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We study some new strongly almost lacunary I-convergent generalized difference sequence spaces defined by an Orlicz function.
We give also some inclusion relations related to these sequence spaces.

1. Introduction

The notion of ideal convergence was first introduced by
Kostyrko etal. [1] as a generalization of statistical convergence
which was later studied by many other authors.

By a lacunary sequence, we mean an increasing integer
sequence 0 = (k,) such thatk, = 0and h, =k, - k,_; — o0
asr — o0o.

Throughout this paper, the intervals determined by 6 will
be denoted by J. = (k,_;,k,], and the ratio k,/k,_, will be
defined by ¢,.

An Orlicz function is a function M : [0,00) — [0, 00),
which is continuous, nondecreasing, and convex with M(0) =
0, M(x) > 0, for x > 0and M(x) — ©00,asx — 00.

Let €., ¢, and ¢, be the Banach space of bounded,
convergent, and null sequences x = (x;), respectively, with
the usual norm || x| = sup, |x,,|.

A sequence x € £ is said to be almost convergent if all of
its Banach limits coincide. Let ¢ denote the space of all almost
convergent sequences.

Lorentz [2] introduced the following sequence space

¢= {x € £y, : lim#,, , (x) exists uniformly in n} , @

where t,,, ,(x) = (x,, + X1+ + X))/ (m + 1).

The following space of strongly almost convergent
sequence was introduced by Maddox [3]:

[€] = {x € by, limt,, (|x - Le])
(2)

exists uniformly in » for some L} )

wheree = (1,1,...).
Kizmaz [4] studied the difference sequence spaces €., (A),
¢(A), and ¢,(A) of crisp sets. The notion is defined as follows:

Z(A) ={x=(x;): (Axy) € Z}, (3)

for Z = €., ¢, and ¢;, where Ax = (Ax;) = (x; — X4,,), for all
keN.
The above spaces are Banach spaces, normed by

Ixlly = |, | + sup |Axy] . (4)

Tripathy et al. [5] introduced the generalized difference
sequence spaces which are defined as, form > 1 andn > 1,

Z(A")={x=(x¢): (A} x;) € Z}, for Z =1¢y,c,q.
(5)

This generalized difference has the following binomial
representation:

W= 3V ()t ©)



2. Definitions and Preliminaries

Kostyrko et al. [1] introduced the following three definitions.
Let X be a nonempty set. Then a family of sets I ¢ 2*
(power sets of X) is said to be ideal if I is additive, that is,
A,B € I = AUB € I, and hereditary, thatis, A€ ,BC A =
Bel
A sequence (x;) in a normed space (X, || - ||) is said to be
I-convergent to x, € X if for each € > 0, the set

E(e)=1{keN: ”xk - xOH > ¢} belongs to I. (7)

A sequence (x;) in a normed space (X, || - ||) is said to be
I-bounded if there exists M > 0 such that the set {k € N :
lx I > M} belongs to I.

Freedman et al. [6] defined the space Nj. For any lacunary
sequence 0 = (k,),

Np = {(xk) : ranéoh;lkZ |x; — L| = 0, for some L} . (8)
€J,

The space Ny is a BK space with the norm

o0l = sup i Y . o
r keJ,

The notion of lacunary ideal convergence of real
sequences introduced by Tripathy et al. in [7, 8] and Hazarika
[9,10] introduced the lacunary ideal convergent sequences of
fuzzy real numbers and studied some properties. In [5, 7], the
lacunary ideal convergence is defined as follows.

Let 6 = (k,) be alacunary sequence. Then a sequence (x;)
is said to be lacunary I-convergent if for every ¢ > 0, such that

{reN:hTIZ|xk—x|2£}€I, (10)

ke]J,

we write I — lim x; = x.
Lindenstrauss and Tzafriri [11] used the idea of Orlicz
function to construct the sequence space:

Oy = {(x,)ew:ZM(m) < 0o, for somep>0]».
k=t NP
(11)

The space €, with the norm

||x||=inf{p>0:§M<%)sl} (12)

k=1

becomes a Banach space which is called an Orlicz sequence
space.

