Hindawi Publishing Corporation
Abstract and Applied Analysis

Volume 2013, Article ID 713847, 8 pages
http://dx.doi.org/10.1155/2013/713847

Research Article

On Boundedness and Attractiveness of
Nonlinear Switched Delay Systems

Yi Zhang,' Yuyun Zhao,' Honglei Xu,”’ Hongting Shi,* and Kok Lay Teo’

! Department of Mathematics, China University of Petroleum (Beijing), Beijing 102249, China

2School of Energy and Power Engineering, Huazhong University of Science and Technology, Wuhan 430074, China
? Department of Mathematics and Statistics, Curtin University, Perth, WA 6845, Australia

*School of Mathematical Science, Capital Normal University, Beijing 1000484, China

Correspondence should be addressed to Honglei Xu; h.xu@curtin.edu.au and Hongting Shi; shihongting302@163.com

Received 1 August 2013; Accepted 29 October 2013

Academic Editor: Yong Hong Wu

Copyright © 2013 Yi Zhang et al. This is an open access article distributed under the Creative Commons Attribution License, which
permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

This paper is concerned with the boundedness and attractiveness of nonlinear switched delay systems whose subsystems have
different equilibria. Some sufficient conditions which can guarantee the system’s boundedness are obtained. In addition, we work
out the region where the solution will remain and furthermore the relationship between the initial function and the bounded region.
Based on the new concept of attractor with switching laws, we show that the nonlinear switched delay system is attractive and then

obtain the attractive region.

1. Introduction

A switched system is a collection of finite continuous
variable systems (called subsystems) along with a discrete
event governing the “switching” among them (called the
switching law). In reality, there are many switched systems
that occur naturally or by design, such as those in the fields
of control, communication, computer, and signal processes.
Indeed, these systems are always suited to describe practical
dynamical behaviors with hybrid nature in engineering and
technology [1, 2]. In the last decades, they have attracted
considerable attention among control theorists, computer
scientists, and practicing engineers in the study of switched
systems and switching control design and hence rich theoret-
ical results have been obtained (see [3-20] and the references
therein).

Up to now, most of the studies on switched systems
require that all subsystems share a common equilibrium.
However, in many real world problems, the assumption that
all subsystems share a common equilibrium may not hold and
thus the assumption may limit the applicability of stability
results. Recently, it is pointed out in [21, 22] that, when

subsystems have different equilibria or no equilibrium, a
switched system can still exhibit interesting behaviors under
appropriate switching laws. Such behaviors are similar to
those of a conventional bounded or stable system near an
equilibrium point. In this paper, we introduce some bound-
edness and attractiveness notions to define such behaviors
for switched delay systems. Such notions are extensions of
the traditional boundedness and attractiveness concepts in
(15, 16].

In this paper, we focus on the boundedness and attractive-
ness problems for a simple yet important class of nonlinear
switched delay systems, which includes three main contri-
butions. First, we propose the concept of attractor with the
switching law and the notation of a function ¢ € C; in
the neighbourhood of a subset QO € R" which is different
from the conventional concept of the distance between two
subsets of R". Second, we propose sufficient conditions which
guarantee that the switched delay system is bounded or
attractive. Third, we explicitly construct a switching law and
the region in which the solutions remain (boundedness)
and explicitly construct the attractor for the switched delay
systems.



2. Problem Statement
Consider the nonlinear switched delay system
x:Ayx+fy(x(t—T)), yel={1,20,...,N}, ()

where x € R", f, € C(R",R"),and A, € R™, 1 > 0.Itis
assumed that

(H1) there exist @ > 0, M > 1 such that [le?'] < Me™;

(H2) there exists L, 0 < L < «/M, such that IIf},(x) -
HII<Llx-yl, x,y eR", y el

(H3) A,x + f,(x) = 0 has only one solution xV € R" and
x'#x fory#L p,l €l

LetT = {x,(t0, x7),y,j € 1,t € R*}, where
. . t
x, (t; O,xf) — oMy 4 JO eAy(t—u)fy (x,, (u - T)) du ()

and denote that D = max{||x? — xj||,y¢j, p,j el C 2
C([-7,0],R"), and for ¢ € C,, define

= 0)|l.
lol. = s _lo@) o

Let x],(t; ty,®) = xy(t) be the solution of the initial value
problem

%, ()= Ax, + f, (xy (t-1)),

x,0)=96).

