

≤ 4𝐶
∇ (𝑢
𝜔
(0) − 𝑢 (0))

𝐿2(𝑅𝑛)
+ 4𝐶𝜖

𝜔

+ 2(4𝐶

𝐷
2
(𝑢
𝜔
(0) − 𝑢 (0))

𝐿2
+ 4𝐶𝜉

𝜔
)
(𝑛+4)/(𝑛−4)

+ 2(4𝐶

𝐷
2
(𝑢
𝜔
(0) − 𝑢 (0))

𝐿2
+ 4𝐶𝜉

𝜔
)
8/(𝑛−4)

+ 8𝐶

𝐷
2
(𝑢
𝜔
(0) − 𝑢 (0))

𝐿2
+ 8𝐶𝜉

𝜔
.

(66)

So we have
∇ (𝑢
𝜔
(𝑥, 𝑡) − 𝑢 (𝑥, 𝑡))

𝐿𝑞(0,𝑡1 ;𝐿
𝑟
(𝑅
𝑛
))
→ 0 as |𝜔| → ∞.

(67)

Let 𝑇
1
= sup{𝑡 | 0 < 𝑡 < 𝑙, ‖∇(𝑢

𝜔
− 𝑢)‖
𝐿
𝑞
(0,𝑡;𝐿
𝑟
(𝑅
𝑛
))

→

0 as |𝜔| → ∞}. By continuous extension method and
contradiction method, we can prove that 𝑇

1
= 𝑙.

(3)At last, we discuss the estimate ‖𝐷2(𝑢
𝜔
−𝑢)‖
𝐿
𝑞
(0,𝑙;𝐿
𝑟
(𝑅
𝑛
))
.

As in Lemmas 8 and 9, we define 𝐹(𝑢) = |𝑢|
8/(𝑛−4)

𝑢.
By (11) and (12), we have

𝐷
2
(𝑢
𝜔
− 𝑢) = 𝑖 (𝐾

1
+ 𝐾
2
+ 𝐾
3
) , (68)

where𝐾
1
= ∫
𝑡

0
𝜃(𝜔𝑠)𝑊(𝑡−𝑠)𝐴

1
(𝑢
𝜔
, 𝑢)𝑑𝑠,𝐾

2
= ∫
𝑡

0
𝜃(𝜔𝑠)𝑊(𝑡−

𝑠)𝐴
2
(𝑢
𝜔
, 𝑢)𝑑𝑠, 𝐾

3
= ∫
𝑡

0
[𝜃(𝜔𝑠) − 𝐼(𝜃)]𝑊(𝑡 − 𝑠)𝐴

3
(𝑢)𝑑𝑠, and

𝐴
1
(𝑢
𝜔
, 𝑢), 𝐴

2
(𝑢
𝜔
, 𝑢), and 𝐴

3
(𝑢) are as follows:

𝐴
1
(𝑢
𝜔
, 𝑢) = 𝐹


(𝑢
𝜔
)𝐷
2
(𝑢
𝜔
− 𝑢) + (𝐷𝑢

𝜔
− 𝐷𝑢)

⊥

× 𝐹

(𝑢
𝜔
)𝐷 (𝑢

𝜔
) ,

𝐴
2
(𝑢
𝜔
, 𝑢) = (𝐷𝑢)

⊥
× [𝐹

(𝑢
𝜔
)𝐷𝑢
𝜔
− 𝐹

(𝑢)𝐷𝑢]

+ [𝐹

(𝑢
𝜔
) − 𝐹

(𝑢)]𝐷

2
𝑢,

𝐴
3
(𝑢) = (𝐷𝑢)

⊥
× 𝐹

(𝑢)𝐷𝑢 + 𝐹


(𝑢)𝐷
2
𝑢

(69)

are all 𝑛 × 𝑛matrixes.
Using (11)-(12) and Lemma 5, we obtain


𝐷
2
(𝑢
𝜔
− 𝑢)

𝑆0(0,𝑡1)

≤ 𝐶

𝐷
2
(𝑢
𝜔
(0) − 𝑢 (0))

𝐿2(𝑅𝑛)

+ 𝐶 (
𝐾1

𝐿𝑞(0,𝑡1 ;𝐿
𝑟
(𝑅
𝑛
))
+
𝐾2

𝐿𝑞(0,𝑡1 ;𝐿
𝑟
(𝑅
𝑛
))

+
𝐾3

𝐿𝑞(0,𝑡1 ;𝐿
𝑟
(𝑅
𝑛
))
)

≤ 𝐶

𝐷
2
(𝑢
𝜔
(0) − 𝑢 (0))

𝐿2(𝑅𝑛)

+ 𝐶(
𝐴1

𝐿𝛾

(0,𝑡1 ;𝐿

𝜌

(𝑅
𝑛
))
+
𝐴2

𝐿𝛾

(0,𝑡1 ;𝐿

𝜌

(𝑅
𝑛
))

+
𝐴3

𝐿𝛾

(0,𝑡1 ;𝐿

𝜌

(𝑅
𝑛
))
) .

(70)

For the case 5 ≤ 𝑛 < 12, using Hölder inequality and
Sobolev embedding, we have


(𝐷𝑢)
⊥
× 𝐹

(𝑢)𝐷𝑢

𝐿𝛾

(0,𝑡1 ;𝐿

𝜌

(𝑅
𝑛
))

≤ 𝐶

|𝑢|
(12−𝑛)/(𝑛−4)𝐿2𝑛/(12−𝑛)(0,𝑡1 ;𝐿

2𝑛
2
/(𝑛−4)(12−𝑛)

(𝑅
𝑛
))

× ‖𝐷𝑢‖
2

𝐿
2𝑛/(𝑛−4)
(0,𝑡1 ;𝐿

2𝑛
2
/(𝑛
2
−6𝑛+16)
(𝑅
𝑛
))

≤ ‖𝑢‖
(12−𝑛)/(𝑛−4)

𝐿
2𝑛/(𝑛−4)
(0,𝑡1 ;𝐿

2𝑛
2
/(𝑛−4)
2
(𝑅
𝑛
))


𝐷
2
𝑢


2

𝐿
𝛾
(0,𝑡1 ;𝐿

𝜌
(𝑅
𝑛
))

≤ 𝐶

𝐷
2
𝑢


(𝑛+4)/(𝑛−4)

𝐿
𝛾
(0,𝑡1 ;𝐿

𝜌
(𝑅
𝑛
))
,

(71)
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𝐹

(𝑢)𝐷
2
𝑢
𝐿𝛾

(0,𝑡1 ;𝐿

𝜌

(𝑅
𝑛
))

≤ 𝐶

|𝑢|
8/(𝑛−4)𝐿𝛾/(𝛾−2)(0,𝑡1 ;𝐿

𝜌/(𝜌−2)
(𝑅
𝑛
))


𝐷
2
𝑢
𝐿𝛾(0,𝑡1 ;𝐿

𝜌
(𝑅
𝑛
))

= 𝐶‖𝑢‖
8/(𝑛−4)

𝐿
8𝛾/(𝛾−2)(𝑛−4)

(0,𝑡1 ;𝐿
8𝜌/(𝜌−2)(𝑛−4)

(𝑅
𝑛
))


𝐷
2
𝑢
𝐿𝛾(0,𝑡1 ;𝐿

𝜌
(𝑅
𝑛
))

≤

𝐷
2
𝑢


(𝑛+4)/(𝑛−4)

𝐿
𝛾
(0,𝑡1 ;𝐿

𝜌
(𝑅
𝑛
))
.

