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The author investigates the existence and multiplicity of positive solutions for boundary value problem of fractional differential
equation with p-Laplacian operator. The main tool is fixed point index theory and Leggett-Williams fixed point theorem.

1. Introduction

In this paper, we are interested in the existence of single and
multiple positive solutions to nonlinear mixed-order three-
point boundary value problem for p-Laplacian. Consider the
following:

(¢, DEu(®)) +a(®) fEu@) =0, 0<t<1, ()

Diu(0)=u(0) =u"(0)=0, u'(1)=pd'(n),

where 1,y € (0,1), @ € (2,3], Dj. is the Caputo’s derivative,

(pp(s) = |s|P™%s, and Py = ((pp)_1 with (1/p) + (1/q) = 1. We
assume the following conditions throughout.

(H1) f e C([0,1] x [0, 00), [0, 00)).

(H2) a € LY0,1) is nonnegative and a(t) # 0 on any
subinterval of (0, 1).

The equation with a p-Laplacian operator arises in the
modeling of different physical and natural phenomena, non-
Newtonian mechanics, nonlinear elasticity and glaciology,
combustion theory, population biology, nonlinear flow laws,
and so on. Liang et al. in [1] used the fixed point theorem of
Avery and Henderson to show the existence of at least two
positive solutions. Zhao et al. [2] studied the existence of at
least three positive solutions by using Leggett-Williams fixed
point theorem. Chai [3] obtain results for the existence of at
least one nonnegative solution and two positive solutions by

using fixed point theorem on cone. Su et al. [4] studied the
existence of one and two positive solutions by using the fixed
point index theory. Su [5] studied the existence of one and two
positive solution by using the method of defining operator by
the reverse function of Green function and the fixed point
index theory. Tang et al. [6] studied the existence of positive
solutions of fractional differential equation with p-laplacian
by using the coincidence degree theory.

Motivated by the above works, we obtain some sufficient
conditions for the existence of at least one and three positive
solutions for (1) and (2).

The organization of this paper is as follows. In Section
2, we present some necessary definitions and preliminary
results that will be used to prove our results. In Section 3,
we discuss the existence of at least one positive solution
for (1) and (2). In Section 4, we discuss the existence of
multiple positive solutions for (1) and (2). Finally, we give
some examples to illustrate our results in Section 5.

2. Preliminaries

Definition I. Let E be a real Banach space. A nonempty closed
convex set K C E is called cone if

(1) x € K, A > 0 then Ax € K,
(2) x € K,—x € K then x = 0.

Definition 2. An operator is called completely continuous if
it is continuous and maps bounded sets into precompact sets.



Remark 3. By the positive solution of (1) and (2) we under-
stand a function u(¢) which is positive on [0, 1] and satisfies
the differential equation (1) and the boundary conditions (2).

We will consider the Banach space E = CI0, 1] equipped
with standard norm:

Jull = ma [ 6) G)

The proof of existence of solution is based upon an applica-
tion of the following theorem.

Theorem 4 (see [7, 8]). Let E be a Banach space and let K be
a cone of E. Forr > 0, define K, = {u € K : |lul < r}and
assume that T : K, — K is a completely continuous operator
such that Tu # u for allu € 0K,.

D) IflTul < lull for allu € 0K,, theni(T,K,,K) = 1.
2) IfITull = l|lull for allu € 0K,, then i(T,K,,K) = 0.

A\

Lemma 5 (see [9]). Letn e Nwithn >2,n—-1< a <nIf
u e C" a,b] and D% u € C(a,b), then

n-1_ (k)
o) O =u -y~ Pe-af @
k=0 :

holds on (a, b).

