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We study the convergence rates in the law of large numbers for arrays of Banach valued martingale differences. Under a simple
moment condition, we show sufficient conditions about the complete convergence for arrays of Banach valued martingale
differences; we also give a criterion about the convergence for arrays of Banach valued martingale differences. In the special case
where the array of Banach valued martingale differences is the sequence of independent and identically distributed real valued
random variables, our result contains the theorems of Hsu-Robbins-Erdds (1947, 1949, and 1950), Spitzer (1956), and Baum and
Katz (1965). In the real valued single martingale case, it generalizes the results of Alsmeyer (1990). The consideration of Banach
valued martingale arrays (rather than a Banach valued single martingale) makes the results very adapted in the study of weighted
sums of identically distributed Banach valued random variables, for which we prove new theorems about the rates of convergence
in the law of large numbers. The results are established in a more general setting for sums of infinite many Banach valued martingale

differences. The obtained results improve and extend those of Ghosal and Chandra (1998).

1. Introduction

The convergence rates in the law of large numbers have been
considered by many authors. Let (X);»; be a sequence of
independent and identically distributed (i.i.d.) real valued
random variables defined on a probability space (Q, #, P)
with EX; = 0, and set S, = Z;l=1 X. By the law of large
numbers, P{|S,| > en} — 0 for ¢ > 0. Hsu and Robbins [1]
introduced the notion of complete convergence and showed
that

18

P{|S,| >en} <o Ve>0 (1)

n=1

if EX? < co; Erdds [2, 3] proved that the converse also holds.
Spitzer [4] showed that

in_lﬂ]’ {|S,| > en} <co Ve>0 (2)

n=1

whenever EX; = 0. Katz [5] and Baum and Katz [6] proved
that, for p=1/aand @ > 1/2,0r p > 1/aand & > 1/2,

Y PP {ls,| > en'} <o Ve >0 3)
n=1

if and only if E|X;|? < oo. Lai [7] studied the limiting case
where p > 2 and @« = 1/2. Gafurov and Slastnikov [8]
considered the case where (n?*2) and (n%) are replaced by
more general sequences. Many authors have considered the
generalization of the theorem of Baum and Katz [6] to arrays
of independent (but not necessarily identically distributed)
random variables; see for example Li et al. [9], Hu et al. [10-
12], Kuczmaszewska [13], Sung et al. [14], and Kruglov et al.
[15].

Let (X;);»; be a sequence of real-valued martingale
differences defined on a probability space (Q, &, P), adapted
to a filtration (& j), with #, = {0,Q}. This means that
for each (integer) j > 1, X; is & ;-measurable and



E[X; | #;_,] = 0as. A natural question is whether the pre-
mentioned theorem of Baum and Katz [6] is still valid for
martingale differences (X). Lesigne and Volny [16] proved

that, for p > 2, supj21E|Xj|p < 0o implies
P(|S,| >en) =0 (nfp/z) (4)

(as usual, we write a, = o(b,) if lim,_, a,/b, = 0
and a, = O(b,) if the sequence (a,/b,) is bounded) and
that the exponent p/2 is the best possible, even for strictly
stationary and ergodic sequences of martingale differences.
Therefore, the theorem of Baum and Katz does not hold for
martingale differences without additional conditions. (Stoica
[17] claimed that the theorem of Baum and Katz still holds
for p > 2 in the case of martingale differences without
additional assumption, but his claim is a contradiction with
the conclusion of Lesigne and Volny [16], and his proof
contains an error: when p > 2, we cannot choose « satisfying
(6) of [17].) Alsmeyer [18] proved that the theorem of Baum
and Katz for p > 1/a and 1/2 < «a < 1 still holds for
martingale differences (X j) i if for some y € (1/«,2] and
q € [1,00] with g > (pa — li/(yoc -1),

1< y
sup —Z[E [|X]| | 9]-_1] < 00, (5)
n>1 n i=1
J q
where |- ||, denotes the L? norm. This is a nice result;

nevertheless, it is not always satisfied in applications; for
example, (a) it does not apply to “nonhomogeneous” cases,
such as martingales of the form S, = Z;-':l j*Y;, where a >
0 and Y; are iid., as in this case the condition (5) (with
X, = j“Yj) is never satisfied; (b) in applications instead
of] a single martingale we often need to consider martingale
arrays: for example, when we use the decomposition of a
random sequence (S,,) into martingale differences (such as in
the study of directed polymers in a random environment), the
summands usually depend on n: S, = Z;’:l Xpj» Xpj = E[S,, |
97]»]—[E[Sn | 97]-,1],where Fo=10,Qland F; = 0(S;,...,S))
fori > 1.

Our first main objective is to extend the theorem of Baum
and Katz [6] to a large class of Banach valued martingale
arrays. More precisely, under a simple moment condition on
27:1 [E[||an||y | 97”,1-,1] for some y € (1,2], we will find
sufficient conditions for

NS )P {[Sye0]l > €} < 00 (©)
n=1

for a large class of sequences of Banach valued martingale
differences {(X,;, #,)}js1, 1 2 1, where S, , = Y2, X,
¢ : N — [0,00) is a positive function, and ¢ > 0. Of
particular interest is the case where ¢(n) is a regular function:
o(n) = nb_ll(n) (b = 0),1(:) > 0 being slowly varying at
00; that is, I() is a positive measurable function defined on
(0, 00) such that lim, _, . (I(Ax)/I(x)) = 1 for any A > 0. Our
results improve and complete a result of Ghosal and Chandra
[19] for martingale arrays and extend Alsmeyer’s result [18]
for martingales.
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Our second main objective is to extend another important
theorem of Baum and Katz [6] which states that for i.i.d. real
valued random variables X ; with EX; = 0 and for each p > 1,

P(1X,| > n) = o(n?) if and only if P(|S,| > en) = o(n P")
for all € > 0. In fact, we prove that a similar result holds for a
large class of Banach valued martingale arrays: under a simple
moment condition on Z;’:l [E[IIanIIy | 9,1)]-_1] for some y €
(1, 2], we obtain sufficient conditions for

P P{|S, 0] >} =0(1) (resp., O(1)), (7)

where ¢ and S, , are defined as before, ¢ > 0. The result
is new and sharp even for independent but not identically
distributed real valued random variables.

The consideration of a Banach valued martingale array
(rather than a Banach valued single martingale) makes
our results very adapted in the study of weighted sums
of identically distributed Banach valued random variables.
Many authors have contributed to this subject. Gut [20],
Lanzinger and Stadtmiiller [21] considered weighted sums
of iid. random variables. Li et al. [9], Wang et al. [22]
studied weighted sums of independent random variables.
Yu [23] considered weighted sums of martingale differences
(see also the references therein). Ghosal and Chandra [19]
considered weighted sums of arrays of martingale differences.
As applications of our main results, we generalize or improve
some of their results. For example, we prove a new theorem
about the convergence rate for weighted sums of identically
distributed Banach valued martingale differences.

As information, we mention that Baum-Katz type the-
orems in different dependent setups have been studied by
many authors. For example, Li et al. [24] studied moving
average processes; Shao [25, 26], Szewczak [27] considered
mixing conditions; Baek and Park [28] studied negatively
dependent random variables; Liang [29], Liang and Su [30],
Kuczmaszewska [31], Kruglov [32], and Ko [33] studied
negatively associated random variables.

The rest of the paper is organized as follows. In Section 2,
we establish some maximal inequalities for Banach valued
martingales. In Section 3, we show our main results on the
convergence rates for Banach valued martingale arrays, which
improve and complete Theorem 2 of Ghosal and Chandra
[19]. In Section 4, we consider the important special case
of triangular Banach valued martingale arrays, and obtain
an extension of Theorem 1 and 2 of Alsmeyer [18]. We also
generalize a result of Chow and Teicher (cf. [34, page 393])
about the complete convergence of sums of independent real
valued random variables. In Section 5, we look for the conver-
gence rates for the maxima of sequences of any Banach valued
random variables, in order to obtain further equivalent con-
ditions about the convergence rates for Banach valued mar-
tingales in the following section. In Section 6, we consider
the convergence rates for Banach valued martingales. Our
results extend Theorems 1-4 of Baum and Katz [6] for i.i.d.
real valued random variables and generalize Theorems 1 and 2
of Alsmeyer [18]. As applications, in Section 7, we obtain new
results on the convergence rates for weighted sums of Banach
valued martingale differences, which extend Theorems 2 and
3 of Lanzinger and Stadtmiiller [21] on weighted sums of
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the form Z;’:l X j- In Section 8, we consider more general
weighted sums of Banach valued martingale differences, for
which we extend Theorem 3.3 of Baxter et al. [35], Corollary
1 of Ghosal and Chandra [19], and Theorems 2.2-2.4 of Li et
al. [9] and generalize Theorem 2 of Yu [23].

For notations, as usual, we write N* = {1,2,...}, N =
{0} UN" and R = (-c0, 00).

2. Maximal Inequalities for
Banach Valued Martingales

In this section, we show new maximal inequalities for Banach
valued martingales.

Let (Q, #,[P) be a probability space and (B, || - ||) a real
separable Banach space. For any real number p > 1, denote by
I]_ﬁ; the space of B-valued random variables such that || X II% =

(ENX]P)"? is finite. Let F, = {6,Q} ¢ F, C --- be an
increasing sequence of sub-o-fields of #. Let {(X »F j)};’:1 be
an adapted sequence of B-valued random variables defined
on (Q, F,P); that is, for every j > 1, X;is F; measurable.
We call it a sequence of B-valued martingale differences if
additionally [E[Xj | 97]-,1] = 0 as. and X; belongs to L
for any j > 1 and a sequence of B-valued supermartingale
differences if additionally E[X f | F j,l] < 0as. and X f
belongs to Ly, for any j > 1. Following Pisier [36], we say
that a Banach space (B, || - ||) is y-smooth (1 < y < 2) if there
exists an equivalent norm || - || such that

1
sup {t_V sup {[lx +ty|g + |x —tylg — 2 : Ixlls = |¥llg = 1}}
t>0

< 0Q.
(8)
Set
n
Sy=0, S, = ];Xj, S = max S| wnen,
9)
and set
X;=0, X, =max X wvnen. ()
<jsn
Fory > 0, let
m(yn) = YE[IX] 17;.]. (a
=1

Accordingly, for an infinite B-valued adapted sequence
(X}, F )} js1, we write

(5]
8

I
M8
e

* *
Xo=suwp x|, sl =suplsi].
21 j>1

.
Il
—

(12)

if the series converges, and

= ZI[E %] 1 751 (13)
-

m (y, )

In the following, we consider relations among
Z;’:l P{IX;I > e}, PIX;, > e}, P{S;, > €}, and P{[S, || > €}.

Our first theorem describes relations between P{X, > ¢}
and Z;’Zl P{|X il > &} for an adapted sequence of B-valued

random variables {(X ;, # j)};.’:1

Theorem 1. Let {(Xj, 5’/7]-)}7:1 be an adapted sequence of B-
valued random variables. Then, for any e,y > 0, and q > 1,

n
X>s Z

<(1+e")P{X] > el +&e "EmI (y,n).

