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This paper concerns time optimal control problems of three different ordinary differential equations in R*. Corresponding to
certain initial data and controls, the solutions of the systems quench at finite time. The goal to control the systems is to minimize
the quenching time. The purpose of this study is to obtain the existence and the Pontryagin maximum principle of optimal controls.
The methods used in this paper adapt to more general and complex ordinary differential control systems with quenching property.
We also wish that our results could be extended to the same issue for parabolic equations.

1. Introduction

In this paper, we study some quenching time optimal control
problems of three different ordinary differential equations in
R, First of all, some notations will be introduced. We use
Il - Il and {,-) to stand for the Euclidean norm and the inner
product of R2. For each matrix D, we use D' and |D| to
denote its transposition and the operator norm, respectively.

a [ by() bl .. . .
Let B(-) = ( 418 bZE; ) be a nontrivial matrix-value function

in the space L®(0, +co; R** %). Write R* for [0,+00). For
each p, > 0 given, we set

U oa = {u : R — R%u is Lebesgue measurable,
)
lu@®)| < p, for ae. t € R+}.

Each u(:) € %, can be expressed as u(-) = (u,(-), uz(-))T. Let

b1 (u()) = b11 ) Uy )+ b]z ) U, “)>
by (u()=by (Du () +by uy (),

when u () € %y,

when u () € % .

)

For each C'-function g : E ¢ R* — R?, its derivative will
be written as

991 99,
o oy
, 3)
99, 09,
9y, 0y,

where g = (g}, 9,)" with g, : ECR*> - R',i=1,2.
The controlled systems under consideration are as fol-
lows:

YO f(yw)+ o, >0,
dt @

y(0) = »".

>

Here, ° = (3%, 97 € R%, u() € Uy and f € A
{f(l),f(2>,f(3>}, where

@) fO = (FOfO) R\ {y = (1, 90)" € Ry,
1} > R% £(9) = 32/(1-y),and £12(3) = yy+ 53

@) £ = G R\ (= )" € %7+
y: =1} — R% () = y/(1 - \y? +2), and
P0) = /1=y + 3
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(i) 19 = (FO, 1) R\ {y = ()" € Ry, =
lor y, = 1} — R% fP(y) = 1/(1 - y,), and
) =1/ - yy).

Let

K, = esssup || B(s)|l po. (5)

seER*

Define

(1) 1
sf = , ERZ; e(l——,l),
‘[(Zl z,) Z] 2K,

1
z, € (KO+ - - 1,+oo>}
KO

1

U {(zl,zz) eR%z, € (1,1 + —),

2K,

z, € (K0+1,+oo)};

) 1
s = ,2,) € R e(l——,l)}
‘[(zl z,) 2l 2K, + 1

u {(zl,zz) e R |z € <1’1 N L)} (6)

-3/2
(3) e
s = Z1,2 €R2;ze 1-——11,
e etz e (1-521)
o302
zye|1-—,1
2K,

U {(zl,zz) eR%z € (1,1 +

-3/2
el11+5 .
2K,

Since, for each f € A, f is continuously differential over the
domain 8/, it is clear that, given f € A, y° € $/,andu € %,
the controlled system (4) has a unique solution. We denote
this solution by y(; f, yo, u) = (G f, yo, u), v,(5 f yo, u)’
and write [0, T, (f, yO, u)) for its maximal interval of exis-
tence.

It is shown in Section 2 that, given f € A, y° € §/, and
u € U,y there exists a time T,(f, ¥°, u) with T, (f> yu) <
Toax(f> ¥°> 1) holding the property that

6—3/2
2K, )’

0<Tq(f,y0,u) < 400,

lim | f (v (6 £5"u))] = +o0.

t— T, (f,y%u)

"f (y (t;f,yo,u))" <+00 aste [O,Tq (f,yo,u)). (8)

We say that the solution y(+ f, y°,u) quenches at the finite
time T, (f, ¥°,u) and T,(f, 9°, u) is the quenching time of the
solution y(+; f, y°, u).

7)
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The purpose of this paper is to study the existence and
the Pontryagin maximum principle for the following time
optimal control problems:

min {Tq (f,yo,u)} ,  where f €A, yO es’.

UEU 4y

P),

Because of (7), for each f € A and y° € S, there exists a
number t*( f, y°) in R* such that

e (£5") = inf T, (£ ), )

which is called the optimal time for the problem (P)i »- A con-
trol u” ("), in the set % ,; holding the property: T,(f, Y u*) =
t*(f, %), is called an optimal control, while the solution
y(; f, % u*) is called the optimal state corresponding to u*
for the problem (P)i o- We will simply write y*(:) for the

optimal state y(-; f, y°,u*).
The main results of this paper are as follows.

Theorem 1. Given i € {1,2,3} and yo € Sf(i), the problem

)
(P)ﬁo has optimal controls.

Theorem 2. Let y° ¢ 8 " Then, Pontryagin’s maximum prin-
ciple holds for the problem (P);;l). Namely, if t* is the optimal
time, u* is an optimal control, and y* is the corresponding
optimal state for the problem (P); :)D, then there is a nontrivial

function y(-) in the space C([0,t"]; R?) satisfying

-
w(t):L A @)y @de vtelot),

(10)
y(t") =0,
max (y (), B(t)u) = (y (t), B()u" (1))
lli<po
(11)
for ae. t €[0,t"].
Besides, it holds that
t<(y0-1) (12)

Theorem 3. Let y° € 8 ” Then, Pontryagin’s maximum prin-
ciple holds for the problem (P)i:,n. Namely, if t* is the optimal
time, u”* is an optimal control, and y* is the corresponding
optimal state for the problem (P)fv[ :)2), then there is a nontrivial

function y(-) in the space C([0,t*]; R?) satisfying
v () = L fy@ (y* () w(r)dr Vte[o,t"),
y(t) =0,

max (y (£),B(t)u) = (y (t),B(t)u" (t))

lulli<pg

(13)

for ae. te0,t7].
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Besides, it holds that

(2K, +1) ("] - 1)2. (14)
2K,

I <

®
It is worth mentioning that problem (P); , 1s more
complicated than the other two problems since the target set

(3)
of problem (P)f; o, 1s more complicated than the target sets
of the other two problems. Indeed, the target set of problem

®)
(P)ﬁ0 is{y € R?; y; = 1 or y, = 1}, while the target sets

for problem (P); ((,1) and problem (P)§ ;2) are {y € R y, =1}

and {y € R%|yl = 1}, respectively. This is why we only
obtain the existence but not Pontryagin’s maximum principle

f(3)
for problem (P)y(, .

