Hindawi Publishing Corporation
Abstract and Applied Analysis

Volume 2013, Article ID 891249, 8 pages
http://dx.doi.org/10.1155/2013/891249

Research Article

On the Geometry of the Unit Ball of a /B"-Triple

Haifa M. Tahlawi, Akhlaq A. Siddiqui, and Fatmah B. Jamjoom

Department of Mathematics, College of Science, King Saud University, PO. Box 2455, Riyadh 11451, Saudi Arabia

Correspondence should be addressed to Fatmah B. Jamjoom; fatmahj@yahoo.com

Received 14 February 2013; Revised 5 May 2013; Accepted 8 May 2013

Academic Editor: Ngai-Ching Wong

Copyright © 2013 Haifa M. Tahlawi et al. This is an open access article distributed under the Creative Commons Attribution
License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly

cited.

We explore a JB*-triple analogue of the notion of quasi invertible elements, originally studied by Brown and Pedersen in the setting
of C* -algebras. This class of BP-quasi invertible elements properly includes all invertible elements and all extreme points of the unit
ball and is properly included in von Neumann regular elements in a JB*-triple; this indicates their structural richness. We initiate a
study of the unit ball of a JB* -triple investigating some structural properties of the BP-quasi invertible elements; here and in sequent
papers, we show that various results on unitary convex decompositions and regular approximations can be extended to the setting
of BP-quasi invertible elements. Some C*-algebra and JB" -algebra results, due to Kadison and Pedersen, Rordam, Brown, Wright
and Youngson, and Siddiqui, including the Russo-Dye theorem, are extended to JB* -triples.

1. Introduction

Brown and Pedersen [1] introduced a notion of quasi invert-
ible elements in a C™-algebra. As is well explained in [, 2],
the Brown-Pedersen quasi (in short, BP-quasi) invertible
elements bear many interesting properties similar to those of
invertible elements. They have successfully demonstrated the
significant role of BP-quasi invertible elements in studying
geometry of the unit ball of a C*-algebra; in particular, they
obtained several results verifying that the relationships bet-
ween the extreme convex decomposition theory and the dis-
tance (xq(x) from an element x to the set of BP-quasi invertible
elements are analogous with the relationships in the earlier
C*-algebra theory of unitary convex decompositions and
regular approximations.

It is widely believed that the underlying structure making
several interesting results on C”-algebras hold is not the
presence of an associative product xy but the presence
of the Jordan triple product {xyz} = (1/2)(xyz + zyx).
This provided one of the stimuli for the development of
Jordan algebra or Jordan triple product generalizations of C* -
algebras; these include JB” -algebras and JB" -triples together
with their subclasses which are Banach dual spaces (cf. [3]).
In [4, 5], we introduced an exact analogue of the BP-quasi
invertible elements for JB-triples. By using certain identities

concerning the Bergman operators, we established that in
case of nondegenrate Jordan triples B(a,b) = 0 = B(b,a) =0
and {aba} = a and that a is BP-quasi invertible with BP-quasi
inverse b & B(a,b) = 0 [5]. Our aim in this paper is to
study geometric consequences of these facts in the setting of
complex JB*-triples. After discussing some basics, we begin
by recording a known result: {aba} = a = a is von Neumann
regular that admits a tripotent e, called its range tripotent.
We prove that B(a,b) = 0 & e, is an extreme point of the
unit ball and that the set of BP-quasi invertible elements of a
JB*-triple is open in the norm topology. Then we investigate
the natural analogue of the Russo-Dye theorem [6, 7] on the
representability of the elements with means of extreme points
of the unit ball. Later on, we look at convex combinations of
extreme points of the unit ball. In the course of our analysis,
we obtain JB*-triple analogues of some C*-algebra results;
this approach provides alternative proofs for some of the
corresponding known results for C*-algebras.

A Jordan triple system is a vector space  over a field of
characteristic not 2, endowed with a triple product {xyz}
which is linear and symmetric in the outer variables x, z,
and linear or antilinear in the inner variable y satisfying the
Jordan triple identity: {xu{yvz}} + {{xvyluz} — {yvixuz}} =
{x{uyviz} [3]. A JB"-triple is a complex Banach space 7
together with a continuous, sesquilinear, operator-valued



map (x, y) € F x F — L(x, y) that defines a triple product
L(x, y)z := {xy"z} in 7 making it a Jordan triple system such
that each L(x, x) is a positive hermitian operator on # and
[{xx*x}| = |lx|® for all x € 7. Any bounded symmetric
domain in a complex Banach space is biholomorphically
equivalent to the open unit ball of a JB*-triple [8, 9]. An
important example, from the viewpoint of the classical theory
of operators and matrices, is the triple system %B(#, #) of
all bounded linear operators between complex Hilbert spaces
Z and F under the product {xyz} = (1/2)(xy"z + zy*x)
and the operator norm, where x* denotes the Hilbert adjoint
of x (cf. [10]). In the finite-dimensional case, this can be
viewed as adding an algebraic product to a linear matrix space
M, (C) of all m x n matrices with complex number entries,
namely, the triple product {xyz} = (1/2)(xy'z + zytx) where
y" denotes the conjugate transpose of the matrix y and the
norm defined by |z|| = Vzzt (see [11, Example 4.7]). Any
JB*-algebra (cf. [3]) is a JB"-triple under the triple product
{xy*z} = (xoy")oz+(z0oy")ox—(x02)0y*, where “”
denotes the underlying Jordan binary product.

