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This paper is concerned with the existence and uniqueness of positive solutions for a Volterra nonlinear fractional system of integral
equations. Our analysis relies on a fixed point theorem of a sum operator. The conditions for the existence and uniqueness of a
positive solution to the system are established. Moreover, an iterative scheme is constructed for approximating the solution. The
case of quadratic system of fractional integral equations is also considered.

1. Introduction

Fractional calculus has been used for the study of problems in
various fields of sciences, such as Abel integral equation and
viscoelasticity, analysis of feedback amplifiers, capacitor the-
ory, fractances, generalized voltage dividers, and engineering
and biological sciences. In [1], Kilbas et al. give a survey of
research in fractional calculus and its applications in math-
ematical analysis such as ODEs, PDEs, convolution integral
equations, and theory of generating equations. Particularly,
fractional differential equations have successful applications
in nonlinear oscillation analysis of earthquakes, seepage flow
in porous media [2], and fluid dynamic models for traffic flow
[3], as the fractional derivatives can eliminate the deficiency
of continuum traffic flow.

Open problems in this field are finding easy and effective
methods for solving the equations. In recent years, many
techniques of functional analysis, such as the fixed point
theory, the Banach contraction principle, and the Leray-
Schauder theory, are applied for solving the nonlinear frac-
tional differential equations [4-11]. Iterative techniques [12-
14] and the upper and lower solution method [15, 16] are also
introduced to investigate the existence and uniqueness of the

solutions to nonlinear fractional order differential equations
with various boundary conditions.

Recently, prompted by the applications in physics, the
following nonlinear quadratic system of integral equations
and its generalizations have provoked some interest:

t AT |
1=¢; )+ Ao () L %(Pz‘ (s)ds, "

«,€(0,1), i=1,2,...,n

Salem [17] applied Krasnoselskii’s fixed point theorem to
obtain the existence of solutions for the system:

x; (1) =@ (t) + Ailai [_fz (x () +g; (x (t))] >
te[0,1],,,; €(0,1),1<i<m,

under the assumptions that f; : [0,00)" — [0, 00) is con-
tinuous nondecreasing for all variables, and g; : [0,0)" —
[0, 00) is continuous nonincreasing for all variables, where
[0, 00)" denotes the n-products [0, 00) x [0,00)--- x [0, 00)
and x = (x;,x,,...,X,). For the physical point of view, only



positive solutions are interesting. A simple form of the system

(2):

t a—1
(t-s)
x(t)=| ————f(x(s)ds, 3)
=] oy f ()
has been studied in [18, 19].

The aim of this paper is to study the existence and unique-
ness of positive solutions for the following Volterra nonlinear
fractional system of integral equations:

o;—1
x;(t) = Lt % [fi (5, x(s)) + g; (s, x (5))] ds,

te[0,1],;€(0,1),1<i<m.

Our main interest is to give some alternative answers to
the main results of papers [17-19]. By using a fixed point
theorem of a sum operator, we not only obtain the existence
and uniqueness of positive solutions for the system (4), but
also construct some sequences for approximating the unique
solution.

2. Basic Definitions and Preliminaries

For the convenience of the reader, we present here some
definitions, lemmas, and basic results that will be used in the
proofs of our main results.

Definition 1 (see [1]). The fractional integral of order & > 0 of
a function f: (0,+00) — Ris given by

1t .
I ft)=——| (t—9)" ds, 5
SV EORE e KRRV ICE O
provided that the right-hand side is defined pointwisely on
(0, +00), and I'(«) denotes the gamma function.

Suppose that E is a real Banach space which is partially
ordered by a cone P C E;thatis, x < yifand onlyif y—x € P.
If x < yand x# y, then we denote x < yor y > x. By
0 we denote the zero element of E. Recall that a nonempty
closed convex set P C E is a cone if it satisfies (i) x € P,
A>0=>AxeP;(ii)x e P,-x€e P=x=0.

