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We define and study both neutral slant and semineutral slant submanifolds of an almost para-Hermitian manifold and, in particular,
of a para-Kahler manifold. We give characterization theorems for neutral slant and semi-neutral slant submanifolds. We also
investigate the integrability conditions for the distributions involved in the definition of a semi-neutral slant submanifold when

the ambient manifold is a para-Kahler manifold.

1. Introduction

The geometry of slant submanifolds was initiated by Chen,
as a generalization of both holomorphic and totally real
submanifolds in complex geometry [1, 2]. Since then, many
mathematicians have studied these submanifolds. Slant sub-
manifolds have been studied by many geometers in various
manifolds [3-5]. In particular, Papaghiuc [6] introduced
semislant submanifolds. Lotta [7, 8] defined and studied
slant submanifolds in contact geometry. Cabrerizo et al.
studied slant, semislant, and bislant submanifolds in contact
geometry [9, 10]. Recently, Arslan et al. [11] studied these
submanifolds in the setting of neutral Kdhler manifolds.

In this paper we define and study both neutral slant and
semineutral slant submanifolds of an almost para-Hermitian
manifold and, in particular, of a para-Kédhler manifold.
The paper is organized as follows. In Section 2, we review
some formulas and definitions for an almost para-Hermitian
manifold and their submanifolds. In Section 3, we define
neutral slant submanifolds for an almost para-Hermitian
manifold and give theorem for a neutral slant submanifold.
In the last section, we define and study semineutral slant
submanifolds of an almost para-Hermitian manifold. We give
theorems for a semineutral slant submanifold. In the last part
of Section 4, we obtain that the distributions are integrable
and their leaves are totally geodesic in semineutral slant
submanifold under the condition Vf = 0. Finally, the paper
contains some examples.

2. Preliminaries

An almost para-Hermitian manifold (M, g,J) is a smooth
manifold endowed with an almost paracomplex structure J
and a pseudo-Riemannian metric g compatible in the sense
that
=1, gUXY)+g(X,JY)=0, X,YeTl(TM),
@)

where I'(TM) is the module of differentiable vector fields
on M. It follows that the metric g is neutral; that is, it
has signature (m,m), and the eigenbundles TM  are totally
isotropic with respect to g.

An almost para-Hermitian manifold M is called a para-
Kiéhler manifold if

(VxJ)Y =0, VXY eT(TM), )

where V is the Levi-Civita connection on M [12, 13].

Let M be an isometrically immersed submanifold of an
almost para-Hermitian manifold M. We denote the Levi-
Civita connections on M and M by V and V, respectively.
Then, the Gauss and Weingarten formulas are given by

ViY = VY +h(X,Y),
_ €)
VN = —AyX + VxN,



for any X,Y € I(TM) and N € T(TM™), where V" is
the connection in the normal bundle TM™", h is the second
fundamental form of M, and A is the shape operator. The
second fundamental form 4 and the shape operator A are
related by

g(ANXY) =g (h(X,Y),N), (4)

where the induced pseudo-Riemannian metric on M is
denoted by the same symbol g.

Let us consider that M is an immersed submanifold of an
almost para-Hermitian manifold M. For any X € I'(TM) and
N € T(TM™), we put

JX = fX + wX, ®)
JN = BN +CN, (6)

where fX (resp., wX) is tangential (resp., normal) part of JX
and BN (resp., CN) is tangential (resp., normal) part of JN.
From (1) and (5), we have

g(fXY)=-g(X fY), 7)

forany X, Y € ['(TM).

The submanifold M is said to be invariant if w is
identically zero; that is, JX = fX € I'(TM), for any X €
T'(TM). On the other hand, M is said to be anti-invariant
submanifold if f is identically zero; that is, JX = wX €
[(TM™), for any X € T[(TM).

For any X € I'(TM), by a direct calculation, we have

X = f°X + BwX, thatis, I = f* + Bw, (8)

wfX +CwX =0, thatis, wf +Cw =0. 9)

Similarly, for any N € T(TM™), we have

N = wBN + C°N, thatis, I = wB + C?,

(10)

fBN +BCN =0, that is, fB+ BC = 0.

