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The instantaneous availability of a periodically inspected system with several minimal repairs before a replacement or a perfect
repair is studied. First, we investigate two concrete minimal repair models with periodic inspection and constant repair time and
give their instantaneous availability formulas. Then the instantaneous availability of the proposed model with constant repair times
is presented by a set of recursive formulas, and its piecewise monotonicity is also shown. An example is presented to illustrate its

application.

1. Introduction

A system is either in the upstate or in the downstate at any
instant t, where the term “up-state” means that the system still
works and the term “down-state” means that the system does
not work. The state of the system at instant ¢ can be written as,

1:
the system is in the upstate at instant ¢,
Xe=1, @

the system is in the downstate at instant ¢,

and the instantaneous availability at instant  can be defined as
A(t)=P(X,=1). )

The purpose of repair is to make the failed system
work well. From the viewpoint of reliability, replacement or
perfect repair may be the first choice, where perfect repair
means the failed system is repaired to as good as new in
[1]. The availability of the system under periodic inspection
with different perfect repair or replacement policy has been
studied in [2, 3]. Cui et al. [4] presented an availability
model for storage products under periodic inspection, and
Cui et al. [5] analyzed the single-unit repairable system and

gave formulas for reliability indexes by state aggregations.
However, from the viewpoint of engineering or economics,
replacement or perfect repair is not always desirable, since
they may be too expensive or need too much time. Hence,
imperfect repair policy is often adopted in practice. The
imperfect repair model proposed in [6] has been studied
extensively [7-14]. In the imperfect repair model, if the
system fails, it will return to the good-as-new state by perfect
repair with probability p, and it will return to a functioning
state as bad as old by minimal repair with probability g =
1 — p. Since the probability p is hard to obtain, the imperfect
model is not widely used in practice, and another promise
model is proposed in [15], where the system is maintained
by several imperfect repairs before a replacement or a perfect
repair. Notice that periodic inspection is often adopted in
practice, and we focus on the periodically inspected system
maintained through several minimal repairs before a replace-
ment or a perfect repair. The structure sketch of the above
system can be seen in Figure 1, and some basic assumptions
are presented in detail as follows:

(1) at instant t = 0, the system is assumed to be normal,
and from then on it is inspected regularly at time
instants 7, = 7, 7, = 27,..
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FIGURE 1: The structure sketch of a periodically inspected system maintained through several minimal repairs before a replacement or a

« »

perfect repair, where “«” denotes the system failure, MR and PR denote minimal repair and perfect repair or replacement, respectively, and

m is prefixed as 2.

(2) for each inspection, if the system is functioning, it will
continue its work without any repair; if the system
fails, the failure times k will be recorded at first, and
the prefixed minimal repair times m — 1 between two
consecutive replacements or perfect repairs can be
determined from the constraints of cost, resource, and
maintainability in advance;

(3) ifk mod m # 0, the system will be repaired to as bad as
old by minimal repair with constant repair time b (0 <
b < 1);iftk mod m = 0, the system will be replaced by
a good new one or repaired to the good-as-new state
by perfect repair with constant repair time ¢ (0 < ¢ <
7). The system will immediately work after repair or
replacement;

(4) each replacement or the completion of each perfect
repair can be regarded as a renewal.

The time interval between two consecutive renewals is
denoted by T; (i = 1,2,...), and let

j
Sy =0, S;= ZTi; (3)
i=1

that is, S; = T, is the time of the first renewal; S, =
T, + T, is the time of the second renewal. In general, §;
denotes the time of the jth renewal (see Figure 1). From the
previous assumptions, T; (i = 1,2,...) are independent, and
T; (i = 2,3,...) are independent and identically distributed;
thus, {T;, i = 1,2,...} forms a delayed renewal process.
For convenience, the renewal times in time interval [0, t) are
denoted by N (¢), and the last renewal time is denoted by
Sy

The instantaneous availability A(t) is focused on under
the following two models:

(A) m—1 minimal repairs are allowed before replacement
with a new one;

(B) m — 1 minimal repairs are allowed before a perfect
repair.

For convenience, let b, = 7 % k + b, ¢ = 71 *
k + c,where k = 1,2,.... For model B, distributions of
T, and T; i = 2,3,...) are denoted as G(t) and H(t),
respectively, and for model A, T}, T,, . . . are independent and
identically distributed, and G(t) = H(¢). From the viewpoint
of rsseliability, the effect of replacement and perfect repair is
identical; in other words, replacement can be considered as a
special perfect repair whose repair time is 0. Hence, model A

can be considered as a special case of model B in mathematics,
and model B is studied in detail in this paper. If m = +oo0,
model B degenerates into the ordinary minimal repair model
with periodic inspection and constant repair time, which is
discussed in Section 2; if m = 1, model B degenerates into the
perfect repair model with periodic inspection and constant
repair time [2, 3].

