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Let𝑤𝜆(𝑥) := (1−𝑥
2
)
𝜆−1/2 and𝑃𝜆,𝑛 be the ultraspherical polynomials with respect to𝑤𝜆(𝑥).Then, we denote the Stieltjes polynomials

𝐸𝜆,𝑛+1 with respect to 𝑤𝜆(𝑥) satisfying ∫
1

−1
𝑤𝜆(𝑥)𝑃𝜆,𝑛(𝑥)𝐸𝜆,𝑛+1(𝑥)𝑥

𝑚
𝑑𝑥 (= 0, 0 ≤ 𝑚 < 𝑛 + 1; ̸= 0,𝑚 = 𝑛 + 1). In this paper, we

consider the higher-order Hermite-Fejér interpolation operator𝐻𝑛+1,𝑚 based on the zeros of 𝐸𝜆,𝑛+1 and the higher order extended
Hermite-Fejér interpolation operatorH2𝑛+1,𝑚 based on the zeros of 𝐸𝜆,𝑛+1𝑃𝜆,𝑛. When m is even, we show that Lebesgue constants
of these interpolation operators are 𝑂(𝑛max{(1−𝜆)𝑚−2,0}

)(0 < 𝜆 < 1) and 𝑂(𝑛max{(1−2𝜆)𝑚−2,0}
)(0 < 𝜆 < 1/2), respectively; that is,

‖H2𝑛+1,𝑚‖ = 𝑂(𝑛
max{(1−2𝜆)𝑚−2,0}

)(0 < 𝜆 < 1) and ‖𝐻𝑛+1,𝑚‖ = 𝑂(𝑛
max{(1−𝜆)𝑚−2,0}

)(0 < 𝜆 < 1/2). In the case of the Hermite-Fejér
interpolation polynomials H2𝑛+1,𝑚[⋅] for 1/2 ≤ 𝜆 < 1, we can prove the weighted uniform convergence. In addition, when m is
odd, we will show that these interpolations diverge for a certain continuous function on [−1, 1], proving that Lebesgue constants
of these interpolation operators are similar or greater than log n.

1. Introduction

Let𝑋 := {𝑥𝑘,𝑛} ⊂ [−1, 1] and

− 1 < 𝑥1,𝑛 < 𝑥2,𝑛 < ⋅ ⋅ ⋅ < 𝑥𝑛−1,𝑛 < 𝑥𝑛,𝑛 < 1,

𝑛 = 1, 2, . . . .

(1)

For any real-valued function 𝑓 on [−1, 1] and an integer
𝑚 ≥ 1, we recall that there exist uniqueHermite and Hermite-
Fejér interpolatory polynomials of higher order denoted by
𝐻𝑛,𝑚(𝑓,𝑋), and of degree ≤ 𝑛𝑚 − 1, defined as follows:

𝐻𝑛,𝑚 (𝑓,𝑋, 𝑥𝑘,𝑛) = 𝑓 (𝑥𝑘,𝑛) , 1 ≤ 𝑘 ≤ 𝑛;

𝐻
(𝑡)

𝑛,𝑚
(𝑓,𝑋, 𝑥𝑘,𝑛) = 0, 1 ≤ 𝑡 ≤ 𝑚 − 1,

1 ≤ 𝑘 ≤ 𝑛.

(2)

We note that, by definition, 𝐻𝑛,1 is the Lagrange, 𝐻𝑛,2 is
the Hermite-Fejér, and 𝐻𝑛,4 is the Krylov-Stayermann inter-
polatory polynomial. By (2), we may write

𝐻𝑛,𝑚 (𝑓,𝑋, 𝑥) =

𝑛

∑

𝑘=1

𝑓 (𝑥𝑘,𝑛) ℎ𝑘,𝑛,𝑚 (𝑋, 𝑥) ,

𝑛 = 1, 2, . . . .

(3)

The polynomials

ℎ𝑘,𝑛,𝑚 (𝑋, 𝑥) = 𝑙
𝑚

𝑘,𝑛
(𝑋, 𝑥)

𝑚−1

∑

𝑖=0

𝑒𝑖,𝑘,𝑛,𝑚(𝑥 − 𝑥𝑘,𝑛)
𝑖
,

1 ≤ 𝑘 ≤ 𝑛

(4)
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are unique, of degree exactly 𝑛𝑚 − 1 and satisfy the relations

ℎ
(𝑡)

𝑘,𝑛,𝑚
(𝑋, 𝑥𝑙,𝑛) = 𝛿0,𝑡𝛿𝑙,𝑘, 1 ≤ 𝑘, 𝑙 ≤ 𝑛,

0 ≤ 𝑡 ≤ 𝑚 − 1,

(5)

where for nonnegative integers 𝑢 and V

𝛿𝑢,V := {
1, 𝑢 = V;
0, 𝑢 ̸= V.

(6)

Here, 𝑙𝑘,𝑛(𝑋, 𝑥) are the well-known fundamental Lagrange
polynomials of degree 𝑛 − 1 given by

𝑙𝑘,𝑛 (𝑋, 𝑥) :=

𝑤𝑛 (𝑥)

𝑤

𝑛
(𝑥𝑘,𝑛) (𝑥 − 𝑥𝑘,𝑛)

,

𝑤𝑛 (𝑥) :=

𝑛

∏

𝑘=1

(𝑥 − 𝑥𝑘,𝑛) ,

(7)

and the coefficients 𝑒𝑖,𝑘 may be obtained from the relations

ℎ𝑘,𝑛,𝑚 (𝑋, 𝑥𝑙,𝑛) = 𝛿𝑙,𝑘, 1 ≤ 𝑘, 𝑙 ≤ 𝑛;

ℎ
(𝑡)

𝑘,𝑛,𝑚
(𝑋, 𝑥𝑙,𝑛) = 0, 1 ≤ 𝑡 ≤ 𝑚 − 1,

1 ≤ 𝑘, 𝑙 ≤ 𝑛.

(8)

If 𝑓 ∈ 𝐶(𝑚−1)[−1, 1], then the Hermite interpolation polyno-
mial �̂�𝑛,𝑚(𝑓,𝑋, 𝑥) of degree ≤ 𝑛𝑚 − 1 with respect to 𝑋 is
defined by

�̂�
(𝑡)

𝑛,𝑚
(𝑓,𝑋, 𝑥𝑘,𝑛) := 𝑓

(𝑡)
(𝑥𝑘,𝑛) ,

1 ≤ 𝑘 ≤ 𝑛, 0 ≤ 𝑡 ≤ 𝑚 − 1.

(9)

We may express �̂�𝑛,𝑚(𝑓,𝑋, 𝑥) as

�̂�𝑛,𝑚 (𝑓,𝑋, 𝑥) =

𝑚−1

∑

𝑡=0

𝑛

∑

𝑘=1

𝑓
(𝑡)
(𝑥𝑘,𝑛) ℎ𝑡,𝑘,𝑛,𝑚 (𝑋, 𝑥) ,

𝑚 = 1, 2, . . . ,

(10)

where for 0 ≤ 𝑡 ≤ 𝑚 − 1

ℎ𝑡,𝑘,𝑛,𝑚 (𝑋, 𝑥)

= 𝑙
𝑚

𝑘,𝑛
(𝑋, 𝑥)

(𝑥 − 𝑥𝑘,𝑛)
𝑡

𝑡!

𝑚−1−𝑡

∑

𝑖=0

𝑒𝑡,𝑖,𝑘,𝑛,𝑚(𝑥 − 𝑥𝑘,𝑛)
𝑖

(11)

is the unique polynomial of degree 𝑛𝑚 − 1 satisfying

ℎ
(𝑖)

𝑡,𝑘,𝑛,𝑚
(𝑋, 𝑥𝑗,𝑛) = 𝛿𝑡,𝑖𝛿𝑘,𝑗, 0 ≤ 𝑖, 𝑡 ≤ 𝑚 − 1,

1 ≤ 𝑗, 𝑘 ≤ 𝑛.

(12)

Then, we easily see from the relations (5) and (12) that
ℎ0,𝑘,𝑛,𝑚(𝑥) = ℎ𝑘,𝑛,𝑚(𝑥), 𝑒0,𝑖,𝑘,𝑛,𝑚 = 𝑒𝑖,𝑘,𝑛,𝑚, and 𝑒𝑡,𝑖,𝑘,𝑛,𝑚 =

𝑒0,𝑖,𝑘,𝑛,𝑚 for 1 ≤ 𝑘 ≤ 𝑛 and 0 ≤ 𝑖, 𝑡 ≤ 𝑚 − 1 (see [1]). Now, we
have for any polynomial 𝑃 of degree ≤ 𝑛𝑚 − 1,

𝑃 (𝑥) = �̂�𝑛,𝑚 (𝑃,𝑋, 𝑥)

= 𝐻𝑛,𝑚 (𝑃,𝑋, 𝑥) +

𝑚−1

∑

𝑡=1

𝑛

∑

𝑘=1

𝑃
(𝑡)
(𝑥𝑘,𝑛) ℎ𝑡,𝑘,𝑛,𝑚 (𝑋, 𝑥) .

(13)

In what follows, we abbreviate several notations as ℎ𝑘(𝑥) :=
ℎ𝑘,𝑛,𝑚(𝑥), 𝑒𝑖,𝑘 := 𝑒𝑖,𝑘,𝑛,𝑚, and 𝑒𝑡,𝑖,𝑘 := 𝑒𝑡,𝑖,𝑘,𝑛,𝑚 if there is
no confusion. Here, we are interested in Hermite-Fejér and
Hermite interpolations with respect to𝑋 whose elements are
the zeros of a sequence of Stieltjes polynomials and the prod-
uct polynomials of Stieltjes polynomials and the ultraspheri-
cal polynomials, respectively. To be precise, we first consider
the generalized Stieltjes polynomials 𝐸𝜆,𝑛+1(𝑥) defined (up to
a multiplicative constant) by

∫

1

−1

𝑤𝜆 (𝑥) 𝑃𝜆,𝑛 (𝑥) 𝐸𝜆,𝑛+1 (𝑥) 𝑥
𝑘
𝑑𝑥 = 0,

𝑘 = 0, 1, 2, . . . , 𝑛, 𝑛 ≥ 1,

(14)

where 𝑤𝜆(𝑥) = (1 − 𝑥
2
)
𝜆−1/2, 𝜆 > −1/2, and 𝑃𝜆,𝑛(𝑥) is the 𝑛th

ultraspherical polynomial for the weight function 𝑤𝜆(𝑥). In
1935, Szegö [2] showed that the zeros of the generalized
Stieltjes polynomials 𝐸𝜆,𝑛+1(𝑥) are real and inside [−1, 1] and
interlace with the zeros of 𝑃𝜆,𝑛(𝑥) whenever 0 ≤ 𝜆 ≤ 2.

For the properties of interpolation operators based at
the zeros of 𝐸𝜆,𝑛+1 and the zeros of 𝑃𝜆,𝑛𝐸𝜆,𝑛+1, Ehrich and
Mastroianni [3, 4] proved that Lagrange interpolation
operators 𝐿𝑛+1 based on the zeros of 𝐸𝜆,𝑛+1 and extended
Lagrange interpolation operators L2𝑛+1 based on the zeros
of 𝐸𝜆,𝑛+1𝑃𝜆,𝑛 have Lebesgue constants ‖𝐿𝑛+1‖∞ (0 < 𝜆 < 1)
and ‖L2𝑛+1‖∞

(0 < 𝜆 ≤ 1/2) of optimal order, that is,
𝑂(log 𝑛). For the Hermite-Fejér interpolation operator
𝐻𝑛+1 based on the zeros of 𝐸𝜆,𝑛+1 and the extended
Hermite-Fejér interpolation operator H2𝑛+1 based on the
zeros of 𝐸𝜆,𝑛+1𝑃𝜆,𝑛, it is proved that Lebesgue constants
‖𝐻𝑛+1‖∞

(0 < 𝜆 < 1) and ‖H2𝑛+1‖∞
(0 < 𝜆 ≤ 1/2) are of

optimal order, that is, 𝑂(1), in [5]. In this paper, we consider
the higher-order Hermite-Fejér interpolation operator
𝐻𝑛+1,𝑚 based on the zeros of 𝐸𝜆,𝑛+1 and the higher-order
extended Hermite-Fejér interpolation operator H2𝑛+1,𝑚

based on the zeros of 𝐸𝜆,𝑛+1𝑃𝜆,𝑛. When 𝑚 is even, we show
that Lebesgue constants of these interpolation operators are
𝑂(𝑛

max{(1−𝜆)𝑚−2,0}
) and 𝑂(𝑛max{(1−2𝜆)𝑚−2,0}

), respectively; that
is, ‖𝐻𝑛+1,𝑚‖ = 𝑂(𝑛

max{(1−𝜆)𝑚−2,0}
) (0 < 𝜆 < 1) and ‖H2𝑛+1,𝑚‖

= 𝑂(𝑛
max{(1−2𝜆)𝑚−2,0}

) (0 < 𝜆 < 1/2). In the case of the
Hermite-Fejér interpolation polynomials H2𝑛+1,𝑚[⋅] for
1/2 ≤ 𝜆 < 1, we can prove the weighted uniformconvergence.
In addition, when 𝑚 is odd, we will show that these
interpolations diverge for a certain continuous function
on [−1, 1], proving that Lebesgue constants of these
interpolation operators are similar or greater than log 𝑛.
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This paper is organized as follows. In Section 2, we will
introduce the main results. In Section 3, we will show
the auxiliary propositions and estimate the coefficients of
Hermite-Fejér interpolation polynomials in order to prove
themain results. Finally, wewill prove the results in Section 4.

