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We obtain some new common fixed point theorems satisfying a weak contractive condition in the framework of partially ordered
metric spaces. The main result generalizes and extends some known results given by some authors in the literature.

1. Introduction and Preliminaries

Fixed point and common fixed point theorems for dif-
ferent types of nonlinear contractive mappings have been
investigated extensively by various researchers (see [1-41]).
Fixed point problems involving weak contractions and the
mappings satisfying weak contractive type inequalities have
been studied by many authors (see [10-20] and references
cited therein).

Recently, many researchers have obtained fixed point,
common fixed point, coupled fixed point, and coupled
common fixed point results in partially ordered metric spaces
(see [3, 6-8, 10-12, 29, 30, 32, 36]) and other spaces (see
[5, 15, 31, 35, 38, 40, 41]).

Let (X, <) be a partially ordered set and f, g two self-
mappings on X. A pair (f, g) of self-mappings of X is said
to be weakly increasing [4] if fx < gfx and gx < fgx for any
x € X. An ordered pair (f, g) is said to be partially weakly
increasing if fx < gfx forall x € X.

Note that a pair (f, g) is weakly increasing if and only
if the ordered pairs (f,g) and (g, f) are partially weakly
increasing.

Example 1 (see [3]). Let X = [0,1] be endowed with usual
ordering and f,g : X — X two mappings given by fx =
x” and gx = v/x. Clearly, the pair (f, g) is partially weakly

increasing. But gx = v/x £ x = fgx for any x € (0, 1) implies
that the pair (g, f) is not partially weakly increasing.

Let (X, <) be a partially ordered set. A mapping f: X —
X is called a weak annihilator of a mapping g : X — X if
fgx < xforall x € X.

Example 2 (see [3]). Let X = [0, 1] be endowed with usual
ordering and f,g: X — X be two mappings given by fx =
x” and gx = x°. It is clear that fgx = x° < x forx € X

implies that f is a weak annihilator of g.

Let (X, <) be a partially ordered set. A mapping f is called
a dominating if x < fx for any x € X.

Example 3 (see [3]). Let X = [0, 1] be endowed with usual

ordering and f : X — X a mapping defined by fx = x'/,

: 1
since x < x 13

mapping.

= fx for x € X implies that f is a dominating

A subset W of a partially ordered set X is said to be well
ordered if every two elements of W are comparable.

Let M be a nonempty subset of a metric space (X, d). Let
S and T be mappings from a metric space (X, d) into itself. A
point x € M is a common fixed (resp., coincidence ) point of S
and T if x = Sx = Tx (resp., Sx = Tx). The set of fixed points



(resp., coincidence points) of S and T is denoted by F(S, T)
(resp., C(S,T)).

In 1986, Jungck [24] introduced the more generalized
commuting mappings in metric spaces, called compatible
mappings, which also are more general than the concept of
weakly commuting mappings (that is, the mappings S, T :
X — X are said to be weakly commuting if d(STx, TSx) <
d(Sx, Tx) for all x € X) introduced by Sessa [34] as follows.

Definition 4. Let S and T' be mappings from a metric space
(X,d) into itself. The mappings S and T are said to be
compatible if

lim d (STx,, TSx,) =0, 1
whenever {x,} is a sequence in X such that lim, , Sx, =
lim, , Tx, = z for some z € X.

In general, commuting mappings are weakly commuting
and weakly commuting mappings are compatible, but the
converses are not necessarily true and some examples can be
found in [24-26].

In [27], Jungck and Rhoades introduced the concept of
weakly compatible mappings and proved some common fixed
point theorems for these mappings.

Definition 5. The mappings S and T are said to be weakly
compatible if they commute at coincidence points of S and
T.

In Djoudi and Nisse [21], we can find an example to show
that there exists weakly compatible mappings which are not
compatible mappings in metric spaces.

Let W denote the set of all functions v : [0, o)’ -
[0, 00) such that

(a) y is continuous;
(b) v is strictly increasing in all the variables;

(c) forall t € [0,00) \ {0},
v (t,1,1,0,2t) < t, v (t,1,£,2t,0) < t,
v (0,0,t,£,0) < t, v (0,t,0,0,¢) < t, 2)

v (t,0,0,t,t) < t.

It is easy to verify that the following functions are from the
class ¥, see [18]:

t, t
v (ti by 3y, t5) = kmax {tp ty 13 54’ ES} s
for k € (0,1);
t,+t ®)
¥ (t,t ts, by, t5) = kmax {tl’ ty by, } >
for k € (0,1).