(72)

Since 𝑢 ∈ 𝐿
𝛾
(0, 𝑙; 𝐻

2,𝜌
(𝑅
𝑛
)), we have 𝐴

3
(𝑢) ∈ 𝐿

𝛾


(0, 𝑡
1
;

𝐿
𝜌


(𝑅
𝑛
)); thus by Lemma 10,

𝐴3 (𝑢)
𝐿𝛾

(0,𝑡1 ;𝐿

𝜌

(𝑅
𝑛
))
:= 𝐶𝜁
𝜔
→ 0 as 𝜔 → ∞. (73)

In the following, we analyze the norm ‖𝐴
1
(𝑢
𝜔
,

𝑢)‖
𝐿
𝛾

(0,𝑡1 ;𝐿

𝜌

(𝑅
𝑛
))
for 5 ≤ 𝑛 < 12.

Using Hölder inequality and Sobolev embedding, we
obtain

(𝐷𝑢
𝜔
− 𝐷𝑢)

⊥

× 𝐹

(𝑢
𝜔
)𝐷𝑢
𝜔

𝐿𝛾

(0,𝑡1 ;𝐿

𝜌

(𝑅
𝑛
))

≤ 𝐶
𝐷𝑢
𝜔
− 𝐷𝑢

𝐿𝛾(0,𝑡1 ;𝐿
𝜌1 (𝑅
𝑛
))

×


𝑢𝜔


(12−𝑛)/(𝑛−4)
𝐿𝑎(0,𝑡1 ;𝐿

𝑏
(𝑅
𝑛
))

𝐷𝑢
𝜔

𝐿𝛾(0,𝑡1 ;𝐿
𝜌1 (𝑅
𝑛
))

≤ 𝐶
𝐷𝑢
𝜔
− 𝐷𝑢

𝐿𝛾(0,𝑡1 ;𝐿
𝜌1 (𝑅
𝑛
))

𝑢𝜔


(12−𝑛)/(𝑛−4)

𝐿
𝛾
(0,𝑡1 ;𝐿

(12−𝑛)𝑏/(𝑛−4)
(𝑅
𝑛
))

×
𝐷𝑢
𝜔

𝐿𝛾(0,𝑡1 ;𝐿
𝜌1 (𝑅
𝑛
))

≤ 𝐶

𝐷
2
(𝑢
𝜔
− 𝑢)

𝐿𝛾(0,𝑡1 ;𝐿
𝜌
(𝑅
𝑛
))


𝐷
2
𝑢
𝜔



(12−𝑛)/(𝑛−4)

𝐿
𝛾
(0,𝑡1 ;𝐿

𝜌
(𝑅
𝑛
))

×

𝐷
2
𝑢
𝜔

𝐿𝛾(0,𝑡1 ;𝐿
𝜌
(𝑅
𝑛
))

≤ 𝐶

𝐷
2
(𝑢
𝜔
− 𝑢)



(𝑛+4)/(𝑛−4)

𝐿
𝛾
(0,𝑡1 ;𝐿

𝜌
(𝑅
𝑛
))

+ 𝐶

𝐷
2
𝑢


8/(𝑛−4)

𝐿
𝛾
(0,𝑡1 ;𝐿

𝜌
(𝑅
𝑛
))


𝐷
2
(𝑢
𝜔
− 𝑢)

𝐿𝛾(0,𝑡1 ;𝐿
𝜌
(𝑅
𝑛
))
,

(74)

where 𝑎 = 𝛾/(𝛾 − 3), 𝑏 = 𝑛(𝑛 − 4)𝜌/(𝑛 − 2𝜌)(12 − 𝑛), 𝜌
1
=

𝑛𝜌/(𝑛 − 𝜌).
Similarly, we can get


𝐹

(𝑢
𝜔
)𝐷
2
(𝑢
𝜔
− 𝑢)

𝐿𝛾

(0,𝑡1 ;𝐿

𝜌

(𝑅
𝑛
))

≤ 𝐶

𝐷
2
(𝑢
𝜔
− 𝑢)



(𝑛+4)/(𝑛−4)

𝐿
𝛾
(0,𝑡1 ;𝐿

𝜌
(𝑅
𝑛
))

+ 𝐶

𝐷
2
𝑢


8/(𝑛−4)

𝐿
𝛾
(0,𝑡1 ;𝐿

𝜌
(𝑅
𝑛
))


𝐷
2
(𝑢
𝜔
− 𝑢)

𝐿𝛾(0,𝑡1 ;𝐿
𝜌
(𝑅
𝑛
))
.

(75)

Combing (74) and (75), we have

𝐴1 (𝑢𝜔, 𝑢)
𝐿𝛾

(0,𝑡1 ;𝐿

𝜌

(𝑅
𝑛
))

≤ 𝐶

𝐷
2
(𝑢
𝜔
− 𝑢)



(𝑛+4)/(𝑛−4)

𝐿
𝛾
(0,𝑡1 ;𝐿

𝜌
(𝑅
𝑛
))

+ 𝐶

𝐷
2
𝑢


8/(𝑛−4)

𝐿
𝛾
(0,𝑡1 ;𝐿

𝜌
(𝑅
𝑛
))


𝐷
2
(𝑢
𝜔
− 𝑢)

𝐿𝛾(0,𝑡1 ;𝐿
𝜌
(𝑅
𝑛
))
.

(76)

At last, we analyze the norm ‖𝐴
2
(𝑢
𝜔
, 𝑢)‖
𝐿
𝛾

(0,𝑡1 ;𝐿

𝜌

(𝑅
𝑛
))
. We

divide it into two cases.

Case I (5 ≤ 𝑛 ≤ 8). Using Hölder inequality, Sobolev
embedding, and (73), we can get


(𝐷𝑢)
⊥
× [𝐹

(𝑢
𝜔
)𝐷𝑢
𝜔
− 𝐹

(𝑢)𝐷𝑢]

𝐿𝛾

(0,𝑡1 ;𝐿

𝜌

(𝑅
𝑛
))

≤

(𝐷𝑢)
⊥
× 𝐹

(𝑢
𝜔
)𝐷(𝑢
𝜔
− 𝑢)

𝐿𝛾

(0,𝑡1 ;𝐿

𝜌

(𝑅
𝑛
))

+

(𝐷𝑢)
⊥
× [𝐹

(𝑢
𝜔
) − 𝐹

(𝑢)]𝐷𝑢

𝐿𝛾

(0,𝑡1 ;𝐿

𝜌

(𝑅
𝑛
))

≤ 𝐶

𝐷
2
𝑢
𝐿𝛾(0,𝑡1 ;𝐿

𝜌
(𝑅
𝑛
))


𝐷
2
𝑢
𝜔



(12−𝑛)/(𝑛−4)

