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This paper is concerned with the existence and uniqueness of mild solution of some fractional impulsive equations. Firstly, we intro-
duce the fractional calculus, Gronwall inequality, and Leray-Schauder’s fixed point theorem. Secondly with the help of them, the
sufficient condition for the existence and uniqueness of solutions is presented. Finally we give an example to illustrate our main

results.

1. Introduction

In this paper, we study some fraction evolution with finite
impulsive:

‘Dix(t)=Ax(t)+ 1" f(t,x(t) + BOU (1),

te]=1[0,b], t#t,
1

Ax(t) =L (x(t;)) k=1,23,...,n,
x(o) = x())

where “Df is the standard Caputo fractional derivative of
ordera,b>0,0 < < 1,A: D(A) ¢ X — X is a generator
of a C, semigroup {T'(¢),t > 0} defined on a complex Banach
space X, let f: JxX — X beagiven function and satisfying
some assumptions that will be specified later, the function
I, : X — Xiscontinous,and 0 = t, <t; <t, <+ <t <
< t, =T, Ax(ty) = x(t) — x(t;), x(t{) and x(t;) denote
the right and the leftlimitsof x(¢) att =t (k= 1,2,...,n), U
is a given control function in another Banach space Y, and B
is a linear operator from Y to X.

The fractional calculus and fractional difference equa-
tions have attracted lots of authors during the past years,
and they gave some outstanding work [1-4], because they
described many phenomena in engineering, physics, science,

and controllability. Delay evolution equation allows someone
to think after-effect, so it is a relative important equation.
There are some significant development; for example, Wang
et al. [5, 6] consider the following fractional delay nonlinear
integrodiftrential controlled system:

t
Dix(t)+ Ax(t) = f (t,xt, JO g(t,s, xs)) +BM)u(t),

tel=(0,T],

x () = ¢ (1)

q€(0,1),

t e[-r0],

2)
and they used laplace transform and probability density func-
tions to prove some sufficient conditions of some fractional
nonlinear finite time delay evolution equations. Shu et al. [7]
used the solution operator of semigroup to investigate the
system given by

Dx(t) = Ax(t) + f (1), ac(0,1),
x(0) = xo, (3)
Axlymy, = I (x (1) -

Benchohra et al. [8] deal with existence of mild solutions of
some fractional functional evolution equations with infinite



delay. Balachandran et al. [9] concerned the relative control-
lability of fractional dynamical with delays in control. Spe-
cially, Cuevas and Lizama [10] studied some sufficient condi-
tions for the existence and uniqueness of almost automorphic
mild solutions to the following semilinear fractional differen-
tial equation fractional differential equations:
D% (t) = Ax(t) + D* ' f (t,x (1)), a€(1,2),
(4)
x(0) = x,.

Bazhlekova [11] studied the fractional evolution equations
in Banach spaces. Xue and Xiong [12] concerned the existence
and uniqueness of mild solutions for abstract differential
equations given by

Dlu(t) = Au(t) + Itl_“f (tu,)
x(t)=¢ (1)

telI=(0,T], x€(0,1),

t e[-r0].
)

Motivated by the abovementioned works, we study (1).
The rest of this paper is organized as follows. In Section 2,
some notation and preparation are given. In Section 3, some
mainly results of (1) are obtained. At last, an example is given
to demonstrate our results.

2. Preliminar

In this section, we will give some definitions and prelim-
inar which will be used in the paper. The norm of the
space X will be defined by | - [|x. Let C(J, X) denote the
Banach space of all X value continuous functions from
J = [0,T] into X, the norm | |, = sup|-|[x. Let
the another banach space PC(J,X) = {x : ] —» X,x ¢
C(tistin , X), k= 0,1,2,...,n, there exist x(t), x(t]),
k= 1,2,...,n x(t) = x(t} lxlpc = max{sup |lx(t +
0)[I, sup [lx(t - 0)||}. We can use L?(J, R) to denote the Banach
space of all Lebesgue measurable functions from J to R with
1A legm = (L | £(£)|Pdt)"P, and LP(J, X) denote the Banach
space of functions f: ] — X which are Bochner integrable
normed by || fll »(; x)» 4 € LP(J, R).