Now, let M be an immersed submanifold of an almost
para-Kahler manifold M. For any X,Y € I(TM), from
?X]Y = ](?XY), taking into account (3), (5), and (6), then
we have

Vi fY +h(X, fY) = Ay X + VoY
1)
= fVyY + wVyY + Bh(X,Y) + Ch(X,Y).

Comparing the tangential and normal components of
(11), respectively, we get

(Vxf)Y = Ay X +Bh(X,Y), (12)
(Vxw)Y =Ch(X,Y) - h(X, fY), (13)

where the covariant derivations of f and w are, respectively,

defined by
(fo) Y =V fY - fVyY,
(14)
(Vxw)Y = VyoY — wVyY,

forany X,Y € I'(TM).
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Let M be a submanifold of a para-Hermitian manifold
M. A tangent vector X € TM is said to be spacelike (resp.,
timelike) if g(X,X) > 0 (resp., g(X,X) < 0). f X is a
spacelike vector (resp., timelike), we have | X|| = 1/g(X, X)

(resp., [ X[l = v=g(X, X)) [11].

3. Neutral Slant Submanifolds of Almost
Para-Hermitian Manifolds

In this section, we study neutral slant immersions of an
almost para-Hermitian manifold M. First, we present def-
inition of a neutral slant submanifold of an almost para-
Hermitian manifold following Chen’s [1] definition for a
Hermitian manifold. Let M be a semi-Riemannian manifold
isometrically immersed in an almost para-Hermitian mani-
fold M. For each nonzero spacelike vector X tangent to M
at x, the angle 0(X), 0 < 0(X) < /2 between JX and
T .M is called the Wirtinger angle of X. Then, M is said
to be neutral slant if the angle 6(X) is a constant, which is
independent of the choice of x € M and X € T(TM).
The angle 0 of a neutral slant immersion is called the slant
angle of the immersion. Thus, the invariant and anti-invariant
immersions are neutral slant immersions with slant angle
0 = 0 and 0 = 7/2, respectively. A neutral slant immersion
which is neither invariant nor anti-invariant is called a proper
neutral slant immersion.

We note that our definition is quite different from Chen’s
definition for slant submanifold [1], and the slant submani-
fold is given by Arslan et al. [11].

Next we give a useful characterization of neutral slant
submanifolds in an almost para-Hermitian manifold.

Theorem 1. Let M be a submanifold of a para-Hermitian
manifold M. Then,

(i) M is neutral slant if and only if there exists a constant
A € [0,1] such that f* = AL Furthermore, in this case,
if 0 is the slant angle of M, it satisfies A = cos’6;

(ii) M is a neutral slant submanifold if and only if there
exists a constant A € [0,1] such that BPw = AL
Furthermore, in this case, if 0 is the slant angle of M, it
satisfies A = sin®0.

Proof. (i) Suppose that M is a neutral slant submanifold. For
any X € ['(TM), we can write

cosO(X) = %, (15)

where 0(X) is the slant angle. By using (7), (15), and (1), we
get

- 9(fX, fX)

—cos’0(X) g JX,JX) (16)

9(f’x.X)

cos’0 (X)g(X,X),
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for all X € T'(TM). Since g is a neutral metric, from (16), we
have

f2X =cos’0(X)X, X eI (TM). (17)

Let A = cos®6. Then it is obvious that A € [0, 1].