A basic operator P(x, y) on the JB*-triple 7 is defined
by P(x, y)z = {xz" y} for all x, y,z € #; we write P(x, x) in
short as P(x). The Bergman operator B(x, y) is defined on 7
by B(x, y) = I — 2L(x, y) + P(x)P(y), where I is the identity
operator [12, 2.11]. The operators L(x, ¥) and P(x, y) are the
JB* -triple analogues of the usual Jordan algebra operators
Viyz = {xyz} and U,z = {xzy}, respectively; in fact,
L(x,y) = V,,- and P(x, )z = U, ,z" forall z € 7. The
Bergman operator takes the form B(x,y) = I -2V, . +
U Uy, which translates to B(x, ¥)z = (1—xy*)z(1 - y*x) for
the C*-algebra case.

2. BP-Quasi Invertible Elements

We begin with the following characterization of BP-quasi
invertible elements of a JB*-triple (cf. [5, Theorem 6]).

Definition 1. In any JB*-triple, an element x is BP-quasi
invertible with BP-quasi inverse y if (and only if) the Ber-
gman operator B(x, y) = 0.

In any JB*-triple 7, B(x,y) = 0 & B(y,x) = 0 by [5,
Theorem 2], and so the relation of being BP-quasi inverse of
some element is symmetric in 7. Generally, BP-quasi inverse
in not unique: if x € j;l with BP-quasi inverse y, then
P(y)x is also a BP-quasi inverse of x since B(x, P(y)x) =
I - 2L(x, P(y)x) + P(x)P(P(y)x) = I - 2L(P(x)y,y) +
P(x)P(y)P(x)P(y) = I = 2L(x,y) + P(x)P(y) (cf. [12]) =
B(x, y) = 0. We denote the set of BP-quasi invertible elements
in 7 by j;l. j;l includes the set of all invertible elements

JZ ' and the set of all extreme points &(#), of the closed
unit ball (#),; and in case of a JB*-algebra 7, the BP-quasi

«  »

invertibility is invariant under the involution “*” (cf. [4]).
In the JB*-triple .#,;(C), all matrices of the form [ S ?; R
where «,  are any nonzero complex numbers, are BP-quasi

invertible with BP-quasi inverse of the form [ 1{)“ 1?/3 o]
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An element x in a JB"-triple # is called von Neumann
regular if there exists y € # with x = P(x)y. Such an
element y is called generalized inverse of x [13]. If £ isa JB"-
algebra, then x = P(x)y = {xy"x}, and so y is a generalized
inverse of x in # considered as a JB*-triple if and only if
y* is a generalized inverse of x in the JB*-algebra 7. From
[5, Theorem 3], we know that x and y are von Neumann
regular with generalized inverses of each other if B(x, y) = 0.
Hence, any BP-quasi invertible element is necessarily von
Neumann regular. For a von Neumann regular element in
the C*-algebra .#,(C) of 2 x 2 matrices that is not BP-quasi
invertible, see [5, Example 9]. Thus, the class of BP-quasi
invertible elements is a proper subclass of the von Neumann
regular elements.

For any fixed element a in a JB-triple #, the underlying
linear space ,# becomes a complex Jordan algebra 7, with
respect to the Jordan product x-,y := {xay}, called a-
homotope of # (cf. [3]). An element u in a JB*-triple 7
is called unitary if L(u,u)z = z [3]; the set of all unitary
elements is denoted by %(7). For any u € %(%), the u-
homotope of 7 is a JB*-algebra with respect to the original
norm and the involution “*,,” given by x™ = P(u)x (cf. [3]);
such a homotope is denoted by 7'}, called a unitary isotope
of 7. The symbols P, (x, y), L,(x, ), B,(x, y) will denote
the respective analogues of the operators P(x, y), L(x, y),
and B(x, y) on the isotope 7™ Thus, P (x, )z = {xz"y},
and L, (x, y)z = {xy*z}, for all x, y,z € F; in particular,
P(x)z = P,/(x,x)z = {xz"x},. Here, {---}, denotes the
induced Jordan triple product in # fu],

Theorem 2. For any fixed unitary element u of a JB*-triple ¥
and for all x, y,z € ¥, one has the following:

(i) the Jordan triple product {xy*z}, in F™ coincides
with {xy*z};
(ii) P,(x) = P(x);
(iii) L,,(x, y) = L(x, )
(iv) B,(x, y) = B(x, y);
W) (M =)

Proof. (i) By using the basic Jordan triple identity, we get that
Pyl = {xfuly)u} 2}
o {2} ~ (o’ u'2)
) ¢ ()
= {efuly™)uf 2} = {x(0)) e}
= {3},

(ii) By the part (i), P,(x)z = {xz"™x}, = {xz"x} = P(x)z
forall x € £.