Let us recall some known definitions; for more details, see
[2-4].

Leta,3>0thatn—-1<a<nn-1<fB<mand fisa
suitable function.

Definition I (Riemann-Liouville fractional integral and deriv-

ative operators). The integral operator I} is defined on L, [a,
b] by

I (x) = ﬁj - f(d, (@<x<b). (6)

The derivative operators are defined as Djf(x) =
DI(I7™™) f(x), where D = d"/dt" and

I f(x) =17 £ (x). 7)
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Definition 2. Caputo fractional derivative of f(x) of order «
is defined as

J e e @)

a

c (04 1
Do f () = I'n-a)

If a = 0, we can write the Caputo derivative of the function
f(t) € C"[0,00), f : [0,00) — R viathe above Riemann-
Liouville fractional derivative as

n-1_k

« X
Dy f (x)= "D [f(x)—ZEf(k) (0)]. )
Let us recollect the generalized Gronwall inequality
which can be found in [13] and will be used in our main result.

Lemma 3. Suppose B > 0, a(t) is a nonnegative function
locally integrable on [0,T], and b(t) is a nonnegative, non-
decreasing continuous function defined on [0,T], b(t) < M
(constant), and y(t) is nonnegative and locally integrable on
[0, T] with

y)<at)+b(t) Jt (t-s)"y(s)ds, tel0,T]. (10)
0
Then
y(t) <al(t)

[ [3lorer

_ np-1
. nZI—F np) (t-s)""a(s)|ds, (11)
t €[0,T].

Remark 4. Under the hypothesis of Lemma 3, let a(t) be a
nondecreasing function on [0, T']. Then

y®) <a®)Eg(b()T (B)1F), (12)
where Ej is the Mittag-Leffler function defined by

(o) k

z
E = E _— 13
5@ ST (kB+1) (13)

By Lemma 3 and Remark 4, we can establish a useful non-
linear impulsive Gronwall inequality which will be used in
calculating.

Lemma 5 (see [14]). Let x € PC(J, X) satisfy the following
inequality:

t
Ix @l < ¢ +czj (- x@lds+ Y Bllx ()]

0 0<ty<t
(14)
where ¢;, ¢, hy > 0 are constants. Then
. k
lx (Ol < (1 + H*Eg (. (B) ) -

x Eg (6 (B)tF)  for t € (b, i)

where H* = max{h; : k =1,2,...,m}.



Abstract and Applied Analysis

Specially, if § = 1,

IOl < ¢ (1+ HEy () ) By (f)  for t € (b tin].
(16)

We also introduce the following theorem that will be used
in our mainly result.

Theorem 6 (Holder’s inequality). Assume that p > 0, g > 0,
and1/p+1/q=1; if f € LP(Q) and g € LI(Q) then f - g €

L (Q) and ”fg”Ll(Q) < ”f”LP(Q)”g"Lq(Q)-

Theorem 7 (Arzela-Ascoli theorem). If a sequence (f,) in
C(x) is bounded and equicontinuous, then it has a uniformly
convergent subsequence.

Theorem 8 (Leray-Schauder’s fixed point theorem). IfC is a
closed bounded and convex subset of Banach space X and F :
C — C is completely continuous, then the F has a fixed point
in C.

3. Existence and Uniqueness of Mild Solution

In this section, we will investigate the existence and unique-
ness for impulsive fractional differential equations with the
help of the Leray-Schauder’s fixed point theorem and some-
one else. Without loss of generality, let t € (t,t;,,], 1 < k <
n-1.

Firstly, we will make the following assumptions be satis-
fied on the data of our problem.

H(1): {T'(¢t),t > 0} is a compact semigroup, and there
exists a constant M > 0, such that M =
SUP4e[0,00) ||T(t)||Lb(X) < 00.