(4)
0 € [-1,0].
Ifop = x/ especially, denote that x, (6 to,xj) £ f;(t), j €
I, and let x(t; ¢, ¢, 0) = x(t) be the solution of (1) with the
switching law o as

x(0)=Apx+ f,(x(t-1),
x(0)=9(0),

where x, £ x(t + 0), 0 € [-7,0]. Since all the subsystems are
autonomous, we can take t, = 0 without loss of generality.
Let o = ((ty,41),...,(trdt), . ..) be the switching law of the
switched system (1), where i, € land 0 =, < t; < -+ <
t; < ---; that is, under the switching law o, the subsystem
i, is active during the time interval [f,_;,#;). Suppose that
i # iy, holds, which means that a subsystem will be definitely
switched to a different subsystem when the switching triggers.

yel,
(5)
0 ¢ [-1,0],

3. Boundedness

In this section, we will study the boundedness problem of the
switched delay system (1).

Definition 1. Suppose that § > 0, Q ¢ R", and then a
neighborhood of Q) in C is defined as

Bs (Q) = {<p lpe Cpgs[upmp(fp 0),Q) < 5} > (6)

Abstract and Applied Analysis

where the distance p between x € R" and () is defined as
p(x,Q) =inf{|x-y| | y € Q}. (7)

Definition 2. A nonnegative number y is called the dwell time
of the switching law

o= ((ti)se s (toie) o), ®)
if
u=inf{|ty, -t k=1,2,...} 9)

holds.

Lemma 3. Let y be the dwell time of the switching law o =
((t,11)s .5 (o Bg)s..n), and & > 0O is a constant. Ifu >
max{rt, (ln(M(§+5)/8))/(o¢ — ML)}, then ¢ € Bs(x") implies
that x, € Bs(x"), where

x, =%, (0) = x(t, +0,0,9,0), 0¢€[-7,0]. (10)

Proof. Suppose that ¢ € By(x) and the switching law is
defined as 0 = ((ty,4;),...,(tr>dx),...). Then, we will use
induction to prove the result. When m = 1,t € [0,¢,], we
will prove that

sup ] "x (t, +6,0,9,0) — x" " <9. (1)

0e[-71,0

In fact,

"x (t,0,¢,0) — x™ “
s 0 -]

t
—letto 0 + J eA"l(t‘”)f,»l (xil (u—-r))du
0

_ Aty _ Jot A (t—u)fil (xil) du
< [e**| o © - "]
t .
o [ et 15, (o o= 10) = £, ()

<Me™ “(p (0) — x™ “

(12)

+ ML J-t et Hxil (u—-1)-x" || du.
0
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Then,
&, 0 -]
<M “go (0) - x" " + ML Jt e™ "xi1 (u-1)-x" “ du
0

< Mp© -]+ ML [ &, @) - 2| d
0
< Mg =]+ " — "]
+ ML r e™ "xi1 (u-1)-x" “ du
0

t .
< M[8+D]+ ML [ x| du
(13)

Furthermore, since the right hand side of the inequality is
increasing function, we have

-], < M [5 ]

‘ au i (14)
+ ML L e "xilu - x1 "Tdu,

and then, by applying the Bellman-Gronwall inequality to
(14), we have

e|x; ;- %" ||T <M |5 +D]eM, (15)
and thus

|xic = x| < M[6+ D] e @M. (16)
Lett = t; we get

b1~ e~ £ [0+ Dl <0
17)

and (11) is proved. Suppose that, when m = k, the result is
right; that is, x, € Bs(x'), and then we will prove that x, €