(iii) For any a,b € ¢, P(a,b) = P(a + b) — P(a) — P(b)
(cf. [12]). This together with the part (ii) gives L, (x, y)z =
P,(x,z)y = P(x+z)y—P,(x)y - P(2)y = P(x +2)y —
P(x)y — P(z)y = P(x,2)y = L(x, y)z forall x, y,z € 7.
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(iv) Follows from parts (ii) and (iii) since B(x, y) = I —
2L(x, y) + P(x)P(y).
v) x € f;l © B(x,y) = 0 © B,(x,y) = 0 (by (iv))

& x€ (j[”]);. O

We close this section with the following observation on
images of BP-quasi invertible elements under triple homo-
morphisms.

Theorem 3. For any closed ideal V in JB*-triple ¥, the triple
homomorphism ¢ : F — F[V given by ¢(x) = x +V
preserves the BP-quasi invertibility.

Proof. V being closed ideal of # is a JB*-triple, and so
is the quotient #/V. The quotient JB*-triple ,#/V admits
the canonical surjective triple homomorphism ¢ : 7 —
J/V defined by ¢(x) = x + V such that ¢({xyz}) =
{o(x)p(y™)p(2)} for all x, y,z € 7 [8, Proposition 5.5].
Now, for any fixed x € f;il with inverse y € # and for

allz € 7, B(¢(x), p(y))$(2) = ¢(z) — 2{p(x)(p(1))"P(2)} +
{p(){PN(P(2) ¢} P(x)} = ¢(z2) — 2¢0({xy*z}) +
d({x{yz" y}*x}) = ¢(B(x, y)(2)) = $(0) = 0. Hence, ¢(x) €
F/V)," O

3. Positivity of BP-Quasi Invertibles

In this section, we prove that any BP-quasi invertible element
in a JB"-triple 7 is positive invertible in the Peirce 1-space
FJ1v) = {x € 7 | L(v,v)x = x} of the operator L(v,v) for
certain extreme point v of the closed unit ball. Besides other
results, we obtain another characterization of the BP-quasi
invertible elements. The following result is known in pieces;
we include it with a unified proof.

Theorem 4. For each von Neumann regular element x of a
JB*-triple ¥, there exists a unique tripotent e,, € ¥ such that
x is positive invertible in ¥, (e,).

Proof. Since x is von Neumann regular, there exists a unique
tripotent e, € 7, called the range tripotent of x (cf. [10])
such that x is invertible in the Peirce space 7, (e,) (cf. [10,
Lemma 3.2], [14, page 540], and [15, Theorem 1]). Let #(x)
denotes the norm closure of P(x)(_#) = {x_Zx}, which is the
smallest norm closed inner ideal of 7 containing x (cf. [16,
pages 19-20]). From [10, Lemma 3.2], we see that P(x)(?) is
norm closed in 7. Hence, 7 (x) = P(x)(f) = 7, (e,) since x
is von Neumann regular in # (cf. [10, page 572]). Thus, x is
positive in 7, (e,.) by [16, Proposition 2.1]. O

Remark 5. The range tripotent e, of x is defined as the least
tripotent for which x is a positive element in the JB"-algebra
Ji(e,). If u and v are two tripotents in # such that x
is positive invertible in both the Peirce spaces 7,(u) and
F1(v), then u = v; for details, see [17, Lemma 3.3] and [16,
Proposition 2.1].

Theorem 6. Let # be a JB*-triple and x € ];1. Then the

range tripotent e, is a unique extreme point of (f), such that x
is positive invertible in ¥ (e,). Moreover, there exists a unique

y € f;l satisfying P(x)y = x, P(y)x = y, P(x)P(y) =
P(y)P(x), and L(x, y) = L(e,, e,) = L(y, x).

Proof. Since x being BP-quasi invertible is a von Neumann
regular element, Theorem 4 gives the existence of a unique
tripotent e, in # such that x is positive invertible in 7, (e,).
By [10, Lemma 3.2], there exists a unique generalized inverse
y € J satistying all the conditions of the theorem; in
fact, this generalized inverse is called the Moore-Penrose
inverse, usually denoted by x'. Since {xx'x} = x, {zx'x} =
{ex{xx'x}} = 2{{zx"x}xTx} - {x{x"zx}x} forall z € 7.
So that P(x)P(x") = 2L(x, x")* - L(x, x"). Hence, B(x, x") =
1-3L(x,x") +2L(x, x")? = @L(x, x") = 1)(L(x, x) - 1). In
view of [18, Lemma 2.1] and [10, page 573], we have L(x, x") =
L(e,,e,) = L(x',x) since e, is the unique von Neumann
regular element in (7), (e,). Therefore, B(x, x") = Ble,,e,) =
I1y, where I1, stands for the Peirce projection associated with
the tripotent e, onto the subtriple 7 ,(e,) = {z : L(e,, e,)z =
pz} (cf. [12]). In [19, page 192], authors show that e, is unitary
in P(x).7, hence P(x) 7 = #,(e,). Therefore, e, € &(F), by
[20, Lemma 4]. Thus, B(x, x") = Ble,,e,) = 0. We conclude
that y € f;l. 0