Let P° = {x € P | x is an interior point of P}, and then
a cone P is said to be solid if P° is nonempty. Moreover, P is
called normal if there exists a constant N > 0 such that, for
all x,y € E, 0 < x < yimplies x| < NJyl; in this case
N is called the normality constant of P. If x,, x, € E, the set
[x1,%,] = {x € E | x; < x < x,} is called the order interval
between x; and x,. We say that an operator A : E — Eis
increasing (decreasing) if x < y implies Ax < Ay(Ax > Ay).
For all x, y € E, the notation x ~ y means that there exist
A > 0and g > 0 such that Ax < y < ux. Clearly, ~ is an
equivalence relation. Given h > 0 (i.e, h > 0 and h#0 ), we
denote by P, the set P, = {x € E | x ~ h}. It is easy to see that
P, cP.

Definition 2. Let D = P or D = P° and y be a real number
with 0 < y < 1. An operator A : P — P is said to be y-
concave if it satisfies

A(tx) > t"Ax, Vte (0,1), x € D. (6)
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Definition 3. An operator A : E — E is said to be homo-
geneous if it satisfies

A(tx) =tAx, Vt>0, x€E. 7)
An operator A : P — P is said to be subhomogeneous if it
satisfies

Al(tx) > tAx, Vte(0,1), x€P. (8)
In the recent paper [20], Zhai and Anderson considered
the following sum operator equation:

Ax + Bx + Cx = x, 9)

where A is an increasing y-concave operator, B is an increas-
ing subhomogeneous operator, and C is a homogeneous
operator. They established the existence and uniqueness of
positive solutions for the above equation, and when C is a null
operator, they present the following interesting result.

Lemma 4 (see [20]). Let P be a normal cone in a real Banach
space E, let A : P — P be an increasing y-concave operator,
andlet B: P — P bean increasing subhomogeneous operator.
Assume that

(1) thereis h > 0 such that Ah € P,, Bh € Py;

(2) there exists a constant 8 > 0 such that Ax > §Bx, for
all x € P.

Then the operator equation Ax + Bx = x, has a unique
solution x* in P,. Moreover, constructing successively the
sequence vy, = Ay,_, +By,_,, n=1,2,.... for any initial value
Yo € B, we have y, — x*,asn — 0.

3. Main Results

In this section, we apply Lemma 4 to study problem (4), and
we obtain some new results on the existence and uniqueness
of positive solutions.

Now by C[0, 1], we mean the Banach space of continuous
functions on [0, 1] with the usual max-norm | - ||. Also,
recall the Banach space of the cartesian product E =:
C[0,1] x C[0,1] x - - - x C[0, 1] equipped by the norm ||x|| =:
max, ;[ x;[l. Notice that this space can be equipped with a
partial order:

x,y€E x<y& x;(t) <y (),
(10)
tel0,1],i=12,...,n

SetP={x€ E|x(t) >0, t € [0,1]}, the standard cone. It is
clear that P is a normal cone in E and the normality constant
is 1. Take h(t) = (b, (t), hy(t), ..., h,(t)) and h;(t) = t*,

P,={xeP|x~h}. 1)
Theorem 5. Assume that

(8Y) foralli, f;,g;:[0,1]x[0,00)" — [0,00) are contin-
uous and increasing with respect to the arguments x;,
and g;(t,0,0,...,0) > 0 foranyt € [0, 1];



Abstract and Applied Analysis

(82) for all i, g;(t, x1, %5, ..., TX}5 ..., X,) 2 Tg;(E, Xq, Xy,
e Xy X,) for T € (0,1), t € [0,1], x; € [0,+00)
and there exist constants y; € (0, 1) such that

it X, X0 s T o X,) 2 T f; (£,x0, %5, 5 X,)

(12)

.,xi,..

fort e (0,1),t € [0,1], x; € [0,+00), i =1,2,...,%;