Definition 6 (see [18]). Let (X, <) be a partially ordered set
and suppose that there exists a metric d in X such that (X, d)
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is a metric space. The mapping f: X — X is said to be a y-
contractive mapping, if

d(fx, fy) <w(d(x p).d(x fx),d(y. fy),
d(x, fy).d(y, fx)),
for x > y.

Recently, Chen introduced y-contractive mappings. The
purpose of this paper is to extend the results of Chen for four
mappings, in the framework of ordered metric spaces.

2. Main Results

Now, we give the main results in this paper.

Theorem 7. Let (X, <) be a partially ordered set, and suppose
that there exists a metric d on X such that (X,d) is a
complete metric space. Suppose that T, f, g, and S are self-
mappings on X, the pairs (T, f) and (S, g) are partially weakly
increasing with f(X) ¢ T(X) and g(X) < S(X), and the
dominating mappings f and g are weak annihilators of T and
S, respectively. Furthet, suppose that for any two comparable
elements x,y € X, andy € V¥,

d(fx,gy) <y (d(Sx,Ty),d (Sx, fx).d (Ty.gy),
d(Sx, gy).d(Ty, fx)),

holds. If, for a nondecreasing sequence {x,} with x,, < y, for all
n>1,y, — uimplies that x,, < u and either

(5)

(a) f and S are compatible, f or S is continuous, and g, T
are weakly compatible or

(b) g and T are compatible, g or T is continuous, and f, S
are weakly compatible,

then f, g, S, andT have a common fixed point in X. Moreover,
the set of common fixed points of f, g, S, and T is well ordered
ifand only if f, g, S, and T have one and only one common
fixed point in X.

Proof. Let x, € X be an arbitrary point. Since f(X) ¢ T(X)
and g(X) < S(X), we can construct the sequences {x,} and
{y,} in X such that

Yane1 = [Xony = Txpy Yon = GXou1 = SXp, (6)

for each n > 1. By assumptions, we have

Xona S fXon g = Ty S fTXp 1 < Xpy 15 @)
‘x2n—1 < ngn—l = SxZn < gSXZn < xZn’
for each n > 1. Thus, for each n > 1, we have x,, < x,,,.
Without loss of generality, we assume that y,, # y,,,,, for each
nxl.
Now, we claim that for all n € N, we have

d(ynﬂ’ymz) < d(yn’ynﬂ)' (8)
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Suppose to the contrary that d(y,,, ¥211) < d(Vaper>
Yonio) for some n € N. Since y,, and y,,., are comparable,
from (5), we have

d (Yane1> Yani2)

= d (fXy 9%2011)

< Y (d (823 Tog11) » A (X300 [53) A (TXpp1 G%X341) »
d (Sx3 9%341) »d (TXpp15 fX))

=¥ (d (V2w Yane1) »d (Vo Y2ni1) -8 (Vanet> Yanaa)
d (Vo Yane2) >4 (V> Yane1))

=¥ (d(Vaw Yone1) >4 (Vo Yane1) »
d (Yanr1> Yaniz) 4 (Vaw Yami2) > 0)

<y (d (Vaw Y2ue1) >4 (Vaw Yone1) >4 (Vani> Yansa) »
A (Yam Yanr1) + 4 (Vans1> Yanea) »0)

<Y (d (Vans1> Yone2) »d (Vanet> Yaus2) »
d (Yans1> Yone2) » 24 (Vo> Yaniz) - 0)

<d (Yans1> Yons2) s
9)

which is a contradiction. Hence d(¥,,,1> Vopia) < d(¥ap
Yoni1) foreachn > 1.

Similarly, we can prove that d(¥,,,,1> ¥21) < d(Vap> Van-1)
for eachn > 1.

Therefore, we can conclude that (8) holds.

Let us denote ¢, = d(y,,;> ¥,)- Then, from (8), ¢, is a
nonincreasing sequence and bounded below. Thus, it must
converge to some ¢ > 0. If ¢ > 0, then by the above
inequalities, we have ¢ < ¢,,; < v(c, ¢, ¢, 26,,0). Taking
the limit, as m — 00, we have ¢ < ¢ < v¥(c,¢,¢,2¢,0) < ¢,
which is a contradiction. Hence,

d (Yus1> Yn) — 0. (10)

Now, we show that {y, } is a Cauchy sequence.