Remark 7 The unique BP-quasi inverse of any BP-quasi
invertible matrix x in the JB-triple .#,;(C), satisfying the
conditions of Theorem 6, is precisely the Moore-Penrose
inverse x' (cf. [10, Lemma 3.2]), which can be calculated
according to the rank of the matrix (cf. [21]). If rank(x) =
2 then xx' is invertible in .#,(C), and the Moore-Penrose
inverse of x is given by x™ = x’(xx")™". For example, let x =

[§ 9] Then x is BP-quasi invertible and its unique BP-quasi

inverse, via Theorem 6, is given by x" = (1/3)[2 7' 1]. Since
x(xN' = (x")'x = e (the unitin ﬂz(C)),x(xT)ty = (xT)txy =

yforall y € M,; and so L(x, x") = I. Thus, B(x, x") = 0.

Next result establishes an important topological property
of the BP-quasi invertible elements in a JB" -triple.

Theorem 8. For any JB*-triple %, the set f;l is open in the
norm topology.

Proof. Assume B(a, c) = 0 where ¢ = a' + z for some nonzero
z € 7, and a' denotes the Moore-Penrose type inverse of
a (cf. [4, 10]). Consequently, P(a)c = {ac*a} = a, and so
a = {a@' +2)°a} = {a@@") a} + {az*a} = a + {az*al.
Thus, P(a)z = f{az*a} = 0, which means P(a")P(a)z =
0. Recall that IT, = P*(v) = P(a")P(a) (see [10] and
[19, page 192]). Also, since {a(Il;h)"a} = 0 implies that
IT,h = 0, the nonzero element z ¢ range(Il,). Moreover,
as a projection, I, is the identity operator on J7,(v), so
IIyB(a, o), = ITl, = II, = 0 since B(a,c) = 0. Thus,
range(Ily) = 0 and z € range(Il; ;) = #,/,(v). Conversely,
if a is BP-quasi invertible with the unique BP-quasi inverse
a' and z € range(Il,,) = #,,,(v), then B(a',a + z) =

1-3L(a%,a+2)+2La",a + z)2 =1-3L(a",a) + 2L(a", a)z—
3L(a', 2) + 2(L@a", a)L(a', 2) + L(a!, 2)L(a", a) + L(a', 2)°) =
B(a',a) + 2(L(a’,a)L(a’, 2) + L', 2)L(a',a) + L(a',2)").



Since B(a',a) = 0 and {71705} = 012, Theorem 5.4 (9)],
L(a',z) = 0, and we get the value 0 for the right hand side.
Hence a + z is BP-quasi invertible. The elements x € 7, (v) :=
range(I1,) with spectrum Sp(L(x, x))| 7, >0 form an open
subset of 7. It follows that {x + z : Sp(L(x, x))Ijl(v) >0,z €

J12(v)} is an open subset of 7. Thus, j;l isan openset. [J

Now, we give the following improvement of [22, Theo-
rem 4.12].

Theorem 9. Let x be an invertible element in a unital JB*-
algebra 7. Then there exists unique u € () such that x is

positive and invertible in F1.

Proof. Since x € 7', there is a unique element y € # with
xoy=eandx* o y = x where “o” denotes the Jordan binary
product and e is the unit in 7. Since ¥ e j;l and that any
JB*-algebra is a JB*-triple under the triple product {ab*c} :=
ao(b*oc)—b"o(aoc)+co(aob™), so, by Theorem 6, there exists
a unique u € &(JF), (viz, the range tripotent e, ) such that
x is positive and invertible in #,(u) with the inverse of the
same y in 7, (u) (cf. [15, Theorem 6]). Moreover, x =%
and so V, - = L(u,u) = L(x, x") = I. Hence, the Peirce
decomposition of # reduces to # = #,(u). Of course, the
product and the involution defined on both the JB*-algebra
Z1(u) and the unitaryisotope # [ of # are the same. Further,
e=eo, u=1uo,e={uu"e} = uou” andu = uo,u = {uu*u} =
2uo(wou®)—u?ou”, sothat u? ou* = u. Hence,u € #°
with inverse u”; that is, u € %(#). We conclude that #,(u)
and 7™ coincide as JB*-algebras. O

The following result shows that positive invertibility of an
element x in the Peirce 1-space for some extreme point of the
unit ball is sufficient for the BP-quasi invertibility of x.

Theorem 10. Let 7 be a JB*-triple and x € 7\ f;l. Then x
is not positive invertible in the Peirce I-space ¥ ,(v), for all v €

&I

Proof. Suppose x is positive invertible in #,(v) for some
v € &(7);. Then there exists a unique inverse y € 7, (v)
satisfying x-, y = y-, x = vand x* -, y = x. Since (F(v))"' €
(7 (v));l, x is von Neumann regular with generalized inverse
y satisfying P,(x)y = x and P,(y)x = y, where P,(a)b =
{ab*a},. Being positive, x is self-adjoint in #,(v); that is,
x = x"v. However, the invertibility is invariant under the
involution (see above). Therefore, x € ([ 1(1/))_1 with inverse
ysuchthat y = x™ = (x*)™" = (x™)* = y* = Py by
Theorem 2. This together with the von Neumann regularity
of x in 7, (v) gives x = P,(x)y = P(x)P(v)y = P(x)y. Thus,
the element x is von Neumann regular in 7.