(S3) there exists §; > 0 such that

filto X, Xgs e X X,) 28,9 (8%, Xgo e o o3 Xy e 05 X))
tel0,1], x;20,i=1,2,...,n
(13)
Then problem (4) has a unique positive solution x* in P,
Moreover, for any initial value x© (x1 ,x(o) ...,xflo)) €p,
constructing successively the sequence
x§m+1) (t)
B J-t (t_s)(x,-—l
o T(e)
[f, (s x)" ) (s), x ) (s),. (’”) (s) ,...,x,(f") (s))
+g; (s X ™ (s), x(m) (s),...,
xfm) (s),..., xﬁlm) (s))] ds,
m=0,1,...,
(14)
then x™ — x* asm — oo.

Proof. To begin with, we define the following operators A, B :
P — Eby

Ax = (A1x), Ayxy, .o ALX,),
(15)
Bx = (Byxy, B,x,,...,B,x,),
where
A.x; = j (t=9"™ 1f (s,x(s))ds
v 0 F( ) i >
(16)

t _ o;—1
Bx; = Jo %gi (s,x(s)) ds.

Thus x is the positive solution of problem (4) if and only if
x = Ax + Bx. From (S0) and (S1), we know that A : P —
P,B : P — P.In the sequel we check that A, B satisty all
assumptions of Lemma 4.

Firstly, we prove that A, B are two increasing operators. In
fact, by (S0) and (S1), for x, y € P with x > y, we know that
x;(t) = y;(t), t € [0,1], i =1,2,...,n, and obtain

_ [T
am= [ Sy

X fi (8,2, (5), %5 (8) s, %, (8) .00, X, (5)) ds
t(t_s)lxifl
], I (ec)
X fi (590 (8)s 12 (8)see s 31 (8)sea sy, (5)) ds
= Ay
(17)

that is, Ax > Ay. Similarly, Bx > By.
Next we show that A is a y-concave operator and B is a

subhomogeneous operator. In fact, for any 7 € (0,1) and x €
P, by (S1), we obtain

A (1x;) (b)
_ Jt (t—s)%"
o T (o)
X f; (8,21 (8), %5 (8) 5oy 1, (S) ..., X, (5)) ds
Yi (t S)“ -
= [, r(w)
X fi(8,%,(8), %5 (8) 50, x;(8) 5000, %, (5)) ds
=1hAx; (t).
(18)

Consequently, A(tx)(t) > 7 Ax, where y = max, ;_,y;. Also,
for any 7 € (0,1) and x € P, by (50) and (S1), we obtain

B; (tx;) (t)

J (t S)zx -1
0 r(“z‘)

X g; (8,27 (8), %5 (8) s T (8) 5.5 %, (5)) ds
t(t_s)oc,-—l
1 I (ec)
X g; (8,7 (8), %, (8) 5.5 %;(8) 5.0, %, (5)) ds
=1B;x; (1) ;
(19)

that is, B(tx) = tBx for T € (0,1), x € P. So the operator B is
a subhomogeneous operator.
Now we show that Ah € P,, Bh € P,. In fact, by (S3), we
have
fi(s1,1,...,1)> f,(s5,0,0,...,

0) > 6,4; (5,0,0,...,0) > 0,

(20)



and thus take
M; = (1)1<1ga<)§ﬁ(s,11 1), m—&lstnlﬁ(s,oo...,O);

then M;,m; > 0. Let

A = min il ma M, (22)
= max .
1sisn | ;T (oc ) H 1<isn | o7 (oc.)

1

It follows from (S1) that

lhi(t)zj.o (t—(s)) fi(s, 8,8, 0,85,

(t—s)""
> L ( ) ﬁ(s,OO

t (t— S)O‘i_l
2m | Ty

s™)ds

.,0)ds

:“r( 3 t% > A% = Ak, (t),

,hi(t):L (t ()) fi(s 8™, 8™, 8%, s™) ds

(t—s)""
< L o) f,(s,l I,...,1)ds
Ft—s)n!
<M [ Sy
Mi o; o
= ol (“i)t <ut™ = phy(t).