𝐿
𝛾
(0,𝑡1 ;𝐿

𝜌
(𝑅
𝑛
))

×

𝐷
2
(𝑢
𝜔
− 𝑢)

𝐿𝛾(0,𝑡1 ;𝐿
𝜌
(𝑅
𝑛
))

+ 𝐶

(𝐷𝑢)
⊥
× (

𝑢𝜔


2(8−𝑛)/(𝑛−4)

+|𝑢|
2(8−𝑛)/(𝑛−4)

)

×
𝑢𝜔 − 𝑢

 𝐷𝑢
𝐿𝛾

(0,𝑡1 ;𝐿

𝜌

(𝑅
𝑛
))

≤ 𝐶

𝐷
2
𝑢
𝐿𝛾(0,𝑡1 ;𝐿

𝜌
(𝑅
𝑛
))


𝐷
2
𝑢
𝜔



(12−𝑛)/(𝑛−4)

𝐿
𝛾
(0,𝑡1 ;𝐿

𝜌
(𝑅
𝑛
))

×

𝐷
2
(𝑢
𝜔
− 𝑢)

𝐿𝛾(0,𝑡1 ;𝐿
𝜌
(𝑅
𝑛
))

+ 𝐶(


𝑢𝜔


2(8−𝑛)/(𝑛−4)
𝐿8/(8−𝑛)(0,𝑡1 ;𝐿

𝑛
2
/(𝑛−4)(8−𝑛)

(𝑅
𝑛
))

+

|𝑢|
2(8−𝑛)/(𝑛−4)𝐿8/(8−𝑛)(0,𝑡1 ;𝐿

𝑛
2
/(𝑛−4)(8−𝑛)

(𝑅
𝑛
))
)

×
𝑢𝜔 − 𝑢

𝐿2𝑛/(𝑛−4)(0,𝑡1 ;𝐿
2𝑛
2
/(𝑛
2
−8𝑛+16)
(𝑅
𝑛
))

× ‖𝐷𝑢‖
2

𝐿
2𝑛/(𝑛−4)
(0,𝑡1 ;𝐿

2𝑛
2
/(𝑛
2
−6𝑛+16)
(𝑅
𝑛
))

≤ 𝐶

𝐷
2
𝑢
𝐿𝛾(0,𝑡1 ;𝐿

𝜌
(𝑅
𝑛
))


𝐷
2
𝑢
𝜔



(12−𝑛)/(𝑛−4)

𝐿
𝛾
(0,𝑡1 ;𝐿

𝜌
(𝑅
𝑛
))

×

𝐷
2
(𝑢
𝜔
− 𝑢)

𝐿𝛾(0,𝑡1 ;𝐿
𝜌
(𝑅
𝑛
))

+ 𝐶(

𝐷
2
𝑢
𝜔



2(8−𝑛)/(𝑛−4)

𝐿
𝛾
(0,𝑡1 ;𝐿

𝜌
(𝑅
𝑛
) )
+

𝐷
2
𝑢


2(8−𝑛)/(𝑛−4)

𝐿
𝛾
(0,𝑡1 ;𝐿

𝜌
(𝑅
𝑛
))
)

×

𝐷
2
(𝑢
𝜔
− 𝑢)

𝐿𝛾(0,𝑡1 ;𝐿
𝜌
(𝑅
𝑛
))


𝐷
2
𝑢


2

𝐿
𝛾
(0,𝑡1 ;𝐿

𝜌
(𝑅
𝑛
))

≤ 𝐶

𝐷
2
(𝑢
𝜔
− 𝑢)



8/(𝑛−4)

𝐿
𝛾
(0,𝑡1 ;𝐿

𝜌
(𝑅
𝑛
) )


𝐷
2
𝑢
𝐿𝛾(0,𝑡1 ;𝐿

𝜌
(𝑅
𝑛
))

+ 𝐶

𝐷
2
(𝑢
𝜔
− 𝑢)

𝐿𝛾(0,𝑡1 ;𝐿
𝜌
(𝑅
𝑛
))


𝐷
2
𝑢


8/(𝑛−4)

𝐿
𝛾
(0,𝑡1 ;𝐿

𝜌
(𝑅
𝑛
))

+ 𝐶

𝐷
2
(𝑢
𝜔
− 𝑢)



(12−𝑛)/(𝑛−4)

𝐿
𝛾
(0,𝑡1 ;𝐿

𝜌
(𝑅
𝑛
))


𝐷
2
𝑢


2

𝐿
𝛾
(0,𝑡1 ;𝐿

𝜌
(𝑅
𝑛
))
.

(77)

Similarly, we can get

[𝐹

(𝑢
𝜔
) − 𝐹

(𝑢)]𝐷

2
𝑢
𝐿𝛾

(0,𝑡1 ;𝐿

𝜌

(𝑅
𝑛
))

≤ 𝐶


𝑢𝜔 − 𝑢
 (|𝑢𝜔|

(12−𝑛)/(𝑛−4)
+|𝑢|
(12−𝑛)/(𝑛−4)

)

× 𝐷
2
𝑢
𝐿𝛾

(0,𝑡1 ;𝐿

𝜌

(𝑅
𝑛
))
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≤ 𝐶(


𝑢𝜔


(12−𝑛)/(𝑛−4)
𝐿12𝑛/(12−𝑛)(0,𝑡1 ;𝐿

2𝑛
2
/(𝑛
2
−8𝑛+16)
(𝑅
𝑛
))

+

|𝑢|
(12−𝑛)/(𝑛−4)𝐿12𝑛/(12−𝑛)(0,𝑡1 ;𝐿

2𝑛
2
/(𝑛
2
−8𝑛+16)
(𝑅
𝑛
))
)

×
𝑢𝜔 − 𝑢

𝐿2𝑛/(𝑛−4)(0,𝑡1 ;𝐿
2𝑛
2
/(𝑛
2
−8𝑛+16)
(𝑅
𝑛
))


𝐷
2
𝑢
𝐿𝛾(0,𝑡1 ;𝐿

𝜌
(𝑅
𝑛
))

≤ 𝐶(

𝐷
2
𝑢
𝜔



(12−𝑛)/(𝑛−4)

𝐿
𝛾
(0,𝑡1 ;𝐿

𝜌
(𝑅
𝑛
))
+

𝐷
2
𝑢


(12−𝑛)/(𝑛−4)

𝐿
𝛾
(0,𝑡1 ;𝐿

𝜌
(𝑅
𝑛
))
)

×

𝐷
2
(𝑢
𝜔
− 𝑢)

𝐿𝛾(0,𝑡1 ;𝐿
𝜌
(𝑅
𝑛
))


𝐷
2
𝑢
𝐿𝛾(0,𝑡1 ;𝐿

𝜌
(𝑅
𝑛
))

≤ 𝐶

𝐷
2
(𝑢
𝜔
− 𝑢)



8/(𝑛−4)

𝐿
𝛾
(0,𝑡1 ;𝐿

𝜌
(𝑅
𝑛
))


𝐷
2
𝑢
𝐿𝛾(0,𝑡1 ;𝐿

𝜌
(𝑅
𝑛
))

+ 𝐶

𝐷
2
(𝑢
𝜔
− 𝑢)

𝐿𝛾(0,𝑡1 ;𝐿
𝜌
(𝑅
𝑛
))


𝐷
2
𝑢


8/(𝑛−4)

𝐿
𝛾
(0,𝑡1 ;𝐿

𝜌
(𝑅
𝑛
))
.