The concept of quenching was first introduced by
Kawarada in [1] for a nonlinear parabolic equation; it has
more general sense than blowup. For instance, consider the
equation dy(t)/dt = —1/(sin2(y(t))cos(y(t))), y(0) = /6.
It is obvious that the first quenching time of the solution for
this equation is 1/24 at which sin(y(1/24)) = 0. Then the
solution y(-) can be extended, for instance, until y(1/12) =
—m/6. Further, the solution y(-) can be extended again until
cos(y(3/8)) = 0; that is, the second quenching time is 3/8.
This differs from the blowup ordinary differential equations,
where the solutions tend to infinity at blowup time.

There have been many literatures concerning the prop-
erties of parabolic differential equations with quenching
behavior (see [1, 2] and references therein). To the best of
our knowledge, the study on quenching time optimal control
problems has not been touched upon. In this paper, we focus
on quenching time optimal control problems for ordinary
differential equations with three particular vector fields f @
i = 1,2,3, in R% Indeed, the methods used in this paper
adapt to more general and complex ordinary differential
control systems with quenching property. For instance, we
can use the similar methods we use in this paper to consider
the quenching time optimal problem for system (4), where
fi(y) = =1/(sin*y cos y), f,(y) = y; + y, (we will give the
details in the following section). We also wish that our results
could be extended to the same issue for parabolic equations.

The differential systems whose solutions have the behav-
ior of quenching arise in the study of chemical reactions.
Quenching phenomena could describe the completion of
a chemical reaction. Using catalysts to make a chemical
reaction complete in the shortest time could be considered an
optimal quenching time problem. It is also significant in the
theory studies of the electric current transient phenomena in
polarized ionic conductors. In certain cases, the quenching
of a solution is desirable. Thus, it could be interesting to
minimize the quenching time with the aid of controls in
certain cases. It deserves to mention that the quenching time
T,(f, %, u), with some control u, can really be strictly less

thanu?“q( £,%°,0). Here is an example. Consider the problem
(P)£° ,where y} =3/4,y) = 0and B(t) = (} §) forallt € R*.

It can be directly checked that Tq(f(z), (3/4,00%, (1,007 =
1/32 < T,(f?,(3/4,0)",0) = —1/4 - In(3/4).

Because of the quenching behavior of solutions to system
(4), the usual methods applied to solve the general optimal
control problems (see, for instance, [3-7]) do not work for
problem (P)§ , with f € Aand y° € S/. We approach
our main results by the following steps. First, we show some
invariant properties for solutions of system (4). Next, we
prove that, given f € A and y° € S/, the corresponding
solution of system (4) quenches at finite time for each control
u € %, Then we give the quenching rate estimate for
solutions of system (4). Furthermore, we obtain the following
property. When a sequence {u} of controls tends to a control
u in a suitable topology, the solutions y(- f, y°, u;) with k
sufficiently large share a common interval of nonquenching
with the solution y(+ f, y°,u). Finally, we use the above-
mentioned results to verify our main theorems.

Since blowup could be regarded as a special quenching
phenomenon, it deserves to mention the paper [8], where
minimal blowup time optimal control problems of ordinary
differential equations were studied. Inspired by the idea in [8],
we develop new methods in this paper.

The rest of the paper is organized as follows. Section 2
presents some preliminary lemmas which supply some prop-
erties of solutions to controlled system (4). Section 3 proves

the existence of optimal controls for problem (P)£ , with f €

Aand y° € S/ Section 4 verifies Theorems 2 and 3.

2. Preliminary Lemmas

In this section, we will introduce some properties of solutions
to system (4), which will play important roles to prove our
main results.

2.1. The Existence and Invariant Property. Consider the sys-
tem

% =fEM)+BMOu(®), t>t,
(15)

E(ty) = ",

Since, for each f € A, f is continuously differential over the
domain S, it is clear that, givent, > 0, f € A, y° € &/,
and u € %, system (15) has a unique solution. We
denote this solution by &(sty, f, % u) = (&,(5ty, f, % 1),
& (Gstos fo yo,u))T and write [tg, Tyax (tos /> yo, u)) for its max-
imal interval of existence.

Lett, > 0,y° = (y?,yg)T e andu e U I y) <
1; then, by the continuity of the solution &(-; ¢, f(l), yo,u),
we can find a positive number « sufficiently small such that
Eltsty, fV,9%u) < 1forall t € [ty t, + ). Similarly,
if y > 1, we can find a positive number f3 sufficiently
small such that & (¢, f, y%u) > 1forall t € [ty t, +
B). Given t, > 0, y° = (y?,yg)T e & and u ¢
U ,4» we will use the notation I(t,, f, y°,u) to denote such



a sublnterval of the interval [t,, T,y (to» f, ¥°,u)). When
W o< 1, I(ty, £ 9%, u) denotes the maximal time interval
in which & (t;t,, f,y%u) < 1, while, when ! > 1,
I(ty, Y, ¥°, u) denotes the maximal time interval in which
&ty f (1), yo,u) > 1. By the continuity of the solution
E(sty, fP, 9%, u) again, it is clear from the existence theorem
and the extension theorem of ordinary differential equations
that I(ty, £, y°,u) is a left closed and right open interval,

whose left end point is t,. Let 1 — 1/(2K,) < K; < 1,
1<K, <1+1/2K,), K, > Ky +1/Ky - 1,and K, > K,, + 1.
We have the following lemma.

Lemma 4. Givent, >0, y° € s (l), andu € U .y, then, for all

te I(to,f(l),yo,u),

& <t§ t0>f(1)>)/0>“) = K, & (ti to’f(l)’yo’”) 2 Ky,

asKISyf<1, ygsz;

(16)
1 0 7 1 0 =
El (ta t())f( )3)/ )u) S Kl) 52 (t; t()) f( ))y 3”) 2 KZ)
as1<y) <K, ) =K,
17)

Proof. First, we claim the following property (A). Suppose
that t, > 0, y° € s with K, <Y < 1,9 > K,, and
u € U,y Then, there is a positive number n with [t,, ¢, +
n) c I(t,, f(l), yo, u) such that the solution &(-; ¢,, f(l), yo, u)
holds the following inequalities: &, (t; £y, £, y°,u) > K, and
& (t:t, £, 9%, u) = K, for all t in the interval [t,, t, + #].