Lemma 6. The three-point boundary value problem (1)-(2) has
a unique solution

u(t) = L:(h(Ls)¢q<Jsa(r)f(rﬁ4hﬂ)dr>ds

0

1
i ) ©)

X ¢, <LS a(t) f (t,u(r)) d‘r> ds,

where
(a—l)t(l—S)a_z—(t_s)a_l, 0<s<t<l,
_ I,
la-Ded-9" "~ 0stss<l,
I'(x)
Gz(’l’s)
a—2 a2
(@-DA-9""—(a-1)(n-5) , 0<s<y<l,
“ @1 )zr(a)
o — 1-9)*
T’ 0<n<s<l.
(6)

Proof. Integrating both sides of (1) on [0, 1], we have

t
¢, (Du(t)) -9, (D*u(0)) = - L a(s) f(suds. (7)

Abstract and Applied Analysis

So
D*u(t) = -9, <L a(s) f(s,u) ds>. (8)

From Lemma 5, we have

u(t) = - 1 Jt (t—s)*! <ra(r)f(‘r u)d‘r> ds
L@ a\ J, ’

+A+Bt+Ct2,

’ 1 t . $

u (t) = _F(oc—l) L (t-s) Z(Pq<-[0a('r)f(‘[,u)d‘[>ds
+ B + 2Ct,

n _ 1 ‘ a-3

u (t)__F(a—Z)JO(t_S) ?

X <r a(r) f (t,u) dT> ds +2C.
0
9)

From (2), A=0and C = 0.
Now, consider the following:

1

! __; a2
W)= [ -9,

X (J:a(r)f(r,u) dT) ds + B,

X <ra(‘r)f(r,u)d1> ds + B,
0
(10)

by the boundary value condition u'(1) = yu' (), we have

B=(1_yﬁ*a_1)L%1—sf2¢q
X (Josa (1) f (t,u) d‘r) ds
REnncEI NGRY
X (Ls a(r) f(t,u) dT) ds,

(11)
s0
1 . s
u(t)= - m L (t-s) lcpq (L a(r)f(r,u)dr) ds
N t
(1-y)T(x-1)
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x Ll (1-5, (L a(@) f () d1> ds

I (O
(1-y)T(x-1)

X Jn (n- 5)“72¢q <r a() f(r,u) d‘r> ds.

0 0

(12)
Splitting the second integral in two parts of the form
t . k _ t 13)
Fa-1) (1-y)T(a-1) (1-y)T(a-1)
we have k = yt; thus,
t
u(t) = - ﬁ |, =99,
X (Isa(r)f(r, u) d‘l’) ds
0
t ! =2
* T'(a-1) J-o 19 Pa
X <Jsa(r)f(r, u) dT> ds
0
)/t ! -2
’ (1-9)T(ax-1) Jo (=979,
X (Jsa(r)f(r, u) dT) ds
0
Yt n a2
- (1-9)T(ax-1) Jo (=) K
X <J.Sa(r)f(r, u) dT> ds;
0
(14)
therefore,
(=9 (-9)*!
(= |, ( f@-1  I@ )"’q
X <Jsa(r)f(r, u) dT) ds
0
1 t(l _S)(x—Z s
+ J-t NCE ?, <JO a(r)f(r,u)d‘r) ds
e (1 -9 (g9
(T )
y (Jsa(‘r)f(‘r,u) d1> ds
0

T )
+1‘YL T(a—1) 7 L“(T)f(f,u)dr ds.

(15)
This completes the proof. O

Lemma?7. Let 3 € (0, 1) be fixed. The kernel, G,(t, s), satisfies
the following properties.

(1) 0 < Gy(t,s) <Gy(1,s) forall s € (0,1),

2) minﬁstslGl(t, s) = BG,(1,s) forall s € [0, 1].
Proof. (1) As2 <a <3and0<s<t<1,wehave

(@—1)t(1 -7 > t(1 -5
(16)
> (=) (-9 =(t-5)""

thus, G;(t,s) > 0. Note 0G,(t,s)/0ot = 0 then, G,(t,s) is
increasing as a function of ¢; therefore,

Gy (t,s) <G, (l,s) Vse[0,1]. 17)
(2) For B <t <1, we have
/?gltiéllGl (t.s) =G, (B.s), (18)
where
a—2 a-1
(a—l)ﬁ(l—;)(“)—(ﬁ—S) 0<s<p,
Gl (ﬁ’ S) = a2
(a-1BA-5)
'@ B<s<1
(19)

