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We give several sufficient conditions under which the first-order nonlinear Hamiltonian system x'(t) = a(t)x(t)+ f(t, y), y'(t) =
—g(t, x(t))—a(t) y(t) has no solution (x (), y(¢)) satisfying condition 0 < fo?[lx(t)Iv+(1 +B)y(#)*1dt < +00, where p,v > 1 and
(1/pw) + (1/v) = 1,0 < xf(t,x) < B®)|x|*, xg(t, x) < p,(O)|x|", B(t), y,(t) > 0, and «(t) are locally Lebesgue integrable real-valued

functions defined on R.

1. Introduction

In 1897, Poincaré [1] studied the existence of homoclinic
solutions for Hamiltonian systems and realized that homo-
clinic solutions play a very important role in the study of the
behavior of dynamical systems. Since then many methods
have been developed to this study ([2-6]). Recently, the
critical point theory has been successfully applied to establish
the existence and multiplicity of homoclinic solutions for
Hamiltonian systems; see [1, 7-20] and references therein.

Among the above-mentioned literature, there are two
classes of Hamiltonian systems that have been widely inves-
tigated: one is the second-order Hamiltonian system

(p@Wu' @) -LOu® +YW u@®) =0, O

and the other is the first-order Hamiltonian system

(xj <t)> _ <0 _1> (Hx (t,x(t),ym)) o
y0) O \H, (x5 0)

By means of variational methods, in order to seek the
homoclinic solutions for system (1), one usually defines a
functional (1) on the Banach space

E= {u e W™ (R,R"):
. (3)
JR (o @i © +a, 0) lu (0P ] dt < +oo},

where a;,a, € C (R, (0, +00)) associated with the coefficients
p(t) and L(t) of system (1). And then one proves that ¢
possesses critical points on E which are homoclinic solutions
of system (1). Thus, the nontrivial homoclinic solutions of
system (1) which were studied in the existing work are actually
a class of special solutions satisfying condition

0< jR [+ a, @) | O + (1 + @ ) ()P ] dt < +oo.
(4)

Similarly, the non-trivial homoclinic solutions of system (2)
which were studied in the literature are also a class of special
solutions satisfying condition

0< JR [(1 +b, () x @O + (1+b, (1)) |y(t)|2] dt < +00,
(5)



where b, b, € C (R, (0, +00)) associated with the potential H
of system (2).

As mentioned earlier, the existence and multiplicity of
homoclinic solutions for Hamiltonian systems have been
studied extensively via critical point theory in recent years;
various sufficient conditions for existence are established.
However, as we know, there are no results on nonexistence
of homoclinic solutions for Hamiltonian systems in the
literature. For the simplest second-order Hamiltonian system,

Xt +qt)x(t)=0 (6)

has no non-trivial homoclinic solutions as () = constant,
but when gq(t) # constant, there seem to be no results on
existence or non-existence of homoclinic solutions in the
literature either.

In this paper, we consider the first-order nonlinear
Hamiltonian system

Xt =a®)x®)+ f(tyE),
Y (#) =—gtx®) —al) y (),

7)

where «(t) is locally Lebesgue integrable real-valued function
defined on R, f,g : R* — R.Foreveryt € R, f(t,x)
and g(t, x) are continuous on x in R, and for every x € R,
f(t,x) and g(t, x) are locally Lebesgue integrable real-valued
functions on t.

For the sake of convenience, we give the following
assumptions on f and g.

(F) For any c#0, meas{t € R : f(t,cexp(- Iot a(s)ds))
#0} > 0, and there exist a constant ¢ > 1 and a
locally Lebesgue integrable nonnegative function (t)
defined on R such that

0<xf(t,x)<B()|xl’, V(tx)eR> (8)
(G) g(t,0) = 0 for t € R, and there exists a
locally Lebesgue integrable nonnegative function
Yo (t) defined on R such that
xg (t,x) <y, () |x],  V(t,x) € R?, (9)
where v > 1 and (1/y) + (1/v) = 1.

Remark 1. In case g(t,x) = y(t)p(x), where y(t) is locally
Lebesgue integrable real-valued function defined on R, ¢ €

C(R, R), and satisfies that
0<xg(x) < x|, V(tx)eR, (10)

then we can choose y,(t) = y*(t) = max{y(t), 0}.