Indeed, since 1 — 1/(2K,) < K, < y? < 1 and
yy > K, > K, + 1/K, — 1, we can use the continuity
of the solution &(+; to,f(l),yo,u) to find a positive constant
5 such that [ty,t, + 1) < I(ty, f,9%u), 1 - 1/2K,) <
E(tt £, 9% u) < Land &, (t; £y, £V, 3%, 1) > Ky+1/Ky—1
for all t € [t,,t, + #]. Hence, it follows from (15) with f =
fU, (5), and the inequality K, + 1/K, — 1 > 1 that, for all
t € [to, 1o + 7],

CrE®@

£ (1) - J ( e th (ru(r)))dr
PKy+1/K, -1 .
L( 1/ (2K,) ‘K")‘”ZO’

(18)
& (1) - J (& () +& (1) + by (1, (1)) de

Here, we simply write &(-) for the solution &(-; ¢y, £, 3, ).
From the two 1nequal1t1es mentioned above and the inequal-
ities y? > K, and y? > K,, we get the property (A).

Now, we come back to prove the property (16).
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By seeking a contradiction, suppose that there exist a time

> 0, initial data y° € Sf(l), acontrolu € %4, and a number
pair (K, K,) with 1-1/(2K,)) < K; < land K, > K,+1/K,-1
such that the solution E(-;to,f(l),yo,u) with K; < y? <1
and yJ > K, does not satisfy (16). Then we would find a
number s, > t, in the interval I(ty, f, y°,u) such that
E (sgstor £, 9% u) < Ky or &y(sostg, fU, 9% ) < K. Write
s; for inff{t € [ty,s0]:&, (5 to,f(l),yo,u) < K} and write s,
for inf{t € [ty,s0]; &, (8 to,f(l),yo,u) < K,}. We may as well
assume that s, < s,. Since &(sty, £, y°,u) is continuous
over I(t,, f%, y°,u), we can use the definition of s, and s,
and the inequality s; < s, to derive the following properties:
(@) & (sp3te 1, 3% u) = K,and (b) corresponding to each
d with (s;,s; +6) ¢ I(to,f(l),yo,u), there exists a number
ts in (s;,s, + 0) such that & (550, fP, 9% 1) < Ky (c)
E(tsty, fV,9%u) = K,, for each t € [ty,s,]. Write
z = E(spstes Y, 9%, u). Then, it follows from the properties
(a), (c), and the definition of the interval I(t,, f W, yo,u)

that K, < z, = &ty fP9%u) < 1and 2z, =
& (spster U, 3%, 1) = K,. Consider the following system:
dé (t
E( ) - =fEW)+BMOu(), t>s,
(19)
£(s)) ==

Making use of the property (A), we can choose a positive
number §, sufficiently small such that

3 (t;sl,f(l),z, u) > Ky, 3 (t;sl,f(l),z, u) > K,
(20)
for each t € [s,5, + &) .

On the other hand, the function &(;¢,, f W, yo,u) also sat-
isfies the system (19) when t > s,. By the uniqueness
of the solution to the system (19), we necessarily have
Etsty, fU,90%u) = Et;sy, f,z,u) for all t > s,. This,
combined with the above-mentioned property (b), implies
the existence of a number t5 in (s;,s; + ;) such that
fl(tao;sl,f(l),z, u) < K. This contradicts to (20). Therefore,
we have accomplished the proof of the property (16).

We can use the very similar argument of the proof of (16)
to prove (17) (see [9] for the detailed proofs). O

The following two lemmas play important roles in the
proof of Theorem 1with f = f® and f = f** and Theorem 3
(see [9] for the detailed proofs).

Lett, > 0,y ¢ s/ and u e U .05 we will
use the notation I(t,, f, y°,u) to denote such a subinter-
val of the interval [ty, T, (to» £, 3%, u)). When [y°] <
1, I(t,, f(z), yo,u) denotes the maximal time interval in
which [E(t; ¢y, £?, 3% u)| < 1, while, when [[y°] > 1,
I(ty, %, y°,u) denotes the maximal time interval in which
1€t to, fP, 0wl > 1.1t is clear that I(t,, f?, y%,u) is a
left closed and right open interval, whose left end point is .
Let1-1/2K,+1) < K; <land 1<K, <1+ 1/2K,).

We have the following lemma.
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Lemma 5. Givent, >0, y° € §/7 andu e U 4> then, for all
t eIty 2,5 u),

”E (t; to,f(z),yo,u)" > K;, when K; < "yO” <1;

(21)
”f (t; to,f(z),yo,u)" <K,;, whenl< ”yo" <K,.
Lett, > 0, y° € §/7 and u e U .35 we will use the
notation I(t,, f®, y°,u) to denote such a subinterval of the
interval [tO,Tmax(tO,f(3),y0,u)). When y? < 1land yg <1,
Ity f (3), yo, u) denotes the maximal time interval in which
Etsty, f,9%u) < 1and &(tty, £, 9% u) < 1, while,
when y) > 1and yy > 1, I(ty, f, ¥°,u) denotes the
maximal time interval in which & (t; ¢y, £, y%,4) > 1 and
E(tstg, £, 9%, u) > 1. Tt is clear that I(t,, £, y°, u) is a left
closed and right open interval, whose left end point is t,,. Let
1-e2J(2K,) < K, < land 1 < K, < 1 +e/?/(2K,).

We have the following lemma.

Lemma 6. Givent, >0, y° € § andu e U 44> then, for all
t eIty 5% u),

3) 0 3) .0
3 (t;to,f( ),y,u)2K4, Ez(t;to,f( ),y,u)2K4,
when K, < y? <1, K,<y) <1

& (t; to,f(3),y0,u) <K, 13 (t§ tO)f(3)>)’O’”) <K,

1< yg < E4.
(22)

when 1 < y? <K,

2.2. Quenching Property and Estimate of Quenching Rate
Lemma?7. Foreachy" € S " and eachu € U 4> there exists a

time Tq(f(l), y°,u) in the interval (0, Ty (f, ¥°, u)] holding
the property that

T, (f(l),yo,u) < (y? - 1)2 < +00, (23)

lim t; 9% u) =1,
HTq(f(l))yo’u)yl( N5 u)

tHqu(ifrg,yU)u) “f(l) (}’ (t; f(l)’yo’u))“ =100,

I (5700 < 09

aste [0, T, (f(l),yo,u)) .

Moreover, there exists a positive constant C, independent of
1)
3y’ €S and u, such that

(24)

(25)

1 1 0 -2/3
< C(1 Yy u)—t >
1=y, (65 D, y%u)] = ( q (f y u) ) 26)

te [0, T, (f(l),yo,u)) .