{1 > <}
(14)

Our second theorem shows relations between P{S, >
¢} and P{X; > ¢} for a sequence of B-valued martingale
differences {(X F . )}" : that is, for each (integer) 1 < j <,
XjisF 11=0
a. s

measurable and belongs to L., and E [X | F

Theorem 2. Let {(Xj, gj)};‘:l be a finite sequence of B-valued
martingale differences. For any ¢ > 0, y € (1,2], q > 1, and
L € N, if B is y-smooth, then

P{X’ > 2} <P{S’ > ¢}

SIP{X*> £ }
"4(L+1) (15)

+ g vA+D/(g+D) ~ (y,q,L)
(B () /"0
where C(y, g, L) is a constant only depending on y, g, and L.

Corollary 3. Let {(X;, F )}, be a sequence of B-valued
martingale differences. Suppose that, for some y € (1,2],

ZlElliniy < co. (16)
z

If B is y-smooth, then S, converges a.s. and the inequalities
(14) and (15) hold with n replaced by co.

We get Theorems 1 and 2 by a refinement of the method
of Alsmeyer [18].

Proof of Theorem 1. The first inequality is obvious. We only
consider the second one. Clearly,

P{X >¢ =Z { ]1—5>|'X]”>5}

B

= 2P {x| > ZZP{ > X > e
=i
17)



Since {(Xj, F j)};.’:1 is an adapted sequence of B-valued
random variables, by Markov’s inequality (conditional on
Fi1)

15

PIXi, > e X > ¢f = Lx* Ly e dP

1 >e}

S YRR

< LX* " (|1 71 ] ap

j-1

T EED

(18)
Hence, by summing, we obtain
2P X > X > ¢
=2
<&’ J m (y,n)dP
{X;>e}
=¢?’ J m (y,n) dP
{m(y,n)<1,X}>e} (Y ) 19)

+e” J m(y,n)dP
{m(y,n)>1,X; >e}

<e"P{X, >e+e? J m? (y,n) dP

{m(y,n)>1}
<e"P{X] > el +e "Emi(y,n).

Therefore, the upper bound in (19) gives a lower bound of
P{X, > &} by (17), which implies the second inequality of
(14). O

Proof of Theorem 2. The first inequality is obvious, because if
max, ., [IS;ll < & then

max "X]“ = max "Sj - Sj_IH < 2e. (20)

1<j<n 1<j<n

We will prove the second inequality. For any ¢ > 0,n € N*,
and L € N,

P{S > 2¢}
S[P’{X*> }+P{S*>2€,X*S;}.
"2(L+1) " "T2(L+1)
(21)
Define

T(0) = 0,

T () =int fie (G- 1)) 8- S| > ]

forl <j<L+1,
(22)
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where by convention inf § = +o00. It is easily seen that T'(j) are
stopping times (cf. e.g., [34] for the definition) with respect to
the filtration %, = {0,Q} ¢ ¥, c--- C F, C F,,; C -+,
where we take % = &, for all k > n. As usual, we will write
Frj = 1A € F,: An{T(j) = k} € F,1 < k < n}.
Notice that for 1 < j < L+ 1,if T(j) < oo, then ||ST(]-) -
Sr(j-pll > €/(L+1); conversely, if there exists a positive integer
i € (T'(j - 1),n] such that [|S; — ST(j_l)Il > ¢/(L + 1), then
T(j) < 0o. We proceed by three steps to estimate the second
term of the right hand side of (21).
(a) We first prove that

£ }Cﬁ{T(j)<oo}, (23)

{S; > 2 X, <

T 2(L+1) i
which implies that
* * &
P {S >2¢, X, < —}
" "T2(L+1)

(24)

s[P’{V»>—8 ,lsst+1},
N |

where

Assume that the first event in (23) takes place. Since S} > 2e,
there exists m € {1,2,...,n} such that ||S,,[| > 2&. As [|S,,[| >
2¢, and it is clear that T(1) < m < co.

Let M be the largest j € [1, m] such that T(j) < m. Then,
T(M) < m.

We will prove that M > L + 1. Suppose that M < L. Then,
by the definition of M, T(M + 1) > m so that

IS, = Srenl < - (26)
As|lx + yll < lIxll + Iy, it follows that
[Sr) = St-nl = [Srii1 = Sy + Xy
< Sr¢y-1 = Srijon | + Xz (27)

€ €
< + —
L+1 2(L+1)

where the last step holds because IS7¢j)-1 =St(j-pll < €/(L+1)
by the definition of T'(j) and || X7, |l < X, <e/2(L+1). As
Sm = L1 (S1(j) = Sri-1)) + (S = Srap)s by (26), (27), and
the subadditivity of || - ||, we know that

&€ &

£ M + M+ <
2(L+1) L+1

L+1'

ISl < 2. (28)

This is a contradiction with [|S,,,|| > 2¢, which proves that M >
L+1.
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Therefore, T(j) < oo forall j € [1, L+1]. Thus, (23) holds.
(b) We next give an estimation of [E[V]?' | Fr(j-1)l- For
0<r<n,

Y
E [V Vrgo1yen | Frijon)]

= E[V 1y | 7]

(29)
Y

<E[|Sz¢) = Srijon| Lirg-v=r, rpecot | F]
< 1{T<j—1>=r}E[ max |8, =S, ||" | F ]

r+l1<i<n

Using successively Doob’s inequality in a real separable
Banach space [37, Theorem 3.1], the inequality in Assouad
[38, Proposition 2] (conditional on &), and the subadditivity

of the function x — x"> (x > 0), we obtain

£ max |5, -5 |1 7, |

r+1<i<n
ARY i
< (— E|] Y x| |Z,
y-1 i=r+1

y n
<(-15 ) ew Se(xr iz, o0
i=r+1

4
(1) cwe| Selr .= ]

i=r+1
V Y
< (-1 ) coIEmbn 15,1,
Therefore, by (29),
E [V VrG-ny-n | Frijn)]

y o\
< <F> C(y)E[m(y.n) Lir(joty=ry | gT(jfl)] :

(31)

Summing over r, we obtain

Y F Y ' o
E [VJ | Frjon] < <F> C(y)E[m(y.n) | Frjyy)]-
(32)

(c) We finally give un upper bound for the term of the
right hand side of (24), using (32). Set

Q= [P’{V> I,?T(]l} 1<j<L+1. (33)

Applying (32) for j = 1, we see that

Q =P {v1 > LLH} <eV(L+1)EV)
y (34)
<e(L+ l)y(y_il> C(y)Em(y,n).

5
Now, for any x > 0,
P L+1
P{V~> ,1S'SL+1}S o 35
> Tl s Z P (35)
where
—[P’{ >— 1<j<L+1; <x 25isL+1},
P L+1 J Q
=P{Q>x"}, 2<i<L+l
(36)
Notice that
P = J{Vj>£/(L+1),1§st; E [I{VL+1>£/(L+1)} | 97T(L)] dp
Q<x ™! 2<i<L+1}
= J Qi dP
{V;>e/(L+1),1<j<L; Q<x™' 2<i<L+1}
-1 € . -1 .
<x P{V->—,1S <L Q<x ,ZSISL}
T L+1 ] Q
<. (LI)P{V> , 1< <2 Q2<x1}
L+1
L Y \ L
<xQ <eV(L+ l)"(—1> C(y)x "Em(y,n),
y-
(37)

where (34) has been used for the last inequality. For 2 < i <
L + 1, by (32), together with Markov’s inequality and Jensen’s
inequality, we have

pi:[P’{[P’{V>L |9T(,1)}>x1}
e'x!
i)

<p {W ) CH)E [myn) | Fpon] >

<P {[E V! | Frip) >
e'x”!

(L+1)

<ML+ 1)W<—V

) ew

x x1E(E [m (y,n) | gT(i—l)])q

ay
<e™(L+ l)qy<L1> Cl(y) x"Em? (y,n).
y—
(38)
Therefore, by (35),
£ . -
P{Vj >——1<j<L+ 1} <G+, (39)
where
Cr=¢"(L+ N( ! ) C(y)Em(y,n),
Y-
(40)
_ y \"
C,=eVL(L+ I)W(—l) Cl(y) Em’ (y,n).
y-



A simple calculation shows that
. -L q
Lrig {Clx + Cyx }
= e MIDIEDE, (1,q,L) (Em ()T (4D
x (Em (y,m))"" @,

where Cy(y,q,L) = (L + l)qy(1+L)/(q+L)[qL/(q+L) n

Lg V@ D)7 (y - 1)*”@();))‘7(1”)/ @D Therefore,

€ .
IP{VJ->—,1$]SL+1]»

1+L
< & MDD, (y,q,L) (Em (y,m)) "4
- bl bl bl (42)
 (Emi (3, )
< e—qy(1+L)/(q+L)C0 (y q L) ([qu ()/ n))(lJrL)/(quL)'
Together with (21) and (24), this proves (15). O

Proof of Corollary 3. By Theorem 2 withg = 1and L = 0,

y

P {sup IS,s; = S,
j=1

- (43)
<pfsup x> £frereo) § el
jzn+l j=n+1
By Theorem 1 and Markov’s inequality,
€
| sp x> £}
(44)
< € vy N ¥
< S eflls o S e
j=n+1 j=n+1
Therefore,
nlerolo[P’ <lsup ||Sn+j - Sn“ > s}» =0, (45)
j21

which is equivalent to

nll)néo]s]lgl "S,< - Sj" =0 in probability. (46)

Since sup; i, || S — S; || is decreasing in n, this implies that

lim sup |[S, = S:[| =0 as,
n— ooj,k£1 || k J ” (47)
which gives the desired conclusion. O
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3. Convergence Rates for Arrays of Banach
Valued Martingale Differences

In this section, we consider the convergence rates in the
law of large numbers for arrays of Banach valued martingale
differences.

Let (Q, #,[P) a probability space and (B, || - ||) be a real
separable Banach space. For everyn > 1, let #,, = {0,Q} ¢
F, C --- be an increasing sequence of sub-o-fields of #.
Foreveryn > 1, let {(X,;, #,;)} >, be a sequence of B-valued
martingale differences defined on (Q, %, P), adapted to the
filtration (% ,): that s, for every j > 1, X,,; is #,; measurable

nj
and belongs to I]_[IB, and [E[Xn]- | F, . ]=0as.Setforn>1,

n,j—1

k
S0 =0, Sk = Zan for k> 1,
=1
(48)

Sn,oo = Zan
j=1

if the series converges. We will call the double sequence
{(XyjpFuy)> j 2 1,n > 1} an array of B-valued martingale
differences.