Let u(t) = (x(t),y(t)", H(t, x, y)
a(t)xy + _[Oy f(t,s)ds, and
01
(5 0) (u)

= on g(t,s)ds +

~
I
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Then we can rewrite (7) as a standard first-order Hamiltonian
system

u' (1) = JVH (t,u (). (12)
There are two special forms of system (7) which have been

dealt with extensively in the literature: one is the first-order
linear Hamiltonian system

() =a®)x @)+ ) y(t),

Y (1) =y ) x(t) - alt) y(t)

(13)

and the other is the first-order quasilinear Hamiltonian
system

O =at)x®+ WOy 7y @),

Y ) =y O Ix O x @) —alt) y (1),

(14)

(see [21, 22] and the references therein), where ¢, v > 1 and
(1/u) + (1/v) = 1, and B(t) and y(t) are locally Lebesgue
integrable real-valued functions defined on R. In addition,
the special forms of system (7) also contain many other
well-known second-order differential equations such as the
second-order linear differential equation

(p®)x' ) +q®)x®) =0, (15)

the second-order half-linear differential equation

[ P« (t)]r'zx’ (t)]’ +q () |x (@O 2x () =0, (16)

and the second-order nonlinear differential equation

[pé(x'®)] +ht.x®) =0, 1)
wherer > 1, p(t) and g(t) are locally Lebesgue integrable real-
valued functions defined on R and p(t) > 0,¢ € C(R,R),and
h € C(R? R). Indeed, we can rewrite the above-mentioned

second-order differential equations as the form of system (7).
For example, let

Y0 =p@® | 0 X 0. (18)
Then (16) can be written as the form of (13):

O =[p®"" "y Py,

Y (1) = —q ) lx ) x(t),

(19)

where i = r/(r — 1), v = rand a(t) = 0, B(t) = [p(t)]""™",
and y(t) = q(t). If ¢ has an inverse ¢ ', then let

y®O=p®o(x'®). (20)
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Hence, (17) can be written as the form of (7):

y' (t) = -h(t,x (1)),

(21)

where a(t) = 0, f(t,x) = gb_l(x/p(t)), and g(t, x) = h(t, x).

In Sections 2 and 3, we will give some necessary condi-
tions for existence of homoclinic solutions of systems (7) and
(13), which satisfy conditions

0< J [lx @ +(1+B®) |y O] dt < +o0,
- (22)

0< [P+ 1+ B©) |y o di < oo,

respectively. These necessary conditions are actually
Lyapunov-type inequalities, which generalize the classical
Lyapunov inequality for system (6); see [21-25]. Taking
advantage of these necessary conditions, we are able to
establish some criteria for non-existence of homoclinic
solutions of systems (7) and (13) in Section 4.

2. Lyapunov-Type Inequalities for System (7)

In this section, we will establish some Lyapunov-type
inequalities for system (7). For the sake of convenience, we
list some assumptions on «(t) and f(t) as follows:

(A0) liminfy , ,q, [, a(s)ds > —co,

(AD) [7 la(s)lds < +oo,

(BO) B(t) = (#)0, Vt € R,

(BI) B(t) > 0,V € R,

(B2) [*7) B(x) exp(—p [] a(s)ds)dr < +co.
Denote

C() = Utm B(x) exp (,4 Jt «(s) ds) dT]W, (23)

T

10 = poes(-u[ wwas) dr]w. (24)

Theorem 2. Suppose that hypotheses (F), (G), (A0), (B0),
and (B2) are satisfied. If system (7) has a solution (x(t), y(t))

satisfying
+00
0< J [lx@ +(1+B®) |y ®)]]dt < +c0,  (25)
then one has the following inequality:

roo ®n )

T (t)dt > 1. (26)

Proof. Hypothesis (B2) implies that functions {(t) and #(t)
are well defined on R. Without loss of generality, we can
assume that

J“’O ¢®On )

o Ty (t)yo (t)dt < +oo. (27)

It follows from (F), (25), and (BO) that

lim inf |x (£)] = lim inf |x (£)| = 0, (28)
liminf |y ()] = lim inf |y ()] = 0, (29)
J, F(ny@)y@dr < L B@) |y @)|dr < +oo.