H(2): The function f: ] x X — X satisfies the following:

(i) f is measurable for all t € J;

(ii) there exists a constant L, > 0 such that || f(¢,x) —
fEPI< Lllx -yl forall x, y € X;

(iii) there exists a real function ¢(t) € LYY(J,R"), y
(0,«), and a constant 8 > 0, such that || f(¢, x)|
¢(t) +0||x|, for a.e. £ >0 and all x € X.

IN m

H@3):L:X - X(i=12,...
(i) I; maps a bounded set to a bounded set;
,n) such that

, ) satisfies the following:

(ii) there exist constants i, > 0 (i = 1,2,...

IL ) =L () < hilx =y, xyeXs (17)

(iii) [[1(0) [ = max(|l1; (O, [ 1;(0)]l, - .., I, (O)).-

H(4): Let Y be a separable reflexive Banach space. Operator
B € L*(J,L(Y, X)), ||Blly» stands for the norm of
operator B on Banach space L(J, L(Y, X)).

H(5): The multivalued mapsU : ] — Pf(Y) (where Pf(Y)
is a class of nonempty closed and convex subsets of Y)

are measurable and U(-) € Q where Q are a bounded
set of Y.

Set the admissible control set:

Uyy=Sh={uel’(Q):u(t) eU®)ae}, 1<p<oo.

(18)

Then, U, # 0 (see Proposition 2.1.7 and Lemma 2.3.2 of [15]).
And it is obvious that Bu € LP(J, X) forallu € U,,.

According to Definitions 1 and 2 and by comparison with
the fractional differential equations given in [5, 16, 17], then
we shall define the concept of mild solution for problem (1)
as follows.

Definition 9. A function x € PC(J, X) is said to be a solution
(mild solution) of the problem (1) if x(0) = x, such that

k
X(8) = S (6) %9+ ) Se (= ;) I; (x (1))
i=1

+ Jt S, (t=5) f (s,x(s))ds (19)
0

+ r (t — )" 'T, (t —s) B(s) u(s)ds,
0

where
5.0= | 8O T(0)db,
T ()= a LOO 05, (0) T (1°6) d,
£0) = 070, (57) 20, (20)
@, ) = %2(—1)“0”‘“ D i (me)

0 € (0,00),

where & is a probability density function defined on (0, c0),
that is

E,0)>0, ¢ (0,00), J0m€“(9)=1. 21)

Lemma 10 (see [17]). The operators S, (t) and T, (t) have the
following properties and there exists M as described in H(1).

(i) For any fixed t > 0, S,(t) and T,(t) are linear and
bounded operators; that is, for any x € X,

M
|Te 1) x| < T @

(ii) {S,(t), t = 0} and {T(t),t > O} are strongly continu-
ous.

IS0 () x[| < M lxI,

(iii) For anyt > 0, S,(t) and T, (t) are also compact opera-
tors if T(t) is compact.

Lemmalll. If the assumptions H(1)-H(4) are satisfied and (1)
is mildly solvable on [0, b], then there exists a constant w > 0
such that || x(t)|| < w.



Proof. If (1) can be solvable on [0, b], we may suppose x(t) is
the mild solution of it, so x(t) must satisfy (19) as follows:

k
x(t) = S (8) % + ) Se (= 1,) I (x (7))

i=1

+ Jt Se t =) f(s,x(s))ds (23)

0

+ jt (t—s)* T, (t — s) B(s) u(s)ds.
0

Fort € (t;,t;,11, 1 < k < n— 1, through calculating, we can
get that

k

Zsoc (t—t) L (x (t;))H

Il (Ol < [1Sq (8) xo]) + |

i=1

+ L ||Sa (t-s) f(s,x (s))” ds
! 1
+ L (t =) Ty (t =) B(s)u(s)| ds

< M ||x,| + MZhi lx (£7)] + Mn |11 (0)]

i=1
M [ 86 +01x Ol ds
0 (24)
. MBI,
()

t
jo (t = " Ju ()] ds

< Mo + MY [ (6]

i=1

+ Mn | L(O)]| + MB" ||| .1y

t
+ M6 J lx ()|l ds
0

M|Blo [ p=1\"% (1))
+ b VP ).
') \pa—1

Let p = Mlx,ll + MnlIO)] + Mb' " I$ll sy + (MIBlls/
T(@)(p — 1/pa — PP 1Py, then
n t
I @ < p+ MYJy ()] + M0 | Jr(olds. (29)
i=1
so it follows from Lemma 5,
Ix @®)] < p(1 + H*E, (M6Ob))*E, (MOb) = w,  (26)
where
H" =max{Mh;:i=1,2,...,n}. (27)