(78)

Combing (77) and (78), we can obtain

𝐴2 (𝑢𝜔, 𝑢)
𝐿𝛾

(0,𝑡1 ;𝐿

𝜌

(𝑅
𝑛
))

≤ 𝐶

𝐷
2
(𝑢
𝜔
− 𝑢)



8/(𝑛−4)

𝐿
𝛾
(0,𝑡1 ;𝐿

𝜌
(𝑅
𝑛
))


𝐷
2
𝑢
𝐿𝛾(0,𝑡1 ;𝐿

𝜌
(𝑅
𝑛
))

+ 𝐶

𝐷
2
(𝑢
𝜔
− 𝑢)

𝐿𝛾(0,𝑡1 ;𝐿
𝜌
(𝑅
𝑛
))


𝐷
2
𝑢


8/(𝑛−4)

𝐿
𝛾
(0,𝑡1 ;𝐿

𝜌
(𝑅
𝑛
))

+ 𝐶

𝐷
2
(𝑢
𝜔
− 𝑢)



(12−𝑛)/(𝑛−4)

𝐿
𝛾
(0,𝑡1 ;𝐿

𝜌
(𝑅
𝑛
))


𝐷
2
𝑢


2

𝐿
𝛾
(0,𝑡1 ;𝐿

𝜌
(𝑅
𝑛
))
.

(79)

From (70), (73), (76), and (79), we have


𝐷
2
(𝑢
𝜔
− 𝑢)

𝑆0(0,𝑡1)

≤ 𝐶

𝐷
2
(𝑢
𝜔
(0) − 𝑢 (0))

𝐿2(𝑅𝑛)
+ 𝐶𝜁
𝜔

+ 𝐶

𝐷
2
(𝑢
𝜔
− 𝑢)



8/(𝑛−4)

𝐿
𝛾
(0,𝑡1 ;𝐿

𝜌
(𝑅
𝑛
))


𝐷
2
𝑢
𝐿𝛾(0,𝑡1 ;𝐿

𝜌
(𝑅
𝑛
))

+ 𝐶

𝐷
2
(𝑢
𝜔
− 𝑢)

𝐿𝛾(0,𝑡1 ;𝐿
𝜌
(𝑅
𝑛
))


𝐷
2
𝑢


8/(𝑛−4)

𝐿
𝛾
(0,𝑡1 ;𝐿

𝜌
(𝑅
𝑛
))

+ 𝐶

𝐷
2
(𝑢
𝜔
− 𝑢)



(𝑛+4)/(𝑛−4)

𝐿
𝛾
(0,𝑡1 ;𝐿

𝜌
(𝑅
𝑛
))

+ 𝐶

𝐷
2
(𝑢
𝜔
− 𝑢)



(12−𝑛)/(𝑛−4)

𝐿
𝛾
(0,𝑡1 ;𝐿

𝜌
(𝑅
𝑛
))


𝐷
2
𝑢


2

𝐿
𝛾
(0,𝑡1 ;𝐿

𝜌
(𝑅
𝑛
))
.

(80)

Taking 𝐶‖𝐷2𝑢‖8/(𝑛−4)
𝐿
𝛾
(0,𝑡1 ;𝐿

𝜌
(𝑅
𝑛
))
< 1/2, we can get


𝐷
2
(𝑢
𝜔
− 𝑢)

𝑆0(0,𝑡1)

≤ 2𝐶

𝐷
2
(𝑢
𝜔
(0) − 𝑢 (0))

𝐿2(𝑅𝑛)
+ 2𝐶𝜁

𝜔

+ 2𝐶

𝐷
2
(𝑢
𝜔
− 𝑢)



8/(𝑛−4)

𝐿
𝛾
(0,𝑡1 ;𝐿

𝜌
(𝑅
𝑛
))


𝐷
2
𝑢
𝐿𝛾(0,𝑡1 ;𝐿

𝜌
(𝑅
𝑛
))

+ 2𝐶

𝐷
2
(𝑢
𝜔
− 𝑢)



(𝑛+4)/(𝑛−4)

𝐿
𝛾
(0,𝑡1 ;𝐿

𝜌
(𝑅
𝑛
))

+ 2𝐶

𝐷
2
(𝑢
𝜔
− 𝑢)



(12−𝑛)/(𝑛−4)

𝐿
𝛾
(0,𝑡1 ;𝐿

𝜌
(𝑅
𝑛
))


𝐷
2
𝑢


2

𝐿
𝛾
(0,𝑡1 ;𝐿

𝜌
(𝑅
𝑛
))
.

(81)

Furthermore, if ‖𝐷
2
(𝑢
𝜔
(0) − 𝑢(0))‖

𝐿
2
(𝑅
𝑛
)
and 𝜁

𝜔
are small

enough such that

(2𝐶)
(12−𝑛)/8

(4𝐶)
(12−𝑛)/(𝑛−4)

× (

𝐷
2
(𝑢
𝜔
(0) − 𝑢 (0))

𝐿2(𝑅𝑛)
+ 𝜁
𝜔
)

(12−𝑛)/(𝑛−4)

+ (2𝐶)
(8−𝑛)/4

(4𝐶)
2(8−𝑛)/(𝑛−4)

× (

𝐷
2
(𝑢
𝜔
(0) − 𝑢 (0))

𝐿2(𝑅𝑛)
+ 𝜁
𝜔
)

2(8−𝑛)/(𝑛−4)

+ 2𝐶(4𝐶)
8/(𝑛−4)

(

𝐷
2
(𝑢
𝜔
(0) − 𝑢 (0))

𝐿2(𝑅𝑛)
+ 𝜁
𝜔
)

8/(𝑛−4)

<
1

2
,

(82)

then we have

𝐷
2
(𝑢
𝜔
− 𝑢)

𝑆0(0,𝑡1)
≤ 4𝐶


𝐷
2
(𝑢
𝜔
(0) − 𝑢 (0))

𝐿2(𝑅𝑛)
+ 4𝐶𝜁

𝜔
.