Bg(x"); that is,

sup "x (trsy +6,0,¢,0) — x'1 ” <9. (18)
fel-7.0]

3

In fact, when t € [ty ], x(,0,9,0) = x; (t —1,0,x, ),
and thus

“x (£,0,9,0) - P "

= [, (£ 100, ) =

ek (tft")xtk (0)

t—t,
i .[0 et (t_tk_u)fikﬂ (xik+1 (-~ T)) du

— eMien 1) yken

B Jt—fk eAi"“(t_tk_u)f‘ (xik+1) du (19)
0 Ter1
< et e, 00|
N J~t71‘k "eA"kH (t—t,—u) “
0
% fo, (i, =) = £, () e
< Me—a(t—fk) ”xtk (0) — xikﬂ ||
e N R
and then we have
0 50090
< M, -]
YR I PR P
0
(20)

< M [, @ =]+ o =]

t—t i
+ ML J e™ ”x,- (u—1) - x"* " du
0 k+1
_ t—t, ,
<M [8 + D] + MLJ e“””xikﬂu — x'k "Tdu.
0
Since the right hand side of the inequality is increasing
function, we have

alt-t;) _ ik "
€ 'lxikﬂ (t_tk) x T

t-t (21)

k .

ou 1

e ”x — x'k+ “ du.
Tkt T

SM[6+5]+MLJ
0

Applying the Bellman-Gronwall inequality to (21) yields

'lxikﬂ(t—tk) - xikﬂ ||r = "xt _ xik+1 “T
(22)
<M [8 + 5] e—(tx—ML)(z—tk)'



Lett = t;,,, and then we get

"xtm — ik <M [6 " 5] e @ MDbat) o 5 (23)

and (18) is proved. The proof is completed.

Remark 4. Lemma 3 shows that if the initial function ¢ is
in the § neighborhood of x", then the solution x(t,0, ®,0)
with the switching law o whose dwell time satisfies y >
max{r, In(M( + D)/8))/(a« — ML)} has the following
property: at the kth switching point, the function x(t; +
0,0,¢,0)(0 € [-1,0]) is in the § neighborhood of x'.

Theorem 5. Let y be the dwell time of the switching law
o = ((t;,i1),-. > (Fpoig),...) and 8 > 0 is a constant. If y >
max{7, In(M(8 + D)/8)/(a — ML)}, then NS Ba(xiﬂ) implies
that the solution x(t,0, @, o) of (1) satisfies x(t) € By5(T).

Proof. We use mathematical induction to prove the result.
When't € [0,t,],

p(x(£,0,9,0),T)

< Hx (£,0,9,0) — x (£,0,x", ‘7)”

iy (£,0,9,0) - %, (£0,x)]

= |x,.1 (t) - %, (t)"

t
eAiltgo 0) + J et (t—u)fi1 (xi1 (u - T)) du
0

) t
—ettxh — J et (H‘)f,-l (fci1 (u- T)) du
0

<[ (o @-=°)

+

L?“”“%ﬁmaxu—ﬂ>—ﬁ&zxu—ﬂndu

< Me™ “go (0) - x" "

t
+ LM J e olt=u) x; (u—1) =% (u- T)" du
0

ot [M8 + LM J; elxu"xilu - fil“"-rdu] ’

(24)
which implies that
t
= %o, < MO+ LM [ = %, -
e = %o < MO < Mo,
Thus, for ¢ € [0,£,] and ¢ € Bs,
p(x(t,0,9,0),T) < MJ. (26)
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Suppose that, when t € [t;_;, ], (26) holds. Now we prove
that, when t € [t, t;,4],

p(x(t,0,9,0),T) < M6. (27)

In fact, by Lemma 3, we know that x, € Bs(x'*) and

p(x(t0,9,0),T)