In this paper, we defined some new generalized difference
lacunary I-convergent sequence spaces defined by Orlicz
function. We also introduce and examine some new sequence
spaces and study their different properties.
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3. Main Results

Esi [12] introduced the strongly almost ideal convergent
sequence spaces in 2-normed spaces. In this paper we
introduced the strongly almost lacunary ideal convergent
sequence spaces using generalized difference operator and
Orlicz function.

Let I be an admissible ideal of N, M an Orlicz function,
and 0 = (k,) a lacunary sequence. Further, let s = (s;)
be a bounded sequence of positive real numbers and A% a
generalized difference operator.

For every ¢ > 0 and for some p > 0, we have introduced
the following sequence spaces:

o' (M,1,5,0)

= {(Xk):
q _1 Sk
{reN:%%ﬁ{M(%)} 28}61,

m € N, forsomeleR},

@, (M, A%, 5,0)

= {(xk):
q Sk
<|r € N:i%{M(M)} 28} el

mGN},

@, (M, A%, 5,0)

= ‘l (xk):
reN:EIK>Os.t.—Z M 2= >K
hrke]r P

eI,meN]».

Particular Cases. Consider the following.

() IfO = (2), we have @'(M,A%,5,0) = @'(M, A,
$), Wo(M, A, 5,0) = Wo(M, A%, ), and @, (M, A%, s,
0) = WL, (M, A, s).

(13)
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(2) If M(x) = x, then @'(M,A",s,0) = w’(A 0 5,0),
Wy (M, A%, 5,0) = wy(Ah,s,0), and @] (M, AL,s,
0) = w., (A%, 5,0).

(3)Ifs, = 1forallk € N, M(x) = x,and 0 = (2" ) then
@ (M, Ap,s 0) = w'(A%), Wy(M, A, s,0) = @' (AD),
and w (M A1 ,5,0) (A ).

Theorem 1. Let the sequence (sk) be bounded; then
(M, Ap,s,G)c o' (M, AP,S,G)C oo (M, Ap,s 0).

Proof. Letx € @' (M, A’ > 5, 0). Then, for some p > 0, we have

1 'A?Dtkm (X)| *
W 05)

Dy 1(, | ATty () = 1
“h 2Pk p

A%
T ke, ))

SPETD) T
23 (M)
+Dmax{1,sup (M(%'))H},

where sup, s, = H and D = max(l, 287,

Hence, x € @éO(M, A?D, s, 0).

The inclusion Lﬁé(M, Ai,, 5,0) c W(M, Az,, s,0) is obvi-
ous. ]

Theorem 2. Let the sequence (s;) be bounded; then
0'(M,A%,5,0),  wy(M,A%,s,60), and @ (M,A,s,60)
are closed under the operations of addition and scalar
multiplication.

Theorem 3. Let M,, M, be Orlicz functions; then we have

(1) Wy(M,, A, s, 0)Niy(M,, A, 5,0) € Wy(M,+M,, A,
50)

(2) @' (My, AL, 5,0)nD' (M,, A, 5,0) € @' (M, +M,, A,
5,0),

(3) @ (M, A 45, 0) N, (Mz,Aq,sQ)c L (M +M,,
p,s,e).

Theorem 4. Let 0 < s < uy for allk € N, and let (u/s;) be
bounded; then we have @I(Ml, Ai,, u,0) c @ (M, A%, s,0).

Theorem 5. Let 0 = (k,) be a lacunary sequence with 1 <
liminf,u, < sup,u, < co. Then, for any Orlicz function M,
o' (M, A%, 5) = @' (M, A%, 5, 0).