Conversely, let us assume that there exists a constant A €
[0, 1] such that f2 = Al is satisfied. From (7), (17), and (1), we
get

g(Ux. fX)  g(X f’x)

0(X) = =
80 = XX = XTI ®
_ X IX) L 9UXx)
xnx) X gx)
for all X € I'(TM). Thus we have
AJX|
cosO (X) = =———-. (19)
(24|

Since cos 0(X) = || fX|I/II7X|, then by using the last equation
we obtain cos*6(X) = A, which implies that 8(X) is a constant

and so M is a neutral slant.
(ii) From (8) and (i), we have (ii). ]

Corollary 2. Let M be a neutral slant submanifold of an

almost para-Hermitian manifold M with slant angle 6. Then,
forany X,Y € T(T'M), we have

g (fX, fY) = —cos’0g (X,Y), (20)
g (WX, wY) = —sin’0g (X,Y). (21)
Proof. From Theorem 1(i) and (7), we get
g(fX fY)=-g(f’x.Y),

g (fX, fY) = —cos’6g (X, Y),

for any X,Y € I'(T’M). On the other hand, from (1), (5), and
(20), we obtain

gUX,JY) = g(fX + 0X, fY + wY),
-g(X,Y) = g(fX, fY) + g (0X, wY).

This completes the proof. O

(22)

(23)

Now, we give some examples of the neutral slant subman-
ifolds in almost para-Hermitian manifolds inspirited by Chen
[1].

Note that given a semi-Euclidean space R>" with coordi-
nates (x,, ..., X,,) on R>", we can naturally choose an almost
paracomplex structure J on R>" as follows:

0 0 0 0
! (Jz) - 0xiy ! < 0% ) - Jzi’ =

where i = 1,...,n. Let R” be a semi-Euclidean space of
signature (+,—, +, —,...) with respect to the canonical basis
(0/0x,...,0/0x,,).

Example 3. Consider a submanifold M in R; given by
@ (u,v) = (ucosa, v,usina,0). (25)

It is easy to see that M is a neutral slant submanifold with
the slant angle a.

Example 4. Consider a submanifold M in R‘zl given by
x (u,v) = (usina, veos B,ucosa, vsin ),  (26)

where « and f are constant. Then M is a neutral slant
submanifold with the slant angle cos 0 = | sin(« + f)|.

Remark 5. Consider MIZ,P a neutral submanifold of an almost
para-Hermitian manifold (M, g, ), in fact a neutral manifold
Hin, with

g (fXTX)] < | £X] X1 (27)

M is called a neutral slant submanifold if the Wirtinger angle
between JX and T, M is constant, for all X € T, .M a spacelike
vector field and all x € M. It is well defined, because that angle
can be measured as usual, it the same angle between JX and
fX, and they both are timelike vector fields.

In fact, if that conditions hold, it would be the same angle
between JY and T\, M for Y € T M a timelike vector, both
JY and fY would be spacelike vector fields. This condition is
equivalent to

lg (fX, £X)| < |9 UX.TX)], (28)

or | fX]| < [IJX], in fact it is equivalent to Theorem 1 con-
dition f*X = cos®0I.

4. Semineutral Slant Submanifolds of Almost
Para-Hermitian Manifolds

Definition 6. Let (M, g) be an almost para-Hermitian mani-
fold with an almost paracomplex structure J. A differentiable
distribution on M is called a neutral slant distribution if
for each p € M and each nonzero spacelike vector X €
F(Dp), the angle GP between JX and D, is a constant, that

is, independent of the choice of p € M and X ¢ I'(D,). In
this case, we call the constant angle 6, the slant angle of the
distribution D,,.

Let M be an immersed submanifold of an almost para-
Hermitian manifold M and D a differentiable distribution on
M. We denote the orthogonal distribution to D on M by D™.
Then, for all X € T(TM), we write

JX = P fX + P, fX + wX, (29)

where P, and P, are orthogonal projections on D and D*,
respectively.

Next, we will give a sufficient and necessary condition for
a distribution to be slant.

Theorem 7. Let M be a submanifold of an almost para-
Hermitian manifold M and D a differentiable distribution on



M. Then D is a neutral slant distribution if and only if there
exists a constant A € [0, 1] such that

(P, f)* = AL (30)

Furthermore, in such case, if 0 is the slant angle of D then
A = cos®0.