(30)

Set A(t) = {1 € (-oo,t] : B(r) > 0} for t € R, and then it
follows from (F) that

BT f @2
=127 [B@] M ef 2

<1z [B@] B 12 2f (1, 2)
=zf (1,2),

(31)
TeA(t), teR, z+0.

Since f(7,0) = 0 for 7 € R, it follows that

B@OHf (r.2)| <zf (1,2), TeA®), teR. (32)

Hence, from (F), (23), (24), (30), (32), and the Holder
inequality, one has

[oo |f (. y (1))| exp (Lt a(s) ds) dr

= L(t) |f (z,y ()| exp (Jt a(s) ds) dr

T

[ s )]

<[] mer s o]

[ sl )]



< H_too B (1) exp <y Lt a(s) ds) dr] "

x Htmf(r,ym)y(r) dr]w

=[¢ (t)]W“too fry@)y@ dr] "

<+00, VteR,

(33)
J:OO |f (. y ()| exp <— J: a(s) ds> dr
< H:oo B (1) exp <—14 LT oc(s)ds> dT] "
1/v (34)

x H:mf(r,y(r))m) dr]

=[n (t)]m“tmf(T,y(T))y(r) dr]w

<400, VteR.

From (AO0), (28), (33), (34), and the first equation of system
(7), we have

x (—00) := tEl}lmx ) =0= tEme (t) == x (+00), (35)

x(t) = J_t f(z,y(1))exp (Jt a(s) ds> dr, VteR,
(36)

x(t) =- J-:OO f(r,y (1)) exp <— J:oc (s) ds) dr, VteR.

(37)
Combining (33) with (36), one has
lx (@) = J f(r,y (1)) exp <J a(s) ds> dr
- t ’ (38)
<t I_ fny@)y@dn VieR
Similarly, it follows from (34) and (37) that
lx @) = J f(z,y(1))exp (— J a(s) ds) dr
t T (39)
S0 | fny@)y@dn veeRr,
Hence, from (38) and (39), one has
v COn@) [+
lx (@) < m J_oo f(r,y(@)y@)dr, VteR.

(40)
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Now, it follows from (27), (30), and (40) that

+00

J_ Yo () |x ()| dt

<[ Lono
RESN{CETTO

< +00.

w®d [ f(6y©)ywd

(41)

By (29), we can choose two sequences {t_,}>>  and {t,} 2,
such that

—00 <<ty <ty <t <t <ty<ty<---<+00,

(42)
lim ¢t_, = —o0, lim ¢, = +00,
n— 00 n— o0
(43)
Jim y(t,) = lim y(t,) = 0.
By (7), we obtain

(x®Oy®) = flt,y®)y®) -gt,x®)x(t). (44)

Integrating the above equation from ¢_, to t,,, we have
tn
|" gtx@nxwar
t—‘Vl

t
[ reroyodexe)ye,) @

-x(t,)y(t,), n=1273,....

Letn — o0 in the above equation, and using (30), (35), and
(43) we obtain

+

t, 0
Jim ["gx@x@di= | fey)yd 6o

=00
which, together with (41), implies that

+00

| woora

+00

< jm RAL N flty@®)y@adt

o0 C(t) +7(t)

N

Yo (t) dt J

-0

Yo (£) dt]

X lim_ Jt" g(tx () x(t)dt

Il

t,

x lim J Yo () 1x ()] dt
n— 00 t,

) J %VO (&) dt J Yo (8) 1x (O d.