Now, by Theorem 4, there exists a (unique) tripotent
e, € 7 such that x is positive invertible in 7, (e, ). Hence, by
Remark 5 and our supposition on x, we get the coincidence
File) = 100,

Next, by Theorem 6, y is the unique generalized inverse
of x satistying P(x)y = x, P(y)x = y,and L(x, y) = L(v,v) =
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L(y, x). Hence, B(x, ¥) = B(v,v) = 0. This means x € ];1, a
contradiction to the hypothesis. O

The above result together with Theorem 6 gives another
characterization of the BP-quasi invertibility, as follows.

Theorem 11. An element x in a JB*-triple ¢ is BP-quasi
invertible if and only if x is positive and invertible in the Peirce
I-space 7 ,(v) for some extreme point v € E(F);.

4. An Analogue of the Russo-Dye Theorem

We investigate the natural analogue of the Russo-Dye theo-
rem on the representability of the elements with arithmetic
means of extreme points of the unit ball in a JB*-triple. We
extend [7, Theorem 2.2] for JB*-triples as follows.

Theorem 12. Let 7 be a JB*-triple with v € &(f), and s €
(JF1(1)] (the open unit ball of 7,(v)). Then for any positive
integer n, v+ (n—1)s = Y., v; with v; € &(F), for each
i=1,...,n

Proof. Since v € &(F),, F,(v) is a JB"-algebra with unit
v. Since |- sl < 1lin #Z,(v), v + s and so (1/2)(v + s)
are invertible elements in 7;(v) (cf. [22, Lemma 2.1(iii)]).
Clearly, [[(1/2)(v + s)| < 1. Hence, by [7, Lemma 2.1], there
exist unitaries v,,v, € (F,(v)) with v + s = v, + v,.
Moreover, v,,v, € &(F), by [20, Lemma 4]. The required
result now follows by induction on . O

Definition 13. For any element x in a JB"-triple 7, the
number e, (x) is defined by e,(x) = min{fn : x =
(1/n) Z?:l Vi, Vj € &(7),}. If x has no such decomposition,
then e, (x) := oo.

Next result describes a basic connection between e,,(x)
and the distance to the set &(#);.

Theorem 14. Let 7 be a JB*-triple, v € &(F), and x € 7
with nx — v € J,(v) satisfying |nx — v|| < n — 1 for some
n > 2. Then e,,(x) < n. On the other hand, if e,,(x) < n, then
dist(nx, &(7);) <n-1.

Proof. Clearly, (n — Dl nx-v) € (F1(»)]. Replacing s by
(n - 1) (nx — v) in Theorem 12, we getx = (1/n)(v + (n —
Ds) = (1/n) Y, v; with v; € &(F), fori = 1,...,n. Thus,
e,,(x) < n. On the other hand, suppose e, (x) < n. Then x =
r Z::I v; for some 1 < r < n with v;s in &(#),. Then ||x|| <
Y vl = 1. Further, rx — vl = Y, vl < r - L
Hence, |[nx — vl = [m—r)x + rx — v/l < |[(n — r)x| +
lrx — vl <n—-r+r—-1=mn— 1since|x| < 1. Thus,
dist(nx, &(7),) = infweg(])lllnx - w|| < [lnx — v < ni
1.

For any v € &(7),, the set &(#), includes the set of
all unitaries in #,(v), as seen above from [20, Lemma 4];
the following example shows that the inclusion generally is
propetr.
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Example 15. Let 7 be the JB-triple 4 ,,(C), and let v
denotes the matrix [I  0]. Then ||v]| = 1 and w'v = v. So,
v is a norm one tripotent matrix. Moreover, for any matrix
z = [z, z,|,wehave L,z = [z; (1/2)z,]. Also note that
P,z = [z; 0], where Z; denotes the complex conjugate of
z;. So that, P,P,z = [z, 0]. Hence, B(v,v)z = [z, 2] —
2[z; (1/2)z,] + [z, 0] = [0 0]. Thus,v € E(F),.

Next, consider the Peirce spaces of 7, relative to the
extreme point matrix v = [1 0], given by 7,(v) = {z :
z = [z, 0Lz € CL 7,,0v) ={z : 2z =1[0 z)]z2, ¢
C} and Z,(v) = {[0 0]}. Clearly, both the balls (_7,(v));
and (7,/,(v)), are nontrivial. It is easily seen that the matrix
0 1] €&(0),\L,(0).

From [6, 7], we know different proofs of strict analogue
of the Russo-Dye theorem for general (unital) JB*-algebras.
Unfortunately, there exists no exact analogue of the Russo-
Dye theorem for nonunital JB*-triples. The following result
is an appropriate analogue for an arbitrary JB*-triple, where
co &( ), and co&(#), denote the convex hull of &(#), and
its norm closure, respectively.

Theorem 16 (A Russo-Dye Theorem type for JB”-triples).
Let 7 be a JB*-triple, v € E(7);.