Proof. We suppose that D is a neutral slant distribution on
M. Then, from (29), we have

Ccos 6 (X) = M
IXI{P fX|
5 (31)
_ 9(X@f)X) x|
UXIPfX) x)
which implies that
[P fX| = cos 0 (X) 17X]» (32)
for any X € I'(D). By using (29), (32), and (1), we have
g (X) (Plf)zx) =-g (P, fX, P, fX)
= —c0s°0 (X) g JX, JX) (33)
= cos’0(X) g(X,X), VX eI (D).
Since g is a neutral metric, we obtain
(P f)’X = cos’0 (X)X, VX eT (D). (34)

If we put A = cos°6, then we have (30).
Conversely, let A € [0, 1] be a constant such that (30) is
satisfied. Then, from (1) we have

g UX, P, fX)
x1P x|

_ XX gxx)
X1 P, £X]| X1 P x|

for any X € I'(D). Thus we get

cosf(X) =
(35)

AMITX|
IP X
On the other hand, since cos 6(X) = [P, fX||/IJX|, then

we obtain cos*0 = A, which implies that 0 is a constant and D
is a neutral slant distribution. This completes the proof. [

cosf(X) =

(36)

Definition 8. M is called a bineutral slant submanifold of

an almost para-Hermitian manifold M if there exist two
orthogonal distributions D, and D, on M such that

(i) TM admits the orthogonal direct decomposition
TM = D, & D,;

(ii) D; is a neutral slant distribution with slant angle 6, for
i=1,2.
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Given a bineutral slant submanifold M, we can write, for any
X € I(TM),

X = P,X + D)X, (37)

where P, denotes the component of X in D, for any i = 1, 2.
In particular, if X € I'(D;), then we obtain X; = P,X. If we
define f; = P, o f, then we have

JX = fiX + L,X + wX, (38)

for any X € I'(TM).

We note that semi-invariant submanifolds are particular
cases of bineutral slant submanifolds with slant angles 8, = 0
and 0, = /2.

Theorem 9. Let M be a bineutral slant submanifold with an-
gles0, =0, = 0.If gJX,Y) = 0, for any X € T(D,) and
Y € I(D,), then M is slant with angle 0.

Proof. Since g(JX,Y) = 0,forany X € I'(D,) and Y € I'(D,),
we have g(fX,Y) = 0; thatis, fX € I'(D,). Similarly, for
Y e I(D,), we find. Then for any X € I'(TM), X can be
written as follows: X = X, + X, such that X, ¢ I'(D,)
and X, € I(D,) and cos’0, = [fX,I*/1JX,]% cos’0, =
IFX, 17 /1l7X, |17 Since 6, = 6, = 6, we get

g(X fX) g(fX, fX)+9(fX fX)
9 UX,JX) g(UX1,JX,) + g (UX,,JX;)

which gives assertion of the theorem.

Now, as a generalization of semi-invariant submanifolds,
we can define semineutral slant submanifolds of an almost
para-Hermitian manifold. O

Definition 10. M is called a semineutral slant submanifold

of an almost para-Hermitian manifold M if there exist two
orthogonal distributions D; and D, on M such that

(i) TM admits the orthogonal direct sum TM = D, @D,,
(ii) the distribution D; is invariant; that is, J(D;) = Dy,

(iii) the distribution D, is neutral slant with slant angle
0#0.

In this case, we call 6 the slant angle of submanifold M.

It is obvious that the invariant and anti-invariant distri-
butions of a semineutral slant submanifold are neutral slant
distributions with the slant angles 6 = 0 and 6 = 7/2,
respectively.

Now, let M be a semineutral slant submanifold of an
almost para-Hermitian manifold M. Let M be a semislant
submanifold with d; dim(D,) and d, dim(D,). Then we have
the following particular cases.

(i) If d, = 0, then M is an invariant submanifold.

(ii) If d, = 0 and 0 = /2, then M is an anti-invariant
submanifold.

(iii) If d; = 0 and 0 # 7r/2, then M is a proper neutral slant
submanifold with slant angle 6.
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(iv)If d; - d,#0 and O+#m/2, then M is a proper
semineutral slant submanifold.

We now give an example of bineutral slant submanifolds.