2. Main Results

We first introduce some notations, which we use in the
following. For the ultraspherical polynomials 𝑃𝜆,𝑛, 𝜆 ̸= 0, we
use the normalization 𝑃𝜆,𝑛(1) = ( 𝑛+2𝜆−1𝑛

) = 𝑂(𝑛
2𝜆−1
). We

denote the zeros of 𝑃𝜆,𝑛 by 𝑥
(𝜆)

],𝑛 , ] = 1, . . . , 𝑛, and the zeros
of Stieltjes polynomials 𝐸𝜆,𝑛+1 by 𝜉(𝜆)

𝜇,𝑛+1
, 𝜇 = 1, . . . , 𝑛 + 1.

We denote the zeros of 𝐹𝜆,2𝑛+1 := 𝑃𝜆,𝑛𝐸𝜆,𝑛+1 by 𝑦
(𝜆)

],2𝑛+1, ] =
1, . . . , 2𝑛 + 1. All nodes are ordered by increasing magnitude.
We set 𝜑(𝑥) := √1 − 𝑥2, and for any two sequences {𝑏𝑛}𝑛 and
{𝑐𝑛}𝑛 of nonzero real numbers (or functions), we write 𝑏𝑛 ∼ 𝑐𝑛
if 𝑏𝑛 ≤ 𝐶𝑐𝑛 and 𝑐𝑛 ≤ 𝐶𝑏𝑛. We denote the space of polynomials
of degree at most 𝑛 byP𝑛.

For the Chebyshev polynomial 𝑇𝑛(𝑥), note that for 𝜆 = 0
and 𝜆 = 1

𝐸0,𝑛+1 (𝑥) =

2𝑛

𝜋

(𝑇𝑛+1 (𝑥) − 𝑇𝑛−1 (𝑥)) ,

𝐸1,𝑛+1 (𝑥) =

2

𝜋

𝑇𝑛+1 (𝑥) .

(15)

In this paper, we let 𝑃(0)
𝑛
(𝑥) := 𝑇𝑛(𝑥)/𝑛. In these cases, the

results are well known or can easily be deduced. Therefore,
we will consider the cases for 0 < 𝜆 < 1 and let 0 < 𝜆 < 1 in
the following.

Let 𝐻𝑛+1,𝑚[𝑓] be the Hermite-Fejér interpolation poly-
nomials of 𝑓 with respect to the zeros of 𝐸𝜆,𝑛+1(𝑥). Also let
H2𝑛+1,𝑚[𝑓] be the Hermite-Fejér interpolation polynomials
of 𝑓 with respect to the zeros of 𝐹𝜆,2𝑛+1(𝑥). The fundamental
Lagrange interpolation polynomials 𝑙𝑘,𝑛+1(𝑥) and 𝑙

∗

],2𝑛+1(𝑥)

with respect to 𝐻𝑛+1,𝑚[⋅] and H2𝑛+1,𝑚[⋅], respectively, are
given by

𝑙𝜇,𝑛+1 (𝑥) =

𝐸𝜆,𝑛+1 (𝑥)

𝐸


𝜆,𝑛+1
(𝜉
(𝜆)

𝜇,𝑛+1
) (𝑥 − 𝜉

(𝜆)

𝜇,𝑛+1
)

,

𝜇 = 1, 2, . . . , 𝑛 + 1,

𝑙
∗

],2𝑛+1 (𝑥) =
𝐹𝜆,2𝑛+1 (𝑥)

𝐹


𝜆,2𝑛+1
(𝑦
(𝜆)

],2𝑛+1) (𝑥 − 𝑦
(𝜆)

],2𝑛+1)
,

] = 1, 2, . . . , 2𝑛 + 1.

(16)

We let ‖𝐻𝑛+1,𝑚‖ and ‖H2𝑛+1,𝑚‖ be the Lebesgue constants
based on the zeros of 𝐸𝜆,𝑛+1(𝑥) and 𝐹𝜆,2𝑛+1(𝑥), respectively.

That is, the Lebesgue constants ‖𝐻𝑛+1,𝑚‖ and ‖H2𝑛+1,𝑚‖ are
defined as follows:




𝐻𝑛+1,𝑚






:= sup
𝑥∈[−1,1]

𝑛+1

∑

𝜇=1

𝑚−1

∑

𝑖=0









𝑒𝑖,𝜇𝑙
𝑚

𝜇,𝑛+1
(𝑥) (𝑥 − 𝜉

(𝜆)

𝜇,𝑛+1
)

𝑖






,

(17)





H2𝑛+1,𝑚






:= sup
𝑥∈[−1,1]

2𝑛+1

∑

]=1

𝑚−1

∑

𝑖=0









𝑒
∗

𝑖,]𝑙
∗𝑚

],2𝑛+1 (𝑥) (𝑥 − 𝑦
(𝜆)

],2𝑛+1)
𝑖






(18)

and for a nonnegative real function 𝑢(𝑥),





H2𝑛+1,𝑚




𝑢

:= sup
𝑥∈[−1,1]

𝑢 (𝑥)

2𝑛+1

∑

]=1

𝑚−1

∑

𝑖=0









𝑒
∗

𝑖,]𝑙
∗𝑚

],2𝑛+1 (𝑥) (𝑥 − 𝑦
(𝜆)

],2𝑛+1)
𝑖






,

(19)

where 𝑒𝑖,𝜇 and 𝑒∗
𝑖,] are the coefficients of the higher-order

Hermite-Fejér interpolation polynomials defined in (4), with
respect to𝐻𝑛+1,𝑚[⋅] andH2𝑛+1,𝑚[⋅], respectively.

2.1. Uniform Convergence of Hermite-Fejér Interpolation
Polynomials of Higher Order

Theorem 1. Let 0 < 𝜆 < 1 and𝑚 = 2, 4, 6, . . ..

(a)





𝐻𝑛+1,𝑚





= 𝑂 (𝑛

max{(1−𝜆)𝑚−2,0}
) . (20)

(b) Suppose that (1 − 𝜆)𝑚 ≤ 2. Then, for a continuous
function𝑓 on [−1, 1] one has uniformly for 𝑥 ∈ [−1, 1],

lim
𝑛→∞





𝐻𝑛+1,𝑚 [𝑓] (𝑥) − 𝑓 (𝑥)





= 0. (21)

Theorem 2. Let 0 < 𝜆 < 1 and𝑚 = 2, 4, 6, . . ..

(a) Then one has for 0 < 𝜆 < 1/2





H2𝑛+1,𝑚





= 𝑂 (𝑛

max{(1−2𝜆)𝑚−2,0}
) (22)

and for 1/2 ≤ 𝜆 < 1





H2𝑛+1,𝑚




𝜑(2𝜆−1)𝑚

= 𝑂 (1) . (23)

(b) For a continuous function 𝑓 on [−1, 1], if 0 < (1 −
2𝜆)𝑚 ≤ 2, then one has uniformly for 𝑥 ∈ [−1, 1],

lim
𝑛→∞





H2𝑛+1,𝑚 [𝑓] (𝑥) − 𝑓 (𝑥)





= 0 (24)

and if 1/2 ≤ 𝜆 < 1, then

lim
𝑛→∞





H2𝑛+1,𝑚 [𝑓] (𝑥) − 𝑓 (𝑥)





𝜑
(2𝜆−1)𝑚

(𝑥) = 0. (25)
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2.2. Divergence of Hermite-Fejér Interpolation Polynomials of
Higher Order

Theorem 3. Let 0 < 𝜆 < 1 and𝑚 = 1, 3, 5, . . .. Then,





𝐻𝑛+1,𝑚





∼ ln 𝑛. (26)

Theorem 4. Let 0 < 𝜆 < 1 and 𝑚 = 2, 4, 6, . . .. Let 𝜀 > 0.
Suppose that






𝑒𝑚−1,𝜇






∼ 𝑛

𝜆+𝑚−2
𝜑
𝜆−𝑚
(𝜉
(𝜆)

𝜇,𝑛+1
) . (27)

If (1 − 𝜆)𝑚 > 2, then





𝐻𝑛+1,𝑚





∼ 𝑛

(1−𝜆)𝑚−2
. (28)

Theorem 5. Let 0 < 𝜆 < 1 and𝑚 = 1, 3, 5, . . .. Then,





H2𝑛+1,𝑚





∼ ln 𝑛. (29)

Theorem 6. Let 0 < 𝜆 < 1 and 𝑚 = 2, 4, 6, . . .. Let 𝜀 > 0.
Suppose that






𝑒
∗

𝑚−1,]





∼ 𝑛

𝜆+𝑚−2
𝜑
𝜆−𝑚
(𝑦
(𝜆)

],2𝑛+1) . (30)

If (1 − 2𝜆)𝑚 > 2, then





H2𝑛+1,𝑚





∼ 𝑛

max{(1−2𝜆)𝑚−2,0}
. (31)

If the Lebesgue constant is not bounded, then we know
from Helley’s theorem that Hermite-Fejér interpolation does
not converge for a certain continuous function on [−1, 1].

3. Estimation of the Coefficients
of Higher-Order Hermite-Fejér
Interpolation Polynomials

Proposition 7. Let 0 < 𝜆 < 1.

(1) See [4, Theorem 2.1], for 𝑛 ≥ 0,





𝐸𝜆,𝑛+1 (𝑥)





≤ 𝐶 (𝑛

1−𝜆
𝜑
1−𝜆
(𝑥) + 1) − 1 ≤ 𝑥 ≤ 1. (32)

Furthermore, 𝐸𝜆,𝑛+1(1) ≥ 𝐶.
(2) See [4, Theorem 2.1] and [6, 7.33.5], for 𝑛 ≥ 0,





𝐹𝜆,2𝑛+1 (𝑥)





≤ 𝐶𝜑

1−2𝜆
(𝑥) , −1 +

𝐶

𝑛
2
≤ 𝑥 ≤ 1 −

𝐶

𝑛
2
. (33)

Proposition 8 (see [4, Lemma 5.5]). Let 0 < 𝜆 < 1. Then, for
𝜇 = 1, 2, . . . , 𝑛 + 1,






𝐸


𝜆,𝑛+1
(𝜉
(𝜆)

𝜇,𝑛+1
)






∼ 𝑛

2−𝜆
𝜑
−𝜆
(𝜉
(𝜆)

𝜇,𝑛+1
) (34)

and for ] = 1, 2, . . . , 2𝑛 + 1,






𝐹


𝜆,2𝑛+1
(𝑦
(𝜆)

],2𝑛+1)





∼ 𝑛𝜑

−2𝜆
(𝑦
(𝜆)

],2𝑛+1) . (35)

Proposition9 (see [7,Theorem 2.1]). Let 0 < 𝜆 < 1 and 𝑟 ≥ 1
a positive integer. Then, for all 𝑥 ∈ [𝜉(𝜆)

1,𝑛+1
, 𝜉
(𝜆)

𝑛+1,𝑛+1
],






𝐸𝜆,𝑛+1

(𝑟)
(𝑥)






≤ 𝐶𝑛

𝑟+1−𝜆
𝜑
1−𝑟−𝜆
(𝑥) . (36)

Moreover, one has for 𝑥 ∈ [−1, 𝜉(𝜆)
1,𝑛+1
] ∪ [𝜉

(𝜆)

𝑛+1,𝑛+1
, 1],






𝐸𝜆,𝑛+1

(𝑟)
(𝑥)






∼ 𝑛

2𝑟
. (37)

Proposition 10 (see [7, Theorem 2.2]). Let 0 < 𝜆 < 1 and
𝑟 ≥ 1 a positive integer. Then, for all 𝑥 ∈ [𝜉(𝜆)

1,𝑛+1
, 𝜉
(𝜆)

𝑛+1,𝑛+1
],






𝐹𝜆,2𝑛+1

(𝑟)
(𝑥)






≤ 𝐶𝑛

𝑟
𝜑
1−2𝜆−𝑟

(𝑥) . (38)

Moreover, one has for 𝑥 ∈ [−1, 𝜉(𝜆)
1,𝑛+1
] ∪ [𝜉

(𝜆)

𝑛+1,𝑛+1
, 1],






𝐹𝜆,2𝑛+1

(𝑟)
(𝑥)






∼ 𝑛

2𝜆+2𝑟−1
. (39)

Proposition 11 (see [7, Theorems 2.3, 2.4]). Let 0 < 𝜆 < 1
and 𝑟 ≥ 2 an even integer.