(i) Forany x € #,(v) with ||x| < 1 —2n_1forsomen >3,
there exists v; € &(F), foralli = 1,2,3,...,n such
that x = (1/n) Y., v;.

(ii) (F,(v))] € co&(7),.
(iii) (jl (V))1 - ag(;h

Proof. (i) Since |lx|| < 1 - 217!, we have |[nx| < n -2, so
that [|[(n — 1)"'(nx — v)|| < 1. Also, note that (n — 1) (nx —
v) € 7,(v);recall that x is in the JB* -algebra 7, (v). Hence, by
taking v the same as in Theorem 12 while s = (n— D Y nx—v),
we getnx = Y, v; for some extremes v;s in 7.

(ii) Suppose x € (Z,(v))]. Then ||x| < 1 - 2n~! for some
positive integer n > 3. Therefore, x € co&(#); by the part (i).

(iii) Using the part (i), we get (F,(v)); = (F;(v)); <
©E(I),. O

Remark 17, 1fa JB* -triple ,# has a BP-quasi invertible element
then &(#), isanonempty set by Theorem 6. Hence, the above
theorem holds in this case.

Corollary 18. For any extreme point v of the closed unit ball
in a JB*-triple 7, (F,(v));, < <c0&(F),. If v is a unitary
element in ¢, then ((f), = co&(F), = co%(F). Moreover,
Uwgg(])l(jl(w))l =co¥U(f) = Eg(f)l = (f)l

Proof. We know from [20, Lemma 4] that %(%,(v)) <
&(7),- So, by the Russo-Dye Theorem for JB"-algebras [7,
Theorem 23], (#,(v));, = (F,(v)] = co%(7,(v)) <
c0&(f),. By Example 15, there exists a JB"-triple # with
u,v € &(F), such thatu ¢ #,(v). Hence, we have (_#,(v)); C
©E(),-

Ifv e %(7),then L,, = I (the identity operator on %)
(cf. [3]). So, F = #,(v) which is a unital JB*-algebra, and

hence # is a JB"-algebra. Then, (#), = (F,(v));, ¢
c0&(F), € (F), = co%(F) by [7, Theorem 2.3]. Hence,
(), = 08(F), = DUP).

As mentioned above, every unitary element v in a JB"-
triple 7 satisfies L,, = I, and so P(v)P(v) = I (cf. [10,
page 582]). Hence, v is an extreme point of (#),; by [23,
Lemma 3.2 and Proposition 3.5]. Thus, for any v € %(%),
) = (F1); ¢ Uwe%(j)l(fl(w))l € (J); = coU( 7).
Therefore, Uweg(])l(jl(w))1 = CO%(F) = c&(7), =
). O

Corollary 19. Each element of the Peirce I-space F,(v) in a
JB*-triple F with v € &(£), is a positive multiple of the sum
of three extreme points of (7).

Proof. Let x € #,(v)and e > 0. Let y = (3|x[| + €) 'x. Then
Iyl < 1/3.Hence, by Theorem 16(i), there exist three extreme
points u;, u,, uz in £ such that y = (1/3)(u, + u, + u;). Thus,
x = (Ixll +€/3)(uy +uy +us). O

5. Convex Combinations of Extreme Points

We continue investigating convex combinations, not neces-
sarily means, of extreme points of the closed unit ball. The
following result gives an analogue of [7, Lemma 2.1] for BP-
quasi invertible elements in a JB* -triple.

Theorem 20. In any JB*-triple 7, j;l n(f), < (1/2)
(&(F), +E(F)).

Proof. Letx ¢ ];11 N (F);- Then, there is a unique v € (%),
such that x is positive and invertible in 7, (v) by Theorem 6.
In particular, x is self-adjoint in the JB*-algebra 7, (v). This
together with | x| < 1 gives the existence of unitaries v;, v, €
F1(v) satisfying x = (1/2)(v; +v,) by [24, Theorem 2.11]. The
result now follows from [20, Lemma 4]. O

The unit ball of a JB*-triple ,# often has extreme points
in abundance, as in the case when 7 is a Hilbert space H;
however, the set (), may be empty as in the JB*-triple 7 =
C.,(H) of compact operators on H [25, page 151].

Theorem 21. Let 7 be a JB”-triple and v € &(F),. Let x €
(F1(v)), with dist(x, %(F,(v)) < 2 and o« < 1/2. Then x €

a&(F), +(1-x)&(7),.

Proof. Since 7,(v) is a JB"-algebra with unit v, x €
a¥(F,(v) + (1 - x)%(F,(v)) by [26, Corollary 3.4]. Hence,
x €a8(F), + (1 -a)&(F), by [20, Lemma 4]. O

Let .7 be a JB"-triple and x € (#);. We define V(x) :=
{B=1:x€cop&(7),}, where cog&(f), = {7 Yo v, +
[371(1 + B -nyv, : v; € &(F)»j = 1,...,n} in which
the positive integer n satisfies the conditionn - 1 < f <
n. We observe the following immediate connection of these
constructs with the number e, (x).



Lemma 22. Let 7 be a JB*-triple. Let x € # andn € N (the
set of positive integers). Then

(i) x € c0,8(F), © e,,(x) <n.
(i) n € V(x) @ e,,(x) < n.