Proof. Suppose that y° € s andu e U 4. Let Tq(f(l),yo,u)
be the right end point of the interval (0, f%, y°, 4). Thus,
10, fV, % u) = [0, T,(f",»%w) and T,(f",»"%u) €
(0, Trpax (f ), yo, u)] (see the definition and the property of
I(O,f(l),yo,u) on page 3). We will prove Lemma 7 in the
following two cases.

Case1.1-1/(2K,y) < y) < 1and y2 > K, + 1/K, - 1.

Step 1. This is to prove (23) in Case 1.

By property (16) in Lemma4 and the definition of
100, %, %, u) and Tq(f(l),yo,u),the solution y(; £, y°, u)
with 1 - 1/(2Ky) < ¥ < 1,99 > Ky + 1/Ky — 1,and u € %
holds the property that, for each t € [0, Tq(f(l), yo, u)),

1 0 O
1—2—K0<y1£y1(t,f ,y,u)<1,

(27)

1

) 0 0

y2(t;f(),y,u)2y2>Ko+f—1.
0

Then, from system (4) with f = £, (5), and the inequality
Ky +1/K, -1 = 1, it holds that

dy,(t)  » () 5, (8)
i 20y ®) 20w THEO
1

for ae. t € [0, T, (f(l),yo,u)) .
(28)

>
2(1-x®)

Here and throughout the proof, we simply write y(-) for

}’(, f(l)) ,VO, u)'
Let x(-) be the solution to the following equation:

dy (t) 1
= b 0’

x(0) = yY,

from which it is easy to check that

x<1, refo(y-1)),
(30)

X (-) quenches at the time (yf - 1)2.

Furthermore, making use of (28) and (29), we can derive,
from the comparison theorem of ordinary differential equa-
tions, the following inequality:

2
ynt)y=x(), te [O,min {Tq (f(l),yo,u) , (y? - 1) })
(31)

This, combined with (27) and (30), implies (23) in Case 1.

Step 2. This is to prove (24) in Case 1.
Indeed, by (27) and (28), it is clear that y,(-) is
monotonously increasing over the interval [0, T ( f W, yo, u)).



This, combined with (27), implies that limt_,Tq( F,50, Y1 (E)
exists and limtéTq(fm)yu)u)yl(t) <1
Now, we claim that
li t)=1.
l‘HTq(lfr(rll),yo,u)y1 ( ) (32)
By contradiction, if lim,_, 1 L(F0,50, o) = B < 1
then, by the continuity and the monotonicity of the solution
(), it holds that y, (t) < B for t € [0,T,(f", 5" u)) and
yl(Tq(f(l), y°,u)) = B < 1. Then, we can extend the solution
y(+) and can find an interval [Tq(f(l),yo,u),Tq(f(l),yo, u) +
0;) with &, sufficiently small such that y() < 1 on
the interval [T (f(l),y u), T (f y u) + &,). However,
I(O,f(l),y ,u) = [0, Tq(f(l), % 1)) and 10, f ”,y ,u) is the
maximal interval in which y, (t) < 1. This is a contradiction.

Thus, (32) holds.
On the other hand, by (27), it is clear that

y2 (t) Ky+1/K,-1
y (1)
"f “ -y (0 1-y ()
(33)
1 1 o
> — €10, T sV su)),
L o, (7))
from which and from (32), it holds that

llmtﬂT(f 0. ||f(1)(y(t))|| = +400. This completes the
proof of (24) in Case 1.

Step 3. This is to prove (25) in Case 1.

Since y,(t) < 1 for each t € [0, Tq(f(l),yo,u)) and y(-)
is continuous over the interval [0, T, (f @, 3, u)), we can get
(25) in Case 1.

Step 4. This is to prove (26) in Case 1.
By system (4) with f = f M) we conclude from (24), (27),
and (5) that, for each t € [0, Tq(f(l), yo,u)),

2 AEARSIN)
1 R (RO

-2 )"

:JT(f” yu ( ¥ (1)
t (1-y ()"

+(1-y (T))l/zbl (t,u (r))) dr

[\

s
: (1-1+1/2Kk,)"* 2K,

1 1
(A3 1)

(34)

which implies (26) in Case 1.
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Case 2. y° € s with 1 < y) < 1+1/(2K,) and yJ > K, + L.
We can use the very similar argument as that of Case 1 to
give a proof of Case 2 (see [9] for the detailed proofs). O

Remark 8. Let y° € s/" andu e U . Since 1(0, Y, %, u) =
[0, T,( f(l), yo,u)), we can conclude from the definition of
I(O,f(l),yo,u) that, for each t € [0, Tq(f(l),yo,u)),

52 (t;f(l),yo,u) <1, when y? <1

1 (£, 50 u) > 1,

The following two lemmas play important roles in the

proof of Theorem 1with f = f® and f = £ and Theorem 3
(see [9] for the detailed proofs).

0 (33)
when y; > L.

Lemma 9. For each y° € §” and eachu € U 4> there exists a
timeT, (f(z), 3, u) in the interval (0, Ty (f2, ¥°, u)] holding
the property that

o @or (1)

Tq (f(z),yo,u < 2K, < 400,
t—>qu(ifr(Izl) 0 1) “J/ (t;f(Z)’yO’u)" =1
im0 (6755w = oo,
||f tf y u '|<+oo aste[OT(f(z),y u))

(36)

Moreover, there exists a positive constant C, independent of
(2)
y* €8/ and u, such that

. -2/3
|1 — "y (t; f(Z)’y())u)lH < C(Tq (f(z)’yo)u) _ t)

for each t € [0, T, (f(z),yo,u)) .
(37)

Lemma 10. For each y° ¢ s and each u < U ,q> there
exists a time Tq(f(3) yO, u) in the interval (0, Tmax(f(3), yo, u)]
holding the property that

3) 0 1
T Y ,U) < — < 400,
o (17%4) 4K?

lim  y, (t; f(S),yO,u)

t =T, (f®,y%u)

- t—»qu(ifr(%,yo,u)yz (t; f(3)’ yo, ”) =
tequ(ifr(l;l),yo |'f(3)< f(3)>)’ u )" =10,
|77 G (6 255 )] < voo st e [0.T, (£, 5%, ).

(38)
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Moreover, there exists a positive constant C depending on
)

Y e s but independent of u, such that, for each t €

[0,7,(f%, ¥, u)),

1 1
max >
{ 1= 31 (&£, %) (1= 3, (6 f9, ¥ u)] } (39)

< C(Tq (f(3),y0, u) - t)_m.

2.3. Uniform Interval of Nonquenching. Let [0,T] be a time
interval. Given f € A, y° € §/ and u € %, we say that the

solution y(+ f, y°, u) does not quench on the interval [0, T] if
for each t € [0, T] we have

|f (7 (5 £5" )| < +oo. (40)

Lemma 11. Suppose that f € A and [0,t,] is a closed interval.