(a) For 1 ≤ 𝜇 ≤ 𝑛 + 1,





𝐸
(𝑟)

𝜆,𝑛+1
(𝜉
(𝜆)

𝜇,𝑛+1
)






≤ 𝐶𝑛

𝑟
𝜑
−𝑟
(𝜉
(𝜆)

𝜇,𝑛+1
) . (40)

(b) For 1 ≤ ] ≤ 2𝑛 + 1,





𝐹
(𝑟)

𝜆,2𝑛+1
(𝑦
(𝜆)

],2𝑛+1)





≤ 𝐶𝑛

𝑟−1+𝜆
𝜑
−𝑟−𝜆
(𝑦
(𝜆)

],2𝑛+1) . (41)

Proposition 12 (see [7, Lemma 4.9]). For 1 ≤ ] ≤ 2𝑛+1, one
has






𝐸𝜆,𝑛+1 (𝑥

(𝜆)

],𝑛)





∼ 𝑛

1−𝜆
𝜑
1−𝜆
(𝑥
(𝜆)

],𝑛) . (42)

Proposition 13 (see [7, Theorems 2.6, 2.7]). Let 0 < 𝜆 < 1
and 0 < 𝜀 < 1.

(a) For |𝜉(𝜆)
𝜇,𝑛+1
| ≤ 1−𝜀 and a positive integer ℓ ≥ 0, one has

𝐸
(2ℓ+1)

𝜆,𝑛+1
(𝜉
(𝜆)

𝜇,𝑛+1
) = (−1)

ℓ
(𝑛 + 1)

2ℓ
𝜑
−2ℓ

× (𝜉
(𝜆)

𝜇,𝑛+1
) 𝐸



𝜆,𝑛+1
(𝜉
(𝜆)

𝜇,𝑛+1
) + 𝑂 (𝑛

2ℓ+1
) .

(43)

(b) For |𝑦(𝜆)],2𝑛+1| ≤ 1 − 𝜀 and a positive integer ℓ ≥ 0, one
has

𝐹
(2ℓ+1)

𝜆,2𝑛+1
(𝑦
(𝜆)

],2𝑛+1) = 𝑐ℓ(−1)
ℓ
(𝑛 + 1)

2ℓ
𝜑
−2ℓ
(𝑦
(𝜆)

],2𝑛+1)

× 𝐹


𝜆,2𝑛+1
(𝑦
(𝜆)

],2𝑛+1) + 𝑂 (𝑛
𝜆+2ℓ
) ,

(44)

where 𝑐ℓ = 2ℓ−1 + 4ℓ/2.

Theorem 14. Let 0 < 𝜆 < 1, 𝑟 ≥ 0 and 𝑛,𝑚 ≥ 1.
(a) Uniformly for 1 ≤ 𝜇 ≤ 𝑛 + 1









[𝑙
𝑚

𝜇,𝑛+1
]

(𝑟)

(𝜉
(𝜆)

𝜇,𝑛+1
)









≤ 𝐶𝑛
𝑟
𝜑
−𝑟
(𝜉
(𝜆)

𝜇,𝑛+1
) (45)

and if 𝑟 is odd,








[𝑙
𝑚

𝜇,𝑛+1
]

(𝑟)

(𝜉
(𝜆)

𝜇,𝑛+1
)









≤ 𝐶𝑛
𝜆+𝑟−1
𝜑
−𝑟−1+𝜆

(𝜉
(𝜆)

𝜇,𝑛+1
) . (46)
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(b) Uniformly for 0 ≤ 𝑠 ≤ 𝑚 − 1,





𝑒𝑠,𝜇






≤ 𝐶𝑛

𝑠
𝜑
−𝑠
(𝜉
(𝜆)

𝜇,𝑛+1
) (47)

and if 𝑠 is odd,





𝑒𝑠,𝜇






≤ 𝐶𝑛

𝜆+𝑠−1
𝜑
−𝑠−1+𝜆

(𝜉
(𝜆)

𝜇,𝑛+1
) . (48)

Theorem 15. Let 0 < 𝜆 < 1, 𝑟 ≥ 0 and 𝑛,𝑚 ≥ 1.

(a) Uniformly for 1 ≤ ] ≤ 2𝑛 + 1,








[𝑙
∗𝑚

],2𝑛+1]
(𝑟)

(𝑦
𝜆

],2𝑛+1)








≤ 𝐶𝑛
𝑟
𝜑
−𝑟
(𝑦
𝜆

],2𝑛+1) (49)

and if 𝑟 is odd, one has








[𝑙
∗𝑚

],2𝑛+1]
(𝑟)

(𝑦
𝜆

],2𝑛+1)








≤ 𝐶𝑛
𝜆+𝑟−1
𝜑
−𝑟−1+𝜆

(𝑦
𝜆

],2𝑛+1) . (50)

(b) Uniformly for 0 ≤ 𝑠 ≤ 𝑚 − 1,





𝑒
∗

𝑠,]





≤ 𝐶𝑛

𝑠
𝜑
−𝑠
(𝑦
𝜆

],2𝑛+1) (51)

and if 𝑠 is odd,





𝑒
∗

𝑠,]





≤ 𝐶𝑛

𝜆+𝑠−1
𝜑
−𝑠−1+𝜆

(𝑦
𝜆

],2𝑛+1) . (52)

Theorem 16. Let 0 < 𝜆 < 1 and 0 < 𝜀 < 1. Suppose that
|𝜉
(𝜆)

𝜇,𝑛+1
| ≤ 1 − 𝜀. Then, there exists a constant 𝜙ℓ(𝑚) > 0

depending only on𝑚 and ℓ such that

(𝑙
𝑚

𝜇,𝑛+1
)

(2ℓ)

(𝜉
(𝜆)

𝜇,𝑛+1
) = (−1)

ℓ
𝜙ℓ (𝑚) (𝑛 + 1)

2ℓ

× 𝜑
−2ℓ
(𝜉
(𝜆)

𝜇,𝑛+1
) (1 + 𝑂 (𝑛

𝜆−1
)) .

(53)

Theorem 17. Let 0 < 𝜆 < 1 and 0 < 𝜀 < 1. Suppose that
|𝜉
(𝜆)

𝜇,𝑛+1
| ≤ 1 − 𝜀. Then, there exists a constant Ψℓ(−𝑚) with

Ψℓ(−𝑚) > 0 depending only on𝑚 and ℓ such that

𝑒2ℓ,𝜇 = (−1)
ℓ 1

(2ℓ)!

Ψℓ (−𝑚) (𝑛 + 1)
2ℓ
𝜑
−2ℓ
(𝜉
(𝜆)

𝜇,𝑛+1
)

× (1 + 𝑂 (𝑛
𝜆−1
)) .

(54)

Theorem 18. Let 0 < 𝜆 < 1 and 0 < 𝜀 < 1. Suppose that
|𝑦
(𝜆)

],2𝑛+1| ≤ 1 − 𝜀. Then, there exists a constant 𝛼ℓ(𝑚) > 0
depending only on𝑚 and ℓ such that

(𝑙
∗𝑚

],2𝑛+1)
(2ℓ)

(𝑦
(𝜆)

],2𝑛+1) = (−1)
ℓ
𝛼ℓ (𝑚) (𝑛 + 1)

2ℓ

× 𝜑
−2ℓ
(𝑦
(𝜆)

],2𝑛+1) (1 + 𝑂 (𝑛
𝜆−1
)) .

(55)

Theorem 19. Let 0 < 𝜆 < 1 and 0 < 𝜀 < 1. Suppose that
|𝑦
(𝜆)

],2𝑛+1| ≤ 1 − 𝜀. Then, there exists a constant Φℓ(−𝑚) with
Φℓ(−𝑚) > 0 depending only on𝑚 and ℓ such that

𝑒
∗

2ℓ,] = (−1)
ℓ 1

(2ℓ)!

Φℓ (−𝑚) (𝑛 + 1)
2ℓ
𝜑
−2ℓ
(𝑦
(𝜆)

],2𝑛+1)

× (1 + 𝑂 (𝑛
𝜆−1
)) .

(56)

Proof of Theorem 14. We prove by induction on𝑚. Since

[𝐸


𝜆,𝑛+1
(𝜉
(𝜆)

𝜇,𝑛+1
)(𝑥 − 𝜉

(𝜆)

𝜇,𝑛+1
)𝑙𝜇,𝑛+1(𝑥)]

(𝑟+1)

𝑥=𝜉
(𝜆)
𝜇,𝑛+1

= 𝐸
(𝑟+1)

𝜆,𝑛+1
(𝜉
(𝜆)

𝜇,𝑛+1
) ,

(57)

we know that

𝑙
(𝑟)

𝜇,𝑛+1
(𝜉
(𝜆)

𝜇,𝑛+1
) =

𝐸
(𝑟+1)

𝜆,𝑛+1
(𝜉
(𝜆)

𝜇,𝑛+1
)

(𝑟 + 1) 𝐸


𝜆,𝑛+1
(𝜉
(𝜆)

𝜇,𝑛+1
)

. (58)

So, it holds for 𝑚 = 1 by (34) and (36). Now, assume that it
holds for 1, 2, . . . , 𝑚−1. Then, using Leibnitz’s rule for differ-
entiation, we obtain








[𝑙
𝑚

𝜇,𝑛+1
]

(𝑟)

(𝜉
(𝜆)

𝜇,𝑛+1
)









≤ 𝐶

𝑟

∑

𝑖=0

(

𝑟

𝑖
)






𝑙
(𝑖)

𝜇,𝑛+1
(𝜉
(𝜆)

𝜇,𝑛+1
)







×









[𝑙
𝑚−1

𝜇,𝑛+1
]

(𝑟−𝑖)

(𝜉
(𝜆)

𝜇,𝑛+1
)









≤ 𝐶𝑛
𝑟
𝜑
−𝑟
(𝜉
(𝜆)

𝜇,𝑛+1
) .

(59)

Suppose that 𝑟 is odd. Then,









[𝑙
𝑚

𝜇,𝑛+1
]

(𝑟)

(𝜉
(𝜆)

𝜇,𝑛+1
)









≤ 𝐶

𝑟

∑

𝑖=0

(

𝑟

𝑖
)






𝑙
(𝑖)

𝜇,𝑛+1
(𝜉
(𝜆)

𝜇,𝑛+1
)







×









[𝑙
𝑚−1

𝜇,𝑛+1
]

(𝑟−𝑖)

(𝜉
(𝜆)

𝜇,𝑛+1
)









:= ( ∑

𝑖=even
+ ∑

𝑖=odd
) .

(60)

Since 𝑟 − 𝑖 is odd for an even 𝑖 and 𝑟 − 𝑖 is even for an odd 𝑖,
we have by themathematical induction on𝑚, (34), (36), (40),
and (58),

∑

𝑖=even or odd






𝑙
(𝑖)

𝜇,𝑛+1
(𝜉
(𝜆)

𝜇,𝑛+1
)















[𝑙
𝑚−1

𝜇,𝑛+1
]

(𝑟−𝑖)

(𝜉
(𝜆)

𝜇,𝑛+1
)









≤ 𝐶𝑛
𝜆+𝑟−1
𝜑
−𝑟+𝜆−1

(𝜉
(𝜆)

𝜇,𝑛+1
) .

(61)

These complete the proofs of (45) and (46). To prove (47) and
(48), we proceed by induction on 𝑠. Firstly, for 𝑠 = 0, (47) is
trivial since 𝑒0,𝜇 = 1. For 𝑠 ≥ 1, we have by [8, (3.3)] and [8,
(3.4)]

0 = ℎ
(𝑠)

𝜇
(𝜉
(𝜆)

𝜇,𝑛+1
) =

𝑠

∑

𝑖=0

𝑒𝑖,𝜇 (
𝑠

𝑖
) 𝑖![𝑙

𝑚

𝜇,𝑛+1
]

(𝑠−𝑖)

(𝜉
(𝜆)

𝜇,𝑛+1
) , (62)

so that

𝑒𝑠,𝜇 = −

1

𝑠!