(47)
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We claim that

J+OO Yo (8) |x (8)"dt > 0. (48)

If (48) is not true, then

J N Yo () |x (t)]"dt = 0. (49)

From (F), (G), (46), and (49), we have
0< I_ fty@®)y@)dt

- lim J " g x () x (1) di (50)

< j Yo ) lx ()"t = 0,

which, together with (F), implies that
fty@®))y®) =0 aeteR. (51)

Combining (36) with (51), we obtain that
x(t)=0,

vVt € R, (52)

which, together with (G) and the second equation of system
(7), implies that

y(t) = y(0) exp <— Jt(x(s) ds) , VteR. (53)

0

From (F), (51), and the above, one has
y()=0, VteR. (54)

Both (52) and (54) contradict (25). Therefore, (48) holds.
Hence, it follows from (47) and (48) that (26) holds. O

Corollary 3. Suppose that hypotheses (F), (G), (Al), (B0),
and (B2) are satisfied. If system (7) has a solution (x(t), y(t))
satisfying (25), then one has the following inequalities:

rx, () <Jtm B(r)dr J:OO B dr>wdt

—00 —

(55)
> 2exp<—§ | (a@r+u |w(s)|)ds),
+00 _ u s ~+co 1/v
(J /3(t)dt> (J 7 (t)dt)
-00 -00 (56)
1 [+ .
> 2 exp <—5 Jl (|¢x ) +u |w(s)|)ds> ,
+00 t +00 v/2u
[ “wo (] pwdr| " pwar) a
—00 —00 t (57)
> 2 exp (—g Jloo le (s)] ds) ,
+00 1/p s r+c0 1/v
(| Tswar) (| nwa)
—00 -0 (58)
> 2 exp <—% J—oo le (s)] ds) ,
where w € L'(R) is an arbitrary function and
B(t) = B (t)exp (L w (s) ds),
' (59)

P (t) =y, (t) exp <—£ L w (s) ds>

for somet, € R.

Proof. (Al), (B0), and (B2) imply that (A0) and _[:f B(s)ds <
+00. Since

W) +n@) = 2[COn®]", (60)

then it follows from (23), (24), (26), (56), and (57) that

1

IN

JOO ¢®On @) vo (6) dt

0 §() +7(1)

1 +00
<3| k@no poa



AL 0 [[ soen(of sow)e

x fm ()

T v/2u
X exp (—y J a(s) ds) dr] dt
t

B () dr Lm B() d1>wdt]

IN

e
X exp G Jj: lc (5)] ds)
(v o i)

X exp <§ f: (lac()l + ™" |w(s)|)ds>,

IN

(61)

which implies that (55) holds. Note that

[ Boa | pward([“Eoa). @

which, together with (55), yields that (56) holds. It follows
from (55) and (56) that (57) and (58) hold. O

In case hypothesis (BO) is replaced by (Bl) in the proof of
Theorem 2, then (40) is strict; that is,

¢() n(t) J+m f (‘r,y (T)) y(r)dr, VteR.

O < 705w ).
(63)

In fact, if (63) is not true, then there exists a t, € R such that

C(t)n(t,)
C(t) +n(t,)

Hence, from (38), (39), and (64), we obtain

|x (£ = J f(r,y@)y@)dr. (64)

—00

k) =) | FEr@)y@dn (6

(0]

k@ =) [ fey@)y@dn 6o

It follows from (23), (38), and (65) that

v

J_too f(r,y(1))exp <jt oc(s)ds) dr

T

- “tm B(x)exp ( ) Jt " ds) dT]W -

x J'_* f(r,y(@)y(r)dr,
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which, together with the Hélder inequality, implies that there
exists a constant ¢; such that

t,
Fry @)y = af@)exp (#J «(s) ds),
. (68)

-0 <T<HE,.

Similarly, it follows from (24), (39), (66), and the Holder
inequality that there exists a constant ¢, such that

f(ty@)y(@) =B (1)exp (—/4 L a(s) ds) ) )

t, <1 < +o00.

From (F), (68), and (69), one has that ¢;,¢, > 0.If ¢, = ¢, =
0, then f(7, y(7))y(r) = 0 for 7 € R; it follows from (36)
that x(¢) = 0 for t € R. Similar to the proof of (54), one has
y(t) = 0 for t € R, which contradicts (25). If ¢; + ¢, > 0, then
f(r, y(1))y(r) > 0 for v € (-o00,t,] or for T € [t,,+00); it
follows from (A0) and (36) that x(+00) # 0, which contradicts
(35). The above two cases show that (63) holds. Hence, in view
of the proof of Theorem 2, we have the following theorem.

