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We define a new general integral operator for meromorphic functions involving the generalized hypergeometric function.
Furthermore, we study the characterization and other properties for this operator.

1. Introduction

Let Q) denote the class of functions of the form
1 k
flz)=-+ Zakz , 1
L

which are analytic in the punctured open unit disk U* = {z :
z€C,0<|z| <1} =U\ {0}

We say that a function f € Q is meromorphic starlike
of order 7 (0 < 5 < 1) and belongs to the class Q* (1), if it
satisfies the following inequality:

zf' (2)

A function f € ) is a meromorphic convex function of order
n (0 <5 < 1),if f satisfies the following inequality:

-Re (1 + ZJ{, ((ZZ))> > 1, (3)

and we denote this class by Q. (#).
Also, let Q&) (6 > 1, z € U) be the subclass of Q,
consisting of the functions f, which satisfy the inequality

—%e(l

Zf" (2)
f' @

)<§ &>1, zel), (4)

where the subclass Qp (&) was introduced and studied by
Wang et al. [1] and Nehari and Netanyahu [2].

A g-hypergeometric function is a power series in one
complex variable z with power series coefficients which
depend (apart from gq) on r complex upper parameters o;,

ﬂj,(i =1..,nj=1..5q¢€ C,ﬁj e C\{0,-1,-2,...})
as follows:
\/((xl,...,oc,;ﬂl,...,ﬁs,q,z)
00 1+s—r 5
D s (o]
Pars q,q)k ﬁl’q)k (B q)y

with (%) = k(k - 1)/2, where g # O whenr > s+ 1, (r,s €
Ny, = N U {0}), and (a, g); is the Pochhammer symbol («),
defined by

(o, Q)k

1 k=0
- (1—(x)(l—ocq)(l—(xqz)---(l—(qu*l), k eN.
(6)

Tracing back the history of basic hypergeometric series
defined by (5) has brought us to Heine dated in 1846. There-
fore it is sometimes called Heine’s series. For brief survey
on g-hypergeometric functions, one may refer to [3-5] (see
also [6-8]).
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Forz e U, |gq| < 1,and r = s+1, the basic hypergeometric
function defined in (5) takes the form

263 Brs - B 4, 2)

_ (a3q); - (39), * 7)
k:o(q;Q)k(/jﬁQ)k'"(ﬂs;q)k ’

which converges absolutely in the open unit disk U.

A (o,

Corresponding to the function A (&;,..., ;B .., B
q,z), let
1
¥ (a5 B o @ 2) = B
rAs(‘xl""’“r;ﬁl""’/}s’q’z) (8)

= l + \ (‘xl’ q)k+1 o (“T’q)kﬂ -~

k=1 (q’ q)k+1(ﬁ1’ q)k+1 Tt (ﬁs’ q)k+1

N

Analogous to the differential operator defined in [9] which
involves the g-hypergeometric functions on the normalized
analytic functions, we define the following differential oper-
ator A7 [eg;, Bj5q] : Q@ — Q on the space of meromorphic
functions in the class Q by

WY |anbia) f (@) = f(2) * ¥, (abjig:2)
W abpal f(2) = (1= D) f(2) ¥, (a, b 2)

+22D, (f (2) * ¥, (a,b; ;7))

N7 bj; al f@ = (N (f(2)).
)

If f € Q, then from (9) we may deduce that
n 1 = n
#slarbial @ =2+ 2+ G- DAY, 0
-1

where

(@) (@ g
(@ Djer1 (B> Desr -+ (B D

A>0,andn e N, = N U {0}.

It should be remarked that the operator given by (10) is a
generalization of many other operators considered earlier; for
example, consider the following.

Y, (11)

(i) ForA =1,r=1,s =0, = q,q — 1 the operator
N10lg,qlf(z) = I" f(z) was defined by Frasin and
Darus [10] and studied by El-Ashwah and Aouf [11].

(ii) Forn = 0, a; = g%, f3; = g, a; > 0, B; >0, (=
L,...,r;5j=1,...,5,r =s+1),qg — 1 the operator

N [q""',qﬁi,q]f(z) = #,lo; B;l f (z) was imposed
by Liu and Srivastava [12].
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(iii) Forn = 0,r = 2,s = 1, & = g, q — 1, the
operator A5, [}, q, B1,q] f(2) = Nay; B]f(2) was
introduced and studied by Liu and Srivastava [13].
Further, we note in passing that this operator
Nay; B1]f(2) is closely related to the Carlson-Shaffer
operator J/[e; 3,1 (z) defined on the space of ana-
lytic univalent functions in U.