The proof is completed. O
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Theorem 12. Assume that the hypotheses H(1)-H(4) are
satisfied, and then the problem (1) has an unique mild solution
on ] provided that

(ihi+6b>M< 1. (28)

i=1

Proof. Transform the problem (1) into a fixed point theorem.
Consider the operator F : PC(J, X) — PC(J, X) defined by

k
(Fx) () = Sy () X0 + ) S, (t = ;) I; (x (1))
i=1

+ Jt Sy (t—=3) f(s,x(s)ds (29)
0

+ r (t—s)*'T, (t — s) B(s) u(s)ds.
0

Clearly, the problem of finding mild solutions of (1) is
reduced to find the fixed points of the F, the proof base on
Theorem 8. Now we prove that the operator F satisfies all the
conditions of the Theorem 8.

Firstly, choose

M [ ol + 112 Ol + 6 [¢]

B N
()]

n -1
x <1 -MYh; —Mb@) <r,

i=1

and consider the bounded set B, = {x € PC: | x| < r}.
Next, for the sake of convenient, we divide the proof into
several steps.

Step 1. We prove that FB, C B,.
In fact, for each x € B,, t € (tj,t; ;1,1 <k <n-1,we
have

k

Zsoc (t—t) L (x (tl_))H

I(Ex) ()1 < [|S (8) x| +

i=1

+ Jo [Ss (& = 5) f (5, ()| ds
' 1
o[ -9 T -9 B U] ds

< M x| + MZhi x (¢7)] + Mn i1 (0)]

i=1
t
+ML [6(5) + 0 x (9] ds

. MBI,

! a—1
P |, €9 s
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< M |xo + Mzhi [l (&)

i=1
+ Mn 1)) + M6 |11
t

+ MO Jo lx ()|l ds

M|Blo( p-1\*™ o /p)
+ b Py,
I'(e) \pa—1

< M ||xo| + Mn |1 (0)]]

— A“'B“oo( p -1 >(P1)/P
Mb'Y |1
+Mb ” "L/y " I'(@w) \pax—1

x b2 |,

+ (MZhi + be)) r
i=1

<r.

(31)

Hence, we can deduce that FB, C B,.

Step 2. We show that F is continuous.
Let {x,} be a sequence such that x,, — x in PC(J, X) as
n — 0. Then, foreach t € (t;,t;,,],1 < k < n—1, we obtain

[(Fx,) () = (Fx) @)

<

2 Su (=) [1; Gy (67)) = L (x (£ ))]"

[ IO (3, 9) - F sl ds

(32)
n t
< MYh |x, - x| + ML J () -x()|d
,; ||x x||+ f 0||x (s) x(s)“ s
n
< [MZhi+MLfb] ., — x|,
i=1
as x, — X, and it is easy to see that
||Fxn - Fx” —  asn — 00 (33)

that is, F is continuous.

Step 3. F is equicontinuous on B,.
Let 0 < 7; < 7, < b; then, for each x € B,, we obtain

|(Fx) () - (Fx) (7))
< " [Soc (TZ) - Sa (Tl)] xO“

J[Ese-n-Fs-0]ie (t,-»H
; j Sa (1, = 5) f (5,x () ds
- L“ Se (1, 5) f (5,x(s)) ds
w9 w9 BOu s
- j: (1, - )T, (7, - ) B(s)u () ds
< 182 (1) = S ()] o]
: z 15, (52~ £) =S, (1 - )]
(b < ()] + 15, )
[ 6 m-9) -5, -9) Fxends
N j Su(ry—s) f(s,x(s)ds|  denoted by Q,
+ j (1, — )T, (r, - 5) B(s) e (5) ds
denoted by Q,
S INCEPRECEN
x T, (1, - s) B(s)u(s)ds denoted by Q,
Al @9 -9 T -9
x B (s) u(s) ds denoted by Q,.
(34)
Let
A =[5, (22) = So ()] (o] + M)
, z IS (5, - £) = S. (5 - )] (b (6] + 15, )
[ 6em=9 =50 -9) F s as].
(35)
By (ii) of Lemma 10, we have
lim A =0. (36)