In the following, we give a sufficient condition for the
convergence of B-valued martingale arrays. For y > 0, let

[ee)
my () = YE[|X | Foja] fornz1 (a9
=1
Theorem 4. Assume that for some y € (1,2], asn — oo,
[ee)
Em, (y) = Y E[X,,|" —o. (50)
=1

If B is y-smooth, then for alle > 0, asn — oo,

Sl > —o (51)
j=1
p {sup Ix,] > } —0 (52)
=1
P {sup IS, > e} — 0 (53)
j21
P {|S,c0l > €} — 0. (54)

Proof. Notice that, by Corollary 3, the condition (50) implies
the a.s. convergence of S, ... Equation (51) comes from (50)
as

(o) [ee) y
DP{X] > et < YEXT =0 s5)
j=1 j=1

(52) follows from (51) and Theorem 1; (53) is a consequence of
(52) and Theorem 2; (54) is implied by (53) and Corollary 3.
O
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We are interested in the convergence rates of the prob-
abilities [P’{supj21 ISl > e} and P{|IS, I > &}. We will
describe their rates of convergence by comparing them with
an auxilary function ¢(n) and by considering the convergence
of the related series.

We begin with some relations among Z;’il |P{||Xn]-|| > &},
Plsup s, 1X,1l > e}, Plsup o, I1S,4]1 > £}, and P{IS, ol > e}.

Lemma5. Let¢ : N — [0, 00) be a positive function. Suppose
that for some y € (1,2],q > 1 and some integer L > 0,

¢ () (Em? ()@ Z6(1)  (resp,0(1)).  (56)

If B is y-smooth, then the following conditions are equivalent:
¢(n)P {sup |X.] > ef =0 ()
j21

(resp.,O (1)) for any &> 0;

(57)
o) P {sup "SnjH >et =0(1)
j21
(resp., O(1)) for any &> 0.
Proof. Equation (57) are equivalent by Theorem 2. O

Lemma 6. Let ¢ : N — [0,00) be a positive function.
Suppose that for some y € (1,2] and q € [1, 00),

pMEmL(y)=0(1) (resp, O(1)). (58)

Then, the following conditions are equivalent:

opn)P {su? “Xn]H > s} =o0(1)
=

(resp.,O (1)) for any & > 0;

N (59)
¢ Y P {|%.] > e} = o)
=1
(resp.,O (1)) for any & > 0.
Proof. The conclusion comes directly from Theorem1. [

Lemma?7. Let¢ : N — [0, 00) be a positive function. Suppose
that (58) holds for some y € (1,2] and q € [1, 00). Then,

(resp.,O (1)) forany e >0
(60)

¢ M) P {|Sy0oll > €} =0 (1)
is implied by
o(n)P {su? ”Snj“ > e} =o0(1)
j=

(61)
(resp., O (1)) forany &> 0.

Proof. The equivalence is an immediate consequence of
Corollary 3. O

Theorem 8. Let ¢ : N — [0,00) be a positive function.
Suppose that for somey € (1,2],q € [1,00] and A € (0,q),

I WDlles — 0. g m, (WIs =0 (62)

If B is y-smooth, then one has the following implications
(63)=(64)=(65)=(66):

s 3P x> e} =0
j=1

(63)
(resp.,O (1)) for any &> 0;
d(m)P {sup 1%, > s]» =0(1)
j=1 (64)
(resp.,O (1)) for any &> 0;
¢(m)P <]sup "Snj” > s} =o0(1)
21 (65)
(resp.,O (1)) for any &> 0;
P {[Syeoll > e} = 0 (1)
(66)

(resp.,O (1)) for any &> 0.

Remark 9. The condition (62) holds if for some y € (1,2],r €
Randg, >0,

¢pm=0(@"), |m@|e=00"). (67)

Proof of Theorem 8. Notice that when (62) holds for g = co
and some A € (0, 00), then for g € (A, 00),

) [, (Pis <@ ) fm, Wiy =0 M. (68)

Therefore, we can assume that (62) holds for some g € [1, c0)
and A € (0,¢).Sinceas L — 00,q(1+L)/(q+L) — q> A,
we can choose an integer L > 0 large enough such that g(1 +
L)/(g+ L) > A. Therefore, the condition (56) holds with o(1).
By Lemma 6, (63) and (64) are equivalent; by Lemma 5, (64)
and (65) are equivalent; by Lemma 7, (65) implies (66). [

Theorem 10. Let ¢ : N — [0,00) be a positive function.
Suppose that for somey € (1,2],q € [1,00] and A € (0, q),

I, s — 0. Yo m, DIy < oo (69)
n=1



If B is y-smooth, then one has the following implications
(70)e(71)e(72)=(73):

Z(b (n) Z[F" {"an” > s} <oo Ve> 0 (70)
n=1 j=1

2emP {
n=1 jz1
Oi(/) (nP {sup S
n=1 jz1

s} <oo Ve>0; (71)

nj >s}<oo Ve > 0; (72)

iqb (M) P{||S,.c0]l > €} <00 Ve>o. (73)

n=1

Notice that, by (69), Em, (y) < co for each n > 1 with
¢(n) > 0, so that S, is well defined (cf. Corollary 3). When
¢(n) = 0, we use the convention that the associated term
containing ¢(n) as a factor is defined by 0.

When g = oo, y = 2, and {(an,F/Tnj)}j21 is a
sequence of real-valued martingale differences, the impli-
cation “(70)=(72)” reduces to Theorem 2 of Ghosal and
Chandra [19]. (Although the condition IImn(Z)II[LE0 — 0does
not appear in Theorem 2 of [19], it is implicitly used in its
proof.) So, our result improves and completes that of Ghosal
and Chandra [19] in the sense that we prove the equivalence
between (70) and (72) (not just the implication “(70)=(72)")
under much weaker conditions.

Remark 11. Theorem 10 also holds if m,(y) is replaced by
Z;’Zl E[X,;I" | F,;um] for some M > 1. In fact, the
case M > 2 can be reduced to the case M = 1 by
considering the subsequences {(X,, jari» Finrri)iso (1 < <
M) of {(X,1» F u) k1> Which are still sequences of B-valued
martingale differences.

Corollary 12. Suppose that (67) holds for some y €
(1,2],r € R, and & > 0. Then one has the implications
(70)=(71)=(72)=(73).

Proof of Theorem 10. As in the proof of Theorem 8, we can
assume that g < co. Sinceas L — o00,q(1 +L)/(g+L) —
q > A, we can choose an integer L > 0 large enough such
that g(1 + L)/(q + L) > A. Let n, be large enough such that
IImn()/)IIL% < 1for alln > n,. Then,

Z‘/’(”) (Em? (y))(lJrL)/(quL) Z‘/’(”) "mn () "q (14L)/(q+L)

n=n, n=n,

< Y b m, (s < oo

n=n,

(74)

By Theorem 1, (70) and (71) are equivalent; by Theorem 2, (71)
and (72) are equivalent; since (69) implies Em,,(y) < oo for
each n > 1 with ¢(n) > 0, by Corollary 3, (72) implies (73).

O
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Proof of Corollary 12. Choose A > (r +1)/¢,, then by (67), we
have

"mn (Y)”u_g? — 0,

(75)

Yo m, (Vs = YO (n ) < oo,
n=1 n=1

So, the condition (69) holds for g = oo, and the conclusion
follows from Theorem 10. O

4. Convergence Rates for Triangular Arrays of
Banach Valued Martingale Differences

In this section, we consider the convergence rates in the
law of large numbers for triangular arrays of Banach valued
martingale differences.

Let (Q, #,P) be a probability space and (B, || - ||) a real
separable Banach space. For every n > 1, let #,, = {0,Q} ¢
F, C -+ C F,, be an increasing sequence of sub-o-fields
of . For eachn > 1, let {(an, F}n]-)};‘:l be a sequence of B-
valued martingale differences defined on (Q, &%, P), adapted
to the filtration (% ,,): that is, for every 1 < j < n and every

n>1X,is F, measurable and belongs to Ly, and E[X nj |
Fnj1l =0as. Setforn > 1,

k
S =YX, l<ks<n. (76)
=1
We will call the double sequence {(X,;, #,;),1 < j < n,n >
1} a triangular array of B-valued martingale differences. In
the following, we first give a sufficient condition for the

convergence of triangular arrays of B-valued martingale. For
acRandy>0,let

) =n S E (X 15,] for nz1 (2
j=1

Theorem 13. Let « € R. Assume that for some y € (1,2], as
n — 0o,

n
- Y
[Emn (Y) =n V“Z[E"an” — 0. (78)
=1
If B is y-smooth, then for alle > 0, asn — oo,

Sefl> et} —o

fpstil-or} -
1<J<" (79)
p {mjx Is.] > en} — o

P{||S,| > en"} — o.
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Proof. It suffices to apply Theorem 4 for the array of B-valued
martingale differences {(Y,;, &,;), j > 1,n > 1} defined by

n] 3

Xn] . .
Ynj: p ifl<j<n,

0 it j>n, (80)
gm:{gm ifl<j<n,

F o i j>n

O

We are interested in the convergence rates of the proba-
bilities IP’{maxKFnHS |l > en”} and P{|IS,,, || > en™}. We will
describe their rates of convergence by comparing them with
an auxilary function ¢(n) and by considering the convergence
of the related series.

We begin with some relations among Z P{ IIX 1 >
en®}, P{max1<]<nl|X | > en®}, P{max, IS, || > en } and
PAIS, ull > en®}.

Theorem 14. Let o« € Rand ¢ : N — [0,00) be a positive
function. Suppose that for some y € (1,2], q € [1,00] and
A €(0,9),

¢ (n) [m, (v)

If B is y-smooth, then one has the following implications
(82)=(83)=(84)=>(85):

I (Vs — 0. Iy =0m. @

600 3P|, > "} = 01
j=1

(82)
(resp.,O (1)) for any &> 0;
()P {max "an" >en”t =o(l)
1<j<n
’ (83)
(resp.,O (1)) for any &> 0
(/)(n)IP’{ ax |18, >en”t =0(1)
(84)
(resp.,O (1)) for any &> 0;
PS5, > en) = 0 (1)
(85)

(resp. ,O(1)) for any &> 0.

Corollary 15. Let 1/2 < a« < land b > 0. Let I(-) > 0 be a

function slowly varying at co and ¢(n) = n’l(n). Suppose that
for somey € (1/a,2], q € [1,00] with q > b/(ya — 1),

sup I m, (y) ||w < 00,

(86)
where m, (y) =

1 n
el 170

If B is y-smooth, then one has the implications (82)&(83)&
(84)=(85).

Remark 16. It is obvious that (86) holds with g = oo if for
some constant K > 0,alln > 1and j > 1,

<K as. (87)

E[Jx]" 1 .5

Proof of Theorem 14. It suffices to apply Theorem 8 for the
array of B-valued martingale differences {(Y,;, ,;), j >
1, n > 1} defined by (80).