(iv) Forn=0,r = 1,s =0,y = A+1,q — 1,the operator
Niold + Lqlf(2) = D f(z) = (1/z(1 — 2)M) «
f(z)(A > -1), where 2" is the differential opera-

tor, was introduced by Ganigi and Uralegaddi [14],
and then it was generalized by Yang [15].

Now, making use of the differential operator /7 [a;, B3]
given by (10), we introduce the following integral operator in
the class Q.

Definition 1. Letn € N, i € {1,2,...,n}, §; > 0. We define

.....

.....

4

% Lz (= oo Bral £1) @)

(=2, [ B) £,) ) e

Remark 2. Note thatforn =0,7 = 1, s = 0, «; = g, we obtain
the integral operator defined by Mohammed and Darus [16];
see also [17-19].

With the aid of differential operator /7 [, B;5 9] f(2)
given by (10), we define a new subclass of functions in Q) as
follows.

Definition 3. Let a function f € Q be analytic in U*. Then f
is in the class Oy (e, B39, 1) if, and only if, f satisfies

o {1 ' L o f)' (Z)> >1, (1)
(7, [ Bjsa] f) (2)

where 47 [a;, B;;q] f is defined in (10) and 0 < 77 < 1.

Definition 4. Let a function f € Q be analytic in U*. Then f
is in the class Q, F («;, B> 9,11, b) if, and only if, f satisfies

N e, B "
me{l_%<Z( o~ q]f), © +2>} >, (14)
(7| Bjsa] f) (2)
where 47 [a, B;;q] f is defined in (10) and b € C \ {0}, 0 <
n<l
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Definition 5. Letafunction f € Qbeanalyticin U*. Then f is
in the class Q, (F%(o;, B39, o, 11, b) if, and only if, f satisfies

% {1 g <Z(/V':,s o fpal ) @) 2)}
b\ (a7, [ Biia f) @)
<Z(/V?’S [« Bisa] ) @) + 2>‘ +1,

!
(w2 o Bra] ) (2)
where A7 [o, B;;q] f is defined in (10) and & > 0,1 < 77 <
La+n=>0,beC\{0}.

>

S =

Definition 6. Letafunction f € Q beanalyticin U*. Then f is
in the class Q, F U («;, Bj» g, &, b) if, and only if, f satisfies

l1 . <Z(M’S [0 Bsa] £)" @
b\ (w7, e Bd] f)' (2)

< Re {\6<1 1 <Z(/V:l’5 [ai’ﬁj;q] f)” @ +

b\ (a7 o Bq] f) @)

+2>—2a(\/§—1)

))

(16)

+2cx(\/§—1),

where 47 [(x,-,,Bj;q]fis defined in (10) and & > 0,b € C\{0}.

Remark 7. Puttingn = 0,7 = 1,s = 0Oand oy = g in
Definition 3, we obtain the result corresponding to the class
mentioned in (3).

Forn=0,r =1,s = 0and a; = g in Definitions 4, 5, and
6, we obtain Q% (1), QF U(, 17,b) and QK UK («, b) the
classes of meromorphic functions, introduced and studied by
Mohammed and Darus [20].

2. Preliminary Definitions

We begin by recalling each of the following definitions of
subclasses of meromorphic functions Q¥ (1, b), 0 &, («, 1, b)
and Q¥;(«, b) which will be required in our investigation.

Definition 8 (see [20]). Let a function f € Q be analytic in
U*. Then f is in the class Q% (1, b) if, and only if, f satisfies

+1>} >n,  (17)

1 (z(zf" (2)+3f (2))
me{1_5< 2 (2) +2f (2)

whereb e C\{0},0<7 < 1.

Definition 9 (see [20]). Let a function f € Q be analytic in
U*.Then f isin the class Q%, («, 1, b) if, and only if, f satisfies

1 (z(zf" (2) +3f' (2))
me{1'5< @D+ 2f ) ”)}
1<Z(Zf (2)+3f (z))ﬂ)

b\ zf' (2)+2f (2)
wherea > 0,-1 <y <l,a+1n>0,beC\{0}.

>

+1,

Definition 10 (see [20]). Let a function f € Q be analytic in
U”. Then f is in the class Q%;(«, b) if, and only if, f satisfies

‘1 l(z(zf @+3/ @) +1>—20¢(\/§—1)

b\ zf (@) +2f(2)
)l

b
<2Re{\/§<1—l<z(zf () +3] (Z)) +
(19)

b zf' (2) +2f (2)
+2(x(\/§—1),

where « > 0,b € C \ {0}.

3. Main Results
In this section, we study some properties for the integral

Definitions 3, 4, 5, and 6.

