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We deal with optimal control problems governed by semilinear parabolic type equations and in particular described by variational
inequalities. We will also characterize the optimal controls by giving necessary conditions for optimality by proving the Gateaux

differentiability of solution mapping on control variables.

1. Introduction

In this paper, we deal with optimal control problems gov-
erned by the following variational inequality in a Hilbert
space H:

(X' + Ax (D), x () - 2) + P (x (1)) — $ (2)
<(ft,x®)+Bu(®),x(t)-z),

ae, 0<t<T, z€V,

@

x(0) = x,.

Here, A is a continuous linear operator from V into V* which
is assumed to satisfy Garding’s inequality, where V' is dense
subspacein H. Let ¢ : V. — (—00, +00] be a lower semicon-
tinuous, proper convex function. Let % be a Hilbert space of
control variables, and let Bbe a bounded linear operator from
% into L*(0,T; H). Let %4 be a closed convex subset of %,
which is called the admissible set. Let ] = J(v) be a given
quadratic cost function (see (61) or (103)). Then we will find
an element u € %,4 which attains minimum of J(v) over %4
subject to (1).

Recently, initial and boundary value problems for per-
manent magnet technologies have been introduced via varia-
tional inequalities in [1, 2] and nonlinear variational inequal-
ities of semilinear parabolic type in [3, 4]. The papers treating
the variational inequalities with nonlinear perturbations are

not many. First of all, we deal with the existence and a varia-
tion of constant formula for solutions of the nonlinear func-
tional differential equation (1) governed by the variational
inequality in Hilbert spaces in Section 2.

Based on the regularity results for solution of (1), we
intend to establish the optimal control problem for the cost
problems in Section 3. For the optimal control problem of
systems governed by variational inequalities, see [1, 5]. We
refer to [6, 7] to see the applications of nonlinear variational
inequalities. Necessary conditions for state constraint optimal
control problems governed by semilinear elliptic problems
have been obtained by Bonnans and Tiba [8] using methods
of convex analysis (see also [9]).

Let x,, stand for solution of (1) associated with the control
u € 2. When the nonlinear mapping f is Lipschitz contin-
uous from R x V into H, we will obtain the regularity for
solutions of (1) and the norm estimate of a solution of the
above nonlinear equation on desired solution space. Con-
sequently, in view of the monotonicity of d¢, we show that
the mapping u +— x, is continuous in order to establish
the necessary conditions of optimality of optimal controls for
various observation cases.

In Section 4, we will characterize the optimal controls
by giving necessary conditions for optimality. For this, it is
necessary to write down the necessary optimal condition due
to the theory of Lions [9]. The most important objective of
such a treatment is to derive necessary optimality conditions



that are able to give complete information on the optimal
control.

Since the optimal control problems governed by nonlin-
ear equations are nonsmooth and nonconvex, the standard
methods of deriving necessary conditions of optimality are
inapplicable here. So we approximate the given problem by a
family of smooth optimization problems and afterwards tend
to consider the limit in the corresponding optimal control
problems. An attractive feature of this approach is that it
allows the treatment of optimal control problems governed
by a large class of nonlinear systems with general cost criteria.

2. Regularity for Solutions

If H is identified with its dual space we may writeV ¢ H c V*
densely and the corresponding injections are continuous. The
normonV, H, and V* will be denoted by || - ||, | - |, and || - |1,
respectively. The duality pairing between the element v, of
V* and the element v, of V is denoted by (v;,v,), which is
the ordinary inner product in H if v;, v, € H.

For ] € V* we denote (I,v) by the value I(v) of latv € V.
The norm of ] as element of V* is given by

Lv
2l = sup L)

vev vl

2)

Therefore, we assume that V' has a stronger topology than H
and, for brevity, we may regard that
el < lul < flull,  VueV. (3)

Leta(-,-) be abounded sesquilinear form defined in VxV
and satistying Garding’s inequality

Re a(u,u) > w, ||u||2 - w2|u|2, (4)

where w; > 0 and w, is a real number. Let A be the operator

associated with this sesquilinear form:
(Au,v) =a(u,v), u,veV. (5)

Then —A is a bounded linear operator from V to V* by the
Lax-Milgram Theorem. The realization of A in H which is
the restriction of A to

D(A)={ueV: Au ¢ H} (6)
is also denoted by A. From the following inequalities
w, |ul® <Re a(u,u) + w,|ul* < C|Au| |u + w,|ul’

< (ClAul + w, |ul) |u| < max {C, w,} l[ull pea 1l »

(7)
where
1/2
Neallpay = (1Aul® + [l (8)

is the graph norm of D(A), it follows that there exists a
constant C, > 0 such that

1/2 1/2
lull < Collull gy lul'". )
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Thus we have the following sequence
D(A)cV cHcV" cD(A), (10)

where each space is dense in the next one with continuous
injection.