Example 11. Let x(u,v,t,s) = (usina,v,ucose,0,s,tsin f,
0,tcos f3), where « and f are constant. Then, M is a 4-
dimensional submanifold of M = Ri.

By defining

<. 9] 0 0
D, =(sina— +cosq—, — ),
0x, 0x; 0x,

0 0 0
D = -, i be— = >
) < o, sin 'Bax6 + cos ﬁaxs >

we have that TM = D, @ D, and D,, D, are neutral slant with
slant angles cos (| sina]) and cos™(] sin Bl), respectively.
Thus M is a bineutral slant submanifold of M.

Now, let M be a semineutral slant submanifold of an
almost para-Hermitian manifold M and P, (i = 1,2),
denoting the orthogonal projections on D;, (i = 1,2). Then,
for any X € I'(TM), applying ] to (37), we have

(40)

JX = fP,X + fP,X + wP, X, (41)
where

JPX = fPX, wP,X=0. (42)

From (41) and (42), we have
fX = JP,X + fP,X. (43)
By putting Y = P,Y in (20) and Y = P,Y in (21), we get
g (fX, fPY) = —cos’0g (X, PY), X,Y eI (TM), )

g(0X,wP,Y) = —sin’g (X, P,Y), X,Y e T(TM),

respectively.
We give a characterization for the semineutral slant
submanifolds of an almost para-Hermitian manifold.

Theorem 12. Let M be an immersed submanifold of an almost
para-Hermitian manifold M. Then M is a semineutral slant
submanifold if and only if there exists a constant A € [0,1)
such that D = {X € TM | f*X = AX} is a distribution.
Furthermore, in this case, A = cos’0, where 0 denotes slant
angle of M.

Proof. Let M be a semineutral slant submanifold and TM =
D, ® D,, where D, is invariant and D, is neutral slant. We
put A = cos®0, where 6 denotes slant angle of M. For any
X e I'(D), if X € T(D;), then we have

X=X = f’X = AX, (45)

which implies that A = 1. But this is a contradiction that A €
[0, 1). Therefore we obtain D € D,. On the other hand, since
D, is a neutral slant distribution, it follows from Theorem 7

that f2X = (fP,)*X = AX, which means that D, < D. Thus
D = D, is a distribution.

Conversely, we can consider the orthogonal direct
decomposition TM = D @ D*. It is obvious that fD € D,
from which we have g(JX,Y) = —g(X,JY) = -g(X, fY) =0
for any X € I'(D*) and Y € I'(D). Hence D" is an invariant
distribution. Finally, Theorem 7 imply that D is a neutral slant
distribution, with slant angle 0 satisfying A = cos’6. O

We can easily present some examples of the above situ-
ation.

Example 13. x(u,v,t,r) = (u,0,u,vsin0,0,vcos0, t,s),

0+ 7/2 defines a four-dimensional proper semineutral slant

submanifold M, with slant angle cos™* (| sin 6/v2]), in R.
Moreover, it is easy to see that

_9 _9 .9
P oox,” T ox,  0x;
0 0 (40
XZZ a—xg, X4:Sinea—x4+COSGa—x6

from a local orthogonal frame of TM. Then, we can define
D, = Span{X,, X,} and D, = Span{Xj;, X,}.

Example 14. x(u,v,t,s) = (u,v,tsina,scosf, tcosa,
ssin f3,0,0) defines a four-dimensional proper semineutral
slant submanifold M, with slant angle cos@ = |sin(x + f)I,
in RY, where o and 3 are constant.

Moreover it is easy to see that

X, = —, X, =sina— + cosa—

' 0x, ’ 0x; X5
0 0 0 (47)

= —, X, =cos— +sin f—

27 ox, 4 ﬁax4 ﬁaxé

from a local orthogonal frame of TM. Then we can define
D, = Span{X,, X,} and D, = Span{Xj;, X,}.

Then, it is easy to show that all conditions of Theorem 12
are satisfied.

Next, we will give useful characterizations for integrable
conditions of distributions.