𝑠−1

∑

𝑖=0

𝑒𝑖,𝜇 (
𝑠

𝑖
) 𝑖![𝑙

𝑚

𝜇,𝑛+1
]

(𝑠−𝑖)

(𝜉
(𝜆)

𝜇,𝑛+1
) . (63)

Thus, if we assume that (47) holds for 𝑠 = 0, 1, . . . , 𝑡−1, 𝑡 ≥ 1,
then by (45), we have






𝑒𝑡,𝜇






≤ 𝐶

𝑡−1

∑

𝑖=0






𝑒𝑖,𝜇






[𝑙
𝑚

𝜇,𝑛+1
]

(𝑡−𝑖)

(𝜉
(𝜆)

𝜇,𝑛+1
) ≤ 𝐶

𝑛
𝑡

𝜑
𝑡
(𝜉
(𝜆)

𝜇,𝑛+1
)

. (64)
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Suppose that 𝑡 is odd. Then,






𝑒𝑡,𝜇






≤ 𝐶(

𝑡−1

∑

𝑖=even
+

𝑡−1

∑

𝑖=odd
)






𝑒𝑖,𝜇






[𝑙
𝑚

𝜇,𝑛+1
]

(𝑡−𝑖)

(𝜉
(𝜆)

𝜇,𝑛+1
) . (65)

Since 𝑡 − 𝑖 is odd for an even 𝑖 and 𝑡 − 𝑖 is even for an odd 𝑖,
we have by the mathematical induction, (45), (46), and (47)

𝑡−1

∑

𝑖=even or odd






𝑒𝑖,𝜇






[𝑙
𝑚

𝜇,𝑛+1
]

(𝑡−𝑖)

(𝜉
(𝜆)

𝜇,𝑛+1
)

≤ 𝐶𝑛
𝜆+𝑡−1
𝜑
𝜆−𝑡−1
(𝜉
(𝜆)

𝜇,𝑛+1
) .

(66)

These complete the proofs of (47) and (48).

Proof of Theorem 15. Using (35), (38), and (41), this is proved
by the same method as the proof of Theorem 14.

For 𝑗 = 0, 1, . . . define 𝜙𝑗(1) := (2𝑗 + 1)
−1 and for 𝑘 ≥ 2

𝜙𝑗 (𝑘) :=

𝑗

∑

𝑟=0

1

2𝑗 − 2𝑟 + 1

(

2𝑗

2𝑟
) 𝜙𝑟 (𝑘 − 1) .

(67)

We rewrite the relation (67) in the form for ] = 1, 2, 3 . . .,

𝜙0 (]) := 1 (68)

and for 𝑗 = 1, 2, 3, . . ., ] = 2, 3, 4, . . .,

𝜙𝑗 (]) − 𝜙𝑗 (] − 1) =
1

2𝑗 + 1

𝑗−1

∑

𝑟=0

(

2𝑗 + 1

2𝑟
) 𝜙𝑟 (] − 1) . (69)

Now, for every 𝑗, we will introduce an auxiliary polynomial
determined by {Ψ𝑗(𝑦)}

∞

𝑗=1
as the following lemma.

Lemma 20 (see [9, Lemma 11]).
(i) For 𝑗 = 0, 1, 2, . . ., there exists a unique polynomial
Ψ𝑗(𝑦) of degree 𝑗 such that

Ψ𝑗 (]) = 𝜙𝑗 (]) , ] = 1, 2, 3, . . . . (70)

(ii) Ψ0(𝑦) = 1 and Ψ𝑗(0) = 0, 𝑗 = 1, 2, . . ..

Lemma 21 (see [9, Lemma 13]). If 𝑦 < 0, then for 𝑗 =
0, 1, 2, . . .,

(−1)
𝑗
Ψ𝑗 (𝑦) > 0. (71)

Lemma 22 (see [9, Proof of Lemma 14]). For positive integers
𝑠 and𝑚,

𝑠

∑

𝑟=0

(

2𝑠

2𝑟
)Ψ𝑟 (−𝑚) 𝜙𝑠−𝑟 (𝑚) = 0. (72)

Proof of Theorem 16. Similarly to Theorem 14, we use math-
ematical induction with respect to 𝑚. From (58), (43), and
(34), we know that

𝑙
(2ℓ)

𝜇,𝑛+1
(𝜉𝜇,𝑛+1) = (−1)

ℓ
𝜙ℓ (1) (𝑛 + 1)

2ℓ
𝜑
−2ℓ
(𝜉
(𝜆)

𝜇,𝑛+1
)

× (1 + 𝑂 (𝑛
𝜆−1
)) ,






𝑙
(2ℓ−1)

𝜇,𝑛+1
(𝜉𝜇,𝑛+1)






≤ 𝑂 (𝑛

2ℓ−2+𝜆
) .

(73)

Then, from the following relations:

(𝑙
𝑚

𝜇,𝑛+1
)

(2ℓ)

(𝜉𝜇,𝑛+1)

= ∑

0≤2𝑟≤2ℓ

(

2ℓ

2𝑟
) (𝑙

𝑚−1

𝜇,𝑛+1
)

(2𝑟)

(𝜉𝜇,𝑛+1) 𝑙
(2ℓ−2𝑟)

𝜇,𝑛+1
(𝜉𝜇,𝑛+1)

+ ∑

1≤2𝑟−1≤2ℓ

(

2ℓ

2𝑟 − 1
) (𝑙

𝑚−1

𝜇,𝑛+1
)

(2𝑟−1)

× (𝜉𝜇,𝑛+1) 𝑙
(2ℓ−2𝑟+1)

𝜇,𝑛+1
(𝜉𝜇,𝑛+1)

= (−1)
ℓ
𝜙ℓ (𝑚) (𝑛 + 1)

2ℓ
𝜑
−2ℓ
(𝜉
(𝜆)

𝜇,𝑛+1
) (1 + 𝑂 (𝑛

𝜆−1
)) ,

(𝑙
𝑚

𝜇,𝑛+1
)

(2ℓ−1)

(𝜉𝜇,𝑛+1)

= ∑

0≤2𝑟≤2ℓ−1

(

2ℓ − 1

2𝑟
) (𝑙

𝑚−1

𝜇,𝑛+1
)

(2𝑟)

(𝜉𝜇,𝑛+1) 𝑙
(2ℓ−2𝑟−1)

𝜇,𝑛+1
(𝜉𝜇,𝑛+1)

+ ∑

1≤2𝑟−1≤2ℓ−1

(

2ℓ − 1

2𝑟 − 1
) (𝑙

𝑚−1

𝜇,𝑛+1
)

(2𝑟−1)

× (𝜉𝜇,𝑛+1) 𝑙
(2ℓ−2𝑟)

𝜇,𝑛+1
(𝜉𝜇,𝑛+1)

= 𝑂 (𝑛
2ℓ−2+𝜆
) ,

(74)

we have the results by induction with respect to𝑚.

Proof of Theorem 17. We prove (54) by induction on 𝑠. Since
𝑒0,𝜇 = 1 and Ψ0(𝑦) = 1, (54) holds for 𝑠 = 0. From (63), we
write 𝑒2𝑠,𝜇 in the form of

𝑒2𝑠,𝜇 = −

𝑠−1

∑

𝑟=0

1

(2𝑠 − 2𝑟)!

𝑒2𝑟,𝜇(𝑙
𝑚

𝜇,𝑛+1
)

(2𝑠−2𝑟)

(𝜉
(𝜆)

𝜇,𝑛+1
)

−

𝑠

∑

𝑟=1

1

(2𝑠 − 2𝑟 + 1)!

𝑒2𝑟−1,𝜇(𝑙
𝑚

𝜇,𝑛+1
)

(2𝑠−2𝑟+1)

(𝜉
(𝜆)

𝜇,𝑛+1
)

=: 𝐼 + 𝐼𝐼.

(75)

Then, by (46) and (48), |𝐼𝐼| is 𝑂(𝑛2𝑠+2𝜆−2). For 0 ≤ 𝑟 ≤ 𝑠 − 1,
we suppose (54). Then, since we know from (53)

(𝑙
𝑚

𝜇,𝑛+1
)

(2𝑠−2𝑟)

(𝜉
(𝜆)

𝜇,𝑛+1
) = (−1)

𝑠−𝑟
𝜙𝑠−𝑟 (𝑚) (𝑛 + 1)

2(𝑠−𝑟)

× 𝜑
−2(𝑠−𝑟)

(𝜉
(𝜆)

𝜇,𝑛+1
) (1 + 𝑂 (𝑛

𝜆−1
)) ,

𝑒2𝑟,𝜇 = (−1)
𝑟 1

(2𝑟)!

Ψ𝑟 (−𝑚) (𝑛 + 1)
2𝑟

× 𝜑
−2𝑟
(𝜉
(𝜆)

𝜇,𝑛+1
) (1 + 𝑂 (𝑛

𝜆−1
)) ,

(76)
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we have for 𝐼
𝑠−1

∑

𝑟=0

=

(−1)
𝑠+1

(2𝑠)!

(𝑛 + 1)
2𝑠
𝜑
−2𝑠
(𝜉
(𝜆)

𝜇,𝑛+1
)

×

𝑠−1

∑

𝑟=0

(

2𝑠

2𝑟
)Ψ𝑟 (−𝑚) 𝜙𝑠−𝑟 (𝑚) (1 + 𝑂 (𝑛

𝜆−1
)) .

(77)

Then, using Lemma 22 and 𝜙0(𝑚) = 1, we have the following
form:

𝑒2𝑠,𝜇 =

(−1)
𝑠

(2𝑠)!

Ψ𝑠 (−𝑚) (𝑛 + 1)
2𝑠
𝜑
−2𝑠
(𝜉
(𝜆)

𝜇,𝑛+1
)

× (1 + 𝑂 (𝑛
𝜆−1
)) .

(78)

Therefore, we proved the result.

Proof of Theorems 18 and 19. These theorems are proved by
the same method as the above theorems.

4. The Proofs of Theorems

4.1. Proof of Theorems 1 and 2. From now on, we assume
that 0 < 𝜆 < 1. We first state some known results for the
Stieltjes polynomials. Let 𝑥(𝜆)

𝜂,𝑛
:= cos𝜙(𝜆)

𝜂,𝑛
, 𝜂 = 1, . . . , 𝑛,

𝜉
(𝜆)

𝜇,𝑛+1
:= cos 𝜃(𝜆)

𝜇,𝑛+1
, 𝜇 = 1, . . . , 𝑛 + 1, and 𝑦(𝜆)],2𝑛+1 := cos𝜓

(𝜆)

],2𝑛+1,
] = 1, 2, . . . , 2𝑛 + 1. Ehrich and Mastroianni [4] proved that
for 𝜇 = 0, 1, . . . , 𝑛 + 1 and ] = 0, 1, . . . , 2𝑛 + 1






𝜙
(𝜆)

𝜂,𝑛
− 𝜙

(𝜆)

𝜂+1,𝑛






∼






𝜃
(𝜆)

𝜇,𝑛+1
− 𝜃

(𝜆)

𝜇+1,𝑛+1







∼






𝜓
(𝜆)

],2𝑛+1 − 𝜓
(𝜆)

]+1,2𝑛+1





∼ 𝑛

−1
,

(79)

where 𝜓(𝜆)
0,2𝑛+1

:= 𝜃
(𝜆)

0,𝑛+1
:= 𝜙

(𝜆)

0,𝑛
= 𝜋 and 𝜓(𝜆)

2𝑛+2,2𝑛+1
:=

𝜃
(𝜆)

𝑛+2,𝑛+1
:= 𝜙

(𝜆)

𝑛+1,𝑛
:= 0. It implies that for 𝜇 = 0, 1, . . . , 𝑛 + 2

and ] = 0, 1, . . . , 2𝑛 + 2,

𝜉
(𝜆)

𝜇+1,𝑛+1
− 𝜉

(𝜆)

𝜇,𝑛+1
∼

1

𝑛

𝜑 (𝜉
(𝜆)

𝜇,𝑛+1
) ;

𝑦
(𝜆)

]+1,2𝑛+1 − 𝑦
(𝜆)

],2𝑛+1 ∼
1

𝑛

𝜑 (𝑦
(𝜆)

],2𝑛+1) ,

𝜑 (𝜉
(𝜆)

𝜇+1,𝑛+1
) ∼ 𝜑 (𝜉

(𝜆)

𝜇,𝑛+1
) ;

𝜑 (𝑦
(𝜆)

]+1,2𝑛+1) ∼ 𝜑 (𝑦
(𝜆)

],2𝑛+1) ,

(80)

where 𝑦(𝜆)
0,2𝑛+1
:= 𝜉

(𝜆)

0,𝑛+1
:= −1 and 𝑦(𝜆)

2𝑛+2,2𝑛+1
:= 𝜉

(𝜆)

𝑛+2,𝑛+1
:= 1.