Proof of Corollary 15. Since y > 1/a, we have
I, (Wlg = 1,

Asq > b/(ya—1), we can choose A € (b/(ya — 1), q). For this
A)

(Y)”[L% — 0. (88)

A
¢ (1) Jrm, (V)L = n100) (n' 7, ()]s )

_ b—/\()’oc—l)l (1’1) ”mn (,y)"i% =0 (1) )

89)

Thus, the condition (81) holds, so that the conclusion follows
from Theorem 14. O

Theorem 17. Let « € Rand ¢ : N — [0, 00) be a positive
function. Suppose that for some y € (1,2],q € [1,00] and
A €(0,9),

[[m, (Y)“ﬂ-ﬂé — 0, Z(/)(n) [[m,, (y)”i% <o00. (90)
n=1

If B is y-smooth, then one has the following implications
()& (92)(93)=(94):

ZmePﬂ

}<oo Ve > 0; (91)

qu(n)u»{
3.0 {max

n]||>sn]><oo Ve > 0; (92)

uill > sno‘} <00 Ve>0; (93)

SO PS> en™} <0 Veso.  (94)

n=1

Corollary 18. Let « > 1/2 and b > 0. Let I(-) > 0 be a
function slowly varying at co and ¢(n) = n°~'I(n). Suppose that
(86) holds for some y € (max{l/«, 1},2] and q € [1, co] with
q > b/(ya —1). If B is y-smooth, then one has the implications
(91)©(92)=(93)=(94).

For a single real-valued martingale, when I(n) = 1
and « < 1, Corollary 18 reduces to Alsmeyer’s result in
[18]. We notice that the consideration of a triangular array
makes the result very adapted to study weighted sums of
1dent1cally distributed B-valued random variables of the form

Z an]X]
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Remark 19. As explained in Remark 11, Corollary18 also
holds if 77, (y) is replaced by (1/n) Z;l:l ENX,07 |, jom]
for some M > 1.

Proof of Theorem 17. 1t suffices to apply Theorem 10 for the
array of B-valued martingale differences {(Y,;, &), j >
1, n > 1} defined by (80).

Proof of Corollary 18. Notice that

1-ya

I, (Wllg =577, (V)]s — 0. (95)

As q > b/(ya — 1), we can take A € (b/(ya - 1),9).
Then,

o) © A
2.6 Jrm, ()Ily = Yo" 1) (n 7, () )
n=1 n=1

[ee]
—1-A(ya— _ A
= 2 [, (7)< oo
n=1
(96)
Thus, the result holds by Theorem 17. O

As a special case, we obtain the following extension of a
result of Chow and Teicher [34, page 393] about the complete
convergence on sums of independent random variables.

Corollary 20. Let {(X,;, F,j)h<jen (n > 1) be sequences of
identically distributed B-valued martingale differences. Let p €
[1,4). Suppose that (86) holds for some y € (max{p/2,1},2]
and q € [1,00] with q > p/(2y — p). If B is y-smooth, then
ElX,, 117 < oo if and only if

J

:E:)cni

i=1

18

1<j<n

P «{n_z/Pmax

>e]»<oo Ve > 0. (97)

3
Il
—

When {X,,;} are rowwise independent real-valued mar-
tingale differences, the sufficiency in Corollary 20 was proved
in [34, page 393].

Proof of Corollary 20. It suffices to apply Corollary 18 with
a = 2/pandi(n) = 1: we just need to check that in the present
case, (91) is equivalent to E || X;,[” < oco. In fact, we have

s el = Snp {xy] > en'?)
n=1

=E Z ni.
L<n<e P2 X, |71

As Y n=(1/2)m(m+1), the last expectation is finite if and
only if[E||X11||P < 0. ]

n

(o]
> e,

n=1 j=1

(98)

5. Convergence Rate for the Maxima of any
Banach Valued Random Variables

In this section, we study the convergence rate for the maxima
of a sequence of any Banach valued random variables to
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obtain further equivalent conditions about the convergence
rate for a Banach valued martingale in Section 6.

Let (B,]| - |) a separable Banach space and (Y,,),., be
a sequence of any B-valued random variables. For any v €
[1,00), let [v] be the integer part of v. Set
Y, =

Y, =0, Y, = )ﬁvP v ax "Y%"

0<k<v

(99)
for v € [0,00).

Then, for any n > 1, Y, = maxy,[|Y;ll. For any « > 0, € >
0, set

M) =M () = sup(]Y, - en),

(100)
= sup(Y, —en”), =sup (Y, —en”).

n>1 n=0

Let I(-) > 0 be a function slowly varying at co. Recall that a
function I(x) > 0 slowly varying at co has the representation
form

1(x) = c(x)exp {jx i:l)du} (x = x,) (101)

X0

for some x, > 0, where ¢(-) is measurable and ¢(x) — ¢ €
(0,00), &(x) — 0 asx — oo. The function c(-) plays no
role for our purpose. We can choose c(x) = 1 without loss of
generality.

We are interested in the convergence rates of P{Y,, > en”}
and [P’{sup]-Zn] “Yj* > &}. Notice that [P’{suijn] "‘Y;‘ >e —
0 for any € > 0 if and only if Y,; /n* — 0 a.s. So, our results
in this section describe the rate convergence for the almost
surely convergence of Y, /n”.

The following result shows that P{Y, > en"} and
P{M(e) > en"} have similar asymptotic properties. More
precise comparisons will be given in Theorems 22 and 24.

Lemma 21. Let « > 0. Then, for any v > 1 and any € > 0,

P{y, >2a"} <P <lsupj_“Yj* > 28]» <P{M(e) > e}.
j2v

(102)

Lete,a,b,0 > 0 and ¢(v) = vbl(v). If there exists v, > 0, such
that for all v > v,

* 1 o
d(v)P {Yv > ESV } <6, (103)

then there exists v) > 0 depending only on vy, b, and a, such
that for all v > vy,
¢ )P {M(¢) > e} < 6C (b, ), (104)

where C(b, a) = 2/(2%/% — 1).
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Proof. The first inequality of (102) is obvious. If

supj Y > 2¢, (105)
]>U
then
sup(Y,, —en®), = supn™(n Y, —¢),
n>1 n=1
(106)

> v%sup(n Y, —¢), > e,
n=v
Thus, the second inequality of (102) holds.

Assume that for some v, > 0 and all v > v, (103) holds
(with the notation introduced in the lemma). Then, there
exists v, = v,(v,, b, ) > 0, such that for all v; > v,,

Py

k-1
Zk/“vi/b > 2 £

« 0
Ul/b} < W. (107)

Set B = b/«. Then, applying (103) for v = 2k/0‘vl/b we see that,
for any v, > v,,

n=1

P {sup(Y —en®), > svl/ﬁ}

=P {sup(”Y | -en®), > svl/ﬁ}
nx1

M8

<HP max (||| - en®), > ev)/”
(27"1—l)vi/ﬁ<n"‘£2kv1/13

kol
I
—_

Mg

=P {Y<Zkui/ﬁ)l’“ > 2" ‘wi/ﬁ}
k=1
[ee]
= Z[F" {Yz*k,avi,b > 2k svf/b}
k=1
[ee]
< g (zk/“vl/h)
(108)
Setv = vl/ b Since I is slowly varying at co, by Potter’s

Theorem (cf Theorem 1.5.6 in [39, page 25]), for A = 2 and
6, = b/2 > 0, there exists v; = v5(b, ) such that for all
U > Us, 1(0)/1(2¥*v) < 2(2K/*)°r = 2. 2P%/2% Thuyg, there exists
v(') = v(')(vo, ba) = max{v;/b, v3} > 0 such that for all v > v('),

prP gt -ei).> o <03 i

[ee] Z—Z’Jk/al (U)
_ey - tW
I; 12"*v)  (109)

0
< 2822_bk/(2a)
k=1

=0C(b,«x).

1

Theorem 22. Let a,b > 0 and ¢p(n) = n°l(n). Then, the

following assertions are equivalent:

dmP{Y, >en"} =0(1) (resp.,O(1)) for any & > 0;

(110)
¢(n)|]3’{sup] Y >£]» o(1)
j2n a11)
(resp.,O (1)) for any € > 0;
d(m)P{M(e) > en"} =0(1)
(112)

(resp.,O (1)) for any e > 0.

Proof. We use Lemma 21. By the second inequality of (102),
we see that (112) implies (111); by the first inequality of (102),
we know that (111) implies (110). As (103) implies (104), we
see that (110) implies (112). Thus (110), (111), and (112) are all
equivalent. O

Lemma 23. Let o« > —1. Then for some ny,c;,¢, > 0 and all
N 2 n,

N
aN“I(N) < Y n'l(n) < N*I(N). (113)

n=1
Proof. Without loss of generality, we suppose that [(s) has the
form (101) with c(s) = 1. Therefore, for 8 € (0, a + 1), s°I(s) is
increasing in [rn;, co) for some n; > 0 large enough. Conse-

quently, for some positive constants ¢, ¢,, and ¢; (which may
depend on ;) and all N > n,

N N
Y nl(m) = Yy n*°n’l(n)
n=1 n=1

N
<g+ Z 12101 (n)

n=n;

<6+ NN i(%)w

n=1

z|=

<+ N (N)g

N\l
(as Nlinoonz N/ N

=1

< N“'I(N).

(114)
Similarly, for N > 2n,,
N
Zn“l(n)z Z 71l (n)
n=1 N/2<n<N
(115)
N\ /N "t
=(3)1(3) X

N/2<n<N
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Since [ is slowly varying at co, by Potter’s Theorem, for A = 2
and §, = 1, there exists n, such that for all N > n,, [(N/2) >
27UN). If 8 < a, then Yy ooy n™® = (N/2)* (N -
[N/2]) = C4N”‘JrHs for some positive constant ¢,; if § > «,
then ¥y e ° 2 N*°(N = [N/2]) > N*"'? for
some positive constant ¢;. So, for some constants ¢; > 0,
ny = max{2n;,n,}, and all N > n,

N
Y n’l(n) 2 g N“I(N). (116)
n=1 0

Theorem 24. Let a,b > 0 and ¢p(n) = 1" U(n). Then, the
following assertions are equivalent:

Z(p mP{Y, >en"} <oco Ve>0; 117)
n=1
(oo}
Y¢mP {sup i s} <00 Ve> 0 (118)
n=1 jzn

igb mP{M(e) >en"} <o Ve>0; (119)

n=1

E(M(@)"*1(M()"*)) <00 V¥e>o. (120)

Proof. We proceed as in [34, page 394] where similar results
were established for I(n) = 1 and real-valued random
variables.