Proof. Suppose liminf,u, > 1 then there exists § > 0 such
thatu, = k,/k,_, > 1+6forallr > 1.

r—-1 =

Then, for x € @' (M, AZ,, s), we have

q _ Sk
{meN;z(M(M» } "
ke, P

Let
1 <M<|A Yt (%) = z|>>
£ ke I,
k, <M ( |A‘1 tkm(x) )) Sk
T k=1
ki Aq .y
(M ( | tkm (x) ' >> (16)
T k=1
ezl ('A =)
-r M
ko[ 1 ( <|Aqtkm(x) l|>>
hr krfl k=1 ‘

-k

=

:‘l._.
3"._.

W‘l,_.

Since h, = k
k,_/h, <1/8.
So, for & > 0 and for some p > 0,

ko[ 1& A b () = 1

(i ) )eet

m € N, for some [ € R,

1> we have k./h, < (1 + 6)/8 and

r

ko [ 1% |Athkm () - l' !
A <kr_1k;<M<—P >et el

m € N, for some [ € R.
(17)

Hence, @' (M, A% »S) Cw w (M, Al 5 0).
Next, suppose that limsup,q, < oo Then, there exists 8 >
0, such that, g, < Bforallr > 1.

Let x € @' (M, A%, s,0) and & > 0. There exists R > 0 such
that for every j > R,

ATt 1\ \**
Aj= reN:lZ(M(M)> >ep €l
hrkejj P

(18)



Let K > Osuchthat A; < Kforall j = 1,2,.... Now letn
be any integer with k,_; < n < k,, where r > R. Then,

Lo |qutkm(x)—z|>>sk
il M= 1
S
1k <M(|A‘§,tkm(x)—l|)>"k
B kr—l k=1 P
1 | ALt () = 1] ))P
=— M= !
k. kez]1< < P
ey
ke, p
(et}
+...+ —
keJ, P

kp -k

=LA+ A + RI1A
kr—l ! r—1 2 kr—l K
ot kr_kHA
kr—l "
kg k, — kg
supA; | — +sup(A;) ——
(J>I1) ) kr—l jzlg( ]) kr—l
K2 1 ¢B.
kr—l

Since k,_; — ocoasr — 00, it follows that

n q _ Sk
mEN:lZ<M<M>> >¢ep €1.
i P

(20)

Hence, @' (M, A% S 0) c W' (M, Aq,s) O

Theorem 6. Iflims, > 0 and x is strongly almost lacunary
convergent to x,, with respect to the Orlicz function M, that is,

(x) — L@ (M, A%, s,0)), then x, is unique.

Proof. Let lims, = s > 0 and suppose that x, —
xl({DI(M) A“ID) S, 6))) xk - -x()( (M AP: S, 9))'
Then there exist p; and p, such that

ALt (x) - x S"
reN:iz(M(M)) seler
h P1

7 ke,
mé€ N,
1 |AT () = 21\ \*
_Z( (M > ¢ GI,
h keJ, pl
m € N.

(21)
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Let p = max(2p,, 2p,). Then we have

z ()
Tke]
D ( (IA‘%fkm(x)—xoi))sk @)
h”kE], pl
|A‘§,tkm (x) - xl' >>sk
hrkgzj< ( p2 '

where sup,s, = H and D = max(1,277").
Thus, from (21), we get

L |xo—xll)>sk
reN.h Z<M<—pl >et el (23)

T keJ,

Further, M(|x, —
00, and, therefore,

_ Sk _ N
M(—lx" xl') —>M<—|x° xll) =0. (24
P P

Hence, x, = x. O

xi1/p)* — M(x,—x,1/p) ask —

4. Conclusion

The concept of lacunary I-convergence has been studied by
various mathematicians. In this paper, we have introduced
some fairly wide classes of strongly almost lacunary I-
convergent sequences of real numbers using Orlicz function
with the generalized difference operator. Giving particular
values to the sequence 8 = (k,) and M, we obtain some new
sequence spaces which are the special cases of the sequence
spaces we have defined. There are lots more to be investigated
in the future.
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