Lemma 23. Let 𝑘 be a positive integer and 0 < 𝑥 < 1 − 𝐶/𝑛2.
Then,

(a) for 𝛼 > 0,

∫
0≤𝑡≤1−𝐶/𝑛

2
,

|𝑥−𝑡|>𝜑(𝑥)/𝑛

𝜑
−𝛼
(𝑡) 𝜑

𝑘−1
(𝑡)

|𝑥 − 𝑡|
𝑘
𝑑𝑡

≤ 𝐶𝜑
−𝛼
(𝑥) 𝑛

𝑘−1
𝑂(𝑛

max{𝛼−2𝑘,0}
)

× {

1, 𝑘 ⩾ 2;

ln 𝑛, 𝑘 = 1;

(81)

(b) for 𝛼1 > 0 and 𝜀1 > 0,

∫
0≤𝑡≤1−𝐶/𝑛

2
,

|𝑥−𝑡|>𝜑(𝑥)/𝑛

𝜑
−𝛼1−𝜀1
(𝑡) 𝜑

𝑘−1
(𝑡)

|𝑥 − 𝑡|
𝑘

𝑑𝑡

≤ 𝐶𝜑
−𝛼1
(𝑥) 𝑛

𝑘−1+𝜀1
𝑂(𝑛

max{𝛼1−2𝑘,0}
) ;

(82)

(c) for 𝛼 > 0,

∫
0≤𝑡≤1−𝐶/𝑛

2
,

|𝑥−𝑡|>𝜑(𝑥)/𝑛

𝜑
𝛼
(𝑡) 𝜑

𝑘−1
(𝑡)

|𝑥 − 𝑡|
𝑘
𝑑𝑡 ≤ 𝐶𝑛

𝑘−1
{

1, 𝑘 ⩾ 2;

ln 𝑛, 𝑘 = 1; (83)

(d) for 𝛼1 > 0 and 𝜀1 > 0,

∫
0≤𝑡≤1−𝐶/𝑛

2
,

|𝑥−𝑡|>𝜑(𝑥)/𝑛

𝜑
𝛼1−𝜀1
(𝑡) 𝜑

𝑘−1
(𝑡)

|𝑥 − 𝑡|
𝑘
𝑑𝑡 ≤ 𝐶𝑛

𝑘−1+𝜀1
. (84)

Proof. (a)

∫
0≤𝑡≤1−𝐶/𝑛

2
,

|𝑥−𝑡|>𝜑(𝑥)/𝑛

𝜑
−𝛼+𝑘−1

(𝑡)

|𝑥 − 𝑡|
𝑘
𝑑𝑡

∼ ∫

𝑥∗

0

+∫

(1+𝑥
∗
)/2

𝑥∗
+∫

1−𝐶/𝑛
2

(1+𝑥∗)/2

𝜑
−𝛼+𝑘−1

(𝑡)

|𝑥 − 𝑡|
𝑘
𝑑𝑡

=: 𝐼1 + 𝐼2 + 𝐼3,

(85)

where 𝑥∗ := 𝑥 − 𝜑(𝑥)/𝑛 and 𝑥
∗
:= 𝑥 + 𝜑(𝑥)/𝑛.

𝐼1: Suppose that 0 ≤ 𝑡 ≤ 𝑥∗. Then, since 𝜑−𝛼(𝑡) ≤ 𝜑−𝛼(𝑥),
we have

∫

𝑥∗

0

𝜑
−𝛼+𝑘−1

(𝑡)

|𝑥 − 𝑡|
𝑘
𝑑𝑡 ≤ 𝐶𝜑

−𝛼
(𝑥) ∫

𝑥∗

0

𝜑
𝑘−1
(𝑡)

|𝑥 − 𝑡|
𝑘
𝑑𝑡. (86)

Since we know for 0 ≤ 𝑡 ≤ 𝑥∗,

𝜑 (𝑡) ∼ (𝑥 − 𝑡)
1/2
+ 𝜑 (𝑥) , (87)

we have

∫

𝑥∗

0

𝜑
𝑘−1
(𝑡)

|𝑥 − 𝑡|
𝑘
𝑑𝑡

∼ ∫

𝑥∗

0

1

|𝑥 − 𝑡|
(𝑘−1)/2

|𝑥 − 𝑡|

𝑑𝑡 + 𝜑
𝑘−1
(𝑥)

× ∫

𝑥∗

0

1

|𝑥 − 𝑡|
𝑘−1
|𝑥 − 𝑡|

𝑑𝑡

≤ 𝐶{





𝑥 − 𝑥∗






−(𝑘−1)/2
+ 𝜑

𝑘−1
(𝑥)




𝑥 − 𝑥∗






−𝑘+1
, 𝑘 ≥ 2;

ln 𝑛, 𝑘 = 1

≤ 𝐶{

𝑛
𝑘−1
, 𝑘 ≥ 2;

ln 𝑛, 𝑘 = 1.
(88)
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Therefore, we have for 𝐼1

𝐼1 ≤ 𝐶𝜑
−𝛼
(𝑥) {

𝑛
𝑘−1
, 𝑘 ≥ 2;

ln 𝑛, 𝑘 = 1.
(89)

𝐼2: Since 𝜑(𝑡) ∼ 𝜑(𝑥) for 𝑥
∗
≤ 𝑡 ≤ (1 + 𝑥

∗
)/2,

∫

(1+𝑥
∗
)/2

𝑥∗

𝜑
−𝛼+𝑘−1

(𝑡)

|𝑥 − 𝑡|
𝑘
𝑑𝑡

∼ 𝜑
−𝛼+𝑘−1

(𝑥) ∫

(1+𝑥
∗
)/2

𝑥∗

1

|𝑥 − 𝑡|
𝑘
𝑑𝑡

≤ 𝐶𝜑
−𝛼
(𝑥) {

𝑛
𝑘−1
, 𝑘 ≥ 2;

ln 𝑛, 𝑘 = 1.

(90)

Therefore, we have

𝐼2 ≤ 𝐶𝜑
−𝛼
(𝑥) {

𝑛
𝑘−1
, 𝑘 ≥ 2;

ln 𝑛, 𝑘 = 1.
(91)

𝐼3: Since |𝑥 − 𝑡| ≥ 𝐶|1 − 𝑡| for (1 + 𝑥
∗
)/2 < 𝑡 < 1 − 𝐶/𝑛

2, we
have for 𝐼3

∫

1−𝐶/𝑛
2

(1+𝑥∗)/2

𝜑
−𝛼+𝑘−1

(𝑡)

|𝑥 − 𝑡|
𝑘
𝑑𝑡

= ∫

1−𝐶/𝑛
2

(1+𝑥∗)/2

𝜑
−𝛼+𝑘−1

(𝑡)

|𝑥 − 𝑡|
𝑘−𝛼/2
|𝑥 − 𝑡|

𝛼/2
𝑑𝑡

≤ 𝐶

1

|(1 + 𝑥
∗
)/2 − 𝑥|

𝛼/2

× ∫

1−𝐶/𝑛
2

(1+𝑥∗)/2

1

(1 − 𝑡)
(𝑘+1)/2

𝜑
−𝛼+2𝑘
(𝑡)

|𝑥 − 𝑡|
−𝛼/2+𝑘

𝑑𝑡.

(92)

Since for (1 + 𝑥∗)/2 < 𝑡 < 1 − 𝐶/𝑛2 ,

𝜑
−𝛼+2𝑘
(𝑡)

|𝑥 − 𝑡|
−𝛼/2+𝑘

≤ 𝐶{

1, if − 𝛼 + 2𝑘 ≥ 0;
𝑛
𝛼−2𝑘
, if − 𝛼 + 2𝑘 < 0

= 𝑂 (𝑛
max{𝛼−2𝑘,0}

) ,

(93)

with |(1 + 𝑥∗)/2 − 𝑥| ∼ 1 − 𝑥 ∼ 𝜑2(𝑥), we have

𝐼3 = ∫

1−𝐶/𝑛
2

(1+𝑥∗)/2

𝜑
−𝛼+𝑘−1

(𝑡)

|𝑥 − 𝑡|
𝑘
𝑑𝑡

≤ 𝑂 (𝑛
max{𝛼−2𝑘,0}

) 𝜑
−𝛼
(𝑥)

× ∫

1−𝐶/𝑛
2

(1+𝑥∗)/2

1

(1 − 𝑡)
(𝑘+1)/2

𝑑𝑡

∼ 𝑛
𝑘−1
𝜑
−𝛼
(𝑥)𝑂 (𝑛

max{𝛼−2𝑘,0}
) {

1, 𝑘 ⩾ 2;

ln 𝑛, 𝑘 = 1.

(94)

Therefore, we have the result (a).

(b) Similarly to (a), we let

∫
0≤𝑡≤1−𝐶/𝑛

2
,

|𝑥−𝑡|>𝜑(𝑥)/𝑛

𝜑
−𝛼1−𝜀1+𝑘−1

(𝑡)

|𝑥 − 𝑡|
𝑘
𝑑𝑡

∼ ∫

𝑥∗

0

+∫

(1+𝑥
∗
)/2

𝑥∗
+∫

1−𝐶/𝑛
2

(1+𝑥∗)/2

𝜑
−𝛼1+𝑘−1−𝜖1

(𝑡)

|𝑥 − 𝑡|
𝑘
𝑑𝑡

=: 𝐼1 + 𝐼2 + 𝐼3.

(95)

Then, for 𝐼1, we have using (87)

∫

𝑥∗

0

𝜑
−𝛼1+𝑘−1−𝜖1

(𝑡)

|𝑥 − 𝑡|
𝑘
𝑑𝑡

≤ 𝐶𝜑
−𝛼1
(𝑥) ∫

𝑥∗

0

(

𝜑
−𝜖1
(𝑡)

|𝑥 − 𝑡|
(𝑘−1)/2

|𝑥 − 𝑡|

+

𝜑
𝑘−1
(𝑥) 𝜑

−𝜖1
(𝑡)

|𝑥 − 𝑡|
𝑘−1
|𝑥 − 𝑡|

) 𝑑𝑡

≤ 𝐶𝜑
−𝛼1
(𝑥) 𝑛

𝑘−1
∫

𝑥∗

0

𝜑
−𝜖1
(𝑡)

𝑥 − 𝑡

𝑑𝑡,

(96)

∫

𝑥∗

0

𝜑
−𝜖1
(𝑡)

𝑥 − 𝑡

𝑑𝑡 ≤ 𝐶∫

𝑥∗

0

1

(𝑥 − 𝑡)
𝜖1/2+1
𝑑𝑡

≤ 𝐶(

𝑛

𝜑(𝑥)

)

𝜖1/2

≤ 𝐶𝑛
𝜀1

(97)

by the use of 𝜑(𝑡) ≥ 𝐶|𝑥 − 𝑡|1/2. Therefore, we have for 𝐼1

𝐼1 ≤ 𝐶𝜑
−𝛼1
(𝑥) 𝑛

𝑘−1+𝜀1
. (98)

𝐼2: Since 1 − 𝑡 ≥ 𝐶(𝑡 − 𝑥) and 𝜑(𝑡) ∼ 𝜑(𝑥) for 𝑥
∗
≤ 𝑡 ≤

(1 + 𝑥
∗
)/2,

∫

(1+𝑥
∗
)/2

𝑥∗

𝜑
−𝛼1+𝑘−1−𝜖1

(𝑡)

|𝑥 − 𝑡|
𝑘
𝑑𝑡

∼ 𝜑
−𝛼1
(𝑥) 𝑛

𝑘−1
∫

(1+𝑥
∗
)/2

𝑥∗

𝜑
−𝜖1
(𝑡)

(𝑡 − 𝑥)

𝑑𝑡

≤ 𝐶𝜑
−𝛼1
(𝑥) 𝑛

𝑘−1
∫

(1+𝑥
∗
)/2

𝑥∗

1

(𝑡 − 𝑥)
𝜖1/2+1
𝑑𝑡

≤ 𝐶𝜑
−𝛼1
(𝑥) 𝑛

𝑘−1+𝜀1
.