(@QIfo<s<f,

Bla-na-9™2 (B-9"

/gréltlsanl (ts) = I (@)

on the other hand,

Bla-1)(1-9"" B —s)“_l‘ 1)
I'(x) T (x)

ﬁGl (1,s) =

Since 2 < « < 3 and
BHa-1>1,B€(0,1)= B <p,
(i)s<B=s/p<1=1-(s/B) =0,
(i) f<l1=1<1/f=-s(1/f) <-s=1-s(1/P) <

1-s;

thus, we have
S a—1 .
1——) <(1-s9)%" (22)
(-3

From (20), we obtain

-F H<1 ) %Yl (23)



It follows from (20), (21), and (23), that item 2 in the proof
hold.
b)Iff<s<1,

CBla-1)(1 -9

minG, (t,s) = >
pst<1 1( )

I'(a)
, . (24)
Bla-1)1-9"" BA-95)%
1, = - .
pGi (1) e e
It follows from (24) that item 2 in the proof holds. O

Lemma 8 (see [10]). The unique solution u(t) of (1), (2) is
nonnegative and satisfies

élsltisnlu ) = Blul. (25)
Define the cone K by
K = {u €eC[0,1]:u(t) = O,éninlu ®H=p ||u||]> (26)
<t<
and the operator T : K — E by
1 s
Tu(t) = J Gy (65, (J a(7) f (,u(1) dr) ds
0 0

t 1 s
+ 1):_), L G, (1,5) ¢, (L a(T)f(T>u(T))dT> ds.
(27)

Remark 9. By Lemma 6, the problem (1)-(2) has a positive
solution u(t) if and only if u is a fixed point of T'.

Lemma 10. T is completely continuous and T(K) < K.

Proof. By Lemma 8, T(K) < K. In view of the assumption
of nonnegativeness and continuity of functions G;(x, y) with
i = 1,2 and a(t) f(t, u(t)), we conclude that T : K — K is
continuous.

Let QO ¢ K be bounded; that is, there exists M > 0 such
that |ul| < M forallu € Q.

Let

L= max

sl,Usus

|f (tu)|. (28)

Then from u € Q and from Lemmas 6 and 7, we have

1 s
[Tu(t)| = L G, (t,5) 9, <L a(r) f(t,u) dT) ds

t 1
SRR

<g, <L a (o) f (t,u) dr) ds
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1 1
< L Gy (Ls) g, <J a(T)LdT) ds

0

Y Jl
+— G,(n,s
-y Jo 2 (1)

1
X @, <L a(r) LdT) ds

< Lq_1<pq (Jl a(t) dT)

0

1(0‘_1) a=2 4
XI:J;) I'((x) (1—5) dS+1Ty

! ((X - 1) a2
X L Tl @ (1-y5) ds]

) %% <J-o1 a(r) dT) J: (1-5ds

:ufghm%<ﬂﬂﬂh>ﬂ'
(29)

Hence, T(Q) is bounded.
On the other hand, letu € Q, t;,¢, € [0, 1] with t; < t,;
Then

|Tu(t,) - Tu(t))|

1
<17 “0 Gy (t2,5) = Gy (t5,9)| ¢,

X (Ls a(r) f(t,u) d‘r> ds] (30)
N LTy |t, - )]
1-y

X J: G, (n,5) ¢, <J: a(r) f (t,u) dT) ds.

The continuity of G, implies that the right-side of the above
inequality tends to zero ift, — t,. Therefore, T is completely
continuous by Arzela-Ascoli theorem.

We introduce the notation

b 1. f(t) U)
= 11msup(1)1gli)§ e

(31)

t,u
f, :=liminf min M,
u—a p<t<1 ybl

u—b
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where a,b = 0%, 0co. Consider the following:

A= [ﬁ(Jﬂl G, (Ls) e, (LSa(T)dT> ds + I f)/
X Ll G, (1, )9, (JOS a(r)dr) ds)]_l,

A, - [mq)q(ﬂa(r)drﬂ_l.