The instantaneous availability of the ordinary minimal
repair model with periodic inspection and constant repair
time is presented in Section 2; in Section 3, the instantaneous
availability of the system under model B is given, and its
monotonicity is also discussed; and some conclusions are
given in the end.

2. System under Periodic Inspections with
Minimal Repair

In order to study the instantaneous availability of the
proposed model, a minimal repair model with periodic
inspection and constant repair time is discussed first. For this
minimal repair model, the system starts work at instant 0
and will be inspected at regular time instants 7, = k * T,
k =1,2,.... Atinstant 7y, if the system fails, it will be repaired
to as bad as old by minimal repair with constant repair time
b (0 < b < 1); otherwise, it will continue its work without any
repair. For convenience, this model is referred to as minimal
repair model I.

Assume that the distribution of time to first failure of the
system is F(¢) and its reliability R(t) = 1 — F(f), and the
system instantaneous availability under minimal repair model
I is denoted by A,(t). In [16], the following theorem and
corollary are given.

Theorem 1. For minimal repair model I, the instantaneous
availability of the system is

(R(t),
0<t<T,
Al(Tk)
R(Tk)
Tk<tSbk,k=1,2,...,
A(r) 1-A (%)
R(7) R(b)

bk<t£Tk+1,k=l,2,....

R(t)

>

Ay (t) = 1

R(t) x

(4)
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Corollary 2. For minimal repair model I, the availability of
the system is piecewise monotonic decreasing, and it arrives at
its minimum values at instant b, k = 1,2,....

The assumption of minimal repair model Il is similar to that
of minimal repair model I, except that the system starts work
at instant (0 < d < 7). The system instantaneous availability
under minimal repair model II is denoted by A,(t). Similarly,
A, (t) is expressed as follows:

R(t-d),

d<t<T,

A, ()

R(Tk—d))

Tk<t£bk,k:1,2,...,

poa ] A =A@
R(r—d) ' R(b-d)

bk<tSTk+l’k=1’2""'

R(t-d)

Ay (1) = 1 5)

And its instantaneous availability is also piecewise monotonic
decreasing, and it arrives at its minimum values at instant by,
k=1,2,...

3. Availability of a Periodically Inspected
System Maintained by r—1 Minimal Repairs
before a Perfect Repair

In this section, the instantaneous availability for model B is
discussed. Since there is no perfect repair in time interval
[0,¢,,] from the assumptions of model B, then the system
instantaneous availability of model B is the same as that of
minimal repair model I, and we have the following result.

Proposition 3. For model B,
Ait)y=A, (), te0,c,]. (6)

Since model B under condition T, > t and condition T, >
t — c is equal to minimal repair model I and minimal repair
model IT with d = c, respectively, one has

PIX,=1|T,>t}=A, (1),

7)
P{X,=1|T,>t-c}=A,().
Proposition 4. For model B,
n [k/m]
A=) Y P{S;=q}A,(t-7)P{T, >t -}
km j=1 (8)
+A, () P{T, > t},

wheret € [¢,, ¢,y ), 1 = mym+ 1,..., [x] denotes the largest

integer not exceeding x, and S is the time of the jth renewal.

Proof. On [0, t), the time of the last renewal S; will be ¢, k =
m,m+1,...,n;then the system will be renewed at most [k/m]
times. Hence, by the total probability theorem, we have

A(f)=P{X, =1}
=P{X,=1T, >t}

.y

=m

[k/m]
Z P{Xt = I,S] = Ck’Tj+1 > t—Ck}
j=1

=~
-

=P{X,=1|T, >t} P{T, > t}

P{S;=q}P{X,=1,T;,, >t -
)

where the three but last equations follow from the fact that
T;,i=1,2,...areindependent and the two but last equations
follow from the fact that T}, i = 2,3,... are independent and
identically distributed. Thus, the proof is completed. O

For convenience, let g, = P{T}, = g}, k =mm+1,....
For minimal repair model I, the event that there are j (k > j >
1) failures in [0, 7;] and one failure in (7;_;, 7;] is denoted
by B(k, j,1); and the event that there are j (k > j > 1)
failures in [0, 7;] and no failure in (7,_;, 7] is denoted by
B(k, j,0). The probabilities of B(k, j,0), j =0,1,...,k—1and
B(k, j,1), j =1,2,...,k can be obtained by the argument of
mathematical induction