(a) We first prove that (117) is equivalent to

J )P {Y: > %su‘x} du<oo Ve>O0. (121)
1

Let n, be large enough such that u 'I(u) is decreasing in
[119, 00). Then, we have

J': dw)P {Y; > %eu“} du

n

= J lub (uill (u)) P {Y: > %eu“} du

(122)

<n’ ((n - n- 1)) P {Y; > %s(n - 1)“}
<20 ()P {Y: > isna}

forn > n; > ny + 1 large enough. Here we have used the
fact that lim,, _, . (I(n — 1)/I(n)) = 1. (To see this, notice that
I(n-1)/(n-1) = I(n)/nforn = ny+1, so thatl(n—1)/l(n) > (n—
1)/n; in the same way, using the fact that ul(u) is increasing in
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[n('), 00) for n(') large enough, we obtain I(n—1)/I(n) < n/(n-1)
foralln > ng + 1.) Similarly,

jn 1 dw)P {Y: > %su“} du

= ’ u’ (u_ll(u))[P’ Y, > l(su"‘ du
L_l { 2 } (123)
b( -1 ® 1 «
>(n-1) (n l(n)) P {an > Een }

> %qs(n —~DP{Y, ;> e(n-1)%

forn > n, > ny + 1 large enough. Let N = max{n;,n,}. As

j:i = YN f:_l, the conclusion that (117) is equivalent to

1
(121) follows from (122) and (123).
(b) We next remark that (119) is equivalent to

JOO P {M(e) >eu}du<oco Ve>0. (124)
1

This can be seen by the same argument as in (a).
(c) We now prove that (121) implies (124). Set § = b/«. We
have

Joo L wP {M (e) > eu”} du
1

1 & « s

= L l(vl/( ﬁ)) P {sjlilla(HY]" - ¢&j )+ > svl/ﬁ}> dv
1 [ N

= Jl (0P

X i[P’ {( max

2k L1 )ol/B< jr<akyl/p

Y -e®) >e'Ptdo
([l =),

” 1 (vl/(“ﬁ)) P {Y(*zkul/ﬁ)”“ > Zk_lsvl/ﬁ} dv
= iz"‘ﬁ JOO Wt (Z_k/“u) P {Y; > %su“} du.

1
(125)

By Potter’s Theorem, for 0 < § < b, there exists A = A(§) > 1

such that
1(279u) < A2 () k> 1. (126)

So,

JOO LUwP {M(e) > eu”} du
1

N k(B © b s o1«
< AZZ K Mx)j W) P {Yu > —eu }du (127)
k=1 1 2

_ A © o [y L ;
T y-8)/a _q . ¢ (u) {u >58u} u.

Thus, (121) implies (124).



Abstract and Applied Analysis

(d) We then conclude that (117), (118), and (119) are
equivalent. By (a), (b), and (c), we see that (117) implies (119).
By Lemma 21, we have the implications: (119)=(118)=(117).

(e) We finally prove that (119) and (120) are equivalent. We
have

Z¢) (T’l) P {M (8) > sna} =E (Z(/) (7’1) 1{M(s)>sn"‘})
n=1 n=1

=[E< Z l(n)nb_1>.
1<n<(M(e)/e)' /™

(128)

By Lemma 23, there exist n,, ¢, > 0 such that

b-1
E (( Z I(n)n > 1{(M(g)/s)“"‘zn0}>
1<n<(M(e) /€)™

- ((Ms(e) )b/ocl (<M8(s) )1/a> 1{(M<s)/s)”“2"0}) .

(129)

By (128) and (129), we see that (119) implies

E (<Me(8) )b/“1<(MT(8))W)) <oo Ve>0. (130)

By Potter’s Theorem, there exists x, > 0 such that when
(M(e)/e)'"™ = x, and (M(£))"* = x,,

1(M(e)"*) 3 l((M(s))“‘*)

2 max {e~ /e, gl/a} €

(131)
< 2max {8_1/“, sl/“} I (M(s)l/“) .

Therefore (130), is equivalent to (120). Hence, (119) implies
(120). A similar argument (using again Lemma 23) shows that
(120) implies (119). Thus, (119) and (120) are equivalent. [

6. Convergence Rates for Banach Valued
Martingales

In this section, we consider the convergence rate in the law of
large numbers for a sequence of Banach valued martingales.
We will obtain more equivalent conditions than in Section 4,
using the results of Section 5.

Let (B, || - ||) a separable Banach space and {(Xj, 97]-)}]»21 a
sequence of B-valued martingale differences. We denote

S, = max Sj“ Vn e N.

n
Sy =0, S, = ];Xj, max
(132)
Notice that [|Syll = 0, S; = 0 by our notations. Set

Xo=0,  X;=max|X;| vaneN

0<j<n

(133)
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Notice that ||S, [|/n* — 0a.s.ifand only if [FD(supjznj’“HSjH >
g) — Oforanye > 0. So, the following theorems describe the
a.s. convergence of [|S,,[|/n”.

Theorem 25. Leta,b > 0,1(:) > 0 be a function slowly varying
at co and ¢(n) = n°l(n). Suppose that for somey € (1,2],q €
[1,00] and A € (0,9),

¢ (1) [m, ()]s =0 (1), (134)
where m,(y) = n' " Z;’:l [E[||Xj||” | F;_1). If B is y-smooth,

then one has the following implications (135)&(136)=(137)&
(140)=(139)=(138):

s YP ] > en} o)
j=1 (135)

(resp.,O (1)) for any & > 0;

P P{X, >en"} =0(1) (resp.,O(1)) for any e > 0;

(136)
¢(m)P{S, >en"t =0(1) (resp.,O(1)) for any & > 0;
(137)
¢ () P{||S, | > en™} = 0 (1)
(138)
(resp.,O (1)) for any € > 0;
¢n)P {supj_“ "SJ" > s} =o0(1)
jon (139)
(resp.,O (1)) for any € > 0;
¢ (n) P {supj_“S;f > s} =o0(1)
jon (140)

(resp.,O (1)) for any & > 0.

Notice that, compared with Theorem 14, Theorem 25
contains the additional conditions (139) and (140). When
¢(n) = n’ and for iid. real-valued random variables, the
implications (135)=(139)=(138) with o(1) of Theorem 25
contain Theorem 4 of Baum and Katz [6].

Remark 26. As in Theorem 25, the conclusions of
Theorem 25 remain valid if m,,(y) is replaced by

n
m, (M) =n " Y E[| X" 1 F; 0] (141)
=

for some M € N*.

In fact, the case M > 2 can be reduced to the case M =
1 by considering the subsequences {(X;yz,i» Fipii)hiso (1 <
i< M)of{(X i F j)} =D which are still sequences of B-valued
martingale differences.
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Corollary 27. Let 1/2 < a« < 1 and b > 0. Let I(:) > 0 be a

function slowly varying at co and ¢(n) = n°l(n). Suppose that
for somey € (1/a,2], q € [1,00] with q > b/(ya — 1),

suplm, (7)]5 < oo

L , (142)
where m, (1) = D E (] 1]

If B is y-smooth, then one has the implications (135)<(136) &
(137)=(140)=(139)=(138).

Proof of Theorem 25. Applying Theorem 14 to X,; = X

j)
o _ : _ b
Fn = F;,1 < j < n) and ¢(n) = n’l(n),

we get the irrjlplications (135)=(136)=(137)=(138). Apply-
ing Theorem22 to Y,, = |S,ll, we know that (137) and
(140) are equivalent. Obviously, we have the implications
(140)=(139)=(138). Therefore, we have proved the implica-
tions (135)=(136) < (137) < (140)=(139)=(138). ]

Proof of Corollary 27. Since y > 1/«, we have

I, (D)llg = 2" e, (9] (143)

Asq > b/(ya—1), we can choose A € (b/(ya — 1), q). For this

>

A
§ () lm, (DI = r16) (27, () )
(144)
= DL () [, (V)L = 0 (1)

Thus, the condition (134) holds, so that the conclusion follows
from Theorem 25. O

Theorem 28. Let a,b > 0. Let I(-) > 0 be a function slowly
varying at 0o and ¢(n) = nb_ll(n). For any € > 0, set

M (S,&) = M (S,&,a) = sup (||S, | - en”)
n=0

(145)
=sup (S, —en"),
n=0
M (X,e) = M (X, ¢ a) = sup (| X,,| - en”)
n=0
(146)

=sup (X, —en”).

n>0

Suppose that for some y € (1,2],q € [1,00] and A € (0, q),

I, Dy — 0 Y, (W)lis <0, (147)
n=1

where m,(y) = n’ " Z;’Zl [E[||Xj||” | F ] If B is y-smooth,
then one has the following implications (153)&(154) &(155)&
(156)<(148)<(149) =(150)=(151)=(152):
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(A)
iqﬁ n)P{S, >en"} <oco Ve>0; (148)
n=1
§¢ (n)P {SJEE]_O‘S; > s} <o Ve>0; (149)
E(M(S,e)"1(M(S,e)")) <00 Ve>0;  (150)

igb(n) P {supj_“ "S]” > s} <oo Ve>0; (151)
n=1 jzn

SeP{IS,] > e} <o0 Ve >0

(152)

n=1

(B)

i([)(n) P{X, >en"} <co Ve>0; (153)

n=1
2¢> nP {sjt;gfaX; > s]» <00 Ve>0; (154)
E(M(X,e)"*1(M(X,)"*)) < 0o Ve > 0; (155)
Z(/S(n) Z[P’ {"X]” > sn‘x} <00 Ve>0. (156)

n=1 j=1

Compared with Theorem 17, in Theorem 28 we have the
additional conditions (149), (150), (151), (154), and (155).

Remark 29. As in Theorem 25, the conclusions of
Theorem 28 remain valid if m,,(y) is replaced by

n
my (M) =n Y E(XG 1 7] as7)
j=1

for some M € N*.

Corollary 30. Let o« > 1/2,b > 0. Let I(-) > 0 be a function
slowly varying at co and ¢(n) = n""'1(n). Suppose that for
some y € (max{l,1/a},2], g € [1,00] with q > b/(ya — 1),
(142) holds. If B is y-smooth, then one has the implications
(153)=(154)=(155)=(156)=(148) = (149)=(150)=(151) =
(152).

If X’s are identically distributed real-valued random
variables, then (156) is equivalent to the moment condition
[E|X1|(b+1)/“l(|X1|1/“) < 00. So, Corollary 30 contains Theo-
rems 1, 2, and 3 of Baum and Katz [6] when ¢(n) = n’! and

forii.d. real-valued random variables. When ¢(n) = " a <
1 and for real-valued martingale differences, Corollary 30 was
proved by Alsmeyer [18, Theorems 1 and 2].

To see that Theorem 28 implies Corollary 30, it suffices to
notice that (142) (with g > b/(ya — 1)) implies (147). In fact,
when (142) holds for some g € [1,00] with g > b/(ya — 1),
then

1oy (158)

[, (Wlles =77, (W)es — 0,
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and, for A € (b/(ya —1),q),

> ¢, ()i

n=1

(159)

[ee)

= YD1 ) fm, (y)]) 1 < oo,

Therefore, (147) holds for some g € [1,00] and A € (0, g).
Proof of Theorem 28. Applying Theorem 10 to

n*X.
-

_JF; if1<j<n,
W\ g, if jen,

if1<j<mn,

if j>n,
(160)

we obtain the implications (153)&(156)<(148)=(152). By
Theorem 24 applied to Y, = |S,[, we see that (148),
(149), and (150) are equivalent. Since n *|S,,|| <
sup]énjf“llsjll < suijij"‘S;, (149) implies (151) and
(151) implies (152). Thus, we have the implications (148)&
(149)=(150)=(151)=(152). Again by Theorem 24 applied to
Y, = X, |, we know that (153), (154), and (155) are equivalent.
Therefore, we have the implications (153)&(154)=(155)<
(156) = (148) = (149) = (150) = (151) =(152). O

7. Convergence Rates for Weighted Sums of
Banach Valued Martingale Differences of
the Form ) j*'X;

Let (B, || - |) be a separable Banach space. In this section,
we give a Marcinkiewicz-Zygmund type strong law of large
numbers for weighted sums

T, = Zj“_lXj (a eR) (161)
j=1

of B-valued martingale differences {(X;, #;)};.;, and we
obtain a Baum-Katz type theorem for weighted sums of
identically distributed B-valued martingale differences which
extends Theorems 2 and 3 of Lanzinger and Stadtmiiller [21].
Our results will be obtained by means of our main Theorems
2 and 10.