Lemma 1. With the notations (9) and (10), we have

(V’V*)uz,z =H,
(11)
(D(A)) H)1/2,2 =V,

where (V, V"), , , denotes the real interpolation space between
V and V™ (Section 1.3.3 of [10]).

It is also well known that A generates an analytic semi-
group S(¢) in both H and V™. For the sake of simplicity we
assume that w, = 0 and hence the closed half plane {A :
Re A > 0} is contained in the resolvent set of A.

If X is a Banach space, L0, T; X) is the collection of all
strongly measurable square integrable functions from (0, T)
into X and W2 (0, T; X) is the set of all absolutely continuous
functions on [0,T] such that their derivative belongs to
L*(0, T; X). C([0, T]; X) will denote the set of all continuously
functions from [0, T] into X with the supremum norm. If X
and Y are two Banach spaces, Z(X,Y) is the collection of all
bounded linear operators from X into Y, and Z(X, X) is sim-
ply written as Z(X). Here, we note that by using interpolation
theory we have

L (0, T;V)n W (0, T;V*) c C([0,T]; H). (12)
First of all, consider the following linear system:

x'(t) + Ax (t) = k (1),
(13)
x (0) = x,.

By virtue of Theorem 3.3 of [11] (or Theorem 3.1 of [12,
13]), we have the following result on the corresponding linear
equation of (13).

Lemma 2. Suppose that the assumptions for the principal
operator A stated above are satisfied. Then the following prop-
erties hold.

(1) For xy € V. = (D(A),H);,, (see Lemma 1) and k €
L*(0,T; H), T > 0, there exists a unique solution x of
(13) belonging to

L*(0,T;D(A) NnW" (0, T; H) c C([0,T];V)  (14)
and satisfying
Il 20,mspeanrwr2o e < Cr (%]l + 1Kl 2oem) > (15)

where C, is a constant depending on T.

(2) Let x, € H and k € L*(0,T;V*),T > 0. Then there
exists a unique solution x of (13) belonging to

L (0, T;V)nW (0, T;V*) c C([0,T]; H)  (16)
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and satisfying
1%l 205wy < Co ([%o] + Ikll20z+)» (17)
where C, is a constant depending on T.

Let f be a nonlinear single valued mapping from [0, co) x
V into H.

(F) We assume that
|f (tx1) = f(6x,)] < Lxy = xof] (18)

for every x;, x, € V.

Let Y be another Hilbert space of control variables and
take % = L*(0,T;Y) as stated in the Introduction. Choose a
bounded subset U of Y and call it a control set. Let us define
an admissible control %4 as

U,q = {u € L*(0,T;Y) : u is strongly measurable

function satisfying u (t) € U for almost all t} .
(19)

Noting that the subdifferential operator d¢ is defined by

0 (x) = {x" e V5 (x) <¢p(y) +(x",x-y),y €V},
(20)

the problem (1) is represented by the following nonlinear
functional differential problem on H:

x'(t) + Ax (t) + 0¢ (x (1)) > f (t, x (t)) + Bu (),
0<t<T, (21)
x(0) = x,.

Referring to Theorem 3.1 of [3], we establish the following
results on the solvability of (1).

Proposition 3. (1) Let the assumption (F) be satisfied. Assume
that u € L*(0,T;Y), B € Z(Y,V*), and x, € D(¢) where
Tqﬁ) is the closure in H of the set D(¢) = {u € V': ¢(u) < 00}.
Then, (1) has a unique solution

x € L*(0,T;V)nC([0,T); H) (22)
which satisfies
x'(t) = Bu(t) - Ax (t) - (39)" (x () + f (t,x (1), (23)

where (0¢)° : H — H is the minimum element of 9¢ and
there exists a constant C, depending on T such that

Ixll 20c < Cy (14 |xo| + ||B”||L2(0,T;V*)) , (24)

where C, is some positive constant and L*nC=L1%0,T;V)n
C([0,T]; H).

Furthermore, if B € £ (Y, H) then the solution x belongs to
w20, T; H) and satisfies

Ixlwzorey < Co (1+ %] + I1Bull 2o rpy) - (25)

(2) We assume the following.

(A) A is symmetric and there exists h € H such that for
every e > 0 and any y € D(¢)

Je(y+eh)eD(¢),  ¢U.(y+eh)<¢(y), (26)
where ], = (I + eA) L.