(83)

Case II (8 < 𝑛 < 12). Noting that

(𝐷𝑢)
⊥
× [𝐹

(𝑢
𝜔
) − 𝐹

(𝑢)]𝐷𝑢

𝐿𝛾

1 (0,𝑡1 ;𝐿

𝜌

1 (𝑅
𝑛
))

≤ 𝐶

|𝑢
𝜔
− 𝑢|
(12−𝑛)/(𝑛−4)𝐿𝑛(𝑛+4)/2(12−𝑛)(0,𝑡1 ;𝐿

2𝑛
2
(𝑛+4)/(12−𝑛)(𝑛

2
+4𝑛−16)
(𝑅
𝑛
))

× ‖𝐷𝑢‖
2

𝐿
𝑞
(0,𝑡1 ;𝐿

𝑝
(𝑅
𝑛
))

≤ 𝐶
𝑢𝜔 − 𝑢



(12−𝑛)/(𝑛−4)

𝑋0(0,𝑡1)


𝐷
2
𝑢


2

𝐿
𝑞
(0,𝑡1 ;𝐿

𝑝1 (𝑅
𝑛
))

≤ 𝐶
𝑢𝜔 − 𝑢



(12−𝑛)/(𝑛−4)

𝑋(0,𝑡1)


𝐷
2
𝑢


2

𝑆
0
(0,𝑡1)

,

(84)

where 𝛾
1
= 2𝑛(𝑛+4)/(𝑛

2
+4𝑛+8), 𝜌

1
= 2𝑛
2
(𝑛+4)/(𝑛

3
+8𝑛
2
+

16𝑛 − 32), 𝑞 = 4𝑛(𝑛 + 4)/(𝑛
2
+ 8𝑛 − 40), 𝑝 = 2𝑛

2
(𝑛 + 4)/(𝑛

3
−

24𝑛 + 80), and 𝑝
1
= 2𝑛
2
(𝑛 + 4)/(𝑛

3
+ 2𝑛
2
− 16𝑛 + 80);

thus we have

(𝐷𝑢)
⊥
× [𝐹

(𝑢
𝜔
)𝐷𝑢
𝜔
− 𝐹

(𝑢)𝐷𝑢]

𝐿𝛾

1 (0,𝑡1 ;𝐿

𝜌

1 (𝑅
𝑛
))

≤

(𝐷𝑢)
⊥
× 𝐹

(𝑢
𝜔
)𝐷(𝑢
𝜔
− 𝑢)

𝐿𝛾

1 (0,𝑡1 ;𝐿

𝜌

1 (𝑅
𝑛
))

+

(𝐷𝑢)
⊥
× [𝐹

(𝑢
𝜔
) − 𝐹

(𝑢)]𝐷𝑢

𝐿𝛾

1 (0,𝑡1 ;𝐿

𝜌

1 (𝑅
𝑛
))

≤ 𝐶

𝐷
2
𝑢
𝑆0(0,𝑡1)

𝑢𝜔


(12−𝑛)/(𝑛−4)

𝑋(0,𝑡1)


𝐷
2
(𝑢
𝜔
− 𝑢)

𝑆0(0,𝑡1)

+ 𝐶

𝐷
2
𝑢


2

𝑆
0
(0,𝑡1)

𝑢𝜔 − 𝑢


(12−𝑛)/(𝑛−4)

𝑋(0,𝑡1)

≤ 𝐶

𝐷
2
𝑢
𝑆0(0,𝑡1)


𝐷
2
(𝑢
𝜔
− 𝑢)



8/(𝑛−4)

𝑆
0
(0,𝑡1)

+ 𝐶

𝐷
2
𝑢


8/(𝑛−4)

𝑆
0
(0,𝑡1)


𝐷
2
(𝑢
𝜔
− 𝑢)

𝑆0(0,𝑡1)

+ 𝐶

𝐷
2
𝑢


2

𝑆
0
(0,𝑡1)

𝑢𝜔 − 𝑢


(12−𝑛)/(𝑛−4)

𝑋(0,𝑡1)
.

(85)
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Combing (78) and (85), we can get
𝐴2 (𝑢𝜔, 𝑢)

𝐿𝛾

1 (0,𝑡1 ;𝐿

𝜌

1 (𝑅
𝑛
))

≤ 𝐶

𝐷
2
𝑢
𝑆0(0,𝑡1)


𝐷
2
(𝑢
𝜔
− 𝑢)



8/(𝑛−4)

𝑆
0
(0,𝑡1)

+ 𝐶

𝐷
2
𝑢


8/(𝑛−4)

𝑆
0
(0,𝑡1)


𝐷
2
(𝑢
𝜔
− 𝑢)

𝑆0(0,𝑡1)

+ 𝐶

𝐷
2
𝑢


2

𝑆
0
(0,𝑡1)

𝑢𝜔 − 𝑢


(12−𝑛)/(𝑛−4)

𝑋(0,𝑡1)
.

(86)

From (70), (73), (76), and (86), we have

𝐷
2
(𝑢
𝜔
− 𝑢)

𝑆0(0,𝑡1)

≤ 𝐶

𝐷
2
(𝑢
𝜔
(0) − 𝑢 (0))

𝐿2(𝑅𝑛)

+ 𝐶

𝐷
2
(𝑢
𝜔
− 𝑢)



(𝑛+4)/(𝑛−4)

𝑆
0
(0,𝑡1)

+ 𝐶

𝐷
2
𝑢
𝑆0(0,𝑡1)


𝐷
2
(𝑢
𝜔
− 𝑢)



8/(𝑛−4)

𝑆
0
(0,𝑡1)

+ 𝐶

𝐷
2
𝑢


8/(𝑛−4)

𝑆
0
(0,𝑡1)


𝐷
2
(𝑢
𝜔
− 𝑢)

𝑆0(0,𝑡1)

+ 𝐶

𝐷
2
𝑢


2

𝑆
0
(0,𝑡1)

𝑢𝜔 − 𝑢


(12−𝑛)/(𝑛−4)

𝑋(0,𝑡1)
+ 𝐶𝜁
𝜔
.

(87)

Taking 𝐶‖𝐷
2
𝑢‖
8/(𝑛−4)

𝐿
𝛾
(0,𝑡1 ;𝐿

𝜌
(𝑅
𝑛
))

< 1/2, 𝐶‖𝐷2𝑢‖
𝑆
0
(0,𝑡1)

≤ 1, and
𝐶‖𝐷
2
𝑢‖
2

𝑆
0
(0,𝑡1)

≤ 1, we can get

𝐷
2
(𝑢
𝜔
− 𝑢)

𝑆0(0,𝑡1)

≤ 2𝐶

𝐷
2
(𝑢
𝜔
(0) − 𝑢 (0))

𝐿2(𝑅𝑛)

+ 2𝐶

𝐷
2
(𝑢
𝜔
− 𝑢)



(𝑛+4)/(𝑛−4)

𝑆
0
(0,𝑡1)

+ 2

𝐷
2
(𝑢
𝜔
− 𝑢)



8/(𝑛−4)

𝑆
0
(0,𝑡1)

+ 2
𝑢𝜔 − 𝑢



(12−𝑛)/(𝑛−4)

𝑋(0,𝑡1)
+ 2𝐶𝜁

𝜔
.

(88)

Combing (63) and (88), we can obtain

𝐷
2
(𝑢
𝜔
− 𝑢)

𝑆0(0,𝑡1)

≤ 𝐶

𝐷
2
(𝑢
𝜔
(0) − 𝑢 (0))

𝐿2(𝑅𝑛)
+ 𝐶


𝐷
2
(𝑢
𝜔
− 𝑢)



(𝑛+4)/(𝑛−4)

𝑆
0
(0,𝑡1)

+ 𝐶

𝐷
2
(𝑢
𝜔
− 𝑢)



8/(𝑛−4)

𝑆
0
(0,𝑡1)

+ 𝐶𝜁
𝜔
+ 𝐶𝜉
𝜔
.