We will need the following elementary result.

Lemma 31. Let (Y;);., be a sequence of any B-valued random
variables. If there exist ny, K > 0, such that for some q € [1, co]
and all n > ny,

(162)

17!
w2

then

n

2.7

j=1

= O(np+1) for any p > —1.
Lg

(163)

15
Proof. LetS, =0,S, = Z] 1 Y;,n> 1. Then,
2= 25 (8= 50)
=1 =1
n-1
=Y [i# -G+ 1)7]$; +n’s, (164)
j=1
n-1 1 P
=y [1 —<1+ —,) ]sj+n"sn.
= j
j=1
As1—(1+1/j)? ~-p/j (j — 00), it follows that
27",
j=1 [L?B
=y L\ (165)
<5 - (1 3) s g+ Il
j=1
=0 (np+1).
O

The following theorem is a Marcinkiewicz-Zygmund type
strong law of large numbers for the weighted sums (161).

Theorem 32. Let {(Xj, .%j)}j21 be B-valued martingale differ-
ences. Suppose that for some y € (1,2], there exist ny, K > 0,
such that for all n > ny,

n
WP <K (166)

If B is y-smooth, then fora > —(1 —1/y) anda > 1 - 1/y,

T,
{ || m”

na:(x

Notice that when a = 1 and for real-valued mar-
tingale differences, the result (167) is implied by the clas-
sical Marcinkiewicz-Zygmund strong laws of large num-
bers. Also, it is evident that (167) holds if and only if
P{sup,,(IT,I/m*™®) > & — 0 for any ¢ > 0. So,
(168) describes the convergence rates in the Marcinkiewicz-
Zygmund strong laws of large numbers (167).

(167)

— 0, a.s.,

} =0 (n_(y_1+ya)) for any € > 0. (168)

Proof of Theorem 32. Clearly,

<l 17 m" . 8} <p {sup (m—<a+a> ax |1, ”> . 8}
m>n m>n 1<]<m

(169)

By Theorem 22, we see that

P {fnup (m_(“+“)l<]<m “T ||> > s} o) (n_("_lwa)) Ve > 0

” (170)
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if and only if

P {max

1<j<n

Tj“ > snam} =0 (nf(yfhw)) Ve > 0. (171)

Write m(y,n) = n " 37 E[|*7 X |
proof of Lemma 31, we have

F ;1] By the

Em (y,m) = 7 S| |
j=1

N

) Z jy(a—l) [E" X, ”Y (172)

=0 (w1,

And by Theorem 2 with g = 1 and L = 0, we know that

] >ef

P {n_(a+“) max

1<j<n

<P {n_(“m)lsjsn 1Xj” > les} +&e7C, (y) Em(y,n)
= fmax |7 x| > e | 0w 01).
(173)
By Theorem 1, we see that
P {n*(a 06)1<J<n "] XJ" > —5}
) (174)
Z { —(a+a) a 1 ]" N A_lls}
By (166), we have
. 1
Se flix > Lo}
=1
(175)

n
< 4¥e? —ylata) 'Y(“—I)IE X. Y
< vcnprn e

=0 (w 1),

From (173)-(175), we see that (171) holds. Thus, (170) holds,
so that (168) holds. O

To establish a general Baum-Katz type theorem for the
weighted sums (161), we first introduce a definition and a
technical lemma.

Definition 33. For a function R, regularly varying at co of
index p # 0, one define, R‘p_ as its inverse function.

Notice that when p > 0, R, (x) is strictly increasing for x

large enough with lim, _, ,,R,(x) = +00, so that R;,_ is well

Abstract and Applied Analysis

defined on [u,, 00) for 1, > 0 large enough. For simplicity,
we always make the convention that R"(u) = R;)_(uo) if

u € [0,u), so that R‘p_ is well defined on [0, c0). We make
a similar convention in the case where p < 0.

The following lemma shows that the inverse function of
a regularly varying function of index p # 0 remains regularly
varying.

Lemma 34. If R,(x) = x"l(x) is regularly varying at co
of index p+0, where I(x) is of the canonical form I(x) =
exp {j:((s(u))/u)du} (x = x) for some x, > O, then its

. . — _ J1/pr* . .
inverse function R;"(x) = x'PI"(x) is regularly varying at co

of index 1/ p, wherel*(x) = (l(R; (x)))fl/p is slowly varying at
0.

Proof. Let y = Rp(x). Define I, (y) := l(R;(y)). We have

=y, ()P = Y ().

We will prove that 1, (y) is slowly varying at co. We see that

R, (y) (176)

L (y) =exp {JRP v %du} . (177)
After changing variable, we have
B 0) g (u) o s(R;,_ (v)) - )
J-XO Tdu = J-l(l) —R‘; (V) (RP (V)) dv
y 8 R (v) R: v)
Lm Ry ) v(pre(Ry )
vy e(RT )
j- dv
I v p+s R“ (v)))
_ j T aly,
w v
178)

where & (v) = s(R‘p_(v))/(p + s(R‘p_(v))) — 0. Thus, L,(y) =
exp{flfl)(sl(v) /v)dv} is slowly varying at co and so is I*(y),
which proves the desired result. O

In the following Baum-Katz type theorem, I(-) and [, (-)
are functions slowly varying at co. Without loss of generality,
we suppose that [ and [; have the form (101) with ¢(x) = 1.
For o > —1 and a > —«, define
179)

Ry, () =x"™ (x), R, (x)=x""(x),

and let R}, and R’ be, respectively, the inverse functions
of Ry, and R, , (cf. Definition 33), which are also regularly
varying by Lemma 34. For a # 1, choose U so large that

Iy (x) =1 (x) (I, (x))/ 7 (180)
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is locally bounded in [U, 00), and set

T(w)=0 if uel0,U),

L (181)
T() = L XUy () dx i e U]

Notice that I(co) may be finite or infinite.

Theorem 35. Let {(X j,P/T j)} i1 be identically distributed B-
valued martingale differences and b > 0. Suppose that for some
y € (1,2]andq € [1,00] withq > b/(p(a+1)-1), p(a+1)-1 >
Oandy(@a-1)+1>0,

sup|m,, (y)ys < oo,
nx1

Lo ) (182)
here 1, )= S E (195
=1
If B is y-smooth, then the following assertions hold.
(Q)Whena+ (b -a)/(b+1),
an g n)[F"{ " > en™l, (n)} <00
15 (183)
Ve >0
if and only if
- - . b-«
[E(R1+zx (||X1||))b+ll(R1+vc (”Xlll)) <00 lfa > m’
— — . b -
(Ra+(x ("XIH))bl (RuHx (”Xl")) <00 lfa < m
(184)
(b)yWhena = (b —a)/(b+ 1), (183) is implied by
R (16000 (0 (R (1) T (R (1%41)
< 00,
(185)

where 1 is defined in (181); conversely, if I(c0) = oo and
the function 1y defined by (180) satisfies lim,, _, o, (I,(R},,(1))/
I(RS, () < (1+a)/(a+ «a), then (183) implies (185).

ato

Remark 36. Theorem 35 also holds if (182) is replaced by

YA 1@ m, ()]l < oo (186)

n=1

[, (W)llys — 0,
for some y € (1,2],g9 € [1,00] and A € (0, q), where

m (y) = ) Y TR (]
j=1

(187)
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Of particular interest are the cases where the slowly
varying functions / and [, are constants or powers of the
logarithmic function, which will be studied in the following
corollaries. We first consider the case where [ and /; are
constants.

Corollary 37. Let {(X F . )} i1 be identically distributed B-
valued martingale dzﬁerences and b > 0. Suppose that (182)
holds for some y € (1,2] and q € [1,00] with q > b/(y(« +
1)-1), p(@+1)-1> 0, and y(a-1)+1 > 0. IfB is y-smooth,
then

(o)
an71P max "T” >en®™t <o Ve>0 (188)
= 1<j<n
if and only if
£ <00 ifas TS,
_ b—
EJX,[ " log, [X,] <00 ifa= S, (189)
bllara) _ b-«
E(X e
1] fa<i 7

Notice that the condition on m,,(y) implies in particular
Em,(y) < 0o, giving E[| X, ||” < co. Therefore, the conclusion
of the corollary is interesting only when the exponents in
(189) are greater than y.

When (X j) j»1 are i.i.d. real-valued random variables and
a € (0,1), we get the sufficiencies of Theorems 2 and 3(a)(i)
and (iii) of Lanzinger and Stadtmiiller [21] by Corollary 37.

We then consider the case where I(x) = (log,x)” (p €

R) and [,(x) = (log,x)* (B € R).

Corollary 38. Let {(X, F )} ;5 be identically distributed B-
valued martingale differences and b > 0. Suppose that (182)
holds for some y € (1,2] and q € [1,00] with q > b/(y(« +
1)-1), p(@+1)-1>0,andy(a—1)+1 > 0. If B is y-smooth,
then for B, p € R,

Zn "(logn)’P {max “ " > snum(logn)ﬁ} < 0o

o (190)
Ve >0
if and only if
B, log, 3,7 < o
ifa> :TT’
E|X, ”1/(1 a) log, HX1||)—/3/(1—(Z)+P+1 .
ifa- b-«a (191)
b+1

[E”}(1 ||b/(a+oc) (10g+ ")(1 ||)—ﬁb/(a+tx)+p < 00

b-«a
fa<y
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In the case where (X j) j=1 are ii.d. real-valued random
variables and the maximum max, _;.,[|T}l| is replaced by the
IT,|l, by Corollary 38, if a € (0,1), f = 0,and p = -1,
we get the sufficiency of Theorem 3(a)(ii) of Lanzinger and
Stadtmiiller [21];ifa = 0, 3 = 1,and p < 0, p# —1, we get the
sufficiencies of Theorem 3(b) of Lanzinger and Stadtmiiller in
[21].