Theorem 4. Suppose that hypotheses (F), (G), (A0), (B1), and
(B2) are satisfied. If system (7) has a solution (x(t), y(t))
satisfying (25), then one has the following inequality:

jm CORO g s, (70)

0 C() +1 (1)

where {(t) and 3(t) are defined by (23) and (24), respectively.

Similar to the proof of Corollary 3, we can drive the
following corollary from Theorem 4.

Corollary 5. Suppose that hypotheses (F), (G), (Al), (Bl),
and (B2) are satisfied. If system (7) has a solution (x(t), y(t))
satisfying (25), then

J‘j: y(t) <J._t00 E(T) Ir L+oo [37(7) dT>v/2#dt

>2exp< 3 |oc(s)|+;f1 |w(s)|)ds>,

([ Foa) ([ roa)”

>2exp< |oc(s)|+y_1 |w(s)|)ds>,

l
2
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+00 t +00 v/2u
[ “no (] pwdr| " pwar) a
v +00
>2exp<—5J |oc(s)|ds>,

([ o) ([ )

1 +00
> 2 exp <—§ J | (s)] ds) ,

where ﬁ(t) and Y(t) are defined by (59).

(71)

Applying Theorem 4 and Corollary 5 to system (19) (i.e.,
(16)), we have immediately the following two corollaries.

Corollary 6. Suppose thatr > 1, p(t) > 0 fort € R and

+00 1
L. PP 7

If (16) has a solution x(t) satisfying

0< j: [k +[p@®]""™ (14 p@) | @] ] dt o

< 400,

then

r-1 r=1

[~ (Vo lp@ M) ([ [p@] ™ dr)
([ @I ar) (] (p) M ar)

xq'(t)dt > 1,

J: q" (1) (joo [p@] ™V

+00 Vir1 (r-1)/2
x J [p()] " )dr> dt > 2.
t
(74)

Applying Theorem 4 to the second-order nonlinear dif-
ferential equation (17) (i.e., system (21)), where a(t) = 0,
ft,x) = ¢71(x/p(t)), and g(t,x) = h(t,x), we have the
following corollary.

Corollary 7. Suppose thatr > 1 and p(t) > 0 fort € R, and
that (72) and the following hypothesis are satisfied:

(H1) There exists a locally Lebesgue integrable nonnegative
function y,(t) defined on R such that

0<x¢ (x) < x|, 5
75

xh(t,x) <y, (t) |x]"s YV (tx) e R

7
If (17) has a solution x(t) satisfying (73), then
J'+°° (I_too [P (T)]—l/(r—l)dT)f—l(J.:oo [P (T)]—l/(r—l)dT)r—l
< ([ @I ae) ([ @] ar)
Xy, (t)dt > 1.
(76)

3. Lyapunov-Type Inequalities for System (13)

When y = v = 2, assumption (B2) reduces to the following
form:

(B2) [© B(r) exp(-2 [ a(s)ds)d < +oo.

Applying some results obtained in the last section to
the first-order linear Hamiltonian system (13), we have
immediately the following corollaries.

Corollary 8. Suppose that hypotheses (A0), (B0), and (B2')
are satisfied. If system (13) has a solution (x(t), y(t)) satisfying

0< J_OO [lx®F +(1+B®) |y (t)|2] dt < +o0,  (77)

then

[ ((J posnof o)
[ )
([ soenlof o)

[ soven( [ wo)a) )

xy" (@) dt =1,

J: 0 <Jtm B(r)dr J:OO ﬁ(r)dr)l/zdt

> 2exp (— on [ (s)] ds> .

-0

(78)



Corollary 9. Suppose that hypotheses (A0), (BI), and (B2')
are satisfied. If system (13) has a solution (x(t), y(t)) satisfying
(77), then

[ ([ soen(e o)
([ soen(f )]
([ senlef o)
(o[ e

xyt(t)dt > 1,

Jj: o) (Jtm B(x)dr Lm B (D) dT)l/zdt

> 2 exp (— on | (s)] ds) .