(89)

Taking ‖𝐷
2
(𝑢
𝜔
(0) − 𝑢(0))‖

𝐿
2
(𝑅
𝑛
)
, 𝜁
𝜔
, 𝜉
𝜔

small such that
2𝐶[2𝐶‖𝐷

2
(𝑢
𝜔
(0) − 𝑢(0))‖

𝐿
2
(𝑅
𝑛
)
+ 2𝐶𝜁

𝜔
+ 2𝐶𝜉

𝜔
]
8/(𝑛−4)

+

2𝐶[2𝐶‖𝐷
2
(𝑢
𝜔
(0) − 𝑢(0))‖

𝐿
2
(𝑅
𝑛
)
+2𝐶𝜁
𝜔
+2𝐶𝜉

𝜔
]
(12−𝑛)/(𝑛−4)

< 1,
then we can get


𝐷
2
(𝑢
𝜔
− 𝑢)

𝑆0(0,𝑡1)

≤ 2𝐶

𝐷
2
(𝑢
𝜔
(0) − 𝑢(0))

𝐿2(𝑅𝑛)
+ 2𝐶𝜁

𝜔
+ 2𝐶𝜉

𝜔
.

(90)

From (83) and (90), we have

𝐷
2
(𝑢
𝜔
(𝑥, 𝑡) − 𝑢(𝑥, 𝑡))

𝐿𝑞(0,𝑡1 ;𝐿
𝑟
(𝑅
𝑛
))
→ 0 as |𝜔| → ∞.

(91)

Similarly, let 𝑇
2

= sup{𝑡 | 0 < 𝑡 < 𝑙, ‖𝐷
2
(𝑢
𝜔
−

𝑢)‖
𝐿
𝑞
(0,𝑡;𝐿
𝑟
(𝑅
𝑛
))

→ 0 as |𝜔| → ∞}. By continuous
extension method and contradiction method, we can prove
that 𝑇

2
= 𝑙.

From (53), (67) and (91), the desired result holds.

Lemma 12. Suppose that 𝑛 ≥ 5. (𝛾, 𝜌) is as in Lemma 11. If for
any given 𝑀

1
, for the case ‖𝜃‖

𝐿
∞
(𝑅)

≤ 𝑀
1
, there exists ](𝑀

1
)

such that ‖𝑊(𝑡)𝜑‖
𝐿
𝛾
(0,∞;𝐿

𝜌
(𝑅
𝑛
))
≤ ], then we have


𝐷
2
𝑢
𝜔

𝐿𝛾(0,∞;𝐿𝜌(𝑅𝑛))
≤ 2],

𝑢𝜔
𝐿𝑞(0,∞;𝐻2,𝑟(𝑅𝑛))

≤ 𝐶
𝜑
𝐻2(𝑅𝑛)

,

(92)

where (𝑞, 𝑟) is arbitrary admissible pair and ] and 𝐶 are
dependent on𝑀

1
.

Proof. Using (11), Strichartz estimates, andHölder inequality,
noting that 𝑛 ≥ 5 (to be sure that 𝑛 − 4 > 0), we can get

𝐷
2
𝑢
𝜔

𝐿𝛾(0,∞;𝐿𝜌(𝑅𝑛))

≤

𝑊 (𝑡)𝐷

2
𝜑
𝐿𝛾(0,∞;𝐿𝜌(𝑅𝑛))

+ 𝐶𝑀
1


𝐷
2
𝑢
𝜔



(𝑛+4)/(𝑛−4)

𝐿
𝛾
(0,∞;𝐿

𝜌
(𝑅
𝑛
))

≤ ] + 𝐶𝑀
1


𝐷
2
𝑢
𝜔



(𝑛+4)/(𝑛−4)

𝐿
𝛾
(0,∞;𝐿

𝜌
(𝑅
𝑛
))
,

(93)

taking 𝐶𝑀
1
2
(𝑛+4)/(𝑛−4)]8/(𝑛−4) < 1/2, we can get


𝐷
2
𝑢
𝜔

𝐿𝛾(0,∞;𝐿𝜌(𝑅𝑛))
≤ 2]. (94)

Similarly, we can get
𝑢𝜔

𝐿𝛾(0,∞;𝐻2,𝜌(𝑅𝑛)) ≤ 𝐶
𝜑
𝐻2(𝑅𝑛), (95)

𝑢𝜔
𝐿𝑞(0,∞;𝐻2,𝑟(𝑅𝑛))

≤ 𝐶
𝜑
𝐻2(𝑅𝑛)

+ 𝐶𝑀
1


𝐷
2
𝑢
𝜔



8/(𝑛−4)

𝐿
𝛾
(0,∞;𝐿

𝜌
(𝑅
𝑛
))

×
𝑢𝜔

𝐿𝛾(0,∞;𝐿𝜌(𝑅𝑛))

≤ 𝐶
𝜑
𝐻2(𝑅𝑛)

+ 𝐶𝑀
1
(2])8/(𝑛−4) ⋅ 2𝐶𝜑

𝐻2(𝑅𝑛)

≤ 𝐶
𝜑
𝐻2(𝑅𝑛),

(96)

which completes the proof.

3. Proofs of Theorems

Proof of Theorem 3. For any given 0 < 𝑇 < 𝑇max, suppose that
‖𝜃‖
𝐿
∞
(𝑅
𝑛
)
≤ 𝑀
1
; obviously, we have |𝐼(𝜃)| ≤ 𝑀

1
.

For any given 𝜂 (which will be decided later), we divide
[0, 𝑇] into [𝑡

𝑖
, 𝑡
𝑖+1

], 𝑖 = 1, 2, . . . , 𝐽, 𝑡
0
= 0, 𝑡
𝐽−1

= 𝑇 such that

𝐷
2
𝑢
𝐿𝛾(𝑡𝑖 ,𝑡𝑖+1;𝐿

𝜌
(𝑅
𝑛
))
≤ 𝜂. (97)
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On [𝑡
0
, 𝑡
1
], we can get from (12)


𝑊 (𝑡)𝐷

2
𝜑
𝐿𝛾(𝑡0 ,𝑡1 ;𝐿

𝜌
(𝑅
𝑛
))

≤

𝐷
2
𝑢
𝐿𝛾(𝑡0 ,𝑡1 ;𝐿

𝜌
(𝑅
𝑛
))
+ 𝐶𝑀

1


𝐷
2
𝑢


8/(𝑛−4)

𝐿
𝛾
(𝑡0 ,𝑡1 ;𝐿

𝜌
(𝑅
𝑛
))

≤ 𝜂 + 𝐶𝑀
1
𝜂
(𝑛+4)/(𝑛−4)

.