Assume yo e ST Let u(-) and {ur()}e2, be an element and a
bounded sequence in U ., respectively. Suppose that

u, (1) = u(r) weakly star in L™ (O, t; IRZ) (41)

and the solution y(~ f, y°,u) does not quench on the interval
[0,t,]. Then there is a natural number k, such that, for each k
with k > k, the solution y(+; f, ¥°, u;) does not quench on the
interval [0, t,].

Using the lemmas we obtained in Sections 2.1 and 2.2, we
can use the similar argument as we used in Lemma 2.2 of [8]
to prove this lemma (see [9] for the detailed proofs.)

3. Existence of Optimal Control

Proof of Theorem 1. In this section, we will only give the proof
of Theorem 1 in the case, where yO € Sfm with 1 - 1/(2K,) <
3 < land yJ > K, + 1/K, — 1. We can use very similar
arguments to prove Theorem 1 in the cases, where y° € § "
with 1 < 32 < 1+1/2Kp), ») > Ko+ 1, ° € /7, and
T s,
0 FO 0 0
Lety" € & with1-1/(2K;) < y; < land y;, > K; +
1/K, — 1. By Lemma 7 and Remark 8, it holds that, for each
u €Uy Tq(f(l),yo,u) < +00. Moreover,
lim t; (1)) Oau = 1)
t—»Tq(f(”,yO,u)y1 ( f 4 ) te [O,T (f(l),yo,u)) .
() 0 1
7 (600u) <1,
(42)
Thus

. (1) .0
t = uler?llf;qu (f Y ,u) < +00. (43)
Then, we can utilize the definitions of t* to get a sequence
{u ()12, of controls in the set %,; holding the following

properties. (1) Each t;, = Tq(f(l),yo,uk) is a positive

number; (2) t; > t, > -+ > fi--- >t and tp, — t* as
k — +00; (3) lim, _,, y,(t; £, y°,u) = 1 forall k.

For each k, write y,(-) simply for y(:; f, y°, ;). Now,
we will complete the proof by the following two steps.

Step 1. This is to prove t* > 0.
Indeed, by Lemma 4 and Remark 8, we have

1
1-— <y () <1 foreach kandte€[0,t,). (44)

2K,
By system (4) with f = £, it holds that, for each k,

t

ya =3 = [ 0w @+ yu @) e
(45)

+ rbz (t,uy (1)) dz, te[0,t),
0

from which and from (44) and (5), we get that, for each k,

t
|y ()] < |J’3| +Cty + L |y (@]dr, te[0t). (46)

Here and in what follows, C is a positive constant indepen-
dent of k and ¢, which may be different in different context.
Then, by the property (2) held by sequence {t;} and Gronwall’s
inequality, we derive, that for each k,

lya O] <C, tef0,t,). (47)

On the other hand, from system (4) with f = f 8 (47), (26)
in Lemma 7, and (5), it holds that, for each k,

oy (T)
1=y (1)

t
OGRS L

+ J ‘ |b1 (t, 1y, (T))l dr
0 (48)

tr
<C J (tk - T)iz/sd‘[ + Kotk
0

<C(t)" + Kot te[0,8,).

If t* = 0, then, from the property (2) held by sequence {t;},
we have the fact that the right side of the above inequality
tends to 0 as k — +oc0. This, together with the inequalities
(48) and y? < 1, implies that we can find a natural number
K, and a positive number f3; such that y;x (¢) < y? +By <1
forallt € [0, ), which contradicts the property (3) held by
sequence {tg }. This completes the proof of Step 1.

Step 2. This contains the existence of optimal control for the
)
problem (P)£ o -
Fix such a number T such that T > ¢*. It is clear that there

exist a functionu* in L®((0, T); R?) and a subsequence of the
sequence {1 ()}, still denoted in the same way, such that

u, —u"  weakly star in L% (0, T; IRZ) as k — +o00.
(49)



We extend the function u* by setting it to be zero on the
interval [T,+00) and denote the extension by u* again.
Obviously, this extended function u* is in the set % ;.
Now, we will prove that u” is an optimal control for the
(1)
problem (P)Jy( o - We will carry out its proof by the following

two claims.

Claim One. By the definition of ¢*, it is obvious that the
solution y(;; %, %, u*) does not quench at any time in the
interval [0, t").

Claim Two. t* = Tq(f(l),yo, u"). From the definition of t*, it
holds that T,(f W 3% u*) > t*. By seeking a contradiction,
suppose that t* < Tq(f(l),yo,u*). Then we would find a
number 8, with (t* + 8,)) < min{T, Tq(f(l), 9%, u*)} such that
the solution y(:; f (1), yO, u") does not quench on the interval
[0,¢" +8,]. Thus, it follows from (49) and Lemma 11 that there
exists a natural number k such that, when k > k, the solution
(5 f(l), yo, ;) does not quench on the interval [0,¢" + §,].
Thus, ¢, = Tq(f(l), 30 u) > t* + 8, when k > k. Now,
according to (26) in Lemma 7, we can easily verify that, for
all k > k,

1 /3 <60 >—2/3
<C(t, -t <| = s
L—y, (6 FO, %, ) (t 1)

where C is independent of k. This, together with the property
(2) held by {t,};2,, gives a positive constant C independent of
k such that 1/(1 — y, (s f7, %, 1)) < C, for all k > k. This
contradicts with the property (3) by {t;},2, .

Thus, we have completed the proof of Theorem 1. O

4. Proof of Pontryagin Maximum Principle

Proof of Theorem 2. We will only give the proof of Theorem 2
in the case, where yO e s with 1 - 1/(2K,) < y(l) < land
yg > K, + 1/K, — 1. We can use very similar arguments to
prove Theorem 2 in the case, where y° € &/ Y with 1 < ¥ <
1+1/(2K,) and yg > K, + L.

Let y° e 8 with 1 - 1/(2K,) < 0 < 1 and 39 > K, +
1/K, — 1. We will prove the theorem in a series of steps as
follows.

Step 1. This is to set up a penalty functional and to study the
related properties.
Since the number ¢* is the optimal time for the problem
o
(P)i(, , the solution y(~;f(1), yo,u), corresponding to each u
in the set %,;, does not quench on [0,¢* — ¢], for any ¢ €
(0,t™). Moreover, Tq(f(l),yo,u) >t forallu € %, LetT"
be a fixed number such that T* > t*. Write %[0, T"] for the

Journal of Applied Mathematics

set {73 u € % ,4}. We introduce the Ekeland distance d*
over the set %[0, T*] by setting

d* (u,v) =meas({t € [0, T"];u ) #v(t)})
Yu,v € U,,.