(23)

So Ah;(t) < A;hy(t) < ph;(t), and then Ah(t) < Ah(t) < ph(t),
hence Ah € P,. Similarly, from g;(s,0,0,...,0) > 0 and
(81)-(S3), we easily prove Bh € P,. Hence the condition (1)
of Lemma 4 is satisfied.

In the following we show that the condition (2) of
Lemma 4 is satisfied. For x € P, from (S3), we have

A;x; (1)
S)(x 1

Jo (tf(oc)

X fi(5,%1(8), %5 (8) e, x;(8) 5000, %, (5)) ds
(f S)tx -1
0 ] 4
X g; (8,7 (8),%5,(8) 5., %;(8) ..., %, (5)) ds
=0;B;x; (t).
(24)
Take
0 = min§,, (25)

1<i<n
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and then we have Ax > 0Bx, x € P. By Lemma 4, the
operator equation Ax+ Bx = x has a unique solution x* € Py;
of course, x* is also a unique solution of problem (4). In
addition, by (S1) we know that the unique solution is also
positive.

Now for any initial value x© = (x(o) © ),

let us construct successively the sequence

(0)) € P,

xfm) = AiX,(mfl) + B,'xgmfl), m=12,..., (26)

(m)

and we have x;”” — x; asm — 00, and then problem (4)

(M x* in Py; that is, for

e xilo)) € P, constructing

has a unique positive solution x

any initial value x = (x(o) (O),.

successively the sequence:
x§m+1) (t)
[ (t -9
o T(wx)
X [f,(s xl ' (s), x ' (s),.

+g; (s, xlm) (s), x(m) (8)s...s

L% (5),. ., 1™ (s))

™ (s),..., xim) (s))] ds,

m=0,1,...,
(27)

m)

then x™ — x* asm — oo. O

Corollary 6. Assume that

(A1) foralli, f;:[0,1] % [0,00)" — [0,00) is continuous
and increasing with respect to the arguments x;, and
£i(t,0,0,...,0) > 0 foranyt € [0,1];

(A2) foralli, i=1,2,..
such that

., 1, there exists constant y; € (0, 1)

X,) 2T fi (6%, Xgr s Xy e o5 X))
(28)

FACETIE 2N = F

fort € (0,1), t €[0,1], x; € [0, +00).

Then the problem

B (t _ S)tx -1
x; (t) = L ) ———f;(s,x(s))ds, 09)

te[0,1], a; €(0,1), 1<i<m,
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has a unique positive solution x™ in P,. Moreover, for any initial
value x'© = (xﬁ"), xg)), .., x € By, constructing successively

the sequence

x§m+l) (t)
_ r (t-s)%"
o I (o)
X f; (s, xgm) (s) ,xgm) (s),... ,xfm) (8)y..s xflm) (s)) ds,
m=0,1,...,
(30)

then x™ — x* asm — oo.

In what follows, we establish the existence and uniqueness
of positive solutions for the following system of quadratic
integral equations of the fractional type:

[T
w0 | S @dsen

te[0,1],;€(0,1),1<i<mn.
Corollary 7. The system (31) has a unique positive solution.

Proof. Let fi(x,,%,,...,%,) = (x; + 1)% and then f; satisfies
(A1) and (A2) of Corollary 6. Thus let x = (x;, x5,...,x,) be
the unique positive solution of (29), and then we have

B t (f _ S)oc,-—l ) .
x; (t) = L W(x,- (s)+1)7ds; (32)

that is

t— s)“i71

x;(t)+1= Lt ( @) (x; (s) + 1)2ds +1.  (33)

Letg; = x;+1,and the ¢ = (¢, ¢,, ..., ¢,) isa unique positive
solution of (31). O
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