(98)

Let 𝐶𝑀
1
𝜂
8/(𝑛−4)

< 1, we have


𝑊 (𝑡)𝐷

2
𝜑
𝐿𝛾(𝑡0 ,𝑡1 ;𝐿

𝜌
(𝑅
𝑛
))
≤ 2𝜂. (99)

On [𝑡
1
, 𝑡
2
], we can get from (12)


𝑊 (𝑡)𝐷

2
𝑢 (𝑡
1
)
𝐿𝛾(𝑡1 ,𝑡2;𝐿

𝜌
(𝑅
𝑛
))

≤

𝐷
2
𝑢
𝐿𝛾(𝑡1 ,𝑡2 ;𝐿

𝜌
(𝑅
𝑛
))
+ 𝐶𝑀

1


𝐷
2
𝑢


8/(𝑛−4)

𝐿
𝛾
(𝑡1 ,𝑡2 ;𝐿

𝜌
(𝑅
𝑛
))

≤ 𝜂 + 𝐶𝑀
1
𝜂
(𝑛+4)/(𝑛−4)

.

(100)

Noting that 𝐶𝑀
1
𝜂
8/(𝑛−4)

< 1, we have


𝑊 (𝑡)𝐷

2
𝑢 (𝑡
1
)
𝐿𝛾(𝑡1 ,𝑡2;𝐿

𝜌
(𝑅
𝑛
))
≤ 2𝜂. (101)

Similarly, on [𝑡
𝑖
, 𝑡
𝑖+1

], we can get from (12)


𝑊 (𝑡)𝐷

2
𝑢 (𝑡
𝑖
)
𝐿𝛾(𝑡𝑖 ,𝑡𝑖+1;𝐿

𝜌
(𝑅
𝑛
))
≤ 2𝜂. (102)

Again on [𝑡
0
, 𝑡
1
], we can get from (11)


𝐷
2
𝑢
𝜔

𝐿𝛾(𝑡0 ,𝑡1 ;𝐿
𝜌
(𝑅
𝑛
))

≤

𝑊 (𝑡)𝐷

2
𝜑
𝐿𝛾(𝑡0 ,𝑡1 ;𝐿

𝜌
(𝑅
𝑛
))
+ 𝐶𝑀

1


𝐷
2
𝑢
𝜔



8/(𝑛−4)

𝐿
𝛾
(𝑡0 ,𝑡1 ;𝐿

𝜌
(𝑅
𝑛
))

≤ 2𝜂 + 𝐶𝑀
1


𝐷
2
𝑢
𝜔



8/(𝑛−4)

𝐿
𝛾
(𝑡0 ,𝑡1;𝐿

𝜌
(𝑅
𝑛
))
.

(103)

So we have

lim
𝜔→∞


𝐷
2
𝑢
𝜔

𝐿𝛾(𝑡0 ,𝑡1 ;𝐿
𝜌
(𝑅
𝑛
))

≤ lim
𝜔→∞

(2𝜂 + 𝐶𝑀
1


𝐷
2
𝑢
𝜔



8/(𝑛−4)

𝐿
𝛾
(𝑡0 ,𝑡1;𝐿

𝜌
(𝑅
𝑛
))
) .

(104)

Let 2𝐶𝑀
1
(4𝜂)
8/(𝑛−4)

< 1; we have

lim
𝜔→∞


𝐷
2
𝑢
𝜔

𝐿𝛾(𝑡0 ,𝑡1;𝐿
𝜌
(𝑅
𝑛
))
≤ 4𝜂. (105)

So we know that ‖𝐷2𝑢
𝜔
‖
𝐿
𝛾
(𝑡0 ,𝑡1 ;𝐿

𝜌
(𝑅
𝑛
))
is uniformly bounded.

By Lemma 11, we obtain lim
𝜔→∞

‖𝐷
2
(𝑢
𝜔
(𝑡
1
) − 𝑢(𝑡

1
))‖
𝐿
2
(𝑅
𝑛
)
=

0.

On [𝑡
1
, 𝑡
2
], we have

lim
𝜔→∞


𝐷
2
𝑢
𝜔

𝐿𝛾(𝑡1 ,𝑡2;𝐿
𝜌
(𝑅
𝑛
))

≤ lim
𝜔→∞

(

𝑊 (𝑡)𝐷

2
𝑢
𝜔
(𝑡
1
)
𝐿𝛾(𝑡1 ,𝑡2 ;𝐿

𝜌
(𝑅
𝑛
))

+𝐶𝑀
1


𝐷
2
𝑢
𝜔



8/(𝑛−4)

𝐿
𝛾
(𝑡1 ,𝑡2;𝐿

𝜌
(𝑅
𝑛
))
)

≤ lim
𝜔→∞

(

𝑊 (𝑡)𝐷

2
(𝑢
𝜔
(𝑡
1
) − 𝑢 (𝑡

1
))
𝐿𝛾(𝑡1 ,𝑡2;𝐿

𝜌
(𝑅
𝑛
))

+

𝑊 (𝑡)𝐷

2
𝑢 (𝑡
1
)
𝐿𝛾(𝑡1 ,𝑡2;𝐿

𝜌
(𝑅
𝑛
))

+𝐶𝑀
1


𝐷
2
𝑢
𝜔



8/(𝑛−4)

𝐿
𝛾
(𝑡1 ,𝑡2;𝐿

𝜌
(𝑅
𝑛
))
)

≤

𝑊 (𝑡)𝐷

2
𝑢 (𝑡
1
)
𝐿𝛾(𝑡1 ,𝑡2 ;𝐿

𝜌
(𝑅
𝑛
))

+ lim
𝜔→∞

𝐶𝑀
1


𝐷
2
𝑢
𝜔



8/(𝑛−4)

𝐿
𝛾
(𝑡1 ,𝑡2;𝐿

𝜌
(𝑅
𝑛
))
.

(106)

Noting that 2𝐶𝑀
1
(4𝜂)
8/(𝑛−4)

< 1, we have

lim
𝜔→∞


𝐷
2
𝑢
𝜔

𝐿𝛾(𝑡1 ,𝑡2 ;𝐿
𝜌
(𝑅
𝑛
))
≤ 4𝜂. (107)

Similarly, we have

lim
𝜔→∞


𝐷
2
𝑢
𝜔

𝐿𝛾(𝑡𝑖 ,𝑡𝑖+1;𝐿
𝜌
(𝑅
𝑛
))
≤ 4𝜂. (108)

So we have

lim
𝜔→∞


𝐷
2
𝑢
𝜔

𝐿𝛾(0,𝑇;𝐿𝜌(𝑅𝑛))

= lim
𝜔→∞

𝐽−1

∑

𝑖=0


𝐷
2
𝑢
𝜔

𝐿𝛾(𝑡𝑖 ,𝑡𝑖+1;𝐿
𝜌
(𝑅
𝑛
))
≤ 4𝐽𝜂;

(109)

thus by Lemma 11 and Strichartz estimates,Theorem 3 can be
obtained.