=T



By the assumption H(2), we obtain

Q, < M (||¢]l sy +OB'7) (1, - 7,)' 7, (37)
and we get
M|Bly ( p-1 V" .
Q< I'(e) (;:x -1 > lleell o (72 = 71) (I/P)>

2M|Bly, ( p-1 \*VP a—(1/p)
Rt ol (7, = 7)" 7,

Q4 < Supse[o,‘rl—s] "TKX (TZ - S) - Toc (Tl - 5)”

(-1
(21N p(T(prxfl)/(Pfl) ~ 8(powl)/(p—l))‘1’*”/1’
pa—1 !

X [1Blloolluall o

N 2M||B||o<,< p-1 )“"“’Pl
I'(e) \pa-—-1

(38)

Combining the estimations for A, Q; (i = 1,...,4), let
7, — 1, and ¢ — 0, and we know that ||(Fx)(z,) —
(Fx)(t))ll — 0, which implies that F is equicontinuous.
Step 4. Now we show that F is compact.

Lett € (t;,t;1], 1 <k < n—1be fixed, and we show that
the set II(t) = {(Fx)(t) : x € B,} is relatively compact in X.

Clearly, T1(0) = {x, — g(x)} is compact, so it is only

necessary to consider t > 0. For each € € (0,t),t € (0,b],
x € B, and any § > 0, we define

I s (t) = {Fes (x) (1) : x € B}, (39)

where

k
Fog(x) (t) = S (1) xo + Y S (=) I (x (£]))
i=1
t—e oo
N L L £ (O)T ((t - $)°6) f (s) dO ds
t—e
_ a—-1
+a L (t—1s)
< ro 05, (0) T ((t - 5)°0) B(s)u(s)dOds
5
k
= S(x (t) X+ zsa (t - ti) Ii (X (tl_))
i=1
+ T (6°6)

x re ro E (O)T ((t — )6 — *8) f (s) dO ds
0

d
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+aT (e%5) J-H

0

ro o(t - )&, (0) T
5

x ((t - 3s)"0 - €"9)

X B(s)u(s)dOds.
(40)

From the compactness of T (€"6) (€® > 0), we obtain that the
set I1_ 5(t) = {F, 5(x)(t) : x € B,} is relatively compact set in
X for each € € (0,¢) and 6 > 0. Moreover, we have

|F () (t) = Fejs () (8]

Jt JOO E,O)T ((t-5)"0) f (s)dOds

0Jo

B J: ro E.(O)T ((t - 5)°0) f (s) dO ds

8

+

« Lt LOO ot - )£, (6)

x T ((t—s)"0)B(s)u(s)dOds
t—e o0 a1 o
-« Jo L Ot —9)" &, O)T ((t—5)"0)

X B(s)u(s)dOds

<

S
Jt J £ (0)T (s°0) f (s) d6 ds
0 Jo

+

J:_ LOO £ (0)T (s°0) f () d6 ds

+«a

jt jg ot - '€, (0)

0 JO

x T ((t—s)"0)B(s)u(s)dOds

j: [ ou-9. 0

—€ J&

+«

x T ((t—s)"0)B(s)u(s)dOds

1-y 4
<M ("b gb"w/y) + 6rb> L £, (6)do

+ M ()¢l + 6re) L £ (0)do

aM|Bll, ( p-1 \*? w1/p
+ lual b
(@) \pa-1

6
XJ 0t (6)do
0
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aM|Bll, ( p-1 \*V? w1p
+ luall e
I'(x) px—1

x ro 0%, (0) do,
[
(41)

whene — 0Oandd — 0, we can easily find (1) — 0,
(2) = 0,(3) — 0,(4) — 0. Therefore, there are relatively
compact sets arbitrarily close to the set I1(¢), ¢t > 0. Hence
the set I1(t), t > 0 is also relatively compact in X.