(iii) e,,(x) = min(V(x) N N).

An extension of [27, Proposition 3.1] for unital JB*-
algebras appeared in [28, Theorem 2.2]. We use Theorem 6,
to deduce an analogue of the same result for JB*-triples, as
follows.

Theorem 23. Let # bea JB*-triple,v € &(F), andx € ([F);N
F1(v).

(a) Let |lyx — voll < y —1 for somey > 1 and some v, €
U(F,(v)). Let (8,,...,8,,) € R™ " such that 0 < d; <
y-1forallj=2,...,m-1 andy_1+zz.”:_21 8; = 1. Then
there exist v,,...,v,, € &(F), satisfying x = y~'v, +
Z;":Z 8;v;. Moreover, ]y, 00[ € V (x).

(b) On the other hand, if ]y, co[ € V(x) holds, then for each
r >y, thereisv, € &(F), such that |lrx—v,|| <r - 1.

Proof. Since 7,(v) is a unital JB" -algebra, the part (a) follows
from [20, Theorem 2.2] and [20, Lemma 4].

(b) Suppose ]y,00[ < V(x).If r > y then x € co,&(7),
withx = r"'(v,+-+v,_+(1 +r —n)v,) forsomev,,...,v, €
&(7), and positive integer n satisfying n — 1 < r < n. Hence,
lrx=vil = IX5 vi+ A+ r=mv, < (n=2)+ (1 +7r-n) =
r—1. O

Corollary 24. For any JB"-triple 7, co,&(f), < cos8(7);
if1 <y < 8. In particular, for each x € (F); N 7,(v), V(x) is
either empty or equal to [y, 00) or (y, 00) for somey > 1.

6. Distance to the Extreme Points

In this section, we prove some results on distances from an
element of a JB" -triple .# to the set &(_#), and to the set j;l.
We define the function o J — Rby ocq(x) = inf{||x—ul :

uce f;l}.
Lemma 25. Let 7 be a JB*-triple with nonempty &(¥), and
x € f. Then
(i) ay(rx) = Irlory (x) for all v € C;
(ii) ory(x) < llx[l;
(ii) loey (x) — az(P)| < llx = yll forall y € 7;
(iv) if 7 is a JB" -algebra, then o (x) = ocq(x*).

Proof. (i) For any complex number r #0, x € 7 ;1 if and only

ifrx € f‘;l. So, the part (i) is clear for all nonzero complex
numbers. If r = 0, then ocq(rx) = ocq(O) = 0, one may consider
the BP-quasi invertible element (1/n)v with v € &(#), and
positive integern — 0.
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(ii) Since for any v € &(£), and any positive integer #,
(1/n)v € j;ll; hence, a,(x) = dist(x, 7, ") < lx = (1/mv]| <
x|l + 1/n. It follows that org () < [lx]].

(iii) Since the set &(7), is nonempty, and since any
extreme point is BP-quasi invertible, a(x) < o00. Now, by
definition of oty (%), for each n € N, there exists an element
X, € j;l such that [|x — x, || < (xq(x) + 1/n. Hence, o, (y) <
Iy = x,ll < lly = x|l + lIx = x,]l < llx = yll + ay(x) + 1/n for all
n € N, so that ocq(y) < llx-yl +ocq(x). Interchanging x and y,
we get o, (x) < [l yll+a, (). Thus, la, (x) -, ()] < lx -y
forall y € 7.

(iv) Now, let the ,# be a JB*-algebra. If x € j;l, then
x" € j;l by [4, Theorem 3.2], and hence (xq(x) =0
ocq(x*). Next, if x is not BP-quasi invertible, then ocq(x)
dist(x,]{;l) =inf{lx—ull : ue f;l} =inf{|[x* —ul : u €
j;l} = ocq(x*) since the involution “*” is an isometry. O

o, (x) provides information about dist(x, &(7),) as fol-
lows.

Theorem 26. Let 7 be a JB"-triple, v € &(F), and x €
F1n\ j{;l. Then dist(x, (%),) = max{ocq(x) + 1, ||x|| - 1}.

Proof. Since v € &(F);, Ix — vl = x| - 1. We assume
lx = v < 1, then the fact that v is the unit of the JB*-
algebra 7, (v) gives the invertibility of x in #,(v), and so x is
positive and invertible in the unitary isotope of 7, (v) induced
by certain unitary element u in #,(v); hence, u € &(7), by
[20, Lemma 4]. For any z € jl(v)[“], we have L(v,v)z = z
and L, (u,u) = I on #,(v) since u is unitary in 7, (v), so that
L(u,u)z = L,(u,u)z = z by Theorem 2. Hence, jl(v)[”] C
J1(u). For the reverse inclusion, recall that u € &(¥?),, and
so fF,(u) = P(u)(f) (see the above proof of Theorem 4);
similarly, 7,(v) = P(v)(f), and so u = P(v)w for some
w € 7.Hence, for any fixed z € 7, (1), there exists s € £ with
z = P(u)s = P(P(v)w)s = P(v)P(w)P(v)s € P(v) 7 = F,(v).
Thus, 7, (u) € jl(v)[“]. Therefore, jl(v)[”] = 7,(u) as sets.
Moreover, we observe that ac, b = {au™b}, = {au"b} = ao,b
and a™ = {ua™u}, = {ua*u} = a* by Theorem 2. We
conclude that (7 l(v))[”] and #,(u) coincide as JB"-triples
and x is positive invertible in the Peirce 1-space #,(u). So,
x € j;l by Theorem 10; a contradiction to the hypothesis.
Thus, [x —v|| > 1.