Then foru € L*(0,T;Y), B € Z(Y,H), and x, € D(¢)NV
(1) has a unique solution

x € L*(0,T;D(A) nW"* (0, T; H) nC ([0, T]; H), (27)
which satisfies
Il 2ewrznc < Cy (1 + ||%o] + 1Butll 2o, 1ie) - (28)
Remark 4. In terms of Lemma 1, the following inclusion
L* (0, T;V) nW" (0, T;V*) c C([0,T]; H) (29)

is well known as seen in (9) and is an easy consequence of
the definition of real interpolation spaces by the trace method
(see [4, 13]).

The following Lemma is from Brézis [14, Lemma A.5].

Lemma 5. Let m € L'(0, T; R) satisfying m(t) > 0 for all t €
(0,T) and a > 0 be a constant. Let b be a continuous function
on [0, T] c R satisfying the following inequality:

%bz ) < %az N Ltm(s)b(s) ds, te[0,T].  (30)
Then,
t
b(t) <a +J m(s)ds, te][0,T]. (31)
0

For each (x,,u) € H x L*(0,T;Y), we can define the
continuous solution mapping (x,, 1) — x. Now, we can state
the following theorem.

Theorem 6. (1) Let the assumption (F) be satisfied, x, € H,
and B € L (Y, V™). Then the solution x of (1) belongs to x €
L2(0, T; V) N C([0, T); H) and the mapping

HxL*(0,T;Y) 3 (x,1)
(32)
— x € L*(0,T; V) nC ([0, T]; H)

is Lipschtz continuous; that is, suppose that (xy;,u;) € H X
L*(0,T;Y) and x; be the solution of (1) with (x;,u;) in place
of (xg,u) fori = 1,2,

||x1 - xz"LZ(o,T;V)nc([o,T];H)
(33)

<C {|x01 - x02| + ||H1 - “2||L2(0,T;Y)}’

where C is a constant.



(2) Let the assumptions (A) and (F) be satisfied and let
B e Z(Y,H) and x, € D(¢) N V. Then x € L*(0,T; D(A)) N
W"Y(0, T; H), and the mapping

V x L (0,T5Y) 3 (x,,1)
(34)
— x € L*(0,T; D (A)) n W% (0, T; H)

is continuous.

Proof. (1) Due to Proposition 3, we can infer that (1) possesses
a unique solution x € L*(0,T; V)N C([0, T]; H) with the data
condition (xy,u) € H x L*(0, T;Y). Now, we will prove the
inequality (33). For that purpose, we denote x, — x, by X.
Then

X'(t) + AX () + 0¢ (x, (1)) — 06 (x; (1))
> f (t’ X1 (t)) -f (t’ Xy (t))

(35)
+B(u, () -u, (), 0<t<T,
X (0) = x¢; — Xg3-
Multiplying on the above equation by X(t), we have
3 X OF + @l X @)
< w|X ()P
+H{f (tx ) = f (2 (O)] +[B () (1) — u, )]}
x| X (1)].
(36)
Put

H®) = (LIXOI+[B(uw, &) -u, ) IXOI.  (37)

By integrating the above inequality over [0, t], we have
1 2 ! 2
SXOP +a [ 1X©Fds

t t
s %|x01 - xozl2 T w, J X (s)]°ds + J H (s)ds.
0 0
(38)

Note that

d {e*wzt jt |X (s)|2ds]>
dt 0

< 2¢ 2! {%lX(tNZ - w, Jt |X(s)|2ds} (39)
0

- 1 t
< 22! {E|x01 - x02|2 + J H(s) ds} ,
0
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integrating the above inequality over (0,t), we have

t
e 2wt J |X(s)|*ds
0

t B 1 T
< ZJ e T {§|x01 —x02|2+J H(s)ds} dr
0 0

1— e—szt ) t t ,
———|xo1 — Xa| + ZJ J e “*"drH (s)ds
2w, 0 Js

= Xo; — X, lz
20, 01 ~ Xo02
1 (Y, _
+ — J (e 2085 _ g 2wzt) H (s) ds.
w, Jo
(40)
Thus, we get
! 2 1 2w,t 2
w, L |X(s)|"ds < E(e —1)|x01—x02|
(41)
t
+ J (ez“’Z(H) - 1) H (s)ds.
0
Combining this with (38) it holds that
1 X ()P ! X ()Pds < 1 20t 2
El O + . X (s)l°ds < 5¢ %01 = Xo2]
(42)

t
+ j I (5) ds.
0
By Lemma 5, the following inequality

1, _ 2 _ ¢
S X @) v @™ | IxePds
< l|x01 - x02|2

2

+ L e (LIX )l + |B(uy (s) —uy (5))]) e “** |X (s)| ds
(43)

implies that
e X ()] < |xgr = %o

t (44)
+ L e (LIX O + (B (5) ~ 1, (9)]) ds.