Proof of Theorem 35. Notice that I(u) is slowly varying at co
by Proposition 1.5.9a in [39, page 26]. Set

X':i () X ifl<jsn,
Yo if j > n,
(192)
g:{g«‘j ifl1<j<n,
S R i R

and ¢(n) = 7" 'I(n) in Theorem 10, then {(an,gnj),j >
1,n > 1} are sequences of B-valued martingale differences.
For any n > 1, we have

m, (y) = Z[E “'n_“_"‘(l1 (n))_lj“_lXj"y | 91-_1]
=

- e, )3 e [ 1,0
=1
] (193)

By (193) and Lemma 31, we have

s )]s

— n*}'(um)(ll (n))—}' ijy(a—l)[E ["Xj"y | 97]’—1]

j=1

_ n—y(aﬂx)(l1 (n))*yo (ny(a—1)+1)

})O (nl—y(oc+1)) )

Thus, ||mn()’)||u§ — 0Oand

19 (194)

(I (m)

Zn”‘ll (n) |m, (Y)”ig;
n=1 (195)

OZO: (1’1) (l (n) /WO( b—1-A(y(a+1)- 1)) <o

whenever A € (b/(y(a + 1) — 1),q). By Theorem 10, (183) is
equivalent to

inb_ll (n) iﬂj’ {"X]" > gf el (n)} <00
= p=i (196)

Ve > 0.
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Notice that in view of the identically distributed assumption,
(196) holds if and only if

an 1 (n) ZP{"X | > ej ey (n)} < 00
pet (197)

Ve > 0.

By the monotonicity of the functions R,_, (x) := x""'I(x) and
R, (x) = x*"1,(x) for x > 0 large enough and the fact that
R,_((n—1) ~R,_;(n)and R, ,(n—1) ~ R, (n)asn — oo,
it can be easily verified that the condition (197) is equivalent
to

o0 b-1 —a+1 u+¢x
Jl l(x)<J {HX || > ey I (x)}dy) dx < o0

Ve > 0.
(198)

Therefore, Theorem 35 is a direct consequence of the follow-
ing lemma. O

Lemma 39. Letb > 0, « > —1,a > —«, and I(:) and [, (-) are
slowly varying at co. Let X be any B-valued random variable.
Then, the following assertions hold.

(a) Whena# (b—a)/(b+1), (198) holds if and only if (184)
holds.

(b) When a = (b — «)/(b + 1), (198) is implied by (185),
where is defined in (181).

Proof. We proceed as in the proof of Lemma 3.4 of Gut [20].
We distinguish three cases accordingtoa > 1,a = 1 ora <

1. By choosing a smooth version, we can suppose that [, is
differentiable (cf. [39]).

Case I (a > 1). In (198), we use the change of variables

u= y7a+1xa+o¢ll (x)

’ (199)
X = X.

Notice that 1 < y
“ (u) < x <R,

< xifand only if [;(1) < u < oo and
(u). Therefore, (198) holds if and only if

aﬂx 1+a

1 a-1)-1
u P{"Xl” >su}
I (1)

Rivat) b1/ a-1) 1/(a-1)
x 1(x) (1 (x)) dx | du < oo
R

C

Ve > 0.
(200)
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By Proposition 1.5.8 of [39, page 26], we have asu — 00,

JRTHX(“)
U

N ((}21—-‘—0c (u))b+((l+lx)/(a—1))+ll (R<1—+(x (u))

xb+(1+a)/(a—1)l (x) (ll (x))l/(a—l)dx

-1
<y (R, )" ) x (b4 155 41)
(201)

xb+(1+a)/(a—1)l (x) (11 (x))l/(a—l)dx

Riya ()
l

b+(1+a)/(a-1)+1
~ (R )" e (R

a+a )

(R @) ) (b4 2220}

where and hereafter a(u) ~ b(u) means that a(u)/b(u) — 1
asu — 00. By Lemma 34, the right hand sides of (201) are
regularly varying functions of index 1/(1 + «), and 1/(a + «)
respectively, so that their ratio tends to co as u — 00, since
1/(1 + @) > 1/(a + «). Therefore, asu — oo,

Ry ()
J‘RH (u)

ata

b+(1+¢x)/(u—1)l (.X') (ll (x))l/(a—l)dx

((RH“ ))b+(1+oc)/(a D+ (RH“ ) (202)
— a— 1 -1
X (R @)Y x (b4 52 1)

Thus, (200) is equivalent to

© @-D-1[pe b1/ (@41 (e
L) u [Rl+oc (u)] (R1+zx (Lt))
1

(203)

x [ Ry, )] P {|X, || > eu} du < oo

Ve > 0.

With the change of variable v = Ry, (u) and the fact that

R, () ~ R, ()/(1+a)v (together with (179)), we see that
(203) holds if and only if

joo bl(V)[P’{ 1M<M)>v}dv<oo
R, (L (D) € (204)

Ve > 0,

which is equivalent to the first condition of (184). Thus, (198)
is equivalent to the first condition of (184).

Case 2 (a = 1). By the change of variables

u=x" (x),
(205)
y=>

19
we see that (198) holds if and only if
RPN - b-1, /e
J o R 00 = 1) (RE 00" (R 00)
- -1 (206)
X (R' (Ri1a (u))) P{|X,| > eu} du < 0o
Ve > 0.
With the change of variable v = R[, (1), we know that (206)
holds if and only if
o0 el || il
o )(v DV I P AR, >y dv < oo
1+zx l
Ve > 0,
(207)

which is equivalent to the first condition of (184). Thus, (198)
is equivalent to the first condition of (184).

Case 3 (—a < a < 1). By the change of variables

u= y—u+1xa+le1 (X) ,
(208)
X =X,

we see that (198) holds if and only if

(e}
[ w0, > el
1 (1)

Rirat) PLEEYES) 1/(a-1)
x 1(x) (1, (x)) dx |du < co

Tra(t)

Ve > 0.
(209)

We distinguish three cases according toa < (b—«)/(b+1),
a>b-a)/b+1),ora=b-a)/(b+1).

(i) Suppose thata < (b — «)/(b + 1). By Proposition 1.5.8
of [39, page 26], we have asu — oo,

Rua®)  a(ae1) 1/(a-1)
X I(x) (I, (x)) dx
U

- ((R;“ (u))b+(1+oc)/(a—1)+ll (R

ﬂ+0€ )

-1
X (R )" ) x (b4 25 41)

(210)
RLL@
J,
U

<(Rl+“( ))b+ (1+a)/(a— 1)+1l (R:r‘x (u))

(B )" (4 222 11)

(1+06)/(ﬂ—1)l (x) (ll (x))l/(a—l)dx
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so that (as in Case 1)

Real) @ vafam) 1/(a-1)
X 1(x) (I, (x)) dx
Ry (1)

~ ((R‘_ (u))b+(1+o¢)/(a—1)+ll (RS, () (211)

ato
1+ -1
¢ +1> .
1

% (R )"V ) x (4

Thus, (209) is equivalent to

[e¢]
J u—l/(a—l)—l(R<— (u))b+(a+<x)/(a—1)+ll (R<— (u))
L(1)

a+o ato

) (1 R )R X, > eudu <00 O

ato

Ve > 0.

With the change of variable v = R, (u), we see that (212)
holds if and only if

P i, (L4
&€

J >>v}dv<oo Ve > 0,
Rc:ra(ll(l))

(213)

which is equivalent to the second condition of (184). Thus,
(198) is equivalent to the second condition of (184).

(ii) Suppose thata > (b—«)/(b+1). By Proposition 1.5.10
of [39, page 27], we have as u — oo,

J' @Dy (, (x))l/(a—l)dx
R (u)

1+a

N ((RF (u))b+(1+o¢)/(a—1)+ll(R;a (u))

1+a

(R0 @)Y (= (o4 222 0))

J' LRIy o () (x))l/(ufl)dx
R, (u)

ata

N ((R(_ (u))b+(a+zx)/(a—1)+ll (R;__Hx (u))

at+o

(R )" x (= (b4 22 40))
. (214)

so thatasu — oo,

Real®) | v f(a-1) 1/(a-1)
X 1(x) (I, (%)) dx
R7, (W)

- ((R;a (u))b+(1+a)/(u—1)+ll (R:ra (u))

1+« -1

a-1 " 1)) '
(215)

Thus, (209) holds if and only if (203) holds. Notice that (203)
is equivalent to the first condition of (184). Thus (198) is
equivalent to the first condition of (184).

(1 (R ))") x (= (b+
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(iii) Suppose thata = (b — «)/(b + 1). In this case, (209)
reduces to

[ee]
[ w e e, > el
L(1)

RS, () B

x (I () @1 () ”dx) du<oco (21O
R, (1)

Ve > 0.

By Proposition 1.5.8 of [39, page 26], we have

()
IR () (1 () Vdx
R}, () (217)
= T(R;—oc (M)) - T(R;-a (u)) < T(R;—(x (u)) .

So, (209) is implied by
J wEVTTRE, W) P{|X,| > eupdu < oo Ve >o.
L(1)
(218)

With the change of variable v = R, (u), we see that (218)
holds if and only if

ro P ) T )

R;a (ll(l))

o fr (1) L <o

Ve > 0,

(219)

which is equivalent to (185). Thus, (209) is implied by (185).
Therefore, (198) is implied by (185). This ends the proof of
Lemma 39. O

Proof of Corollary 38. We are in the case where [;(x) =
(logx)? (B> 0).1f y = R, ,(x) = x'**(log x)?, then
logy ~(1+a)logx asx — +o0. (220)

Thus,

1/(1+a)
x = yl/(1+rx)(logx)*l3/(1+a) ~(1+ “)ﬁ/(lﬂx)( Yy ﬁ)
(log y)

as y — +o0o0.
(221)

Therefore,

1/(14«)
) as y — +00.

(222)

- 2
(log y)
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Similarly,

1/(a+a)

R;a(y)~(a+oc)’3/(“+“)<%> as y — +00.
(log )

(223)

Using (222), (223), and Theorem 35, we obtain the desired
results. O

8. Convergence of Weighted Sums of Banach
Valued Martingale Differences of the Form

[}
ijl aannj

In this section, we consider more general weighted sums of
Banach valued martingale differences than those considered
in Section 7.

Let (X j) is1 be a sequence of i.i.d. random variables with
[EXJ- = 0, and let {anj,j > l,n > 1} be an array of
real numbers. The study of the convergence of weighted
sums 2]021 a,;X;asn — 00 is a classical subject; see for
example, Salem and Zygmund [40], Hill [41], Hanson and
Koopman [42], Pruitt [43], Franck and Hanson [44], Chow
[45], Chow and Lai [46], and Stout [47]. Pruitt [43] found
a necessary and sufficient condition for Z;’Zl a,;X; — 0in
probability and a sufficient condition for Z?:l a,X; — 0
a.s. Baxter et al. [35] also showed a sufficient condition for
23‘21 a,;X; — Oas. Lietal [9] studied the complete con-
vergence of weighted sums of independent random variables
of the form Z;’Zl a,jX,,j- Yu [23] and Ghosal and Chandra
[19] considered the same problem for martingale differences
(X nj). We will extend or improve some of the aforementioned
works.