Here and in what follows, meas (E) stands for the Lebesgue
measure of a measurable set E in R'. Then (%[0,T*],d*)
forms a completed metric space (see [5], page 145). For
each ¢ € (0,t"), we define a penalty functional J,
(%[0,T*],d*) — R" by setting

(¢~ £y ) - 1|2. (52)

Je(u () = 5

We claim that ], is continuous over the space (%[0, T*],d").
Before moving forward to the proof of this claim, we make
the following observation, which will be often used in what
follows. Since fl(l)(y) = ¥, /(1 = y), fz(l)(y) = y1 + ), and
y = (y»35)" € R? with y, #1, it holds that, for each y =
(v, 3,)" € R? with y, #1,

Y2

2
(1 _Iyl) . (53)
1

£ () =

1=y

Now, we come back to prove the above claim. Let v be an
element and let {u;.(-)};2, be a sequence in the space [0, T"]
such that d* (1, v) — 0ask — +o0o. Then, it is clear that
u, — vstrongly in LY(0,T*);RY) ask — +oo. Throughout
this proof, we will write y(-) simply for y(:; f (1), yo, y) and,
for each k, we will write y, () simply for y(:; %, °,14,); C is
a constant independent of k and ¢, which may be different
in different context. Since T ( f(l), yo,u) > t" forallu €

210, T"], it holds from the system (4) with f = f @ that

|}’1k )= »n (t)l + I)’zk () = », (t)l
< Jt <' Y (7) ) (1)
o\ 1=y (@) 1=y (1)

+ |y (1) = 3, (7)) >dT

+ |)’1k (™ -n (T)|

+C L |B(@)w (2) - B()v (@)] dr,

telot" —¢].
(54)

From Lemmas 4 and 7 and Remark 8, we obtain that, for each
t e [0,T,(fV, %),

1- ! <y () <1
2K, N >

1 M 0\ _ N\
l—yl(t)SC(Tq(f ,y,v) t) ;
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for all k and for each t € [0, Tq(f(l), yo, ug)),

1- ! < (t)<1
2K, Y1k >

(1, (£, ) 1) "

(56)
—— <
1= yy (8)

By the property that T(f", y°,u) > t* for allu € %[0, T"]
again, (55), and (56), it holds that
1

1 ~2/3
- < Ce
L—y ()

< C872/3, —F <
L=y (0) (57)

for each k and t € [0,¢" —¢].

On the other hand, because y(-) is continuous over [0, t* -
€], we get |y, (t)] < Cand |y,(t)| < C,t € [0,t" — ¢]. This,
together with (54), (55), (56), and (57), implies that, for each
kandt € [0,t" —¢],

[y @) = y1 O] + [y (1) =y, (1))

<C L (v @ =3 @[+ [y (0) = 3, (1)) dr (58)
+C L 7 |B (7) uy () = B(z) v (7)| d.

Now, we can apply Gronwall’s inequality to get that, as
k — +oo,

[y ) =y )] + |y &) =y, ()] — 0
(59)
uniformly in t € [0,¢" - ¢].

Hence, we have proved the continuity of the functional J,.

Step 2. This is to apply the Ekeland variational principle.
It is clear that

|y1 (t* s f(1)’y0)u*) _ 1|2

Jo(u™ () = 5
=0()—0 ase— 0",
J.(w* ()< inf J,(u()+o(e) foreachee (0,t).

T uew[0,T*]
(60)

Then, we can utilize Ekeland’s variational principle (see, for

instance, [5], page 136-137) to find a control u®(-) € %[0, T"]
enjoying the following properties:

d* (u*,u’) < Vo (e),
Vo (&d* (vu) < J,(v() I, (45 () (61)
() e %[0, T*].

Let u(-) € %[0,T"]. By the variant of the Lyapunov
theorem (see, for instance, [5], Chapter 4), we can get,

corresponding to each p € (0, 1), a measurable set E,, in the

interval [0, T*] such that meas (E pe) = pT™" and

t
0

J B(T)(u—ue)(r)d‘r—pj B(1) (u—u)(r)dr
E, (0]
<p’, teloT].
(62)

Now, we construct the following spike function of #* with
respect to u by setting

e U@,
4 (0= {u(t),

It is obvious that the control u;(-) is in [0, T*]. Write

te[0,T*]\E

pe? (63)
teE,..

¥5() and y*(-) simply for the solutions y(; f(l),yo,u;) and

y(5 Y, ¥°, uf), respectively. Clearly, they do not quench on
the interval [0,t* — &]. Set z;(t) = (y;(t) - yi@)/p,t €
[0,t" — €]. Then, for each t € [0,¢" — €], it holds that

t rl 1 T
z, () = JO JO £ +0(x-y))] (déz (r)de

. Jr B(7) [u} (1) - u* ()] n

0 p
(64)

Step 3. This is to show the uniform convergence of the family
{zf,(-)}f»o on the interval [0,¢" — ] for p — 07.

It follows from (63) that d*(u;,us) — O0asp — 0.
Thus, we can use the same argument in the proof of (59) to
get

y5 () — y*() uniformly on [0,¢" —¢e]as p — 0.
(65)

On the other hand, making use of (62) and (63), it holds that,
forallt € [0,t" — €],

dr

Jt B(7) [u: () -uf (T)]
0 P

r . s @)
=| B(r)(u(x)-u (7))dr+ ——
0

Here, the function r;(t) has the property ||rZ(t)|| < p2 for all
te[0,t" —egl.
Let z°(-) be the unique solution to the following system:

dz® (1)
dr

[ GF @) 2 0+ B () - 1),
telot* —¢], (67)

z£(0) = 0.
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Then, by (64) and (67), we get that, for each ¢ € [0,¢" — €],

=5 & = o]

<[ 10 o0z - et

0
X “(z; (r) - z° (T))" dr

t
+J
0

J, £ O 005 -y)]" @ao

(68)

~ 769 @ |l @ de

+

Jr B(7) [u; () - u (T)]d
0 P !

- Lt B(t)(u(r) - u' (7)) dr

Corresponding to each t € [0,¢" — ], write mP(t) for the sum
of the last two terms in the right hand of (68).

Clearly, it follows from (65) and (66) that mp(-) - 0
uniformly on [0,t" —¢]asp — 0.