Abstract and Applied Analysis
From (42) and (44) it follows that

1 ¢ 1 2
SIXOP + @ [ IXOPds < 2|y, =0

t
+ L D (LIX () +|B (1 (5) — uy (5))]) e

X |xg; = xo5| ds

. (45)
+ L 0 (LIX ()] + B (uy () - w5 (9)])
x L e (LX (@) + |B (uy (7) - uy ())]) drds
=T +1I+III
Putting
G(s) = IX &)+ |B(uy (s) =ty (5))] - (46)

The third term of the right hand side of (45) is estimated as

t s
11l = Lzez“’ztj e s ||G(s)||J e " |G (1) drds
0 0

‘1d
Lzezwztj __{
0 2ds

1 t ?
= _LZeszf“ e " |G| dr}
2 0

s 2
J e GO dT} ds

0

1 1- —2w,t t
—Lzez“’zfe—J IG (0)|Pd~
2 2602 0

2 t
L (e 1) I IG (s)|*ds

4w, 0

IN

(IX I +[B (1 (5) -, (9)[) ds.
(47)

LZ (eszt _ 1) J_t

26()2 0

The second term of the right hand side of (45) is estimated as
t
1= [ o LIX O+ (B () -0 () ds

X |x01 - xozl
) . ) (48)
< 360 | (KO + B (9=, ) ds

2w,

1
+ Ee t|x01 - x02|2.

Thus, from (47) and (48), we apply Gronwall’s inequality to
(15), and we arrive at

1 t
X OF + o jo 1X (5)]%ds

Tl
<C <|x01 — xpo|” + L |B (14 (5) —u, (s))|2ds>,
(49)

where C > 0is a constant. Suppose (x;,, u,,) — (xq, 1) in Hx
L*(0,T;Y), and let x,, and x be the solutions (1) with (x,,,, u,,)
and (x,, u), respectively. Then, by virtue of (49), we see that
x, — xin L*(0,T, V) nC([0, T]; H).

(2) It is easy to show that if x, € V and B € Z(Y,H),
then x belongs to L2(0, T; D(A)NW (0, T; H). Let (x0U;) €
V x L*(0,T; H), and x; be the solution of (1) with (x,;, ¢;) in
place of (xy,u) for i = 1,2. Then in view of Lemma 2 and
assumption (F), we have

||x 17 % ”Lz(O,T;D(A))nWI'Z(O,T;H)
<G {”xm = xoa| + |f (x) = G x2)”L2(O,T;H)
+B (uy - ”2)||L2(0,T;H)} (50)
< Cy {llxor = %ol + 1B (s, - W) 2o,
+L|x, - XZ“LZ(O,T:V)} :
Since
xp (£) = x5 (£) = xg; — Xqp + Lt (%, (s) =%, (s))ds, (51
we get, noting that | - | < || - ||,

s = %all 2oy < VT %01 = 0o

T (52)
+ %”xl - xz"wm(o,T;H)-

Hence arguing as in (9) we get

2 /2
1 = x; ||L2(0,T;V) < Collx; - x, Iliz(O,T;D(A))"xl - x2”;,2(0,T;H)

/2
< COllxl - xz“iz(o,T;D(A))

1/4 172 T \2 1/2
AT =5l 74 () =l

1/2

< C0T1/4||x01 - x02||1/2||x1 - x2”L2(O,T;D(A))

T 1/2
+ CO( @) ||x1 - xZ||L2(0,T;D(A))DW1'2(O,T;H)

< 2_7/4C0 ||x01 - x02||

T2
+ 2Co< %) ||x1 - xz"Lz(o,T;D(A))nwm(o,T;H)-

(53)
Combining (50) and (53) we obtain
I, - x2||L2(0,T;D(A))OW1'2(0,T;H)
< Cy{llxo1 = xoa |} + 1Bty = Buaa 2 0,111
(54)

+27CyC L %91 = Xoa |

T 1/2
+ 200@(@) L|x; = %3]l 20 meppanawte oy



Suppose that
(x0m 1) — (x0ou) € VX L* (0, T;Y), (55)

and let x,, and x be the solutions (1) with (x,,, u,,) and (x,, 1),
respectively. Let 0 < T; < T be such that

T \1/2
2coc1(71§> L<l. (56)

Then by virtue of (54) with T replaced by T; we see that
x, — x € L*(0,T;;D(A))nW" (0, T;H).  (57)

This implies that (x,(T}), (x,)r,) = (x(T}),x7) in V x
L*(0, T; D(A)). Hence the same argument shows that x,, — x
in

L*(T,, min {27}, T}; D (A)) n W"* (T,, min {2T}, T} ; H) .