P{B(k,0,0)} = R(7),
P{B(k,1,1)} = R (7)) = R (%),
P{B(kk 1)} = R (bt) = R ()]

x P{B(k—-1,k-1,1)},

P{B(k, j, 1)} = [R(b-1) = R(7)]
xP{B(k-1,j-1,1)}
+ [R(7ky) = R ()]

xP{B(k-1,j-1,0)},



P{B (k’ k- 1’ 0)} = [1 - R(bk—l) +R(Tk)]
xP{B(k-1,k-1,1)},
P{B(k, j,0)} = [1 = R(by) + R (7)]
x P{B(k-1,j1)}
+[1=R (1) + R(7)]

x P{B(k-1,j,0)}, (10)

wherel < j<k-1.
From the definition of B(k, j, 1) and model B, we have
{T, = ¢} = B(k,m, 1); then

g =P{T, =¢} =P{B(k,m, 1)}, k=m,m+1,...,

(11)

and they can be calculated by (10).

For convenience, let iy = P{T, = .}, k =mm+ 1,....
For minimal repair model II with d = c, the event that there
are j (k > j > 1) failures in [c, 7, ] and one failure in (7;_;, 7]
is denoted by D(k, j, 1); and the event that thereare j (k > j >
1) failures in [c, ;] and no failure in (7;_;, 7] is denoted by
D(k, j,0). The recursive formula of probabilities of D(k, j, 0),
j=01,....,k—1and D(k, j,1), j = 1,2,...,k — 1 can be
obtained by the argument of mathematical induction

P{D(1,1,1)}=1-R(r—-c¢),
P{D(k>010)}:R(Tk_C)’
P{D(k,1,1)} = R(1p_; —¢) - R(1, - ¢),
P{D (k,k,1)} = [R(b_; —¢) = R(7 — ¢)]

xP{Dk-1,k-1,1)},
P{D(k, j,1)} = [R(be-y =€) = R (7 = ¢)]

xP{D(k-1, j-1,1)}

+ [R(Tj-y —¢) = R(7 = ¢)]

xP{D(k-1, j-1,0)},

l<j<k-1,
P{D(k,k-1,0)} = [1-R(b_; —¢c)+ R(1 — ¢)]

xP{D(k-1,k-1, 1)},
P{D(k, j,0)} = [1 = R(be_; = ¢) + R(7 ~ ¢)]
xP{D(k-1, j, 1)}
+[1-R(5_y —¢) + R(7 = ¢)]
xP{D(k-1, j, 0)},

I1<j<k-1
(12)
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From the definition of D(k, j, 1) and model B, we have
{T, = 1} = D(k,m, 1); then

k=mm+1,...,
(13)

h. = P{T, = 7} = P{D (k,m, 1)},

and they can be calculated by (12).

For the first renewal time T}, let Q,(t) = P{T, > t}. In
this case, the system starts work at instant 0, and from (11),
we have

(o)

P{T, >t} = P{T, = g}
k=[(t=c)/7]+1
[(t=c)/7]
=1- Y P{T, =g} (14)
k=m
[(t=c)/7]
=1- 9>
k=m
then
[(t=0)/7]
QW®=1- ) g (15)
k=m

For the second renewal time, let Q,(t) = P(T, > t). In
this case, the system starts work at instant ¢, and from (13),
we have

(9]

P{T,>t}= ) P{T,=1]}
k=[t/7]+1

[t/7]
Y PIT, =1} (16)

k=m

=1-

[t/T]
=1- z hk;

k=m
then

[t/7]
Q) =1-) . (17)

k=m

From the fact that T} and T; (i = 2, 3,...) follow distribu-
tions G and H, respectively, it is easy to know that the time of
the jth renewal §; = Y, Ty follows distribution G * H i1
where * means the convolution of distribution functions, and
the value set of S; is {¢, : k = mj,mj+1,...}. For convenience,
probability generating functions of distributions G and H are
denoted by g(s) and h(s), respectively, which can be expressed
as g(s) = Y2 gistand h(s) = ¥ h;s', respectively.

Let P{S; = g} = v](j) andG * H; | = {vgj) k= mj,mj +
1,...}, so the probability generating function of G * H;_; can

be expressed as Zzimj v,(cj)sk. Since T}, T,,... forms a delay
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renewal process and consequently S; (j = 1,2,...) forms a
delay renewal process, then

[ ) & o
Y sk = <Zgzs’> x (Zhisf) : (18)
k=mj l=m i=m

Through comparison of similar items between two sides
of (18), we have

v,(cl)=gk, k=mm+1,...

k-m
v = Y v, k=2m2m+1,...
i=m

(19)

k-m
W = y Wk k=mjmj+1,....
i=m(j—1)

From the previous results, we have the following theorem
and corollary.