Since y*(-) is continuous and 1 — 1/(2K,) < y;(¢) < 1 for
allt € [0,¢t" — &] (see Lemma 4 and Remark 8), there exists a
constant C with 0 < C < 1 such that i) < Cforeacht ¢
[0, " —¢]. Then, it follows from (65) that, when p is sufficiently
small, we have y; p(t) < Cforallt € [0,t* - ¢]. Hence, when
p is sufficiently small, it holds that, for each ¢ € [0,¢" — €],

1 1
<

1-{rm+0(y,0-xwm)} 1-C
1 - 1
i-[ro+0(x,0-vo)] (1-0)

On the other hand, from the continuity of y*(-) and (65), we
get that, when p is sufficiently small,

s +0(y5,O-%®)|<C telot —e. (70)

Here and in what follows, C is a constant independent of p
and ¢, which may be different in different context. From the
above inequality, (53), and (69), it follows that, when p is
sufficiently small,

>

(69)

R

*

<C, telo,t"—¢],

(71)

HJOI £ ( +0 (35~ )] (@) do

from which and from (68), it holds from the Gronwall’s
inequality that, when p is sufficiently small,

z; (t)-z° (t)“ <m, (1) +C L m,(r)dr, te[0,t" —e].
(72)
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Hence, it holds that Z:(-) — z°(-) uniformly on [0,t" — €] as
p — 07, from which, we obtain that

o () = y*(t) + pz° (1) +0(p) uniformly on [0,£" —¢].
(73)

Step 4. This is to get certain necessary conditions for the
control u°.

By the second inequality of (61) and according to the
definition of the functional J,, we can easily verify the
following inequality:

£ * 2 & *
ylp(t _8)_1| 2=y (t _8)_1|2/2
; .

o (&)T" <

(74)
This, together with (65) and (73), implies that

— o (e)T"

limp_>0+ [
<

Yo (0" = &) =1 2= |yt (¢ — &) - 1]'/2]
P
= (A -0 - DZ (- o).

(75)
Let y*(-) be the unique solution for the dual system:
dl//s (t) (1) £ € *
— =" M)y @), tel0t —¢f,
O )y 00 e,
V- =1- 5 —e), it -e)=o0.

Then, it follows from (75), (67), and (76) that the following
inequality yields

Jt B (v* (1), B(1) (u(r) —u (1)) dr < Vo (&T". (77)
0

Step 5. This is to obtain a uniform estimate for y*(-) withe > 0
sufficiently small.
Since y*(-) solves (76), we see that

VO=vE -] 10 0

telot" —¢].

(78)

By Lemma 4 and Remark 8, it holds that

1 1
1-—<yi(@) <1, V() >Kg+—-121,
2K, 7! 2 K, (79)

telot" —¢].
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This, combined with (53), shows that, for each ¢ € [0,t" — ¢],
v @ < (1-yi (" -¢))

[0 o @l s

<(1-y (" -¢)) (80)
e yg (1) 1 )
2
+L <(1—y§(r))2 RO
<y (o) dr.

Now we can apply the Gronwall’s inequality to get that, for all
te[0,t" —¢],

lv* @
<(1-(-¢)

t'—e yg (T) 1
X ExXp {L ((1 Cr@f 1@

2> dT} .
(81)
On the other hand, according to the system satisfied by
¥(+), it follows that, for every t € [0,¢" — &,
1-yi(t" —¢)
1-y1(®

r‘s d1-4@) _
t 1 -y (1)

_ J,t"—g ~ 1 ( )’; (T)
t L-yi () \1-y{(7)

+b, (1,u" (1)) ) dr;

(82)
namely, we have the equation as follows:
L=y (" -e)=(1-5®)
t*—¢ £
- exp {J _L)de}
¢ (1-ym) ()

t'-e b (1,u° (1))
- eXp {L T‘f(‘[)d‘[} 5

telot" —¢].
Then, making use of the above equation and by (81), we obtain
lv* @l
<(1- )

t*—¢ 1
X ex +2
p“ (l—yfm

b (r,u° (1)) > d‘r}

1-yi(7)

telot" —¢].
(84)

1

On the other hand, by Lemma?7 and the inequality
T,(f", %) = £, we get

b
1-yi ()

where C is independent of ¢ € (0,t*) and ¢. This, together
with (84) and (5), implies that

lv* @ <C (- ®),

where C, is independent of ¢ € (0,¢*) and t.

Cc(t" - 1%)_2/3 for each t € [0, —¢], (85)

telot"—¢], (86)

Step 6. This contains the convergence of a subsequence of the
family {y*()}s0-

First of all, corresponding to each ¢ € (0,¢*), we extend
the function y*(-) by setting y{(-) to be 1 — y;(t* — &) on
(t" —¢,t"] and setting y5(-) tobe 0 on (t* —&,¢*] and denote
the extended function by ¥*(-) again. Clearly, this extended
function is continuous on [0, ¢*].

Now, we take a sequence {5,,}_; of numbers from the
interval (0,¢") such that (i) lim,,_, ,.,8,, = 0 and (ii) §, >
d, > ---. Corresponding to the number §;, we can take a
sequence {¢,}> | from the set {e}, ...+ such thatlim, e, =
0and [0,t" - 8,]  [0,t" —¢,] foralln=1,2,....

By (79), the sequence {1- yf" (-)}2, is uniformly bounded
on the interval [0,¢* — §,]. This, together with (86), implies
that {y*(-)},2, is uniformly bounded on [0,t" - &, ].

On the other hand, by system (4) with f = ), we can
use the similar argument we used to prove (47) to conclude
that

lyy" ()] < C,

where C is independent of nand ¢.

Next, we will prove that the sequence {y*(-)},2, is
equicontinuous on [0,¢" — §,].

Indeed, for each s, and s, in the interval [0,t* — §,] with
$; < 8y, it follows from (76), (53), and (86) that

[y (s1) = 9™ (s2)]

< [T 07 o v @ ar

tefot” -8,], (87)

* Y5 (1) 1 g
<C = 21 (1=-y"(1)dt,
IJSI <(1—yf"(t))2+ l_yln(t)+ >( yl ())
(88)

from which and from (79), (85), and (87), it holds that

&, &, %2 1
|W“(Sl)—W“(Sz)|SCJ (m“)dt

Sy 1

< CJ -0 Pdr e C(sy - s,)

S1
<l -s)" -t - 5)'"]

+C(s,—s1),
(89)
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where C is independent of , s, and s,. This implies that the
sequence {y* (-)}2, is equicontinuous on [0,¢" — &, ]. Hence,
we can utilize the Arzela-Ascoli theorem and the standard
diagonal argument to see that there exists a subsequence
{y* (-)} which is uniformly convergent on [0, t* — 8] for each
8 € (0,t7).