Suppose that {y,} is not a Cauchy sequence. Then, there
exists € > 0 for which we can find two sequences of natural
numbers {m(k)} and {n(k)} with n(k) > m(k) > k such that

d (Y Vi) = 6 A (Vs Yuy—1) <€ (1)

From (11), it follows that
€ < d (V> Yuii))
< d (Vg Ynt-1) + & V-1 Ynihy) (12)
<€+ d (V-1 Vutoy) -

Letting k — o0 and using (10), we have

kll)ngod ()’m(k)> J’n(k)) =€ (13)

Again,

d (J’m(k)—p )’n(k)—1) <d (ym(k)—l’ )/m(k)) +d ()’m(k)> yn(k))
+d (;Vn(k)> J’n(k)—l) >
d (ym(k)’ yn(k)) <d (ym(k)’ ym(k)—l) +d (,Vm(k)—p yn(k)—l)

+d (J’n(k)—p J’n(k)) .
(14)

Letting k — oo in the above inequalities and using (10) and
(13), we have

M d (Vougg-15 Y1) = € (15)
Again,

A (Yutry-15 )’m(k)) < d (V-1 Yatky-1) + 4 Ymii-1> }’m(k)) >

d (J’m(k)—p)’n(k)—l) <d (ym(k)—l’ }’m(k)) +d (}’n(k)—p J’m(k)) .
(16)

Letting k — oo in the above inequalities and using (10) and
(15), we have

M d (Y- Vo) = € (17)
Similarly, we have

kliféo A (Ym)-1> Yn(iy) = €- (18)
Also, again from (10), (15), and the inequality

d (ym(k)—l’ )’n(k)+1) -d (ym(k)—l’ )’n(k)) <d (yn(k)’ )’n(k)+1) >

(19)
it follows that
kli—{%o A (Ym)-1> Yn(iy41) = €- (20)
Now, we have
A (Ym(iy Yo +1)
<Y (d Ymi-1> Ynik)) » 4 D10 Ymiiy) » an
d (yn(k)’ yn(k)+1) N (ym(k)—l’ yn(k)+1) >
A (Yu» Yme)) -
Letting k — 00, we get
€ <Y (€0,0,¢€)
(22)

<E€,

which is a contradiction. Thus {y,} is a Cauchy sequence.
Since X is a complete metric space, there exists z € X such



that y, — z. Therefore, we have

lim = lim Tx = lim fx,, =z
LD Yoy = MM L Xy = oof 2n >
(23)
lim = lim Sx = lim gx =z.
L Yoy = I O0Xoy4p = UM X541

Assume that S is continuous. Since f and S are compatible,
we have

Jim fSxy,,, = lim Sfx,,., = Sz. (24)
Also, x5,,1 < GXopiq = SXy,,5- Now, we have
d (8% GXope1)

<y (d (Szxzn) Tx2n+1) ,d (Szxzw fstn) >

(25)
d (TXyn41> G%Xoni1) - d (Szxzna 9x2n+1) >
d (Txy1> £S%5,) ) .
Lettingn — o0, we get
d(Sz,z) <y (d(Sz,2),0,0,d (Sz,2),d (2, Sz)) 2)

<d(8Sz,z2),

which implies that Sz = z.
Now, it follows that x,,.; < gx,,,; and gx,,,; — 2,
X341 < 2. From (5), we have

d(fz, gxy1)
<y (d (82, Txy41)d (82, f2), d (TXy11 GXopi1) s

d (82, gx341) > A (T 415 fz)) .
(27)

Lettingn — o0, we get

d(fz,z) <y (0,d(fz,2),0,0,d(z, fz))
<d(fzz),

which implies that fz = z. Since f(X) € T(X), there exists
w € X such that Sz = z = fz = Tw. Suppose that gw # Tw.
Since z < fz = Tw < fTw < w implies z < w, from (5), we
obtain

d (Tw, gw) = d(fz, gw)
<y (d(Sz, Tw),d (Sz, fz),d (Tw, gw),

(28)

d(Sz, gw),d (Tw, fz)) (29)
5 (0,0.d (Tw, gw), d (Tw, gw) ,0)
<d(Tw, gw),
which implies that Tw = gw. Since g and T are weakly

compatible, gz = gfz = gTw = Tgw = Tfz = Tz. Thus,
z is a coincidence point of T and g.
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Now, x,, < fx,, and fx,, — z implies x,, < z. Thus,
from (5), we obtain

d (fx2n’ gz) < 1/] (d (SxZn’ TZ) > d (Sx2n’ fon) >

d(Tz,gz),d (Sxy, 92)d (T2, fx5)) -
(30)

Lettingn — 00, we get

d(z,92) <y (d (2, 92),0,0,d (2, g2) . d (2, g2))
<d(z gz2),

(31)

which implies that gz = z. Therefore, we have fz = gz =
Sz=Tz =z

If f is continuous, then, following the similar arguments,
also we get the result.