Theorem 15. Let M be a semineutral slant submanifold of a
para-Kiéhler manifold M. Then we have the following:

(a) the distribution D, is integrable if and only if
h(X, fY)=h(fX,Y), (48)

forany X, Y e I'(D,),
(b) the distribution D, is integrable if and only if

P, (Vy fPY - Vy fP,X) = P, (AwPZYX - AwPZXY) , (49)

forany X, Y € I'(D,).



Proof. From (2), we get
ViJY = JVY, (50)
forall X,Y € I(TM).

(a) By using Gauss-Weingarten formulas, (5), and (6) in
(50), we have

Vi fY +h(X, fY)

(51)
= fVyY + wVyY + B (X,Y) + Ch(X,Y),

forany X, Y € I'(D,). From (41) and (51), we obtain

Vy fY + h(X, fY) = fP,VxY + fP,VyY + wP,VyY
(52)
+Bh(X,Y)+Ch(X,Y).

By equating the normal part of the last equation, we have
h(X, fY) = wP,VyY + Ch(X,Y). (53)
If we change the role of X and Y in (53), we write
h(fX,Y) = wP,VyX + Ch(Y, X). (54)
Since h is symmetric, from (53) and (54), we get

h(X, fY)-h(fX,Y) =wP, [X,Y], VXY eT(D,).

(55)

Assume that the distribution D, is integrable. Then, for
any X,Y € I'(D,), we have [X, Y] € I'(D,) which implies that
wP,[X, Y] = 0. Thus from (55) we obtain (48).

Conversely, if (48) is satisfied, then from (55), we have
wb[X, Y] = 0, for any X,Y € I'(D,), which implies that
P,[X,Y] = 0. Then we conclude that [X,Y] € I'(D,).

(b) From (41) and Gauss-Weingarten formulae, we have
Vi JY = Vi JP,Y + h(X,JP,Y) + Vy fR,Y + h(X, fP,Y)

— AypyX + VxwPyY,
(56)

forall X,Y e I'(TM). On the other hand, by using (5) and (6),
we write

JVY = fV4Y + wVyY + Bh(X,Y) + Ch(X,Y). (57)
By using (56) and (57) in (50), we get
Vi fPY + h(X, fPY) = Apy X + VxwPY
= VY + wVyY + Bh(X,Y) + Ch(X,Y), )
forany X,Y € I'(D,). Since h is symmetric we obtain

FIX Y] =V fRY = Vy fRX + AupxY = Aypy X (59)
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which gives

Plf[X’Y]=P1{VXfP2Y_VYfP2X} (60)
60
S | {AwPZYX - AwPZXY} .

Let the distribution D, be integrable. Then P, f[X,Y] = 0,
for all X,Y e I'(D,), and hence from (60), the equation (49)
is obvious.

Conversely, if (49) is satisfied then P, f[X,Y] = 0; that
is, [X, Y] € I'(D,) for any X,Y € I'(D,). This completes the
proof. 0

Definition 16. Let M be a semi-invariant submanifold of an
almost para-Hermitian manifold M. Then we say that

(i) M is D,-geodesic if

h(X,Y)=0, VX, YeTl(D,), (61)
(ii) M is D,-geodesic if
h(X,Y)=0, VX, Y el (D,), (62)

(iil) M is mixed geodesic if

h(X,Y)=0, VYXeI(D,),Yel(D,). (63

Lemma 17. Let M be a mixed-geodesic semineutral slant sub-
manifold of a para-Kéhler manifold M. Then the distribution
D, is integrable if and only if

JANX = -ANTX, (64)
forany X € T(D,) and N € T(T*M).

Proof. Since M is a mixed-geodesic submanifold, from (4)
we find that A ;X has no component on D,. By using (4) and
(1), we obtain

gUANXY) =-g(ANX,]Y) = —g(h(X,]Y),N),

g(ANJXY) = g(h(JX,Y),N).