(58)
Repeating this process we conclude that x, +— x in
L*(0,T; D(A)) n W"*(0, T; H). O

3. Optimal Control Problems

In this section we study the optimal control problems for the
quadratic cost function in the framework of Lions [9]. In what
follows we assume that the embedding D(A) ¢ V ¢ H is
compact.

Let Y be another Hilbert space of control variables, and B
be a bounded linear operator from Y into H; that is,

Be Z(Y,H), (59)

which is called a controller. By virtue of Theorem 6, we can
define uniquely the solution map u — x(u) of L*(0,T;Y) into
L2(0, T; V) n C([0, T]; H). We will call the solution x(u) the
state of the control system (1).

Let M be a Hilbert space of observation variables. The
observation of state is assumed to be given by

z(u)=Gx(u), GeZ(C(0,T;V"),M), (60)
where G is an operator called the observer. The quadratic cost
function associated with the control system (1) is given by

2
J (v) = [|Gx (v) - 24,
(61)
+ (Ru, V)2 yy forve L*(0,T;Y),
where z; € M isadesire value of x(v) and R € L(LH0,T;Y))
is symmetric and positive; that is,

2
(Rv, ) 203y = (U, RU) 20157y 2 IV 20,1y (62)

for some d > 0. Let %,4 be a closed convex subset of
L*(0,T;Y), which is called the admissible set. An element
u € U,q which attains minimum of J(v) over %, is called
an optimal control for the cost function (61).
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Remark 7. The solution space %" of strong solutions of (1) is
defined by

W =L*0,T;V)nW" (0,T;V*) c C([0,T]; H) (63)
endowed with the norm

-1l = max {1l 20,7vys I llwr2o,rvey } - (64)

Let Q) be an open bounded and connected set of R”"
with smooth boundary. We consider the observation G of
distributive and terminal values (see [15, 16]).

(1) We take M = L*((0, T)xQ)xL*(Q) and G € L(', M)
and observe

z (v) = Gx (v)

(65)
= (x(v;),x (0, T)) € L*((0,T) x Q) x L* (Q).

(2) We take M = L%((0,T) x Q) and G € L(¥', M) and
observe

z() =Gx(v) =y (1) e (0, T)x Q).  (66)

The above observations are meaningful in view of the regu-
larity of (1) by Proposition 3.

Theorem 8. (1) Let the assumption (F) be satisfied. Assume
that Be€ Z(Y, V") and x,, € Tgb) Let x(u) be the solution of
(1) corresponding to u. Then the mapping u — x(u) is compact
from L2(0,T:Y) to L*(0, T; H).

(2) Let the assumptions (A) and (F) be satisfied. If B €
Z(Y,H) and x, € D(¢) NV, then the mapping u — x(u)
is compact from L2(0, T;Y) to L2(0, T; V).

Proof. (1) We define the solution mapping S from L*(0, T;Y)
to L*(0, T; H) by

Su=x@), uel*(0T;Y). (67)

In virtue of Lemma 2, we have

ISull 220, rvynw2 0,13+
(68)

=[x W)l < C, {|x0| + "B“"LZ(O,T;V*)}-

Hence if u is bounded in L*(0,T;Y), then so is x(u) in
L2(0,T;V) N WY(0, T; V*). Since V is compactly embed-
ded in H by assumption, the embedding LZ(O,T; V) n
w20, T;V*) ¢ L*(0,T; H) is also compact in view of The-
orem 2 of Aubin [17]. Hence, the mapping u — Su = x(u) is
compact from L*(0, T;Y) to L*(0, T; H).