Theorem 11. Let§; > 0, fori € {1,2,...,n} and f; € Q. If

Z‘Si (1-n)<2 (0<y<1) (20)
i=1

,,,,,

E> 1
Proof. By differentiating the equality given by (12), we get

' 6,
= (-2(#2, o Bia) 1) @) (21)

- (-ZZ(!/V:I’S [“i’ ﬁj; q] f,,), (Z))an.

Again, differentiating (21), we deduce that

.................

[(-zz(xvf,s (e Bia) 1) (Z))al

"(_22(-/1/25 [ B3 4] f,,)’ (z))a"] )



By using (21) and (23), we have
21(;’ ,,,,, 5, (2) +azly 5 (2)+ 205 s (2)
22l 5, (B)+22ls 5 (2)

......

3ot 0 )
A\ (1 wpBsal f) @ 2

Multiplying (24) by z yields that

(24)

211 !
z 181)“”5" (2) +4zls

Zlép---ﬁn (z) + 21

5 (2) + 25

el (2)

_ s [ 2 L B 14)"@ +2
_;81< (2 e Bjs q]f,) (2) >

or, equivalently, that

5, (2)

,,,,,,

(25)

z(zly s (2)+ 315
Zlclsl,...,an (2) + 215,

O (z)) i1
5, (2)

.....

s (LBl ) @
‘Z‘S’<< e bl )@ )

+1>—2

S5 ( (7 [ Bral )" @) 2) ) 1) o
(2 [ B3] fi) (2)

(26)

(BT 0 q]]f))”;j) )]

ZS( ((( [[a ﬁﬂ]]f:))(:) 1>>

+3_i5i'

i=1

(28)
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Taking the real parts of both terms of the last expression and
using the fact that Re(z) < |z| for all z, we impose

zl” 3, (2)
—%e( l(’sl ’’’’’ (Z) 1)

"o B q]fz) (2)
[ »Bjs ]fl) (2)

2))

e q1]f>) o))

(Z( iz

NN Ny al f)" ()
( ;61< (‘/Vrs[(x Bnal £) ()

s &

i [[“ Z q]];?)) (Z) 1>}

(29)

(s (e )

. Z 5 3te <_ < 2(W7 [ Bisal f,-)’ @, 1))
o (2 [o Bisd] £i) 2

(30)
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and since Taking the real part of both terms of (35), we get
2l¢,?1>---,6n (2) el L7 (2ly 5 (@+3l5 4 (2)) 1
zly 5, (2) b\ 2 (@) +2s s (2)
"
2N o Bipal fi) () n " o Bsql 1)
X<—28i< ( , [ ﬂ] q]f), +2>+1> :Z(Sime l—l Z('/Vr,s[“l’ﬁ]’q]fl)’ (Z)+2
AN (e pral £) @ z b\ (2o 0] £) @
>0, fiey (“bﬁp%ﬂi)’ L
(31) +1- ;6,».
(36)
we conclude that
Now, since f; € Q, T («;, B g, 1;,b), we have
&> Z‘Si (= 1) +3. (32)
i=1
1 z(zlglma (z) + 3131,,,,,5 (z))
Req1- 5 T . 5 . +1
Hence, by (20), we have £ > 1, so that 5 5 (z) € Qy(&), 2ls,....5, )+ 2s,...5, (2) (37)
which evidently completes the proof of Theorem 11. O ; Y "
Theorem 12. Let §; > 0, fori € {1,2,...,n}, f; € >;5i’7i+1—;6i:1—;8i(1—11i).
Q, F (o, fj,9:1;,0) (0 <m; < 1)andb e C\ {0} If
Letting
0< Z‘Si (1-%)<1, (33)
i=1 n
y=1-8(1-n), (38)
then Is s (z) is in the class £&,(y,b), where y = 1 - o
i 0:(1 = 7).
2ie L and in view of (33), it follows that 0 < y < 1, so
Proof. We know from the proof of Theorem 11 that that Is 5 (z) € QF,(y,b). This completes the proof of
Theorem 12. O
z (zlé'lma (2) + 3131,..‘,5 (z)) Theorem 13. Let §; > O, for i € {1,2,..,n}, f; €

Q HU (o, By g 061m0) (@ 2 0,-1 < < La+n > 0)
.......... andb e C\ {0} If

) " (34)
_ ia <Z(‘/Vr,s [“i’ﬁj;q] fl) (2) n 2)
i\ (7 e Ba] fi) (2 Y8 -1<0, (39)
i=1
which is equivalent to
thenls s (2) is in the class QZ,(a, 1, b).
B (Zl:s’ s (2)+3L (z)) Proof. We want to show that
1--= JERS n PR n
b lelsl ’’’’’ s (2)+21(2)
z(zly 5 (2)+3l5 5 (2)
" Re 1_1 ( ’61,...,6,, 810y ) +1
- 1- Z‘Si b\ zly 5 @+2s 5 (2)
i=1
(40)
e [y (e Ba £)' @ Jr (s @, 0 @)
20 41-3 : —+2 b\ 2y s @ +2s s (@)
i=1 (./Vf,S [(x,-,,Bj;q] f,) (2)

(35) > 0.