As aresult, by the conclusion of Theorem 8, we obtain that
F has a fixed point x on B,. So system (1) has a unique mild
solution on J. The proof is completed. O

4. Optimal Control Results

In the following, we will consider the Lagrange problem (P).
Find a control pair (x°,u°) € PC(J, X) x U, such that

I () < J(x"u), V(xu) e PC(J,X)x U,y (42)

where
b
I (x"u) = J ZL(t,x"(t),u(t))dt, (43)
0

and x* denotes the mild solution of system (1) corresponding
to the control u € U ;.

For the existence of solution for problem (P), we shall
introduce the following assumption.

H(6): The function & : ] x X xY — R U {oo} satisfies the
following.

(i) The function & : J x X xY — R U {co} is Borel

measurable;

(if) Z(t,-, ) is sequentially lower semicontinuous on X x
Y for almostall t € J;

(iii) Z(t, x,-) is convex on Y for each x € X and almost all
te];

(iv) there exist constants ¢ > 0, d > 0, ¢ is nonnegative,
and ¢ € L'(J, R) such that

L (t,x,u) 2 ¢ (t) + cllxlx + dlully. (44)

Next, we can give the following result on existence of
optimal controls for problem (P).

Theorem 13. Let the assumptions of Theorem 12 and H(6)
hold. Suppose that B is a strongly continuous operator. Then
Lagrange problem (P) admits at least one optimal pair; that is,
there exists an admissible control pair (x°,u®) e PC(J, X) x
U, such that

b
j(xo,uo) = L 4 (t, L), (t)) dt < 7 (x",u), )

Y (x",u) € PC(J,X) X U,y.

Proof. If inf{ #(x",u) : (x"*,u) € PC(J,X) x U} = +o0,
there is nothing to prove.

Without loss of generality, we assume that inf{J(x", u) :
(x*,u) € PC(J,X) x U} = p < +00. Using H(6), we have
p > —00. By definition of infimum, there exists a minimizing
sequence feasible pair {(x",u™)} ¢ P,; = {(x,u) : xisa
mild solution of system (31) corresponding to u € U,;}, such
that J(x™,u™) — pasm — +oo. Since {u™} € Uy, m =
1,2,...,{u™} is a bounded subset of the separable reflexive
Banach space Lf(],Y), there exists a subsequence, relabeled
as {u™}, and u® € LP(J,Y) such that

in L (J,Y). (46)

m W o0
u —u

Since U, is closed and convex, due to Marzur lemma,
uy € U,y Let {x™} denote the sequence of solutions of the
system (1) corresponding to {u™}, x° is the mild solution of
the system (1) corresponding to u’. x™ and x” satisfy the
following integral equation, respectively:

k
X" () =S, (D xg + Y Sy (t 1) L (x™ (£]))

i=1
+ Jt S, (t=3) f(s,x"(s))ds
0
. r (t = VT, (t = 5) B(s) "™ (s) ds,
0

(47)
k

X (1) =S (D x9+ S, (=) I (x° (7))
i=1

+ Lt Se(t=9)f (s, X (s)) ds

+ r (t =)', (t — ) B(s) u’ () ds.
0

It follows the boundedness of {#™}, {#°} and Lemma 11,
one can check that there exists a positive number w such that
"1l < @, 1°] < w.

Fort € ], we obtain

<" ® - o

Zsoc (t-t) [Ii (" (7)) -I; (xo (t;))] H

i=1

denoted by #; (t)

t

+ L ”Sa (t-s) [[f (s, x™(s)) = f (s, x° (s))]" ds (48)
denoted by 7, (t)

+ Lt (t—s)**

% |[T, (£~ 9) [B&)u™ (5) - B(s)u® (5)] s

denote by #; (¢).