(2) If D(A) is compactly embedded in V' by assumption,
the embedding

L*(0,T; D (A) nW" (0, T; H) c L* (0, T; V) (69)
is compact. Hence, the proof of (2) is complete. O

Asindicated in the Introduction we need to show the exis-
tence of an optimal control and to give the characterizations
of them. The existence of an optimal control u for the cost
function (61) can be stated by the following theorem.
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Theorem 9. Let the assumptions (A) and (F) be satisfied and

Xy € D(¢p) N V. Then there exists at least one optimal control
u for the control problem (1) associated with the cost function
(61); that is, there exists u € U ,; such that

J(u) = uier?llf,;d] () :=]. (70)

Proof. Since %,4 is nonempty, there is a sequence {u,} C %4
such that minimizing sequence for the problem (70) satisfies

Jof ] () = lim ] (u,) = m. (71)

Obviously, {J(u,,)} is bounded. Hence by (62) there is a posi-
tive constant K, such that

du,|” < (Ru,u,) < T (u,) < Ko. 72)

This shows that {u,} is bounded in %,4. So we can extract a
subsequence (denoted again by {u,}) of {u,} and find a u €
U ,q such that w — limu,, = u in U. Let x,, = x(u,,) be the
solution of the following equation corresponding to u,,:

X! (£) + Ax, (1) + 0 (x, (1)) > f (t,x,, (£)) + Bu, (),
0<t<T, (73)
x, (0) = x,.

By (15) and (17) we know that {x,} and {x;} are bounded
in L*(0, T; V) and L*(0, T; V*), respectively. Therefore, by the
extraction theorem of Rellich’s, we can find a subsequence of
{x,}, say again {x,}, and find x such that

x, (-) — x(-) weakly in L*(0,T;V)nC([0,T]; H),

x) — x, weakly in L* (0, T;V"*).
(74)

However, by Theorem 8, we know that
x, () — x (), strongly in L*(0,T;V). (75)
From (F) it follows that
f(x,) — f(x), strongly in L* (0, T;H).  (76)
By the boundedness of A we have
Ax,) — Ax, strongly in L* (0, T;V*). (77)

Since 0¢(x,,) are uniformly bounded from (73)-(77) it follows
that

0¢ (x,) — f (x)+Bu—x' - Ax,
(78)
weakly in L* (0, T; V"),
and noting that d¢ is demiclosed, we have that

f(x)+Bu—x"—Ax € 3¢ (x) in L* (0, T;V*). (79)

Thus we have proved that x(¢) satisfies a.e. on (0,T) the fol-
lowing equation:

x'(t) + Ax (t) + 0¢ (x (t)) > f(t,x(1))

+Bu(t), ae, 0<t<T, (80)
x(0) = x,.
Since G is continuous and || - ||, is lower semicontinuous, it
holds that
|Gx(w) = 2zl < lim inf|lGox () = zall-— (8D)
It is also clear from lim inf,_ [|R"?u,] rorny) 2
IRY?ull 20 72y, that
hy?l iorolf (Ru,,u,) rory = (Ru, W2 0.1y)- (82)
Thus,
m = lim | (u,) =T (u). (83)

But since J(u) > m by definition, we conclude u € % 4 is a
desired optimal control. O

4. Necessary Conditions for Optimality

In this section we will characterize the optimal controls by
giving necessary conditions for optimality. For this it is nec-
essary to write down the necessary optimal condition

Dj(u)(v-—u)>0, veUy (84)
and to analyze (84) in view of the proper adjoint state system,
where DJ(u) denote the Giteaux derivative of J(v) atv = wu.
Therefore, we have to prove that the solution mapping v +—
x(v) is Gateaux differentiable at v = u. Here we note that from
Theorem 6 it follows immediately that

lim x (u + Aw)
A—0
(85)
= x (u), strongly in L*(0,T;V)NC([0,T]; H).

The solution map v — x(v) of L*(0,T;Y) into L*(0, T;V) N
C([0,T]; H) is said to be Gateaux differentiable at v =
u if for any w € L*(0,T;Y) there exists a Dx(u) €
ZL(L*0,T;Y), L*(0, T; V) n C([0, T]; H) such that

ll%(x(u+Aw)—x(u))—Dx(u)wl' — 0 asA—0.
(86)

The operator Dx(u) denotes the Gateaux derivative of x(u) at
v = uand the function Dx(w)w € L*(0, T; V)NC([0, T]; H)) is
called the Gateaux derivative in the direction w € L*(0,T;Y),
which plays an important part in the nonlinear optimal
control problems.

First, as is seen in Corollary 2.2 of Chapter II of [18], let
us introduce the regularization of ¢ as follows.



Lemma 10. For every € > 0, define

2
¢, (x) = {@+¢(]ex) :Ve>0, x € H]», (87)

where J. = (I + ep)~". Then the function ¢, is Fréchet differen-
tiable on H and its Frechet differential 0¢, is Lipschitz contin-
uous on H with Lipschitz constant € . In addition,

limo</>€(x) =¢(x), VxeH,

¢(]ex) < (pe (x) < (/5 (x),
lim 0, (x) = (0¢)° (x), VxeH,

Ve >0, x € H, (88)

where (8¢)0(x) is the element of minimum norm in the set

().