< ”x (£,0,9,0) - k’fiﬂ (t - 1,0, xik)”

x0) 5, (-0

X;
” lk+1

|'xlk+1 t-ty) - ’7;;1 (t- tk)"

eAik+1 (t_tk)xtk (0)

t—t,
A (t—t—u)
" JO e 'fikﬂ (xik+1 O T)) du
AN
t—ty (-t .
_ A K~ ( Ik _ )
J, et (5 )

< Me U "xtk (0) — x* “

t—ty .
+LM L e ottw) Hx,k (u-1)- TCEZH (u- T)“ du
—a(t—t;) ot ou ~ir
<e Mdé+ LM e "xi X |du ,
0 k+1 Uiz
(28)

which implies that

X
|| Tk+1

(t—te) - % (

k+

(t=t)]| < MEe™ @) < s
(29)

and thus

p(x(0,9,0),T) < |x; (t - t) - X (¢~ 1) < M.

Tkl

(30)

Thus, for all > 0, we have
p(x(t,0,9,0),T) < MJ. (31)
The proof is completed. O

Remark 6. (i) The result in Theorem 5 shows that if the initial
function ¢ is in the & neighborhood of x™, then the solution
x(t, 0, , 0) with the switching law whose dwell time satisfies
p > maxir, (In(M(§ + D)/8))/(« — ML)} is in the M§
neighborhood of the set I'.

(ii) Theorem 5 not only shows the boundedness of the
switched system but also gives the region in which the
solution will remain.
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By the same procedure of Lemma 3 and Theorem 5, we
can study the boundedness of the solution of the following
nonlinear switched multidelays system:

P
X=Ayx+2fyj(x,x(t—‘ryj)), yel2{1,2,...,N},
=1

(32)

where x € R", fyj € C(R"xR",R™), A, € R™" and 0 < T, <
T.
Assume that

(H1)’ there exist « > 0, M > 1 such that |e'|| < Me™%;
(H2) thereexists L,0 < L < «/2PM, such that IIfW-(xl, X,)—

Fi Il < LUl =yl +llxy = 3ol %05 x5, 315 95 €
R'yelandj=1,2,..., P

(H3) Ayx + 2;21 fyj(x, x) = 0 has only one solution x? €
R"and x7 # x' for j#1, j,1 € I.

LetI' = {)?{(t; 0, x7), i, j €1, € R"}. Similarly, we can obtain
the following.

Lemma 7. Let y be the dwell time of the switching law o =
((ti1)s s (foig)s - ), and & > 0 is a constant. If u >
max{7, In(M(8 + D)/8))/(« — 2PML)}, then ¢ € Bg(x™)
implies that the solution x(t,0,¢,0) of (32) satisfies x, €
B(;(xlk).

Theorem 8. Let u be the dwell time of the switching law
o = ((t;,iy)s-->(toix)s...), and & > 0 is a constant. If
p = max{r, (In(M(6 + D)/8))/(ec — 2PML)}, then ¢ € B(;(xi°)
implies that the solution x(t,0,¢,0) of (32) satisfies x(t) €
Bys(T') forallt € R*.

4. Attractiveness

In this section, we first give the concept of an attractor
of the switched system with switching law, and then we
study the existence of the attractor of the nonlinear switched
delay system (1). We will establish sufficient conditions which
guarantee the existence of the attractor and furthermore
we can find out the switching law and the attractor of the
switching delay system (1).

Definition 9. A set O C R” is called an attractor of the
switched system (1) with a switching law o, if there exists a
& > 0 such that, for any € > 0, there exists a T > 0, such that,
for any ¢ € B5(Q) N C,, t > T implies p(x(t,0,¢,0),Q2) < e.