Proof of Theorem 4. For any 𝑇 < +∞, we can obtain from
Theorem 3

𝑢𝜔 (𝑇) − 𝑢 (𝑇)
𝐻2(𝑅𝑛)

→ 0, as |𝜔| → ∞. (110)

For any 𝛿 > 0, if 𝑇 is sufficiently large, we immediately get


𝐷
2
𝑢
𝐿𝛾(𝑇,∞;𝐿𝜌(𝑅𝑛))

≤
𝛿

4
. (111)

So using Strichartz estimates and the above inequality, we
have

𝑊 (𝑡)𝐷

2
𝑢 (𝑇)

𝐿𝛾(𝑇,∞;𝐿𝜌(𝑅𝑛))

≤

𝐷
2
𝑢 (𝑡)

𝐿𝛾(𝑇,∞;𝐿𝜌(𝑅𝑛))
+ 𝐶𝑀

1


𝐷
2
𝑢(𝑡)



(𝑛+4)/(𝑛−4)

𝐿
𝛾
(𝑇,∞;𝐿

𝜌
(𝑅
𝑛
))

≤ 2

𝐷
2
𝑢
𝐿𝛾(𝑇,∞;𝐿𝜌(𝑅𝑛))

≤
𝛿

2
.

(112)
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If |𝜔| is sufficiently large, we can get


𝑊 (𝑡)𝐷

2
𝑢
𝜔
(𝑇)

𝐿𝛾(𝑇,∞;𝐿𝜌(𝑅𝑛))

≤

𝑊 (𝑡) (𝐷

2
𝑢
𝜔
(𝑇) − 𝐷

2
𝑢 (𝑇))

𝐿𝛾(𝑇,∞;𝐿𝜌(𝑅𝑛))

+

𝑊(𝑡)𝐷

2
𝑢(𝑇)



(𝑛+4)/(𝑛−4)

𝐿
𝛾
(𝑇,∞;𝐿

𝜌
(𝑅
𝑛
))

≤

𝐷
2
𝑢
𝜔
(𝑇) − 𝐷

2
𝑢 (𝑇)

𝐿2(𝑅𝑛)
+

𝑊(𝑡)𝐷

2
𝑢(𝑇)



(𝑛+4)/(𝑛−4)

𝐿
𝛾
(𝑇,∞;𝐿

𝜌
(𝑅
𝑛
))

≤
𝛿

2
+
𝛿

2
= 𝛿.

(113)

Using Lemma 12, we have


𝐷
2
𝑢
𝜔

𝐿𝛾(𝑇,∞;𝐿𝜌(𝑅𝑛))
≤ 2𝛿,

𝑢𝜔
𝐿𝑞(𝑇,∞;𝐻2,𝑟(𝑅𝑛)) ≤ 𝑀

2
,

(114)

for sufficiently large |𝜔|.
Similarly, we can get


𝐷
2
𝑢
𝐿𝛾(𝑇,∞;𝐿𝜌(𝑅𝑛))

≤ 2𝛿,

‖𝑢‖
𝐿
𝑞
(𝑇,∞;𝐻

2,𝑟
(𝑅
𝑛
))
≤ 𝑀
2
.

(115)

Using Proposition 2 we know 𝑢
𝜔
is global.

FromTheorem 3, we have

lim
|𝜔|→∞

𝑢𝜔 − 𝑢
𝐿𝑞(0,𝑇;𝐻2,𝑟(𝑅𝑛))

= 0. (116)

For the case 𝑡 > 𝑇, we have

𝑢
𝜔
(𝑡) − 𝑢 (𝑡)

= 𝑊 (𝑡) (𝑢
𝜔
(𝑇) − 𝑢 (𝑇))

+ 𝑖 ∫

𝑡

𝑇

𝑊(𝑡 − 𝑠) 𝜃 (𝜔𝑠) |𝑢
𝜔
(𝑠)|
8/(𝑛−4)

𝑢
𝜔
(𝑠) 𝑑𝑠

− 𝑖𝐼 (𝜃) ∫

𝑡

𝑇

𝑊(𝑡 − 𝑠) |𝑢(𝑠)|
8/(𝑛−4)

𝑢 (𝑠) 𝑑𝑠,

(117)

changing the variable 𝑡 to 𝑡 + 𝑇, we have

𝑢
𝜔
(𝑡 + 𝑇) − 𝑢 (𝑡 + 𝑇)

= 𝑊 (𝑡 + 𝑇) (𝑢
𝜔
(𝑇) − 𝑢 (𝑇))

+ 𝑖 ∫

𝑡

0

𝑊(𝑡 − 𝑠) 𝜃 (𝜔 (𝑠 + 𝑇)) |𝑢
𝜔
(𝑠 + 𝑇)|

8/(𝑛−4)
𝑢
𝜔
(𝑠 + 𝑇) 𝑑𝑠

− 𝑖𝐼 (𝜃) ∫

𝑡

0

𝑊(𝑡 − 𝑠) |𝑢(𝑠 + 𝑇)|
8/(𝑛−4)

𝑢 (𝑠 + 𝑇) 𝑑𝑠,

:= 𝐿
1
(𝑡) + 𝐿

2
(𝑡) + 𝐿

3
(𝑡) , 𝑡 > 0.

(118)

Using Strichartz estimates and Hölder inequality, we can get
𝐿1 (𝑡)

𝐿𝑞(0,∞;𝐻2,𝑟(𝑅𝑛))

≤ 𝐶
𝑢𝜔 (𝑇) − 𝑢 (𝑇)

𝐻2(𝑅𝑛)
,

𝐿2 (𝑡)
𝐿𝑞(0,∞;𝐻2,𝑟(𝑅𝑛))

≤ 𝐶

𝐷
2
𝑢
𝜔



8/(𝑛−4)

𝐿
𝛾
(𝑇,∞;𝐿

𝜌
(𝑅
𝑛
))

𝑢𝜔
𝐿𝛾(𝑇,∞;𝐿𝜌(𝑅𝑛))

≤ 𝐶(2𝛿)
8/(𝑛−4)

𝑀
2
,

𝐿3 (𝑡)
𝐿𝑞(0,∞;𝐻2,𝑟(𝑅𝑛))

≤ 𝐶

𝐷
2
𝑢


8/(𝑛−4)

𝐿
𝛾
(𝑇,∞;𝐿

𝜌
(𝑅
𝑛
))
‖𝑢‖
𝐿
𝛾
(𝑇,∞;𝐿

𝜌
(𝑅
𝑛
))

≤ 𝐶(2𝛿)
8/(𝑛−4)

𝑀
2
.

(119)

So we have

lim
|𝜔|→∞

𝑢𝜔 − 𝑢
𝐿𝑞(𝑇,∞;𝐻2,𝑟(𝑅𝑛))

≤ 2𝐶(2𝛿)
8/(𝑛−4)

𝑀
2
,

lim
|𝜔|→∞

𝑢𝜔 − 𝑢
𝐿𝑞(0,∞;𝐻2,𝑟(𝑅𝑛))

≤ lim
|𝜔|→∞

𝑢𝜔 − 𝑢
𝐿𝑞(0,𝑇;𝐻2,𝑟(𝑅𝑛))

+ lim
|𝜔|→∞

𝑢𝜔 − 𝑢
𝐿𝑞(𝑇,∞;𝐻2,𝑟(𝑅𝑛))

≤ 2𝐶(2𝛿)
8/(𝑛−4)

𝑀
2
.

(120)

Let 𝛿 → 0; we can get

lim
|𝜔|→∞

𝑢𝜔 − 𝑢
𝐿𝑞(0,∞;𝐻2,𝑟(𝑅𝑛))

= 0, (121)

which completes the proof of Theorem 4.
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