(99)

Therefore,

𝐼2 ≤ 𝐶𝜑
−𝛼1
(𝑥) 𝑛

𝑘−1+𝜀1
. (100)



Journal of Applied Mathematics 9

𝐼3: Since |𝑥 − 𝑡| ≥ 𝐶|(1 + 𝑥
∗
)/2 − 𝑥| for (1 + 𝑥∗)/2 < 𝑡 <

1 − 𝐶/𝑛
2 , we have using (93)

𝜑
−𝛼1+𝑘−1−𝜖1

(𝑡)

|𝑥 − 𝑡|
𝑘

=

𝜑
−𝛼1+𝑘−1−𝜖1

(𝑡)

|𝑥 − 𝑡|
𝑘−𝛼1/2
|𝑥 − 𝑡|

𝛼1/2

≤ 𝐶

1

|(1 + 𝑥
∗
)/2 − 𝑥|

𝛼1/2

𝜑
−𝛼1+𝑘−1−𝜖1

(𝑡)

|𝑥 − 𝑡|
𝑘−𝛼1/2

= 𝐶𝜑
−𝛼1
(𝑥)

1

(1 − 𝑡)
(𝑘−1+𝜀1)/2+1

𝜑
−𝛼1+2𝑘

(𝑡)

|𝑥 − 𝑡|
𝑘−𝛼1/2

= 𝜑
−𝛼1
(𝑥)𝑂 (𝑛

max{𝛼−2𝑘,0}
)

1

(1 − 𝑡)
(𝑘−1+𝜀1)/2+1

,

(101)

and we know that

∫

1−𝐶/𝑛
2

(1+𝑥∗)/2

1

(1 − 𝑡)
(𝑘−1+𝜀1)/2+1

𝑑𝑡 ≤ 𝐶𝑛
𝑘−1+𝜀1
. (102)

Therefore, we see that

∫

1−𝐶/𝑛
2

(1+𝑥∗)/2

𝜑
−𝛼1+𝑘−1−𝜖1

(𝑡)

|𝑥 − 𝑡|
𝑘
𝑑𝑡

≤ 𝐶𝜑
−𝛼1
(𝑥) 𝑛

𝑘−1+𝜀1
𝑂(𝑛

max{𝛼1−2𝑘,0}
) .

(103)

Consequently, we have the result (b).
(c) and (d): Since |1 − 𝑡2| ≤ 𝐶(|1 − 𝑥2| + |𝑡 − 𝑥|), we know

𝜑(𝑡) ≤ 𝐶(𝜑(𝑥) + |𝑥 − 𝑡|
1/2
). Then, we have

∫
0≤𝑡≤1−𝐶/𝑛

2
,

|𝑥−𝑡|>𝜑(𝑥)/𝑛

𝜑
𝛼+𝑘−1
(𝑡)

|𝑥 − 𝑡|
𝑘
𝑑𝑡

≤ 𝐶(𝜑
𝛼+𝑘−1
(𝑥) ∫

1

|𝑥 − 𝑡|
𝑘
𝑑𝑡 + ∫

1

|𝑥 − 𝑡|
(𝑘+1)/2

𝑑𝑡)

≤ 𝐶𝑛
𝑘−1
{

1, 𝑘 ⩾ 2;

ln 𝑛 𝑘 = 1,
(104)

because we see if 𝑘 = 1, then

∫
0≤𝑡≤1−𝐶/𝑛

2
,

|𝑥−𝑡|>𝜑(𝑥)/𝑛

1

|𝑥 − 𝑡|
𝑘
𝑑𝑡 ≤ 𝐶 ln 𝑛,

∫
0≤𝑡≤1−𝐶/𝑛

2
,

|𝑥−𝑡|>𝜑(𝑥)/𝑛

1

|𝑥 − 𝑡|
(𝑘+1)/2

𝑑𝑡 ≤ 𝐶 ln 𝑛
(105)

and if 𝑘 ≥ 2, then

𝜑
𝛼+𝑘−1
(𝑥) ∫

0≤𝑡≤1−𝐶/𝑛
2
,

|𝑥−𝑡|>𝜑(𝑥)/𝑛

1

|𝑥 − 𝑡|
𝑘
𝑑𝑡

≤ 𝐶

𝜑
𝛼+𝑘−1
(𝑥)

|𝑥 − 𝑡|
𝑘−1
≤ 𝐶𝜑

𝛼+𝑘−1
(𝑥) (

𝑛

𝜑 (𝑥)

)

𝑘−1

≤ 𝐶𝑛
𝑘−1
,

∫
0≤𝑡≤1−𝐶/𝑛

2
,

|𝑥−𝑡|>𝜑(𝑥)/𝑛

1

|𝑥 − 𝑡|
(𝑘+1)/2

𝑑𝑡 ≤ 𝐶𝑛
𝑘−1
;

(106)

that is, we have (c). Similarly,

∫
0≤𝑡≤1−𝐶/𝑛

2
,

|𝑥−𝑡|>𝜑(𝑥)/𝑛

𝜑
𝛼1+𝑘−1−𝜖1

(𝑡)

|𝑥 − 𝑡|
𝑘
𝑑𝑡

≤ 𝐶(𝜑
𝛼1+𝑘−1

(𝑥) ∫
0≤𝑡≤1−𝐶/𝑛

2
,

|𝑥−𝑡|>𝜑(𝑥)/𝑛

𝜑
−𝜖1
(𝑡)

|𝑥 − 𝑡|
𝑘
𝑑𝑡

+ ∫
0≤𝑡≤1−𝐶/𝑛

2
,

|𝑥−𝑡|>𝜑(𝑥)/𝑛

𝜑
−𝜖1
(𝑡)

|𝑥 − 𝑡|
(𝑘+1)/2

𝑑𝑡)

:= 𝐶 (𝐴 + 𝐵) .

(107)

Then, for 𝐴

𝐴 = 𝜑
𝛼1+𝑘−1

(𝑥) ∫
0≤𝑡≤1−𝐶/𝑛

2
,

|𝑥−𝑡|>𝜑(𝑥)/𝑛

𝜑
−𝜖1
(𝑡)

|𝑥 − 𝑡|
𝑘
𝑑𝑡

≤ 𝐶𝜑
𝛼1+𝑘−1

(𝑥) (

𝑛

𝜑(𝑥)

)

𝑘−1

∫
0≤𝑡≤1−𝐶/𝑛

2
,

|𝑥−𝑡|>𝜑(𝑥)/𝑛

𝜑
−𝜖1
(𝑡)

|𝑥 − 𝑡|

𝑑𝑡

≤ 𝐶𝑛
𝑘−1
∫
0≤𝑡≤1−𝐶/𝑛

2
,

|𝑥−𝑡|>𝜑(𝑥)/𝑛

𝜑
−𝜖1
(𝑡)

|𝑥 − 𝑡|

𝑑𝑡

(108)

and for 𝐵

𝐵 = ∫
0≤𝑡≤1−𝐶/𝑛

2
,

|𝑥−𝑡|>𝜑(𝑥)/𝑛

𝜑
−𝜖1
(𝑡)

|𝑥 − 𝑡|
(𝑘+1)/2

𝑑𝑡

≤ 𝐶𝑛
𝑘−1
∫
0≤𝑡≤1−𝐶/𝑛

2
,

|𝑥−𝑡|>𝜑(𝑥)/𝑛

𝜑
−𝜖1
(𝑡)

|𝑥 − 𝑡|

𝑑𝑡.

(109)

On the other hand, by (97) and (99), we know that

∫

𝑥∗

0

𝜑
−𝜖1
(𝑡)

𝑥 − 𝑡

𝑑𝑡 ≤ 𝐶𝑛
𝜀1
, ∫

(1+𝑥
∗
)/2

𝑥∗

𝜑
−𝜖1
(𝑡)

(𝑡 − 𝑥)

𝑑𝑡 ≤ 𝐶𝑛
𝜀1
. (110)

Since |𝑥 − 𝑡| ≥ 𝐶|1 − 𝑡| for (1 + 𝑥∗)/2 < 𝑡 < 1 − 𝐶/𝑛2, we have

∫

1−𝐶/𝑛
2

(1+𝑥∗)/2

𝜑
−𝜖1
(𝑡)

(𝑡 − 𝑥)

𝑑𝑡 ≤ 𝐶∫

1−𝐶/𝑛
2

(1+𝑥∗)/2

1

(1 − 𝑡)
𝜖1/2+1
𝑑𝑡 ≤ 𝐶𝑛

𝜀1
.

(111)

Therefore, we have

∫
0≤𝑡≤1−𝐶/𝑛

2
,

|𝑥−𝑡|>𝜑(𝑥)/𝑛

𝜑
−𝜖1
(𝑡)

|𝑥 − 𝑡|

𝑑𝑡 ≤ 𝐶𝑛
𝑘−1+𝜀1
. (112)

So, by (108) and (109) we have (d).
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Lemma 24. Let 0 ≤ 𝑖 ≤ 𝑚−1. Let 𝑎 > 0 be a fixed, sufficiently
small constant. Let 𝑥 ∈ [𝜉(𝜆)

𝑘−1,𝑛+1
, 𝜉
(𝜆)

𝑘+1,𝑛+1
] ∩ [0, 1 − 𝑎/𝑛

2
] for

some 1 ≤ 𝑘 ≤ 𝑛 + 1. Then, one has uniformly for 𝑛

∑

𝜇∉[𝑘−2,𝑘+2],

1≤𝜇≤𝑛+1

𝜑
(1−𝜆)𝑚

(𝑥)

𝑛
𝑚−𝑖

𝜑
𝜆𝑚−𝑖
(𝜉
(𝜆)

𝜇,𝑛+1
)






𝑥 − 𝜉

(𝜆)

𝜇,𝑛+1







𝑚−𝑖

≤ 𝑂 (𝑛
max{(1−𝜆)𝑚−2(𝑚−𝑖),0}

) {

1, 0 ≤ 𝑖 ≤ 𝑚 − 2;

ln 𝑛, 𝑖 = 𝑚 − 1.
(113)

Proof. For the simplicity, we denote

∑

𝜇∉[𝑘−2,𝑘+2]

:= ∑

𝜇∉[𝑘−2,𝑘+2],

1≤𝜇≤𝑛+1

𝜑
(1−𝜆)𝑚

(𝑥)

𝑛
𝑚−𝑖

𝜑
𝜆𝑚−𝑖
(𝜉
(𝜆)

𝜇,𝑛+1
)






𝑥 − 𝜉

(𝜆)

𝜇,𝑛+1







𝑚−𝑖
. (114)

Then, we know that

∑

𝜇∉[𝑘−2,𝑘+2]

=

𝜑
(1−𝜆)𝑚

(𝑥)

𝑛
𝑚−𝑖−1

× ∑

𝜇∉[𝑘−2,𝑘+2]

𝜑 (𝜉
(𝜆)

𝜇,𝑛+1
)

𝑛

𝜑
(𝜆−1)𝑚+𝑚−𝑖−1

(𝜉
(𝜆)

𝜇,𝑛+1
)






𝑥 − 𝜉

(𝜆)

𝜇,𝑛+1







𝑚−𝑖
.

(115)

Then, for some 𝐶 > 0 with 1 − 𝐶/𝑛2 > (1 + 𝜉(𝜆)
𝑛+1,𝑛+1

)/2, we
have by (80)

∑

𝜇∉[𝑘−2,𝑘+2]

𝜑 (𝜉
(𝜆)

𝜇,𝑛+1
)

𝑛

𝜑
(𝜆−1)𝑚+𝑚−𝑖−1

(𝜉
(𝜆)

𝜇,𝑛+1
)






𝑥 − 𝜉

(𝜆)

𝜇,𝑛+1







𝑚−𝑖

∼ ∫

[−1+𝐶/𝑛2 ,1−𝐶/𝑛2]\[𝜉
(𝜆)

𝑘−2,𝑛+1
,𝜉
(𝜆)

𝑘+2,𝑛+1
]

𝜑
(𝜆−1)𝑚+𝑚−𝑖−1

(𝑡)

|𝑥 − 𝑡|
𝑚−𝑖

𝑑𝑡.

(116)

Therefore, we have the result from Lemma 23 (a) with 𝛼 =
(1 − 𝜆)𝑚, 𝑘 = 𝑚 − 𝑖.

For convenience, we let

𝐻𝑛+1,𝑚,𝑖 [𝑓] (𝑥) :=

𝑛+1

∑

𝜇=1

𝑒𝑖,𝜇𝑙
𝑚

𝜇,𝑛+1
(𝑥) (𝑥 − 𝜉

(𝜆)

𝜇,𝑛+1
)

𝑖

𝑓 (𝜉
(𝜆)

𝜇,𝑛+1
) ,

(117)

then

𝐻𝑛+1,𝑚 [𝑓] (𝑥) :=

𝑚−1

∑

𝑖=0

𝐻𝑛+1,𝑚,𝑖 [𝑓] (𝑥) . (118)

Let





𝐻𝑛+1,𝑚,𝑖





:= sup

𝑥∈[−1,1]

𝑛+1

∑

𝜇=1









𝑒𝑖,𝜇𝑙
𝑚

𝜇,𝑛+1
(𝑥) (𝑥 − 𝜉

(𝜆)

𝜇,𝑛+1
)

𝑖






. (119)

Lemma 25. Let 𝑚 ≥ 2 be a positive integer. Then, one has for
0 ≤ 𝑖 ≤ 𝑚 − 1





𝐻𝑛+1,𝑚,𝑖





= 𝑂 (𝑛

max{(1−𝜆)𝑚−2(𝑚−𝑖),0}
)

× {

1, 0 ≤ 𝑖 ≤ 𝑚 − 2;

ln 𝑛, 𝑖 = 𝑚 − 1.