8.1. Law of Large Numbers for Weighted Sums of Banach
Valued Martingale Differences. Let (B, | - ||) be a separable
Banach space. In this subsection, we find sufficient conditions
for the convergence of weighted sums of B-valued martingale
differences (Xp)-

Let us recall the famous theorem of Pruitt [43, Theorem
1] which states that for a sequence of i.i.d. random variables
X; with E|X,;| < coand EX, =0,

Zanj X;—0 in probability (224)
=

if and only if max;,la,;| — Oas n — 0o, where
{anj, j = 1,n > 1} is a Toeplitz summation matrix; that is,

. . . o0
lim, _, a,; = 0 forevery j > 1,lim, ., > 7, a,; = 1, and

SUP;>1 2?21 la,;| < co.
In the following, we consider the same problem for B-

valued martingale differences (X,;;).

21

Theorem 40. Let {(X,;, #,))}js1» n > 1, be sequences of B-
valued martingale differences. Let {a,;, j > 1,n > 1} be an
array of real numbers satisfying sup ., Zj’zl la,;| < oo and
A, = sup,la,;l — 0 as n — oo. Suppose that for some

y € (1,2], there exists K > 0, such that

E|x,| <k (225)
If B is y-smooth, then
o0
Zaannj — 0 in probability. (226)
=1
Proof. Since
(e} y [ee] 4 y
B, (1) = Y E[a X" < 3 o] A% E] X,
=1 =1
' ' (227)
(o]
<Ak o] =0
=1
we see that (226) follows from Theorem 4. O

Let {a,;, j > 1,n > 1} be a Toeplitz summation matrix;
Theorem 2 of Pruitt [43] states that for a sequence (X);s,
of i.i.d. random variables with E|X,| < oo and EX, = 0, if
maxj,,|a,;| = O(nF), B > 0, then E|X,|""# < oo implies
that

(oe)
Zaanj — 0 as. (228)
=1

In the following, we also consider the similar problem for
arrays of B-valued martingale differences (X,,;).

Theorem 41. Let {(Xn]-,f’/f“nj)}jzl, n > 1, be sequences of B-
valued martingale differences. Let {a,;, j > 1,n > 1} be an
array of real numbers satisfying sup,, Z;’:l la,j| < oo and
max jla,;| = On™P), B > 0. Suppose that, for some y €
(1,2], there exists a constant K > 0 such that [EIIX,,J-II” <K for
all j > 1,n > 1. If B is y-smooth, then

P >et =0(n P V) veso.  (229)

(o)
> @ Xyy
st

Consequently, if B is y-smooth and sup n,jleE”an”y < 0o for
somey > 1+ 1/p, then

o0
Zaannj — 0 as.
Jj=1

(230)
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Proof. SetY,; = a,X,;,j > Ln > 1, then {(Y,;, ), j >
1,n > 1} is an array of B-valued martingale differences and

foranyn > 1,

il | F ]

_E[gm[y

- Y N Y Y
Sl - zlm»i elx,|
= j=

(231)
<| su a
<n>E’Z' ”Jl)
<C(y) n P
By Corollary 3, we see that
[ee]
P Zan]X er <P {sup e]» . (232)
j=1 j21
By Theorem 2 with g = 1 and L = 0, we know that
{sup Z }
jz1 |li=1
(233)
€ -
<P {sup ”aannj" > A_L} +&e7C, (y) Em,(y).
j21
By Theorem 1, we see that
P fsup o, > L2 e oy 5. 3w
or Nl 7 g pet nj 4
Since (231), we know that
S0 o, %, > £} < 67 o PE|X, |
2P Xl > 7S Bl 2 Jani| E[X,
=) j=1 (235)
<477C, (y)n POD.
Since (231)-(235), we have
o0
P Zan]Xn ep <4%e7C, (y)n PV
=1 (236)

+e7C, () Cy ()P0,

Thus, (229) holds.
If additionally y > 1 + 1/, then (229) implies that

[ee] [ee]
YP Y ayX, | >ep <oo Ve>0.  (237)
n=1 j=1

Therefore, (230) holds. O
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The following theorem extends Theorem 3.3 of Baxter et
al. [35].

Theorem 42. Let{(X, F )} ;5 be B-valued martingale differ-
ences. Suppose that for some y € (1,2], there exists K > 0, such
that for all j > 1,

Elx;|" < k. (238)
Let{a;, j > 1} satisfy
%ZM'Y =0 (n‘s) for some § € R, (239)
=1
and set T, = Z] 1 a;X . If B is y-smooth, then
Y 0
— —0 as. for a>-—, (240)
n 14
<lsup I } =0 (n_(y“_‘s)). (241)
mn

When (X pJz 1) are i.i.d. real-valued random variables,
a < 1,and 6 = 1, (240) reduces to Theorem 3.3 of Baxter et
al. [35].

Proof of Theorem 42. Clearly,

P swlial > of 5 s (o pax ) <]

(242)

By Theorem 22, we see that

P {sup <m_“ max ” ”) > s} ( _(7“_6)) Ve >0

m=n I<sjsm
(243)

if and only if
p{max ] > en*} =0 (70" 0) veso. ag

1<j<n

By (238) and (239), we have

= Y Eley
=1

And by Theorem 2 with g = 1 and L = 0, we know that

TJ-” > en‘x}

<P {max "anj" > isn

1<j<n

() = YEfa x| = Yo €l | < ot s
j=1

P {max

1<j<n

|+ @) e ) Em ()

—(ya—0)

< P{max a XJ" > —

1<j<n

} +CKC, (y) e 'n
(246)
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By Theorem 1, we see that

o> o < 2P fla | > o

By (238) and (239), we know that

ZP{II x> o]

P {max

1<j<n

} . (247)

swen Yol e O
j=1

< 4YCKe Vi ),

From (246)—(248), we see that (244) holds. Thus, (241) holds.
O

8.2. Complete Convergence of Weighted Sums of Banach Val-
ued Martingale Differences. Let (B, ||-||) be a separable Banach
space. In this subsection, we consider complete convergence
of weighted sums of B-valued martingale differences (X, ) of
the form Y 7 j=1 X ;- We extend and improve Corollary 1 of
Ghosal and Chandra [19] and Theorems 2.2-2.4 of Li et al.
[9]. We also generalize Theorem 2 of Yu [23].

Theorem 43. Let {(X,;, F,)};»1, n > 1, be sequences of B-
valued martingale differences. Let o > 0 and {a,;, j > 1,n > 1}
be an array of real numbers. If there exists y € (1,2] such that

e
2on |“nj' [E”an" <
n=1 j=1

and B is y-smooth, then

i[@{ n *sup Z

(249)

j=1 =1

s]» <oco VYe>0. (250)

In the square-integrable real-valued martingale differ-
ences case, the result was proved by Ghosal and Chandra in
Corollary 1 [19] if, additionally, Z;’Zl aﬁj
0 < 2.

We generalize Theorem 2 of Yu [23] from two directions
by Theorem 43: first, we extend sequences of L¥ (p > 2)
martingale differences to LY (y € (1,2]) sequences of B-
valued martingale differences; secondly, we do not need the
condition Y7 O(n°) for some 8 < a.

= O(n‘s) for some

J1|”J| =

Proof of Theorem 43. Set Y,; = n “a,;X,;. From (249), we

have

S )= 3 Sel
PV

n=1 j=1

(251)

Y
< 0.
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By Corollary 3 and Theorem 2 with g = 1 and L = 0, we see

that

2] vere, () Em, ).

J

Zanani

i=1

P {n_“sup

j21

<plw

(252)
By Corollary 3 and Theorem 1, we know that
- € - €
Pin® Xl > -t < [P’{"‘ X->—}.
{rmsuplay > £} < 30 oo, >
(253)

By Markov’s inequality, we see that

[ee]
Pin oyl > S} < 4 Yo, x|
= —
J (254)
Since (249) and (251)-(254), we see that (250) holds. O

Theorem 44. Let {(X,;, #,))};s1, n > 1, be sequences of B-
valued martingale differences. Let {a,;, j > 1,n > 1} be an
array of real numbers. Suppose that for some constants y €
(1,2, K> 0, € (0,1/2] and § < ya,

o0
Z.anj|y <K, n>1, (255)
=1
zlrflz | < oo, (256)
n
1/«
SUpE| X[ < co. (257)

If B is y-smooth, then (250) holds.

When (X,;)js;> n > 1, is a sequence of zero mean
independent real-valued random variables and y = 2,
Theorem 44 reduces to Theorem 2.3 of Li et al. [9].

ProofofTheorem 44. SetY,; = n"“a,;X,;,j > 1,n > 1, then

{(Y, i ) > 1,n > 1} is an array of B-valued martingale
dlfferences Smce (255) and (257), for any n > 1, we have

Y

I
Mg
M8

>em, ()

Il
—

n 1

j

o0 o0
= anyo‘ a
n=1 Jj

(258)

o0
< CKZn_(y‘HS) < 00.

n=1
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By Corollary 3 and Theorem 2 with g = 1 and L = 0, we see

that
>4

>ﬂ+~q@mmwy
(259)

j

i X,

i=1

P {n_“sup

j=1

<P {n“sup i X
j=1

By Corollary 3 and Theorem 1, we know that

o0
P {n_“spp "aann]-” > ‘—i} < Z[P’ {n_a "aannj“ > f}.
j=1 j=1

4
(260)
By Markov’s inequality, we see that
(]
Z[P’{n_“ A, Xl > f}
£ nj“>nj 4
j=1
(261)

“1/a —1 & 1/a 1/a
<&y lay| TE[X,| T < oo
1

By (256), (257), and (258)-(261), we know that (250) holds.
O

Theorem 45. Let {(an,gnj)};':l be a triangular array of
identically distributed B-valued martingale differences. Let 3 >
-1, and let {a,;,1 < j < n} be a triangular array of positive
numbers satisfying

B-1.B

a,; = C,n ]

;= Gy (262)

with0 < c <¢,; <C < ooforeveryl < j<m n>1andsome

constants ¢ and C. Suppose that there exists some constant K,
such that, for somey € (1,2],

(L AENBPYS

sup (263)
Suppose that
B <oo i —1<p<—,
) 1
E|l X, log (1 + | Xy]) <co if B= - 69
) 1
E|X,|* <oo if B> 5
then for all € > 0,
o0 n
Z[F" Zaannj > e <o00. (265)
n=1 j=1

When {an} = {X j} are the same sequence of i.i.d. real-

valued random variables and Z;’Zl a,; = lforalln > 1,
Theorem 45 reduces to the sufficiency of Theorem 2.4 of Li

etal. [9].
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Proof of Theorem 45. Set

v - 1%){”]. ifl<j<n,

266
"~ o if j > n, (266)

and ¢, = 1, then {(Y,,;, F/Tnj)};’=1 are sequences of B-valued
martingale differences. For any n > 1, since (262) and (263),
we have

n
m, (v) = Y E [|ay Xy | F1c1]
=1

n
= Y anE[| x|

< Kcyn—(y—l) n—li(i)"ﬁ (267)
< & "

1
P dx

Fnji]

el
1/n

=0 (n_b) ,

where b = min{y(+1), y—1}. By Corollary 12 of Theorem 10,
(265) is implied by

2

Equation (268) holds if and only if (264) holds. (cf. [9, pages
62-63]) O

Mg

an]-an

> s} <oo Ve>D0. (268)

Il
—

n:
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