Similarly, the result follows when (b) holds.

Now, suppose that the set of common fixed points of T, S,
fand g is well ordered.

We claim that common fixed points of T, S, f, and g are
unique.

Assume that Tu = Su = fu = gu = uand Tv = Sv =
fv =gv=v,butu#v. Then, from (5), we have

dw,v) =d(fu,gv)
<y (d(Su,Tv),d (Su, fu),d(Tv,gv),
d (Su, gv),d (Tv, fu)) (32)
= (d (), 0,0,d (u,v), d (v, )
<d(u,v).

This implies that d(u, v) = 0, and hence u = v.

Conversely, if T, S, f, and g have only one common fixed
point, then the set of common fixed point of f, g, S, and T
being singleton is well ordered. This completes the proof. [

Example 8. Consider X = [0,1] U {2,3,4,...} with usual
ordering and

|x—y| ifx,yel01], x#y;

x+y if at least one of x or y ¢ [0,1],
d(x,y) = X,
0 if x=y.

(33)

Then (X, <, d) is a complete partially ordered metric space.
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Let f, g, S,and T be self-mappings on X defined as

(0 if x=0;
1 ifxe(O,l];
2 2
(x):<
f 1 ifxe(l,l];
2
x ifx€{2,3,4,...};

0 ifx=0;
1 1fxe<0,l],
g =142
X ifxe(l,l]u{2,3,4,...};
2 (34)
0 ifxsl;
2
T(x)=142 R T
x-1 ifxe€{2,3,4,...};
0 ifxsl;
2
2x -1 if G(l 1]'
S(X)z X I X 2, 5
X if x €{2,3,4,...}.
Define function y : [0, )’ — [0, 00) by the formula
6 ty +ts5
y/(tl,tz,t3,t4,t5)=;max{tl,tz,t3, 5 } (35)

Note that f, g, S, and T satisfy all the conditions given in
Theorem 7. Moreover, 0 is a common fixed point of f, g, S,
and T.

If f = g, then we have the following result.

Corollary 9. Let (X, <) be a partially ordered set, and suppose
that there exists a metric d on X such that (X, d) is a complete
metric space. Suppose that T, f, and S are self-mappings on X,
the pairs (T, ) and (S, f) are partially weakly increasing with
f(X) € T(X) and f(X) € S(X), and the dominating mapping
f is a weak annihilator of T and S. Further, suppose that there
exists the function y € Y such that, for any two comparable
elements x, y € X,

d(fx, fy) < (d(Sx,Ty),d(Sx, fx),d(Ty, fy), 66
d(Sx, fy).d(Ty, fx))

holds. If, for a nondecreasing sequence {x,,} with x,, < y, for all
n>1,y, — uimplies that x,, < u and either

(a) f,S are compatible, f or S is continuous, and f, T are
weakly compatible or

(b) £, T are compatible, f or T is continuous, and f,S are
weakly compatible,

then f, S, and T have a common fixed point in X. Moreover,
the set of common fixed points of f, S, and T is well ordered if
and only if f, S, and T have one and only one common fixed
point in X.

Corollary 10. Let (X,<) be a partially ordered set, and
suppose that there exists a metric d on X such that (X,d) is
a complete metric space. Suppose that T, f, and g are self-
mappings on X, the pairs (T, f) and (T, g) are partially weakly
increasing with f(X) < T(X) and g(X) < T(X), and the
dominating mappings f and g are weak annihilators of T.
Further, suppose that there exists the function y € ¥ such that,
for any two comparable elements x, y € X,

d(fx,gy) <y (d(Tx,Ty),d(Tx, fx),d(Ty,gy),
d(Tx, gy).d(Ty, fx))

holds. If, for a nondecreasing sequence {x,,} with x,, < y, for all
n>1,y, — uimplies that x,, < u and either

37)

(a) f,T are compatible, f or T is continuous, and g, T are
weakly compatible or

(b) g, T are compatible, g or T is continuous, and f, T are
weakly compatible,

then f,g, and T have a common fixed point in X. Moreover,
the set of common fixed points of f, g, and T is well ordered if
and only if f,g, and T have one and only one common fixed
point in X.