(32)
O

3. Single Solutions
In what follows, the number f € (0, 1).

Theorem 11. Suppose that conditions (H1) and (H2) hold.
Assume that f also satisfy

(A) ftow) = mr)P™ pr<us<r, B<t<l,
(A,) ftbu) < MRP L, 0<u<RO<t<l,

wherem € (A, 00) and M € (0, A,). Then (1)-(2) has at least
one positive solution u such thatr < |lul| <R.

Proof. Without loss of generality, we suppose that r < R. For
any u € K, we have

u(t)=Blull, B<t<l (33)
We define two open subsets of E,

Q, ={ueK:|ul|<r}, Q, ={ueK:|ul| <R}.

(34)
For u € 0Q),, by (33), we have
r=lul = u@)=plul=pr, telp1]. (35

Fort € [5,1],by (A,), (27), and Lemma 7, we have
1 s
Tu(t) = JO G, (t,9) @, (L a(‘r)f(‘r,u(‘r))d‘r) ds
ot
1o L G, (n.5) ¢,

X <JS a(t) f (t,u(r)) dT> ds
0

> L: BG, (1,5) ?q (Josa (1) (mr)P_ldT> ds
+ % Ll G, (n,s) ¢, <LS a (1) (mr)P_ldr> ds
=rmp U{: G (L,s) g, <J: a(r) dT) ds

+% Jﬁl G, (1, s) @, (JOS a(t) dT) ds]

>r=|ul.

(36)
Therefore,

ITull > ull, YueoQ;nK. (37)

Then by Theorem 4,
i(T,Q,,K)=0. (38)

On the other hand, as u € 0Q),, we have

0<u(t) <|lul =R, (39)

thus, by (A,), (27), Lemma 7, and (29), we have

Tu(t) = J-Ol Gy (t,s) ?q (J: a (1) f (r,u(r)) dT) ds

N 1)/_ty Ll G, (1.5) o, <Lsa(‘[)f(‘r,u(‘r))d‘r> ds

1 s
SMR“ G, (t,s)¢q<J a(T)dT)dS
0 0

+1yTt Jl G, (1,5) o8 (Josa (1) d‘r> ds]

Y Jo

< MR [Jl G, (t,5) ¢, (Jl a(‘r)d’f) ds

0 0

+y_t lez (1.5) ¢, (Jla(r) dT> ds]

1-yJo 0

MR !
= (1- y)l"((x)% <Jo a(r) dT) ds

<R = lul.
(40)
Therefore,
ITull < |lull, VueoQ,nK. (41)
Then by Theorem 4,
i(T,Q,K) = 1. (42)



By (38) and (42):
i(T,0,\Q,K) = 1. (43)

Then, T has a fixed point u € Q, \ Q,, u is positive solution
of problem (1)-(2), and r < [lul| <R. O

Corollary 12. Suppose that conditions (H1) and (H2) hold.
Assume that f also satisfy

(A3) foo = A € (QA/B)F, 00),

(Ay) O =y el0,(Ay/2)P).

Then (1)-(2) has at least one positive solution u such that
r < |ull £ R

Proof. By (A,), fore = (A,/2)F - Y, there exists a suitably
small positive number H;,as 0 < u < H;and 0 < ¢ < 1, such
that

ftuw<(y+e)u™ < <%)Pﬂu1"1
c(m)”

LetR = H; and M = (A,/2) € (0,A,), then, by (44), con-
dition (A,) holds.

By (A;), fore = A—(2A /)P ! there exists a sufficiently
large r # R such that

f(tu C2a )\
1 ZA—S—(?) >

p<t<l.

(44)

(45)

pr <u < oo,

Thus, when fr < u < r, one has

p-1
f(tu) > <%> uP™ > (2 )P (46)

Letm = 2A, € (A, 00). Then, by (46), condition (A ) holds.
Hence, from Theorem 11 the desired result hold. OJ

Corollary 13. Suppose that conditions (H1) and (H2) hold.
Assume that f also satisfy

(A5) fo=A e (@A /B, 00),
(Ag) f® =y e[0,(A,/2)P7).