Remark 10. According to Definition 9, Q) is an attractor of the
switched system (1) with a switching law o if and only if there
exists § > 0 such that ¢ € B5(Q) implies

Jim x (£,0,¢,0) = 0. (33)

In this section, we will prove that I' is the attractor of system
(1). For convenience, we first show that

¢ € Bs (I) = lim x(t,0,¢,0)=0 (34)

is equivalent to
¢ €By(x) = Jlim x (1,0, ¢,0) = 0. (35)

Lemma 11. For any given € > 0, A > 0, there exists T(e, 1) =
In(MA/Ae)/(« — ML) > 0 such that if ¢ € B,(T), ¢ € C,,
then the solution x;(t, 0, ¢) of the ith subsystem of (1) satisfies
X; € BAs(xi),t > T, where A = supillx — yll,x, y € B.(D)}., If
¢ € B.(x7) and ¢ € C, especially, then one can take T(e, A) =
In(M(e + D)/Ae)/(e — ML) > O such that whent > T implies
the solution of the ith subsystem of (1) x;(t, 0, @) satisfies x;, €
By (x").

Proof. Let x;(t,0,¢) = x;(t) be the solution of the ith
subsystem of (1) and ¢ € B,(I'), and then

| ® =

t
0

e (0) + J eA"(tfu)f,- (x;(u-1))du

_ eA,-tx1 _ J eA,-(t—u)fi (xz) du
0

< |e** (p @ -] (36)

+

JZ At [fl (x;(u—1)) - f; (xi)] du

< Me™ "(p (0) - xi||

+ Jt MLe ™ “xi (u-1)- xi|| du,
0

which implies that

t

=], < Ml =], + ML| e, -]
(37)
and thus
[ - 1], < Mae e, (38)

So,whent > T = In(MA/Ae)/(x — ML), we have

'xit - xi"T < Ae and thus x;, € By, (xi). (39)

If ¢ € B,(x/) specially, it follows from (37), that

i

ot
e || Xy —x .

. t .
< Mo +ML j S

< Mo -]+ |- ~] (40)

t .
# ML | e, ] du
<Me+D|+ML Jt e“”"x,-u - xi“Tdu,
0



which implies that
x; — x| <Me+D]e M (41)
|| it '|T [ ]

and thus, when t > T' = In(M (e + 5)//\33)/(0( — ML), we have
lx; — x'll, < Ag; thatis, x;; € By (x"). This completes the
proof. O

Theorem 12. Suppose that the dwell time p of the switching law
o ={(t;,1,), (ty,1,),.. .} satisfies t; > In(MA/Ae)/(x — ML). If
p = max{r, In(MA/\e)/(a—ML)}, then the set T is an attractor
of the switched delay system (1).

Proof. From Lemma 11, we can see that we only need to
prove that, for any ¢ € C,, ¢ € B,(UN,x), the solution
x(t,0,¢,0) satisfies lim, _, . p(x(t,0,¢,0,),I) = 0. In fact,
we take ¢ = 1and A = 1/2 in Lemma 11, and then ¢ € C,
and ¢ € B,(x")(i, € [) implies that X, € By (x™) if
p = In[2M(1 + D)]/(a = ML), k = 1,2,.... On the other
hand, for t € [0,t,], we have

p(x(t,0,9,0),T)
= p(xi1 (t,0, go),l") 2p (x,-1 (t),F)

= inf{[lx;, 0 - y].y €1}

< "xi1 (t) - x; (t, 0, xi°)

=[x @0 -5 0

t
oAn tq) 0) + J' oA (t—u)fi1 (xil (u-— T)) du
0

Iy

. t .
— ettty _ J et (t_”)fi1 (k‘f" (u— T)) du
0

< e (9 (0) - x°)|

+

L‘ M0 f (x, =) - f, (55;? (u-1))]du

<Me™ "(p (0) — x™ "

R R e
° (42

which implies that

[, 0 -5 0]

, ¢ ‘ (43)

< Mo 2|, + | ML, - =0, du
0

iu
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Since the right hand side of the above inequality is an
increasing function, we have