_ 79)
Corollary 10. Suppose that p(t) > 0 fort € R and that
+00
J T < +00. (80)
-0 P (1)

If (15) has a solution x(t) satisfying
0< L [lx(t)l2 +p®)(1+p@®)|x (t)|2] dt < +0o0,
(81)

then

+00 t +00 +00
[roff, i s [
o0 wp@l p@ 00 P (1)
Corollary 11. Suppose that p(t) > 0 fort € R and that (80)
and the following hypothesis are satisfied:

(H2) There exists a locally Lebesgue integrable nonnegative
function y,(t) defined on R such that

0<x¢ ' (x) < |«

(83)

xh(t,x) <y, (1) |x]*, V(tx)eR.

If (17) has a solution x(t) satisfying (81), then
+00 t dT +00 dT +00 dT
.[—oo to ® (J—oo ITT') J; P (T) > dt> J—oo P (1) - (89

4. Nonexistence of Homoclinic Solutions

Applying the results obtained in Sections 2 and 3, we can
drive the following criteria for non-existence of homoclinic
solutions of systems (7) and (13) immediately.
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Corollary 12. Suppose that hypotheses (F), (G), (A0), (BO0),
and (B2) are satisfied. If one of the conditions

jm OO g, (85)

0 C() +1(8)

j_*: Yo (1) <J'_t00 B(r)dr foo B (1) dT)V/Zﬂdt

v +00
<2exp<—§J‘ |oc(s)|ds>,

(17 ) ([ )

< 2exp (—% j+oo | (s)] ds)

holds, then system (7) has no solution (x(t), y(t)) satisfying

(86)

(87)

0< LOO [lx @ +(1+B®) |y ®]dt < +c0.  (88)

Corollary 13. Suppose that hypotheses (F), (G), (A0), (Bl),
and (B2) are satisfied. If one of the conditions

jm cBn® Yo dt <1,

0 () +1(t)

J:O Yo (£) (J_too B(r)dr Jjoo B (1) dT)V/ZMdt

< 2exp (—%} on | ()] ds> , (89)

([ 0 ie)

< 2exp (—% J+00 | (s)] ds>

holds, then system (7) has no solution (x(t), y(t)) satisfying
(86).

Corollary 14. Suppose that hypotheses (A0), (B0), and (B2')
are satisfied. If

[ (. soen(e o)
[ s (2] o)

X (J;Oﬁ(f) exp (2 Lt(x(s) ds) dr (90)

+ foo B (1) exp <—2 J;T a(s) ds) dr>_1>

Xy, (t)dt <1
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or

j-mo Y () ([OO B(r)dr ij B(1) dT)l/zdt

< 2exp <— on | (s)] ds)

—00

(o1

holds, then system (13) has no solution (x(t), y(t)) satisfying
0< J_Oo [lx @)+ (1+B®) |y ®)]dt < +o0.  (92)

Corollary 15. Suppose that hypotheses (A0), (Bl), and (B2
are satisfied. If

[ (. soen(of v
[ s o)
([ soen(of o)
(o[ wvrafe))

xyp(t)dt <1
(93)
or

1/2

j:o Y () <£00 B(r)dr J:OO B (1) dT) dt

< 2exp <— JHX) | ()] ds>

—00

(94)

holds, then system (13) has no solution (x(t), y(t)) satisfying
(92).

Corollary 16. Suppose that p(t) > 0 fort € R and that (80)
holds. If

[orollim) m)e e

then (15) has no solution x(t) satisfying (81).

Corollary 17. Suppose that p(t) > 0 fort € R and that (80)
and (H2) are satisfied. If

Jj: Yo (£) <J_too pd(:) foo pd(:) ) dt < Jj: % (96)

then (17) has no solution x(t) satisfying (81).

Example 18. Consider the second-order nonlinear differen-
tial equation

[(1+2)x'®)] +qWx@® [1+sin’x®] =0,  (97)

where g(t) is locally Lebesgue integrable real-valued function
defined on R. In view of Corollary 16, if

+00 7.[2 2 + T
J [Z — (arctant) ] q (H)dt < Eh (98)

—00

then (97) has no solution x(t) satisfying
o 2 2\2| 102
0<j [lx(t)l +(1+2) < ) ]dt<+oo. (99)
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