Theorem 5. The instantaneous availability of the system under
model B is

Ay (1),
0<t<g,
A(t) = &R )
AL OQ M+ )Y Y vPA, (t-1)Q, (t-¢),
k=m j=1

¢, <t<cp,n=mm+l,....
(20)

Corollary 6. The instantaneous availability of the system
under model B is piecewise monotonic decreasing, and it arrives
at its minimum values at instant b, i = 1,2,....

Proof. On [0,¢,,), A(t) = A,(t), and from Corollary 2, we
have that A(t) is piecewise monotonic decreasing and arrives
at its minimal values at instant b, i = 1,2, ...,m.

On ¢, ¢y )sn=m,m+1, ..., from (15) and (17), Q, (¢) =
1=, gand Q(t —¢) = 1- l";r]:l hy; that is, Q,(t) and
Q,(t — ¢) are fixed constants on [c,,c,,;). Similarly, it can
be proved that v,(j ) is also a fixed constant. From Theorem 5,

AWM = AOQ® + i, TV AL - 1Q, - a0,
and from Corollary 2, A,(t) and A,(t — 1) are piecewise
monotonic decreasing and arrive at their minimum values
at instant b, i = 1,2,...; then A(t) is piecewise monotonic
decreasing and arrives at its minimum values at instant b;,
i=1,2,.... Thus, the proof is completed. O

For model A, the periodically inspected system is main-
tained by m — 1 minimal repairs before replacement. As
mentioned previously, model A is equal to a special case
of model B whose perfect repair time is 0. Hence, the ¢ in
(20) is replaced by 0, and the instantaneous availability of
model A can be given. And notice that T;, i = 1,2,... form

0.95

091

A(t)

0.85

0.8 |

0.75

FIGURE 2: The availability curve under model Bwith 7 = 1.0,b = 0.1,
c=0.2,andm = 3.

a renewal process under model A and they are independent
and identically distributed; thus, A,(t) = A,(¢) and Q,(t) =
Q, () under model A. Hence, we have the following theorem
and corollary.

Theorem 7. The instantaneous availability of the system under
model A is

AL (),
0<t<rt,,
A = R )
ABQM+Y Y vl A (t-1)Q (t-q),
k=m j=1

T, <t<T,,n=mm+1,....
(1)

Corollary 8. The instantaneous availability of the system
under model A is piecewise monotonic decreasing, and it
arrives at its minimum values at instant b, i = 1,2, .. ..

Example 9. Suppose the distribution of time to first failure of
a system is F(t) = 1 - exp{—(t/S)l'z}, and it is periodically
inspected and maintained by 2 minimal repairs before a
perfect repair, where the regular inspection interval T = 1.0
and the constant repair times of minimal repair and perfect
repair are 0.1 and 0.2, respectively. In other words, it is under
model B with 7 = 1.0,b = 0.1, ¢ = 02,and m = 3.
From Theorem 5, its instantaneous availability A(t) can be
calculated, and its availability curve can be seen in Figure 2.

For the previous example, if the perfect repair is replaced
by replacement, that is to say, the system is under model A
with 7 = 1.0, b = 0.1, and m = 3. According to Theorem 7,
its instantaneous availability A(f) can be calculated, and its
availability curve can be seen in Figure 3.

The availability curves in Figures 2 and 3 show that
the instantaneous availability of the periodically inspected
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FIGURE 3: The availability curve under model A with 7 = 1.0,b = 0.1,
and m = 3.

system maintained through several minimal repairs before
a replacement or a perfect repair is piecewise monotonic
decreasing and arrives at its minimum values at instant b,
which provides important information for management and
decisions of reliability and maintenance. For example, if the
instantaneous availability requirement is considered, we can
only focus on the instantaneous availability at instant b, k =
1L,2,....

Conclusion

The availability of a periodically inspected system maintained
through several minimal repairs before a replacement or a
perfect repair is studied in this paper. The instantaneous
availability of the proposed model is derived by a set of
recursive formulas, and it is found that its availability is
piecewise monotonic decreasing, which provides theoretical
basis for management and decisions in terms of system
reliability and maintenance in practice. In particular, the
monotonicity of the instantaneous availability can be utilized
to optimize the practical reliability work and make our
attention focused on some critical time instants.

For simplicity, minimal repair and perfect repair are
supposed to take different constant times in this contribution,
and this assumption reflects the difference between minimal
repair and perfect repair in a certain degree. Availability with
random repair time and more realistic assumptions will be
investigated in our future research.
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