By setting y = [lx — VI (x=v) +v, we get y € 7,(v) since
x,ve Zi(v). Then |y —v| =[x - v Hlx = v|| = 1. However,
the open unit ball B(v;1) in #,(v) about v is included in
(jl(v))_1 (cf. [22, Lemma 2.1]). Therefore, y € (jl(v))_l.
From our above discussion, we also have (jl(v)Y1 C j;l.
Thus, ocq(x) = infze]; lx =zl < infwe(jl(v))fl lx — w| <
=yl = llx=llx = v (x=v) =vll = lx=vI (1= llx = v ") =
x=vl—T1as|x—vl > 1; which means a(x) + 1 < [lx—v|.
However, ||x|| — 1 < ||x — v|, as seen above. We conclude that
dist(x, &(F),) = max{ocq(x) + 1, [|x|| - 1}. O

At present, we do not know whether inequality in the
above theorem can be replaced with equality. To give some
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partial affirmative answer to this question, we need the
following result.

Theorem 27. If 7 is a ]i—triple, then dist(x, &(f),) <
max{L, x| - 1} forall x € 7.

Proof. Let x € j;. Then by Theorem 6, x is positive invert-

ible in the JB*-algebra #,(v) for some v € &(¥),, which is
a JB"-algebra with unit v. Hence, x being positive satisfies
lx — vl = dist(x, &(F);) by [26, Proposition 3.2]. By the
functional calculus for positive elements in JB*-algebras,

1 if x| <25
llx = vl < )
llxl =1 if ]l > 2.

Hence, dist(x, &(#);) < max{l,|x| — 1} for all x € j;l.
Next, suppose (x,,) is a sequence in j;l such that [|x,, — x|| <
(1/n) for all n € N. By Theorem 6, there exists a unique v,, €
&(7), corresponding to each x,. Hence, dist(x,, &(%);) <
llx,, — v, for all n. By (2), lIx,, — vl < max{1, ||lx,|l — 1} for
all n. Hence, for large n, we get dist(x, &(#);) < [|x —v,|l =
llx,, = v, |l + lIx — x| < max{1, l|x,ll — 1} + (1/n) by using (2).
It follows that dist(x, (7)) < max{l, ||x| - 1}. O

The following result gives some cases in which the inequa-
lity appearing in Theorem 26 becomes equality.

Theorem 28. Let 7 be a JB*-triple, v € &(F),, and x €
Fim\ I

(i) Ifocq(x) = | x|| then dist(x, (F),) = (xq(x) +1. In par-
ticular, (xq(x) = ||x[| = 1 implies dist(x, E(F);) = 2.

(ii) Ifocq(x) < x|l = 1, then dist(x, &(£),) = oy (x) + 1.

Proof. (i) Since 0 ¢ j;l,dist(x, 7)) < lx -0 +
dist(0, &(7),) < oy (x) + max{l, 0] - 1} = o (x) + 1 by
Theorem 27. On the other hand, dist(x, &( %)) = (xq(x) +1
by Theorem 26. Hence, the part (i) is proved.

(ii) Lete > 0 with ocq(x) + € < 1. Then there exists y € j;l
such that | y—x| < e ;(x)+e.So, [yl < ly—x[+]lx] < eey(x)+
€+1<2.Sincey € j;, y is positive and invertible in #, (v)
for some v € &(#), by Theorem 6; 7,(v) is a JB"-algebra
with unit v. By the continuous functional calculus, we get || y—
vl < llyll—1<2-1=1since ||y|l < 2. Therefore, ||x — v|| <
lx=yll+ly=vI < o (x)+e+1. Hence, dist(x, (7)) < ot (x)+
1. Moreover, dist(x, &(%);) > ocq(x) + 1 by Theorem 26. [

The next result gives some conditions sufficient for the
existence of extreme point approximants.

Corollary 29. Let 7 be a JB -triple, v € &(F), and x € 7
with ||x|| > 2.
(i) If x is positive in 7, (v), then |x — v|| = ||Ix|| - 1.

(ii) Ifx € j;l, then thereisu € &( ), such that |x —u| =
[lx]l - 1.

Proof. (i) Since v being an extreme point of the closed unit
ball, v is a tripotent in ,#, v = P,v = {vw"v}. Hence, |v| =

[{vw* v} = |IvI®, so that |[v]| = 1. Now, since x is positive in
J1(v) and since ||lx|| > 2, we get by the functional calculus for
positive elements that ||x — v|| = [lx| - 1.

(ii) Suppose x € j;l. By Theorem 6, x is positive in #, (v)
for some v € &(7),. Hence, | x —ul| = ||x]| - 1 by Part (i). O
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