(65)

Thus, we can write

gUANX +ANIX,Y) = g(h(JX,Y)-h(X,]Y),N),
(66)

for all X,Y e I'(D,). Taking into account Theorem 15(a) and
the last equation, the proof is completed. O

Theorem 18. Let M be a semineutral slant submanifold of a
para-Kéihler manifold M. If Vo = 0, then M is a mixed-
geodesic submanifold. Furthermore,

(a) if X,Y € T(D,), then either M is a D,-geodesic
submanifold or h(X,Y) is an eigenvector of C* with the
eigenvalue 1,

(b) if X,Y € T(D,), then either M is a D,-geodesic
submanifold or h(X,Y) is an eigenvector of C* with the
eigenvalue cos’0.
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Proof. If Vw = 0, then from (13) we get Ch(X,Y) = h(X, fY),

for all X,Y e I'(TM). Since D, is an invariant and D, is a

neutral slant distribution with the slant angle 6, we obtain
C’h(X,Y) = Ch(X, fY) = h(X, f*Y)

=h (X, coszeY) = cos’0h (X,Y),

(67)
C’h(X,Y) = C*h(Y, X) = Ch(Y, fX)
=h(Y, f’X) =h(¥,X) = h(X,Y),
for any X € I(D,),Y € I'(D,). By using (67) we get
sin®0h (X,Y) = 0, (68)

which implies that h(X,Y) = 0, for any X € I'(D,),Y €
I'(D,), that is, M is mixed-geodesic. Similarly, we obtain

C’h(X,Y) =h(X.Y), (69)

forall X,Y e I'(D,), and
C’h(X,Y) = cos’0h (X,Y), (70)
forall X,Y e I'(D,). This completes the proof. O

Proposition 19. Let M be a semineutral slant submanifold of
a para-Kihler manifold M. Then Vw = 0 if and only if

AcnZ = ~ANfZ, (71)
forall Z € T(TM), N € I(T*M).
Proof. From (13) and (1), we get
9((Vxw) Z,N) = g (Ch(X,Z) - h(X, fZ),N)

= _g(h(X>Z)sCN)_g(h(X’fZ)’N)’
(72)

forany X, Z € T(TM), N € T(T*M). Taking into account (4),
we get

9((Vxw) Z,N) = =g (AcnZ + ANfZ,X),  (73)
which completes the proof. O

Proposition 20. Let M be a semineutral slant submanifold of
a para-Kihler manifold M. Then Vf = 0 if and only if

AwpyZ = Ayp,zYs (74)
forallY,Z € T(TM).
Proof. From (12) and (1) we have
9(Vxf)Y.Z) = g (AyX +Bh(X,Y),Z)

= 9(Aupy X Z) - g(h(X,Y),wP,Z) (75)

=9(Awpy X Z) = g(Aup 2 X.Y),

for any X,Y,Z € I'(TM). Since the A is symmetric then we
obtain from the last equation

9g(Vxf)Y.Z2)=g (AwPZYZ - AwPZZY’X) . (76)

This completes the proof. O

Proposition 21. Let M be a semineutral slant submanifold of
a para-Kéhler manifold M. If Vf = 0 then the distributions
are integrable and their leaves are totally geodesic in M.

Proof. Since Vf = 0, then from (12) we obtain Bh(X,Y) = 0
forany X € I'(TM) and Y e I'(D,). By using (1) and (5), we
have

0= (Bh(X>Y)>Z) = g(]h(X>Y)’Z) = —g(h(X,Y):]Z),
(77)

where X, Z € T(TM) and Y € I'(D,). Thus one can easily see
that

g(h(X,Y),wP,Z) =0, (78)
g(Jh(X,Y),wP,Z) = 0. (79)

Since M is a para-Kihler manifold, taking into account
(78), we get

0=g(Jh(X,Y),wP,VyY)
0 = —g (wP,VyY, wP,V4Y) (80)
0 = sin’8g (P,VyY, P,VyY),

which gives P,VyY = 0; that is, VyY € T(D,). Now, let
Y € I(D,) and V € I'(D,). Since D, is orthogonal to D,,
the induced metric on M is the neutral metric, and it is easy
to see that V,,V € I'(D,). Hence the proof is complete. O
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