Then (1)-(2) has at least one positive solution u such that
r<|lull <R

Proof. By (As), fore = A — (2A1/,B)P71, there exists a suf-
ficiently small r > 0, such that

[0 g (2

p-1
e ﬁ) , O<u<r, B<t<l,

(47)
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Thus, when r < u < r, we have
20\, -
ftu) > (?) uP™ > 2, )P (48)

Letm = 2A, € (A, 00). Then by (48), condition (A,) holds.
By (Ay), for e = (A,/2)? - Y, there exist a sufficiently
large H, # r such that

t,u A, \P!
A )Sl//+€= —2 , Hy<u<oo, 0<t<l1.
ub! 2 2

(49)

We consider the following two cases.
(a) Suppose that f(t,u) is unbounded, then we know
from (H1) that there is a R+ r(> H,) such that

f(tu) < f(t,R),
Since R > H,, then from (49) and (50) we have

0<u<R 0<t<l. (50)

p-1

A,
Ftw < f(LR) < (7R> .

Hy<u<R, 0<t<l
Letting M = (A,/2) € (0,A,), we have
ftu)< (MR, 0<u<R 0<t<l (52)

Thus, (A,) holds.
(b) Suppose that f(t,u) is bounded, say
ftuy <P, 0<u<oo, 0<t<l. (53)

In this case, taking sufficiently large R > (2/A,)L, then letting
M =A,/2€(0,A,), we have

(A, (P! -
ftu) <P < (—ZR) < (MR)P™,
2 (54)
0<u<R 0<t<l1
Thus, (A,) holds.
Hence, from Theorem 11 the desired result holds. O

4. Multiple Solutions

To show the existence of multiple solutions we will use the
Leggett-Williams fixed point theorem [11]. To this end define
the following subsets of a cone K as

K.={ueK:|ul| <c},
(55)
K(y.bod)={ueK:b<y (), |ul <d}.

Definition 14. A map « : K — [0,+00) is said to be a
nonnegative continuous concave functional on a cone K of
a real Banach space E if « is continuous and

aftx+(1-t)y)>ta(x)+(1-t)a(y) (56)

forallx,y € Kandt € [0, 1].
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Theorem 15 (see [11]). Suppose T : K, — K, is completely
continuous and suppose that there exists a concave positive

Sfunctional y on K such that w(u) < |ull for u € fc Suppose
that there exist constants 0 < a < b < d < ¢ such that

(BI) {u € K(y,b,d) : w(u) > b} #0 and w(Tu) > bifu €
K(y,b,d),

(B2) |Tul < aifu € K,
(B3) w(Tu) > b foru € K(y, b, c) with |Tul| > d.
Then, T has at least three fixed points u,, u,, and u, such that

lu,ll < a, b < yu,) and |usll > a with y(u;) < b.

Theorem 16. Suppose that there exista, b, c with0 < a < b <
b < ¢ such that

(C1) f(t,u) < (ah,)?™, (t,u) € [0,1] x [0,a],
(C2) f(t,u) > (bA )P, (t,u) € [B,1] x [Bb, b],
(C3) f(t,u) < (AP, (t,u) € [0,1] x [0,c].
Then (1)-(2) has at least three positive solutions.
Proof. By Lemma 10, T : K — K is completely continuous.
Let
v (u) = ﬁ?;tléllu (t) . (57)

It is obvious that y is a nonnegative continuous concave
functional on K with w(u) < |ul, for u € K.. Now we
will show that the conditions of Theorem 15 are satisfied. For
u € K, then [lu|| < c. Fort € [0, 1] by (27), (29), and (C3),
one has

Tu(t) = J'Ol G, (t,9) ¢, (J:a(r)f(r,u) dT) ds + l)ity
X J-(: G, (1,5) ¢, <J:a (7) f (r,u) dr) ds

1 1
<[ Giwoe, (] a@ern) ar)as+ -

X Ll G, (n.5) ¢, <Ll a(r) (cAz)PfldT> ds

<], e e

This implies T : K, — K_. By the same method, if u € K,
then we can get [|Tu| < a and therefore (B2) is satisfied. Next,
we assert that {u € K(y, b,b) : w(u) > pb} +¢ and w(Tu) >
pb for all u € K(y, b, b). In fact, the constant function