(120)

Proof. By [10, (26)], it is sufficient to prove (120) for 0 ≤ 𝑥 ≤
1− 𝑎/𝑛

2, where 𝑎 > 0 is a fixed, sufficiently small constant. In
the following case, let 𝑥 ∈ [𝜉(𝜆)

𝑘−1,𝑛+1
, 𝜉
(𝜆)

𝑘+1,𝑛+1
]∩ [0, 1−𝑎/𝑛

2
] for

some 1 ≤ 𝑘 ≤ 𝑛 + 1. Then, we have from (32), (34), and (47)

∑

𝜇∉[𝑘−2,𝑘+2]









𝑒𝑖,𝜇𝑙
𝑚

𝜇,𝑛+1
(𝑥) (𝑥 − 𝜉

(𝜆)

𝜇,𝑛+1
)

𝑖






= ∑

𝜇∉[𝑘−2,𝑘+2]






𝑒𝑖,𝜇



















𝐸𝜆,𝑛+1(𝑥)

𝐸


𝜆,𝑛+1
(𝜉
(𝜆)

𝜇,𝑛+1
)













𝑚

1






𝑥 − 𝜉

(𝜆)

𝜇,𝑛+1







𝑚−𝑖

≤ 𝐶 ∑

𝜇∉[𝑘−2,𝑘+2]

𝑛
𝑖

𝜑
𝑖
(𝜉
(𝜆)

𝜇,𝑛+1
)













𝑛
1−𝜆
𝜑
1−𝜆
(𝑥)

𝑛
2−𝜆
𝜑
−𝜆
(𝜉
(𝜆)

𝜇,𝑛+1
)













𝑚

1






𝑥 − 𝜉

(𝜆)

𝜇,𝑛+1







𝑚−𝑖

≤ 𝐶

𝜑
(1−𝜆)𝑚

(𝑥)

𝑛
𝑚−𝑖

∑

𝜇∉[𝑘−2,𝑘+2]

𝜑
𝜆𝑚−𝑖
(𝜉
(𝜆)

𝜇,𝑛+1
)






𝑥 − 𝜉

(𝜆)

𝜇,𝑛+1







𝑚−𝑖

= 𝑂 (𝑛
max{(1−𝜆)𝑚−2(𝑚−𝑖),0}

) {

1, 0 ≤ 𝑖 ≤ 𝑚 − 2;

ln 𝑛, 𝑖 = 𝑚 − 1.
(121)

The last inequality follows from Lemma 24. On the other
hand, if 𝜇 ∈ [𝑘− 2, 𝑘 + 2], there exists 𝜃𝜇 between 𝑥 and 𝜉

(𝜆)

𝜇,𝑛+1

such that we see from (34) and (36) with 𝑟 = 1,






𝑙𝜇,𝑛+1 (𝑥)






=













𝐸


𝜆,𝑛+1
(𝜃𝜇)

𝐸


𝜆,𝑛+1
(𝜉
(𝜆)

𝜇,𝑛+1
)













≤ 𝐶. (122)

Hence, from (47) and (80), we conclude that

∑

𝜇∈[𝑘−2,𝑘+2]

1≤𝜇≤𝑛+1









𝑒𝑖,𝜇𝑙
𝑚

𝜇,𝑛+1
(𝑥) (𝑥 − 𝜉

(𝜆)

𝜇,𝑛+1
)

𝑖






≤ 𝐶.

(123)

Therefore, we have the result.

Lemma 26. Let𝑚 ≥ 2 be an even integer. Then,





𝐻𝑛+1,𝑚,𝑚−1





= 𝑂 (𝑛

max{(1−𝜆)𝑚−2,0}
) . (124)

Proof. First, we note that 𝑚 − 1 is odd. Let 𝑥 ∈

[𝜉
(𝜆)

𝑘−1,𝑛+1
, 𝜉
(𝜆)

𝑘+1,𝑛+1
] ∩ [0, 1 − 𝑎/𝑛

2
] (𝜉(𝜆)

0,𝑛+1
:= −1, 𝜉(𝜆)

𝑛+2,𝑛+1
:= 1)
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for some 1 ≤ 𝜇 ≤ 𝑛 + 1. Then, considering 𝛼1, 𝜀1 as (1 − 𝜆)𝑚,
1 − 𝜆, we have from (32), (34), (48), and Lemma 23(b)

∑

𝜇∉[𝑘−2,𝑘+2]








𝑒𝑚−1,𝜇𝑙
𝑚

𝜇,𝑛+1
(𝑥) (𝑥 − 𝜉

(𝜆)

𝜇,𝑛+1
)

𝑚−1





= ∑

𝜇∉[𝑘−2,𝑘+2]






𝑒𝑚−1,𝜇



















𝐸𝜆,𝑛+1(𝑥)

𝐸


𝜆,𝑛+1
(𝜉
(𝜆)

𝜇,𝑛+1
)













𝑚

1






𝑥 − 𝜉

(𝜆)

𝜇,𝑛+1







≤ 𝐶

𝜑
(1−𝜆)𝑚

(𝑥)

𝑛
2−𝜆

∑

𝜇∉[𝑘−2,𝑘+2]

𝜑
𝜆𝑚−𝑚+1−(1−𝜆)

(𝜉
(𝜆)

𝜇,𝑛+1
)






𝑥 − 𝜉

(𝜆)

𝜇,𝑛+1







=

𝜑
(1−𝜆)𝑚

(𝑥)

𝑛
1−𝜆

∑

𝜇∉[𝑘−2,𝑘+2]

𝜑 (𝜉
(𝜆)

𝜇,𝑛+1
)

𝑛

𝜑
(𝜆−1)𝑚−(1−𝜆)

(𝜉
(𝜆)

𝜇,𝑛+1
)






𝑥 − 𝜉

(𝜆)

𝜇,𝑛+1







∼

𝜑
(1−𝜆)𝑚

(𝑥)

𝑛
1−𝜆

∫

𝜑
(𝜆−1)𝑚−(1−𝜆)

(𝑡)

|𝑥 − 𝑡|

𝑑𝑡 = 𝑂 (𝑛
max{(1−𝜆)𝑚−2,0}

) ,

(125)

where it is integrated under [−1 + 𝐶/𝑛2, 1 − 𝐶/𝑛2] \
[𝜉
(𝜆)

𝑘−2,𝑛+1
, 𝜉
(𝜆)

𝑘+2,𝑛+1
]. Besides, we have, similarly to (123),

∑

𝜇∈[𝑘−2,𝑘+2]









𝑒𝑚−1,𝜇𝑙
𝑚

𝜇,𝑛+1
(𝑥) (𝑥 − 𝜉

(𝜆)

𝜇,𝑛+1
)

𝑖






≤ 𝐶. (126)

Therefore, we have the result.

Lemma 27. For any polynomial 𝑅 ∈ P𝑛𝑚+𝑚−1, one has





𝑅 (𝑥) − 𝐻𝑛+1,𝑚 [𝑅] (𝑥)






≤ 𝐶

𝑚−1

∑

𝑡=1

𝑚−1−𝑡

∑

𝑖=0






𝑅
(𝑡)
𝜑
𝑡


∞

𝑛
𝑡
𝑂(𝑛

max{(1−𝜆)𝑚−2(𝑚−𝑡−𝑖),0}
) ln 𝑛.

(127)

Proof. Let 𝑥 ∈ [𝜉(𝜆)
𝑘−1,𝑛+1

, 𝜉
(𝜆)

𝑘+1,𝑛+1
] ∩ [0, 1 − 𝑎/𝑛

2
] (𝜉

(𝜆)

0,𝑛+1
:=

−1, 𝜉
(𝜆)

𝑛+2,𝑛+1
:= 1) for some 1 ≤ 𝜇 ≤ 𝑛 + 1.

𝑅 (𝑥) − 𝐻𝑛+1,𝑚 [𝑅] (𝑥)

= �̂�𝑛+1,𝑚 [𝑅] (𝑥) − 𝐻𝑛+1,𝑚 [𝑅] (𝑥)

=

𝑚−1

∑

𝑡=1

𝑛+1

∑

𝜇=1

𝑅
(𝑡)
(𝜉
(𝜆)

𝜇,𝑛+1
) ℎ𝑡𝜇 (𝑥)

=

𝑛+1

∑

𝜇=1

𝑚−1

∑

𝑡=1

𝑚−1−𝑡

∑

𝑖=0

𝑒𝑡,𝑖,𝜇

𝑡!

𝑅
(𝑡)
(𝜉
(𝜆)

𝜇,𝑛+1
) 𝑙
𝑚

𝜇,𝑛+1
(𝑥) (𝑥 − 𝜉

(𝜆)

𝜇,𝑛+1
)

𝑡+𝑖

= ∑

𝜇∉[𝑘−2,𝑘+2]

+ ∑

𝜇∈[𝑘−2,𝑘+2]

.

(128)

Here, 𝑒𝑡,𝑖,𝑘 is the coefficient of the higher-order Hermite
interpolation polynomial �̂�𝑛+1,𝑚[𝑅] based on the zeros of

𝐸𝜆,𝑛+1, defined in (11). Since 𝑒𝑡,𝑖,𝑘 = 𝑒0,𝑖,𝑘 = 𝑒𝑖,𝑘, we can see
from (47) that uniformly for 0 ≤ 𝑖 ≤ 𝑚 − 1,






𝑒𝑡,𝑖,𝜇






≤ 𝐶𝑛

𝑖
𝜑
−𝑖
(𝜉
(𝜆)

𝜇,𝑛+1
) . (129)

Hence, using (32) and (34), we see for 𝜇 ∉ [𝑘 − 2, 𝑘 + 2]









𝑒𝑡,𝑖,𝜇

𝑡!

𝑅
(𝑡)
(𝜉
(𝜆)

𝜇,𝑛+1
) 𝑙
𝑚

𝜇,𝑛+1
(𝑥) (𝑥 − 𝜉

(𝜆)

𝜇,𝑛+1
)

𝑡+𝑖






≤ 𝐶






𝑅
(𝑡)
𝜑
𝑡


∞

𝑛
𝑡

𝜑
(1−𝜆)𝑚

(𝑥)

𝑛
𝑚−(𝑡+𝑖)

𝜑
𝜆𝑚−𝑡−𝑖

(𝜉
(𝜆)

𝜇,𝑛+1
)






𝑥 − 𝜉

(𝜆)

𝜇,𝑛+1







𝑚−(𝑡+𝑖)
.

(130)

Here, using Lemma 24 with 𝑡 + 𝑖 as 𝑖 for 𝜇 ∉ [𝑘 − 2, 𝑘 + 2],
we have the right formula in the lemma. We also see that for
𝜇 ∈ [𝑘 − 2, 𝑘 + 2]









𝑒𝑡,𝑖,𝜇

𝑡!

𝑅
(𝑡)
(𝜉
(𝜆)

𝜇,𝑛+1
) 𝑙
𝑚

𝜇,𝑛+1
(𝑥) (𝑥 − 𝜉

(𝜆)

𝜇,𝑛+1
)

𝑡+𝑖






≤ 𝐶






𝑅
(𝑡)
𝜑
𝑡


∞

𝑛
𝑡
.

(131)

Consequently, we have





𝑅 (𝑥) − 𝐻𝑛+1,𝑚 [𝑅] (𝑥)






≤ 𝐶

𝑚−1

∑

𝑡=1

𝑚−1−𝑡

∑

𝑖=0






𝑅
(𝑡)
𝜑
𝑡


∞

𝑛
𝑡
𝑂(𝑛

max{(1−𝜆)𝑚−2(𝑚−𝑡−𝑖),0}
) ln 𝑛.

(132)

Proof of Theorem 1. (a) From Lemma 26, the result is trivially
proved.

(b) Since 𝑓 is continuous on [−1, 1], for given 𝜀 > 0, there
exists a polynomial 𝑅 such that for 𝑥 ∈ [−1, 1]





𝑓 (𝑥) − 𝑅 (𝑥)





< 𝜀. (133)

Then, one has from Lemmas 26 and 27

lim
𝑛→∞





𝐻𝑛+1,𝑚 [𝑓] (𝑥) − 𝑓 (𝑥)






≤




𝑓 (𝑥) − 𝑅 (𝑥)





+ lim
𝑛→∞





𝐻𝑛+1,𝑚 [𝑓 − 𝑅] (𝑥)






+ lim
𝑛→∞





𝐻𝑛+1,𝑚 [𝑅] (𝑥) − 𝑅 (𝑥)






≤ 𝐶 (1 +




𝐻𝑛+1,𝑚





)




𝑓 − 𝑅



∞

+ lim
𝑛→∞

𝑚−1

∑

𝑡=1

𝑚−1−𝑡

∑

𝑖=0






𝑅
(𝑡)
𝜑
𝑡


∞

𝑛
𝑡

ln 𝑛 ≤ 𝐶𝜀.