~io

eoct
it

Xit — -

t
o au _ =l
< Mp-x"| + JOMLe [, - 20,

Tdu, (44)

x;, — X0
it it

ioll  —(a—ML)t
SM"(p—x“" g (@-MLt
T T

and thus
p(x(t,0,9,0),T) < "xil t)-x; (t)” <M, (45)

since ¢ € Bl(xiO). When t € [t,t,], since X, € Bl/z(xi‘), we
have

p(x(t,0,9,0),T)
=p(x, (t—1,0,x,),T) 2 p(x; (t-1,),T)
=inf {|x, (t-t,) - y|,y € T}
<, (£ 1) = x, (¢ -,,0,x"))|

|

— eAiZ(t_tl)xtl (0)

x;, (£ = t) - 5‘2 (t- tl)”

t-t,
+ J e""'z(t_tl_”)fi2 (x,-2 (u-— T)) du

0

t—t,
At i A, (t—t,— ~i
—e’'n xll — J e ‘2( 1 u)f; (Xll (u - T)) du
0 2 L

< [ (x, @ = 2]

t—t,
[ enutesn
0

+

X [flz (xi2 (u— T)) - fi2 (552 (u - T))] du

< Me 1) "xt1 (0) — x" “

t-t, A
+ J MLe *-h=w) "xi2 u-1)- 3?2 = T)" du,
0
(46)
which implies that

a(t—t;) _=h
€ "xizt xizt

T

. t_tl o
< Mlx, —x"|| + MLe™|x;,  — %' |l du,  (47)
ty T 0 Lu Lull; >

b=, s, -
and thus
i 1
p(x(t0.9,0).1) < |, - % | < 5M, (48)
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since x, € Bl/z(xil). Suppose that, for t € [t;_;, ],

1
p(x(t,0,¢,0),T) < FM (49)

When t € [ty, f,,], since x; € Bl/zk(xik), (take e = 1/2F in
Lemma 11), we have

p(x(t,0,9,0),T)
=p(x,, (t-t0,x,).T)
=p(x,, (t-t).T)
= inf {Jx;,, (=) - 5]y €T}

: "xikﬂ (t-t) —x,,, (t —te O,xik)“

a

5., (=t = % (- 1)

eAik+1 (t_tk>xtk (0)

t—t;
A, (t—t—u)
A (s - )

A

— eikn (t_tk)xik

=
Ay (t—te—u) (..ik )
_J ek fi, X (w-1) du

0

< Me U "xtk (0) — x* ”

t—t,

e | (e - E () du

+ ML J- i
(50)

0

which implies that

i

Hxikﬂt B xik+1t

il (ML) (- 1
<M, x| M < L (s
and thus
1
p(x(t0,9,0),T) < ?M’ te[totin].  (52)

Therefore, we have

Jim p (x (£,0,9,0),T) =0, (53)
which means that T is the attractor of system (1) with a
switching law o.

Similarly, we can study the existence of the attractor of the
switched delay system (32) with the assumptions (H1)’-(H3)’
and obtain the following results. O

Lemma 13. For any given € > 0, A > 0, there exists

T (e, A) = max {T,M}’

(54)
a—2PML

such that if ¢ € B,(I') and ¢ € C,, then the solution x;(t, 0, p)
of the ith subsystem of (32) satisfies x;, € By (x'),t > T. If
Q€ Bs(xj) especially, then one can take T(e,A) = In(M(e +
D)/Ae)/(ec — 2PML) > 0 such that whent > T implies the
solution x;(t,0, @) of the ith subsystem of (32) satisfies x;, €
By.(x),t > T.

Theorem 14. Suppose that the dwell time y of the switching law
o = {(t,,1,), (ty,1y),.. .} satisfies t; > In(MA/Ae)/(—2PML);
if p > max{r, In(MA/\e)/(ex — 2PML)}, then the set I’ isan
attractor of the switched delay system (32).
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