Let w(t) = lim,,_, , o ¥*"(t), t € [0,¢%). Then it holds that

V,Sn,n () — w () uniformly on [O,t* - 5]
(90)

as n — +oo, for each & € (0,¢).

Step 7. This is to extend the function y over the interval [0, ¢"].

Since all solutions, y**(-), n = 1,2,..., do not quench
on every interval [0,t* — 8] with § € (0,¢t") and
lim,, _, ,ood" (U™, u") = 0, we can use the same arguments
in the proof of (59) to get

¥y () — " (-) uniformly on [0,¢" - 4]

(o1

as n — +o0o, for each § € (0,¢%).

This, together with (86) and (90), yields the following
inequality:

lvol<C,(1-y @) veelot).  (92)

Since the constant C; is independent of t, it holds that
0< tlirr:* lv ()] < tlirr}*cl (1-y; ). (93)

On the other hand, becauset* = Tq(f(l), %, u*), we conclude

from Lemma 7 that lim, _,,« y;(t) = 1, from which and from
(93), we obtain that lim, ,,-y(f) = 0. Now, we extend the
function y(-) by setting it to be zero at the time t* and still
denote the extension by y/(-). Clearly, this extended function
y(-) is continuous on the interval [0, £*] and has the property

y(t") =0.
Step 8. This is to verify that the function y(-) solves the system
(10).

Clearly, the function y*(-) holds the following property:

Wsn’n (t) = l//sn’n (t* - sn,n)

+ L £ 0 @)y (dn, (94)

tel0,t" —¢,,],

where ™" (t* ~¢,,) = 1=y (t* —e,,,) andy;™" (t* ~¢,,) = 0.
We first claim that

1
— +00,
1- yfn,n (t* - en,n) (95)

*

or equivalently, y* (t* —¢,,) — 0 as n — +0co.

If (95) were not true, then there would exist a positive
constant 3 such that

1
-y (t* —¢

nn

< B for infinitely many n.  (96)
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On the other hand, we take a number y; with 1 — 1/(2K,)) <
y; < land 1/(1 —y,) > B. Because lim, _, .- y; (t) = 1, we can
find a number § € (0,t") such that y/(t* — 8) > y,. Since

lim, , ,,&,, = 0, there is a natural number N, such that

(t"—g,,) > (" =8) Vn>=N,. (97)
Now, we can utilize Lemma 4 to get
1 1
EYIYI 2
L=y (t*_sn,n) L=y

which contradicts with (96). Therefore, we have proved (95).
Next, we claim that

> Vn=Nj, (98)

t*—¢,,
tim [ A O @)y @ de

n—+00 t

. (99)
t
= L PG @)y @dr, tefot”).

Corresponding to each #, we define a function F, (-) by setting

0 = {f;” (= )y (), te[0t —g,,],

F,
0, te(t" —g,,,t"].

" (100)
It is clear that all functions, F,(-),n = 1,2,..., are measurable
on the interval [0,¢"]. We will first give an estimate on the
sequence {||F,(-)[I};2,. Lett € [0,£"]. In the case that n is such
thatt € [0,t" —&,.,)> by (53),(79), (85), (86), and (87), we have
the following estimate:

&,

(1)

<C ')’2 | 5+ lsm. +2
(1-y 1) =770 (101)

-2/3

IE, 0l = | £ 5 @) v @)
x(1=yp @) <sC+C(t" —1)",

telo,t" —¢,,],

where C is independent of n and ¢.

On the other hand, if nis such that t € (t* —¢,,,¢"], then
F,(t) = 0. This, together with (101), implies that
® -2/3 *
E | <c+C(t -t)", vtelot],
IF. 0l <+t -0 CYSE

Vn=12,....

Then, we are going to show that the sequence {F,(¢)},°, is
convergent for each t € [0,t"). Indeed, corresponding to
each t € [0,t"), there exists a natural number N, such that
t € [0,t" —¢,,] when n > N,. Then, by (90), (91), and (102),
we can apply Lebesgue dominated convergence theorem to
get

i [ B@de [0 @y

(103)
for each t € [0,¢7),

from which, (99) follows immediately.
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Now, let s € [0,¢"). Clearly, it holds that s € [0,t" —¢,,
for n sufficiently large. Thus, making use of (95) and (99), we
can pass to the limit forn — +c0 in (94), where t = s, to get

*

t

(104)

v =[ 10 @@

N

Since s can be arbitrarily taken from [0,¢") in the above
equation, we already hold the first equation of (10). On the
other hand, we proved that w(t*) = 0 in the end of Step 7.
Hence, the function y/(-) solves the system (10).

Step 9. This is to prove (11).
We can use the similar argument we used in the proof of
Step 9 of Theorem 1.2 in [8] to prove (11).

Step 10. This is to show the nontriviality of the function y(-).

By the equations satisfied by y“~(-) and y*(-), respec-
tively, we see that, for each t € [0,1" — ¢, ],

J d ( wf”"; (1) ) o
t dr \1-y (1)
[

t

1-y"™ (1)

| T v (@
+ ﬁ
! (1 -0 (T))

(105)

b, (r,u™ (1)) dr.

Because {1//;”’” (t"—g, {1 yf”’”(t—sn,n)} = 1, it follows from
(105) that, for each t € [0,t" —¢, ],

W Jf RGN
1 _ yln,n (t) ¢ 1 _ yln,n (T)

t'—g,, V/i:nm (1)
+ —
J; (1 _ yfn,n (T))Z

x by (t,u" (1)) dr.

(106)

By (86), we can make use of the very similar arguments as
those in the proof of (99) to verify that

lim

n—+0o

J T,
¢ 1- yln,n (T)

X jt i %Ph (7,u* (1)) dr
t (1 - yln’" (T)
vy (1)

- C (@) a IACEE .
- L 1-y; Sk L -y ) b (t,u” (1)) dr,

for each t € [0,t),
(107)

13

which, together with (90), (91), and (106), implies that, for
eacht € [0,t"),

(@ :jt -, (1)
L—yr () Jo 1-y7(7)

(108)

lljl (T) *
+ ————b, (t,u (17))dr.
L oy :

This shows that the function y(-) is not trivial.

Step 11. This is to prove (12).
Indeed, by (23) in Lemma 7, (12) holds.
Thus, we complete the proof of Theorem 2 in the case,

where y° € s with 1 - 1/(2Ky) < ¥ < 1and yy >
Ky +1/K, - 1.

We can use similar arguments in the proof of Theorem 2
to prove Theorem 3 (see [9] for the detailed proofs). O
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