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We introduce two new subclasses of the function class X of bi-univalent functions defined in the open unit disc. Furthermore, we
find estimates on the coefficients |a,| and |a,| for functions in these new subclasses. Also consequences of the results are pointed

out.

1. Introduction

Denote by ¢/ the class of functions of the form

(o)
f@)=z+ Zanz” (1)
n=2
which are analytic in the open unit disc U = {z : z ¢

C and |z| < 1}. Further, denote by & the class of all functions
in &/ which are univalent and normalized by f(0) = 0 =
£'(0) in U. The well-investigated subclasses of the univalent
function class & are the class of starlike functions of order
a (0 < a < 1), denoted by §*(«) and the class of convex
functions of order & denoted by F#(«) in U. It is well known
that every function f € & has an inverse f, defined by

' (f@)=2 zel,
2)
FF @)= ll<n(). 1=
where
T (w) =w-aw’ + (Zaf - a3) w’ )

3 4
—(5a2—5a2a3+a4)w +ee

A function f € 4/ is said to be bi-univalent in U if both
f(z)and f “1(2) are univalent in U. Let £ denote the class of
bi-univalent functions in U given by (1).

Analogous to the function class &, the bi-univalent
function class ¥ include, for example, the class §'y(e) of bi-
starlike functions of order & (0 < a < 1), the class #5(«)
of biconvex functions of order « (0 < « < 1), and the
class &5 of strongly bi-starlike functions of order a (0 <
a < 1). For some intriguing examples of functions and
characterization of the class X, one could refer to Srivastava
et al. [1] and the references stated therein (see also [2]).
Recently there has been triggering, interest to study the bi-
univalent functions class 2 (see [2-5]) and obtain nonsharp
estimates on the first two Taylor-Maclaurin coefficients |a,|
and |a;]. The coeflicient estimate problem for each of the
following Taylor-Maclaurin coefficients |a, | for n € N\ {1, 2},
N :={1,2,3,...} is presumably still an open problem.

Motivated by the earlier works of Srivastava et al. [1] and
Frasin and Aouf [3] in the present paper we introduce the
following two new subclasses of the function class X.

Definition 1. A function f(z) given by (1) is said to be in the
class @5 (a, A) if the following conditions are satisfied:

fex,

>

zf' (2) 109,
arg(u "N @)+ Aef (z))’ <2

2
0<a<l,0<A<], zel,



. wg' () <o
E\T-Ngw) +rwg w) )|~ 2

0<a<l,0<A<l,wel,

(4)

where the function g is given by

gw)=w- a2w2 + (2(1; - a3) w’
©)

—(5a§—5a2a3+a4)w4+---.

Definition 2. A function f(z) given by (1) is said to be in the
class (B, ) if the following conditions are satisfied:

zf' (z)
fex, m((l—)t)f(z)+)tzf’(z)) > P

0<pB<1,0<A<1, zel,

wg' (w)
SR((l-A)g(w)+Awg'(w)> > B

0<pB<1,0<A<, wel,

(6)

where the function g is given by (5).

It is of interest to note that, for A = 0, the class Z5(a, )
reduces to &5 of strongly bi-starlike functions of order «
and the class 5 (f, A) leads to §5(pB) bi-starlike functions
of order f3.

The object of the present paper is to find estimates on the
coefficients |a,| and |a;| for functions in the above-defined
subclasses &5 (a, A) and M5 (3, A) of the function class = by
employing the techniques used earlier by Srivastava et al. [1].

In order to derive our main results, we recall the following
lemma.

Lemma3 (see [6]). Ifh € P, then|c| < 2 foreach k, where P,
is the family of all functions h analytic in U for which R{h(z)} >
0, where h(z) = 1 + iz + 2> + -+~ forz € U.

2. Coefficient Bounds for the Function
Class &5 (M)

We begin by finding the estimates on the coeflicients |a,| and
|as| for functions in the class f € Zy(a, A).

Theorem 4. Let f(z) given by (1) be in the class Tx(a, 1), 0 <
a<l,and0 < A< 1. Then

oy < — 2% %)
1-AM)Vi+a
4a2 (04

ol T o (8)
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Proof. It follows from (4) that

S el
T-Nf@+Azf () PP
() Y
wg (w B o
1-1) g W)+ Awg W) la@]"
where p(z) and g(w) in & have the forms
pPE)=1+pz+p2 +--, (10)
q(z)=1+q1w+q2w2+-~. 11)
Now, equating the coeflicients in (9), we get
(1-Na, =ap,, (12)
(A-1)a;+2(1-N)ay
) , (13)
= > [oc (¢ —1)p; + 20¢p2],
-(1-MNa, = aq,, (14)
(M -4r+3)a; -2(1-A)ay
: 2 5)
=3 [oc(oc— 1) q; +20cq2].
From (12) and (14), we get
P =% (16)
20-NMa; = (p} +41). 17)
From (13), (15), and (17), we obtain
2
2= o (pr +95) (18)

2 (a+ 1) (1=

Applying Lemma 3 for the coefficients p, and ¢,, we imme-
diately have

|a,|

(19)

- 2a
T -0t

This gives the bound on |a,] as asserted in (7).
Next, in order to find the bound on |a;], by subtracting
(15) from (13), we get

4(1-Nay-4(1-N)a

(20)
-1
=“(P2_42)+“((x )(Pf_‘ﬁ .
It follows from (16), (17), and (20) that
“(Pz“b) + “2 (pf+qf) (21)

BTa-n T a-y
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Applying Lemma 3 once again for the coefficients p,, p,,
q,,> and g,, we readily get

40’ o4
a| < ———— + ——. 22
| 3| (1 _ A)Z 1-X ( )
This completes the proof of Theorem 4. O

In the following section we find the estimates on the
coeflicients |a,| and |a,| for functions in the class 5 (5, A).

3. Coefficient Bounds for the Function
Class /(1)

Theorem 5. Let f(z) given by (1) be in the class M (S, A), 0 <
B<1l,and0 <A< 1. Then

(23)

_40-p  (1-p)
|as| < 1) T

Proof. It follows from (6) that there exists p, g € & such that

zf' (2)
(1-2) f (@) + Azf' (2)

wg' (w)
(1-1)g W)+ Awg' (w)

=p+(1-Pr@,
(24)

:ﬁ*'(l_ﬁ)‘ﬂw)’

where p(z) and q(w) have the forms of (10) and (1),
respectively. Equating coeflicients in (24) we get

(1=Na, =(1-B)pr;
(A -1)a+2(1-Vay=(1-p) ps
~(1-Na, =(1-B)ay,
(A -4r+3)a -201-2)ay = (1-B) gy

(25)

The proof follows, by employing the techniques used in
the proof of Theorem 4. O

Taking A = 0 in Theorems 4 and 5 one can get the
following corollaries.

Corollary 6. Let f(z) given by (1) be in the class S and 0 <
a < 1. Then

2«
\/oc+1’

Corollary 7. Let f(z) given by (1) be in the class S5(B) and
0 < B <1 Then

|a| < \2-2B,

|ay| < |as| < 40’ + a. (26)

las| <4(1- By’ +(1-B). @7
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