(58)

ﬂb; b fue K Bob)  y () > Bb}.  (59)
On the other hand, for u € K(y, b, b), we have
Bb<y(u)= mmu(t) Su()<|ull<b, Vte[B1].
(60)

Thus, in view of (27), Lemma 7, and (C2), one has

v (Tu)

= é???l [J Gy (t,s) (pq<j a(r)f(r,u(r))dr>d5+
1
J G,(n.s) e <J a(r)f(r,u(r))dr)ds]
> Ll BG, (1,9, (LSa (@) f (D) dr) ds

2 G )0, ([ o e ar) as

1-

>bA1,B“ G, ( 1s)¢q<J a(T)dT)dS

+ KV L:Gz (ﬂ>$)¢q(J:a(T)dT>ds]= b

1

> b
(61)

as required and therefore (B1) is satisfied.

Finally, we assert that if u € K(y, b, c) with |Tul| > b
then y(u) > Bb. To see this, suppose that u € K(y, b, c) and
ITull > b, then it follows from Lemma 10 that

v (Tu) = };2}21 (Tw) () = BITull > Bb. (62)

Thus, (B3) is satisfied.

Therefore, by the conclusion of Theorem 15, the operator
T has at least three fixed points. This implies that (1)-(2) has
at least three solutions. O

5. Examples

Example 1. Consider the boundary value problem with p-
Laplacian:

, 1 aul/ZeZM
Dsizu t o2 = o 0,
(QOP( 0 ())) 4 b+ 4 + 24
0<t<l, (63)

5/2 _ M rey_ 8 (1
DU =u@=u" @ =0, ' ()= (3).
where « = 5/2, = 1/2,y = 8/9, 8 =1/2, p = 3/2,q =
3, f(t,u) = au'?e™ /(b + " + ), a(t) = (1/4)t7/?, and
¢s([, alt)dt) = 1/4, ¢5([; a(t)dr) = (1/4)s.
Then

foo =A=a. (64)



Next,

A= [%(Ll/z 1 (1, 5)—sds+SJ1 G2<; >;115ds>]
9

39

3

Then, for a = 5 we have f_ € (2A 1/,B)P_l, 00), so condition
(A5) holds.
Now, Consider

-1

EEEY)

-1
] =~ 4.873999426.

w

(65)

~ 0.5908179503. (66)

NN
3

Then, fora = 5and b = 8 we have fO € [o, (AZ/Z)P_I), SO
condition (A,) holds. Therefore, by Corollary 12, (63) has at
least one positive solution.

Example 2. Consider the boundary value problem with p-
Laplacian:

(¢, (DPu®)) +

DPu(0) = u(0) = u" (0) = 0,

1/Zf(tu) 0, 0<t<l,

7 (3)
9 2

(67)

u' (1) =

where o« = 5/2, 1 =1/2,y =8/9,8=1/2,p=3/2,q=3
at) = (1/4)t772, ¢y( jO‘ a(t)dt) = 1/4, and gy([; a()dt) =

(1/4)s.
Let
t
E + 1412 N u<sl
ftu) = (68)
13+L+u1/4, u>1.
40

By Examplel, we have A, =
0.5908179503.
Choosing a = 1/14, b = 18, and ¢ = 1296, then

4.873999426 and A, =

t
fltu)= o+ 14 = 0.09... < (ar,)* =~ 020...,

(t,u) € [0,1] x [o,ﬁ],

t
f(tu)—E+13+u ~147...> (9A,)"* = 93...,

1
(t11) € [z,l]x[9,18],

t
flow= o+ 1B+u’=19... < (1296A,)* = 27...,

(t,u) € [0,1] x [0, 1296] .
(69)

Abstract and Applied Analysis

Then the conditions (C1)-(C3) are satisfied. Therefore, it
follows from Theorem 16 that (67) has at least three positive
solutions uy, u,, and u; such that

1

ol> 55 o

1
hall< 20 18 <yw),

with v (u3) < 18.
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