Now, we introduce the smoothing system corresponding
to (1) as follows.

X' () + Ax (t) + 0, (x (1))
= f(t,x(t) +Bu(t),

x (0) = x,.

0<t<T, (89)

Lemma 11. Let the assumption (F) be satisfied. Then the solu-
tion map v — x(v) osz(O, T;Y) into L*(0, T; V)NC([0, T]; H)
is Lipschtz continuous.

Moreover, let us assume the condition (A) in Proposition 3.
Then the map v — 0¢,(x(v)) osz(O, T;Y) into L*(0, T; H) N
C([0, T]; V™) is also Lipschtz continuous.

Proof. We set w = v — u. From Theorem 6, it follows imme-
diately that

llx (u + Aw) = x (W)l co.13;m) < const. [A] [wll 2072y
(90)

so the solution map v — x(v) of L2(0,T;Y) into L*(0, T; V) N
C([0,T]; H) is Lipschtz continuous. Moreover, since

3¢, (x (ust)) — 0, (x (u + Aw; 1))
= x"(u+ Awst) — x' (ust) + A (x (u + Aws t) — x (1))

—{f (t,x (u+ Aws 1)) = f (£, x (u31))} — ABw (1),

(91
by the assumption (A) and (2) of Theorem 6, it holds
||a¢6 (x (u+ Aw)) — 0¢, (x (”))”LZ(O,T;H)
< "x'(u + Aw) — x'(u) )
+ lx (1 + Aw) — x (W)|l;20 7
flx ( ) = x (Wl 20,1504 92)

+ Lllx (u + Aw) — x @)l 2 0.12vy

+ Bl w200

< const. [Alwl 20,1y
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and, by the relation (12),
[0 (x (1 + Aws 1)) = 3¢, (x (ws )],
< [+ Aws ) = ' (s 1)
+ [ All gy 1 (u + Aws t) — x (us 1))l (93)
+ Llx (u+ Aws t) = x (us )| + [A] | Bl [w (£)]
< const. [A|wllz20,.72v)-

So we know that the map v — 0¢.(x(v)) of L*(0,T;Y) into
L2(0, T; H) n C([0, T]; V*) is also Lipschtz continuous. [

Let the solution space 7", of (1) of strong solutions is
defined by

W, =L (0,T;D(A) nW"*(0,T; H) (94)

as stated in Remark 7.
In order to obtain the optimality conditions, we require
the following assumptions.

(F1) The Géteaux derivative 0, f(t, x) in the second argu-
ment for (t, x) € (0,T) x V is measurable int € (0,T)
for x € V and continuous in x € V fora.e. t € (0,T),
and there exist functions 8,6, € L*(R"; R) such that

lo.f (&%), <6, (1) +6,(IxI),
V(t,x) € (0, T)xV.

95)

(F2) The map x — 0¢,.(x) is Gateaux differentiable, and
the value D¢, (x)Dx(u) is the Géteaux derivative of
0¢.(x)x(u) at u € L*(0,T;U) such that there exist
functions 05,60, € L*(R"; R) such that

||Da¢e (x) Dx (u)”*
(96)

<05 (t) + 0, (Iull 201y))»  Yu € L*(0,T;Y).

Theorem 12. Let the assumptions (A), (F1), and (F2) be satis-
fied. Let u € %,y be an optimal control for the cost function J
in (61). Then the following inequality holds:

(C* AN (Cx () = 24)» )y,
(97)

+ (RM,U - ”)LZ(O,T;Y) > 0, Yu € %ad’

where y = Dx(u)(v —u) € C([0,T; V") is a unique solution
of the following equation:

Y (0)+ Ay (1) + D(09)" () (y (1))
=0, f(t,x)y(t)+Bw(t), 0<t<T, (98)
y(0)=0.
Proof. Wesetw =v—u.Let A € (-1,1), A #0. We set

y = }iino/\_l (x (u+ Aw) — x (1)) = Dx (1) w. (99)
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From (89), we have
X (u+ Aw) — x' () + A (x (u + Aw) — x ()
+0¢. (x (u + Aw)) — 98, (x (1)) (100)
= f(x(u+Aw)) - f (5 x () + ABw.