By H(3)(ii), we have

k
M@= | Y. (- 6) LG () - 1 (+° <f,->)]”
- (49)
< MZhi "xm - xOH — 0, asm — oo.
i=1
Using Lemma 10(i) and by H(2)(ii), one can obtain
t
1, () = L IS2 ¢ =) [f (5 2™ (9)) = f (5:2°(5)) ]| ds
. (50)
<ML L "xm (s) = x° (s)" ds.
Similarly, one has
t
m@ = [ -9
0
x ||T“ (t—s) [B(s)u™ (s) - B(s)ut° (s)]|| ds
< ﬂ( p-1 >(p1)/pta—<1/p>
L)\ pa—1
t 1/p
x (J |B ()™ (s) - B(s)u’ (s)”Pds)
0
M p -1 (p-1/p o "
= W<P¢x -1 > b0 | u - B”0||LP(I,Y>‘
(51)
Since B is strongly continuous, we have
"Bum - Buo"LP(],Y) 250 asm — oo, (52)
which implies
13 (t) — 0 as m — oo. (53)
Thus
<" &) =" @ < ) +150)
54)

+ ML J: "xm (s) = x° (s)“ ds;

by virtue of singular version Gronwall inequality (i.e., Lemma
5), we obtain

<" &) = x° @ < [m ®) + 15 O E, (MLsb) . (55)
This yields that
X2, 50 inPC (J,X) as m — co. (56)

Note that H(6) implies all of the assumptions of Balder
(see [18], Theorem 2.1) are satisfied. Hence, by Balders the-

orem, we can conclude that (x,u) — Ioh L(t, x(t), u(t))dt
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is sequentially lower semicontinuous in the strong topology
of L'(J, X). Since LP(J,Y) ¢ L'(J,Y), 7 is weakly lower
semicontinuous on Lf(],Y), and since, by H(6)(iv), # >
—-00, J attains its infimum at u, € U, ; that is,

b
p= lim J Lt x" @), u" () dt
m— 00 0
(57)

b
> J Z(6x°@0),u’ ®)dt =] («°u’) > p.
0
The proof is completed. O

5. An Example

Consider the following initial-boundary value problem of
fractional impulsive parabolic control system

a(x
—x(t,
ath( )

2

- aa—yzx(t,y)+ll_“ <e‘t+ !

(t +10)

X))

1
+[ au@ndn te) =22 ye o,
0

1y xO)
Ax(z,y>—m, yE[O,TE],
x(t,0)=x(m) =0, te]=[0,1],

x(0,y) =x, (), ye€l0,n]

(58)
with the cost function
1 7 1 rm
J (x,u) = L L |x (&, y)['dy dt + L L |u(t, y)'dy dt,
(59)

where « = 1/2, g : [0,1] x [0,1] — R is continuous, u €
L*(J,[0,1]), b; € L*()).
Take X = Y = L*[0,7] and the operator A : D(A) ¢
X — X is defined by
Aw =", (60)
where the domain D(A) is given by

! .
{w € X:w, w are absolutely continuous,

(61)
W' eX, w(0)=w(m) = 0}.
Then A can be written as
o0
Aw = an (w0, w,) w,, weD(A), (62)
n=1

where w,(x) = 2/nsinnx (n = 1,2,...) is an orthonormal
basis of X. It is well known that A is the infinitesimal
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generator of a compact semigroup T(t) (¢ > 0) in X given
by

T(t)x= Zexp_"zt (x,x,)x,, xe€X

n=1

ITOI<e " <1=M,

Faxt)=c's Tl g
W)= 500

1
B(t,y) = [L q(y,t)u(r,t)dr]|.

It is easy to see that

Hfmxanwswk*+ﬁﬂmum,

Iy e o] < 2L

I xe) - £ (63 O] < 56 x5,

(64)

mea»—fdyannséﬂx—ﬂL

and then

1
Yho+b )M =2+ ox1)x1<1 (63)
& 5710

Hence, all the conditions of Theorem 12 are satisfied, and
system (58) has a unique optimal solution.
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