We find from (26) and (36) that

z(zll z +3l z
el 1 (’5 ..... 5, @+ 3h.5,@)
b\ zj s (Z)+2181,...,H(Z)

1 ( z(ly . 5, (2)+3I' (z))
oo Bia) 1) @

“Ib zly,

ol

+ ) 0Re {17

(47 [ Bial £) 2

[Bop (L.

..........

Since f; €
Definition 5 that
s (2) +3I

Re 1_1 Z(Zlgl,..., ép---,én (z))
b Z%pwn ity (2)

5 (2)+ 2151

)

-------

Q, F U, Bj, g, 6,b), it follows from
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Proof. Our aim is to prove that

+2a(V2-1)
|t %( (zli; (Z):zzl,.:;;fn(z)) ! 1)
2)} ~2a(V2-1)
> 0.

(45)

(41)
With the aid of (26), (36) can be written as follows:

,,,,

z (2l 2) + 3l z
(et )
b Zl5 s, (Z) + 216 3, (Z)

~~~~~~~~~~~

3 ,»{a %< A7 o Bisal £)' @ 2>‘+,1} 20 (V2-1)
(2 el 1) @
ool
(Xz <Z( rs[ 1>ﬁ]’q]fl) (Z) 2>‘_ =9{{\/§ _;81'?)
(12 [o Bsa] £) @
" n Z(./V” [al’ﬁ] q] fz) (Z) >] }
=Y 6+ Yom-n. 2
20 2001 <(ms[,,ﬁp] e
(42)
. +2a(V2-1)
From hypothesis (39), we note that
: e 1 (e Ba £)'
(1-@(1-2@)2 (43) —Z&,-( +2
AN (o pial £) @
Hence I 5 € Q,(a,7,b). Therefore, we complete the
proof of Theorem 13. O _206(\/5_ 1)
Theorem 14. Let §; > 0 for i € {1,2,...,n}, f; €
Qr’S%%%(ai,ﬁj,q; a,b) (a >0 and b e C\{0}). If
: B Y AL RO
28;‘ -1<0, (44) P ( [oc,,ﬁ],q] fl) (2)
i=1

thenls s (2)is in the class QG (a, b).

+2a(V2-1)



Journal of Applied Mathematics

Ll ([l )@
?’b(( n (o Bia] £) (@) )

{ (z((/l/ e Bpal £) @) 2)}

n /3] q]ﬁ) (2)
K 1 =( (Z)
e S Trare )
VI VDY ~20(V2-1)

)
—ﬁ§6i+2a(\/§—1)

-2z 1) (1- 33

Zl {me\/_
1+§8,~[1‘%<z((:Zj[[::Z::]]Jf))’”(:)+2> X[ <Z(( [[06 B q]]ﬁ)) (S) 2>]
—2a(\/§—1)] +2“(f zl() e Bia) 1) @
| | sty
izls,.:m(\/il)izl&m(ﬁl) 20 (V2- )}+V’(1—ZS>
-1 g et +20(48-1)-20(B- 1) 3%
+V§§6im ” _|1_2“(\/§_1)|<1_g5i>_
i)
Jpeaetan(-$3) Denidon .

Q FUT (, B> g, b), it follows from
Definition 6 and by a simple calculation that

S )

n (o Bid] £) (@)

1 z(zl(;' ,,,,, 5, (Z)+3la ,,,,, 5, (z))
”‘{ﬁ<1‘5< ap @ H))}
—Za(\/i—l)jH

- ﬁ(l_ia,.)m(vz_l)

z(2ly 5 (2)+3l5 5 (2))
1-= +1
b 15 AAAAA 5, (z)+215 3, (2)
+ x/iia,.m




> [ﬁ+2a(ﬁ—l)—|1‘2“(ﬁ_l)”(hi&i)
(i

which means that ;5 € QZ;(a,b), and we obtain the
proof of the theorem. O

M=

6i>min{(\/§— 1) (1+4a), V2 +1}

Il
—_

(47)
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