Then as an immediate consequence of Lemma 11 one obtains

lim = {09, (x4 + A 1)) — 39, (x ()} = DG, () y (1),

Tim [ (6 u+ Awst) = £ (6% 50} =0, (1) ),
(101)

thus, in the sense of (F2), we have that y = Dx(u)(v — u)
satisfies (98) and the cost J(v) is Gateaux differentiable at u
in the direction w = v — u. The optimal condition (84) is
rewritten as

(Cx (u) = 24, y) 5y + (R, v = 1) 12 1oy
= (C*AM (Cx (Ll) - Zd) ,y)Wl

Yvu € %ad'

(102)

+(Ru,v = )2 o1y) 2 0,
O

With every control u € L*(0,T;Y), we consider the
following distributional cost function expressed by

T T
J, (w) = L [Cx,, () - 2, (t)||§(dt + L (Ru (t),u(t))dt,
(103)
where the operator C is bounded from H to another Hilbert

space X and z; € L*(0, T; X). Finally we are given that R is a
self adjoint and positive definite:

Re ¥ (X), (Ru,u) > clull, c¢>0. (104)

Let x,,(t) stand for solution of (1) associated with the control
u € L*0,T;Y). Let %,y be a closed convex subset of
L*(0,T;Y).

Theorem 13. Let the assumptions in Theorem 12 be satisfied

and let the operators C and N satisfy the conditions mentioned

above. Then there exists an element u € %,y such that
u) = inf J; (v).

T, (w) of J; (v) (105)

Furthermore, the following inequality holds:

T
L (AYB p, (1) + Ru(t),(v-u) (1) dt 20, Vv ey,
(106)

holds, where A y is the canonical isomorphism Y onto Y* and
D, satisfies the following equation:

Pl () = A"p, (t) = D(0¢)" ()" p,, (t) + 3, f(£,x)" p,, (t)
=-C'Ayx(Cx,(t)—z; (), for0<t<T,

P,(T) =0.
(107)

Proof. Let x(t) = x,(t) be a solution of (1) associated with the
control 0. Then it holds that

T ) T
7, () = L ICx, (1) - 24 (t)||th+J0 (R (8), v (t)) dt
T
_ L IC (x, () = x (1)) + Cx (8) — 24 (O[>t
T
+J (Ru (), v (t) dt
0

T
= (v,v) - 2L (v) + L |24 (1) - Cx (t)"idt’
(108)

where
T
7 (u,v) = L (C(x, () = x(t),C(x, (1) — x (1)) dt
T
+ J (Ru (t),v (1)) dt,
0

T
L@ = [ (200~ Cr(0),C (5,0 - x(0) .
(109)

The form 7(u,v) is a continuous form in L*(0,T;Y) x
L*(0,T;Y) and from assumption of the positive definite of the
operator R, we have

7 (v,v) = clul’, velLl*(0,T;Y). (110)

If u is an optimal control, similarly for (97), (84) is equivalent
to

T
[ € Ax (@ -2,0).y @) s

0 ()

T
+ J (Ru(t),(v—u)(t)dt > 0.
0

Now we formulate the adjoint system to describe the optimal
condition:

P (£) = A" p,, (£) - DO (x)" p, (t) + 3, f (£, x)" p,, ()

=—(C*'AxCx, () —z; ), for0<t<T, (112)

P,(T) = 0.

Taking into account the regularity result of Proposition 3
and the observation conditions, we can assert that (112)
admits a unique weak solution p, reversing the direction of
timet — T -t by referring to the well-posedness result of
Dautray and Lions [19, pages 558-570].
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We multiply both sides of (112) by y() of (98) and inte-
grate it over [0, T]. Then we have

T
L (C*Ax (Cx, (1) — 24 (1)), y (£)) dt

T , T
=‘L (Pu (t),y(t))dt+j (A"p, (1), y(t))dt

0 (113)

T
+ [ (D090 p 00,y ) i

0

T
S RCT N AORION?

By the initial value condition of y and the terminal value
condition of p,, the left hand side of (113) yields

= (pu (T), y (1)) + (P, (0), ¥ (0))

T , T
+ JO (P ),y (®))dt + L (P (1), Ay (1) dt

T
+ J (pu (1), DO, (x) y (1)) dt (114)

0

T
[ 025 @0y @) ar

T
= Jo (pu (), B(v—u) (1)) dt.
Let u be the optimal control subject to (103). Then (111) is
represented by

T
IQ (p, (), B(v—u)(t))dt+ JO (Ru(t),(v—u) () dt >0,
(115)

which is rewritten by (106). Note that C* € B(X™, H) and for
¢ and v in H we have (C*A xCy,¢) = (Cy,C¢), where
duality pairing is also denoted by (., ). 0

Remark 14. Identifying the antidual X with X we need not
use the canonical isomorphism A y. However, in case where
X c V7 this leads to difficulties since H has already been
identified with its dual.
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