Corollary11. Let (X, <) be a partially ordered set, and suppose
that there exists a metric d on X such that (X, d) is a complete
metric space. Suppose that T and f are self-mappings on X, the
pair (T, f) is partially weakly increasing with f(X) < T(X),
and the dominating mapping f is a weak annihilator of T.
Further, suppose that there exists the function y € ¥ such that,
for any two comparable elements x, y € X,

d(fx, fy) <y (d(Tx,Ty),d (Tx, fx),d (T, fy),
d(Tx, fy),d (Ty, fx))

holds. If, for a nondecreasing sequence {x,} with x, < y,
foralln > 1, y, — wu implies that x,, < u and, further,
f, T are compatible, f or T is continuous, and f,T are weakly
compatible, then f and T have a common fixed point in X.
Moreover, the set of common fixed points of f and T is well
ordered if and only if f and T have one and only one common
fixed point in X.

(38)

3. Applications

The aim of the section is to apply our new results to mappings
involving contractions of integral type. For this purpose,
denote by A the set of functions ¢ : [0,00) — [0, 00) sat-
isfying the following hypotheses:



(hl) p is a Lebesgue-integrable mapping on each compact
of [0, 0);

(h2) for any € > 0, we have foe u(t) > 0.

Corollary12. Let (X, <) be a partially ordered set, and suppose
that there exists a metric d on X such that (X,d) is a
complete metric space. Suppose that T, f, g, and S are self-
mappings on X, the pairs (T, f) and (S, g) are partially weakly
increasing with f(X) ¢ T(X) and g(X) < S(X), and the
dominating mappings f and g are weak annihilators of T and
S, respectively. Further, suppose that there exists the function
y € ¥ such that, for any two comparable elements x, y € X,

a(fx.gy)
J a(s)ds
0

JW(d (Sx,Ty),d(Sx, fx),d(Ty,gy),d(Sx,gy),d(Ty, fx))
<

a(s)ds
(39)

0

holds, where o« € A. If, for a nondecreasing sequence {x,} with
x, <y, foralln>1, y, — uimplies that x, < u and either

(a) f,S are compatible, f or S is continuous, and g, T are
weakly compatible or

(b) g, T are compatible, g or T is continuous, and f,S are
weakly compatible,

then f, g, S, andT have a common fixed point in X. Moreover,
the set of common fixed points of f, g, S, and T is well ordered
ifand only if f, g, S, and T have one and only one common
fixed point in X.

Corollary13. Let (X, <) bea partially ordered set, and suppose
that there exists a metric d on X such that (X, d) is a complete
metric space. Suppose that T, f, and g are self-mappings on
X, the pairs (T, f) and (T, g) are partially weakly increasing
with f(X) ¢ T(X) and g(X) < T(X), and the dominating
mappings f and g are weak annihilators of T. Further, suppose
that there exists the function v € Y such that, for any two
comparable elements x, y € X,

a(fx.gy)
J a(s)ds
0

Jry/(d(Tx,Ty),d(Tx,fx),d(Ty,gy),d(Tx,gy),d(Ty,fx))
<

a(s)ds
(40)

0

holds, where o« € A. If, for a nondecreasing sequence {x,,} with
x, <y, foralln>1, y, — uimplies that x, < u and either

(a) f, T are compatible, f or T is continuous, and g, T are
weakly compatible or

(b) g, T are compatible, g or T is continuous, and f, T are
weakly compatible,

then f,g, and T have a common fixed point in X. Moreover,
the set of common fixed points of f, g, and T is well ordered if
and only if f,g, and T have one and only one common fixed
point in X.
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Corollary14. Let (X, <) bea partially ordered set, and suppose
that there exists a metric d on X such that (X, d) is a complete
metric space. Suppose that T and f are self-mappings on X,
the pair (T, f) is a partially weakly increasing with f(X) <
T(X), and the dominating mapping f is a weak annihilator of
T. Further, suppose that there exists the function v € ¥ such
that, for any two comparable elements x, y € X,

d(fx.fy)
J a(s)ds

0

Ju/(d(Tx,Ty),d(Tx,fx),d(Ty,fy),d(Tx,fy),d(Ty,fx))
<

«(s)ds
(41)

0

holds, where o« € A. If, for a nondecreasing sequence {x,,} with
X, < y,foralln > 1, y, — u implies that x,, < u and,
further, f,T are compatible, f or T is continuous, and f, T are
weakly compatible, then f and T have a common fixed point in
X. Moreover, the set of common fixed points of f and T is well
ordered if and only if f and T have one and only one common
fixed point in X.
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