(134)

This implies (21).

Lemma 28. Let 0 ≤ 𝑖 ≤ 𝑚 − 1. Let 𝑎 > 0 be a fixed,
sufficiently small constant. 𝑥 ∈ [𝑦(𝜆)

𝑘−1,2𝑛+1
, 𝑦
(𝜆)

𝑘+1,2𝑛+1
] ∩ [0, 1 −
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𝑎/𝑛
2
] (𝑦

(𝜆)

0,2𝑛+1
:= −1, 𝑦

(𝜆)

2𝑛+2,2𝑛+1
:= 1) for some 1 ≤ 𝑘 ≤ 2𝑛 + 1.

Then we have uniformly for 𝑛

∑

]∉[𝑘−2,𝑘+2],
1≤]≤2𝑛+1

𝜑
(1−2𝜆)𝑚

(𝑥)

𝑛
𝑚−𝑖

𝜑
2𝜆𝑚−𝑖
(𝑦
(𝜆)

],2𝑛+1)






𝑥 − 𝑦

(𝜆)

],2𝑛+1






𝑚−𝑖

≤ 𝐶

{
{

{
{

{

𝐴𝑛,𝑖 (𝑥) if 0 < 𝜆 < 1
2

;

𝐵𝑛,𝑖 (𝑥) if 1
2

≤ 𝜆 < 1,

(135)

where

𝐴𝑛,𝑖 (𝑥) = 𝑛
max{(1−2𝜆)𝑚−2(𝑚−𝑖),0}

× {

1, 0 ≤ 𝑖 ≤ 𝑚 − 2;

ln 𝑛, 𝑖 = 𝑚 − 1,

(136)

𝐵𝑛,𝑖 (𝑥) = 𝜑
(1−2𝜆)𝑚

(𝑥)

× {

1, 0 ≤ 𝑖 ≤ 𝑚 − 2;

ln 𝑛, 𝑖 = 𝑚 − 1.

(137)

Proof. When 0 < 𝜆 < 1/2, we can show the lemma as the
proof of Lemma 24 (see (116)). If 1/2 ≤ 𝜆 < 1, we have from
Lemma 23 (c),

∑

]∉[𝑘−2,𝑘+2],
1≤]≤2𝑛+1

≤ 𝐶

𝜑
(1−2𝜆)𝑚

(𝑥)

𝑛
𝑚−𝑖−1

× ∫

[−1+𝑎/𝑛2 ,1−𝑎/𝑛2]\[𝑦
(𝜆)

𝑘−1,2𝑛+1
,𝑦
(𝜆)

𝑘+1,2𝑛+1
]

𝜑
(2𝜆−1)𝑚+𝑚−𝑖−1

(𝑡)

|𝑥 − 𝑡|
𝑚−𝑖

𝑑𝑡

≤ 𝐶

{
{

{
{

{

𝐴𝑛,𝑖 (𝑥) if 0 < 𝜆 < 1
2

;

𝐵𝑛,𝑖 (𝑥) if 1
2

≤ 𝜆 < 1.

(138)

Let

H2𝑛+1,𝑚,𝑖 [𝑓] (𝑥) :=

2𝑛+1

∑

]=1
𝑒
∗

𝑖,]𝑙
∗𝑚

],2𝑛+1 (𝑥)

× (𝑥 − 𝑦
(𝜆)

],2𝑛+1)
𝑖

𝑓 (𝑦
(𝜆)

],2𝑛+1) ,

(139)

then

H2𝑛+1,𝑚 [𝑓] (𝑥) :=

𝑚−1

∑

𝑖=0

H2𝑛+1,𝑚,𝑖 [𝑓] (𝑥) . (140)

Let





H2𝑛+1,𝑚,𝑖





:= sup

𝑥∈[−1,1]

2𝑛+1

∑

]=1









𝑒
∗

𝑖,]𝑙
∗𝑚

],2𝑛+1 (𝑥) (𝑥 − 𝑦
(𝜆)

],2𝑛+1)
𝑖






(141)

and for a nonnegative real function 𝑢(𝑥),




H2𝑛+1,𝑚,𝑖




𝑢
:= sup

𝑥∈[−1,1]

𝑢 (𝑥)

×

2𝑛+1

∑

]=1









𝑒
∗

𝑖,]𝑙
∗𝑚

],2𝑛+1 (𝑥) (𝑥 − 𝑦
(𝜆)

],2𝑛+1)
𝑖






.

(142)

Lemma 29. Let 𝑚 ≥ 2 be a positive integer. If 0 < 𝜆 < 1/2,
then one has for 0 ≤ 𝑖 ≤ 𝑚 − 1





H2𝑛+1,𝑚,𝑖





= 𝑂 (𝑛

max{(1−2𝜆)𝑚−2(𝑚−𝑖),0}
)

× {

1, 0 ≤ 𝑖 ≤ 𝑚 − 2;

ln 𝑛, 𝑖 = 𝑚 − 1.

(143)

If 1/2 ≤ 𝜆 < 1, then one has for 0 ≤ 𝑖 ≤ 𝑚 − 1




H2𝑛+1,𝑚,𝑖




𝜑(2𝜆−1)𝑚

= 𝑂 (1)

× {

1, 0 ≤ 𝑖 ≤ 𝑚 − 2;

ln 𝑛, 𝑖 = 𝑚 − 1.

(144)

Proof. Similarly to the proof of Lemma 25, using (51), we have
from Proposition 7(2), Proposition 8 (35), and Lemma 28

∑

]∉[𝑘−2,𝑘+2],
1≤]≤2𝑛+1









𝑒
∗

𝑖,]𝑙
∗𝑚

],2𝑛+1 (𝑥) (𝑥 − 𝑦
(𝜆)

],2𝑛+1)
𝑖






≤ 𝐶 ∑

]∉[𝑘−2,𝑘+2],
1≤]≤2𝑛+1

𝜑
(1−2𝜆)𝑚

(𝑥)

𝑛
𝑚−𝑖

𝜑
2𝜆𝑚−𝑖
(𝑦
(𝜆)

],2𝑛+1)






𝑥 − 𝑦

(𝜆)

],2𝑛+1






𝑚−𝑖

≤ 𝐶

{
{

{
{

{

𝐴𝑛,𝑖 (𝑥) if 0 < 𝜆 < 1
2

;

𝐵𝑛,𝑖 (𝑥) if 1
2

≤ 𝜆 < 1,

(145)

where 𝐴𝑛,𝑖(𝑥) and 𝐵𝑛,𝑖(𝑥) are defined by (136) or (137).
Besides, we easily know from (51), (35), (38), and (80)

∑

]∈[𝑘−2,𝑘+2],
1≤]≤2𝑛+1









𝑒
∗

𝑖,]𝑙
∗𝑚

],2𝑛+1 (𝑥) (𝑥 − 𝑦
(𝜆)

],2𝑛+1)
𝑖






≤ 𝐶. (146)

Therefore, we have the result.

Let

H2𝑛+1,𝑚,𝑖 [𝑓] (𝑥) :=

2𝑛+1

∑

]=1
𝑒
∗

𝑖,]𝑙
∗𝑚

],2𝑛+1 (𝑥)

× (𝑥 − 𝑦
(𝜆)

],2𝑛+1)
𝑖

𝑓 (𝑦
(𝜆)

],2𝑛+1) ,

(147)

then

H2𝑛+1,𝑚 [𝑓] (𝑥) :=

𝑚−1

∑

𝑖=0

H2𝑛+1,𝑚,𝑖 [𝑓] (𝑥) . (148)

Let





H2𝑛+1,𝑚,𝑖





:= sup

𝑥∈[−1,1]

2𝑛+1

∑

]=1









𝑒
∗

𝑖,]𝑙
∗𝑚

],2𝑛+1 (𝑥) (𝑥 − 𝑦
(𝜆)

],2𝑛+1)
𝑖






.

(149)
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Lemma 30. Let 𝑚 ≥ 2 be an even integer. Then, one has for
0 < 𝜆 < 1/2





H2𝑛+1,𝑚,𝑚−1





= 𝑂 (𝑛

max{(1−2𝜆)𝑚−2,0}
) (150)

and for 1/2 ≤ 𝜆 < 1





H2𝑛+1,𝑚,𝑚−1




𝜑(2𝜆−1)𝑚

= 𝑂 (1) . (151)

Proof. First, we note that𝑚 − 1 is odd. Similarly to the proof
of Lemma 26, using Proposition 7(2), Proposition 8 (35), and
(51), we have

∑ := ∑

]∉[𝑘−2,𝑘+2],
1≤]≤2𝑛+1








𝑒
∗

𝑚−1,]𝑙
∗𝑚

],2𝑛+1 (𝑥) (𝑥 − 𝑦
(𝜆)

],2𝑛+1)
𝑚−1





≤ 𝐶

𝜑
(1−2𝜆)𝑚

(𝑥)

𝑛
2−𝜆

× ∑

]∉[𝑘−2,𝑘+2],
1≤]≤2𝑛+1

𝜑
2𝜆𝑚−𝑚+1−(1−𝜆)

(𝑦
(𝜆)

],2𝑛+1)






𝑥 − 𝑦

(𝜆)

],2𝑛+1






≤ 𝐶

𝜑
(1−2𝜆)𝑚

(𝑥)

𝑛
1−𝜆

∫

𝐴

𝜑
(2𝜆−1)𝑚−(1−𝜆)

(𝑡)

|𝑥 − 𝑡|

𝑑𝑡,

(152)

where 𝐴 := [−1 + 𝑎/𝑛2, 1 − 𝑎/𝑛2] \ [𝑦(𝜆)
𝑘−1,2𝑛+1

, 𝑦
(𝜆)

𝑘+1,2𝑛+1
]. If

0 < 𝜆 < 1/2, considering 𝛼1 and 𝜀1 as (1 − 2𝜆)𝑚 and (1 − 𝜆),
respectively, we have from Lemma 23(b)

∫

𝐴

𝜑
(2𝜆−1)𝑚−(1−𝜆)

(𝑡)

|𝑥 − 𝑡|

𝑑𝑡 ≤ 𝐶𝜑
(2𝜆−1)𝑚

(𝑥) 𝑛
1−𝜆

× 𝑂 (𝑛
max{(1−2𝜆)𝑚−2,0}

)

(153)

and if 1/2 ≤ 𝜆 < 1, considering 𝛼1 and 𝜀1 as (2𝜆 − 1)𝑚 and
(1 − 𝜆), respectively, we have from Lemma 23(d)

∫

𝐴

𝜑
(2𝜆−1)𝑚−(1−𝜆)

(𝑡)

|𝑥 − 𝑡|

𝑑𝑡 ≤ 𝐶𝑛
1−𝜆
. (154)

Hence, we conclude that

∑ ≤ 𝐶

{
{

{
{

{

𝑛
max{(1−2𝜆)𝑚−2,0}

, 0 < 𝜆 <

1

2

;

𝜑
(1−2𝜆)𝑚

(𝑥) ,

1

2

≤ 𝜆 < 1.

(155)

Besides, we easily know that

∑

]∈[𝑘−2,𝑘+2],
1≤]≤2𝑛+1








𝑒
∗

𝑚−1,]𝑙
∗𝑚

],2𝑛+1 (𝑥) (𝑥 − 𝑦
(𝜆)

],2𝑛+1)
𝑚−1





≤ 𝐶. (156)

Therefore, we have the result.

Lemma 31. For any polynomial 𝑅 ∈ P2𝑛𝑚+𝑚−1, one has





𝑅 (𝑥) −H2𝑛+1,𝑚 [𝑅] (𝑥)






≤ 𝐶

𝑚−1

∑

𝑡=1

𝑚−1−𝑡

∑

𝑖=0






𝑅
(𝑡)
𝜑
𝑡


∞

𝑛
𝑡

×

{
{

{
{

{

𝐴𝑛,𝑡+𝑖 (𝑥) if 0 < 𝜆 < 1
2

;

𝐵𝑛,𝑡+𝑖 (𝑥) if 1
2

≤ 𝜆 < 1.

(157)

Proof. We have using Lemma 28





𝑅 (𝑥) −H2𝑛+1,𝑚 [𝑅] (𝑥)






≤ 𝐶

𝑚−1

∑

𝑡=1

𝑚−1−𝑡

∑

𝑖=0

2𝑛+1

∑

]=1






𝑅
(𝑡)
(𝑦
(𝜆)

],2𝑛+1) 𝜑
𝑡
(𝑦
(𝜆)

],2𝑛+1)






𝑛
𝑡

×

𝜑
(1−2𝜆)𝑚

(𝑥)

𝑛
𝑚−(𝑡+𝑖)

𝜑
2𝜆𝑚−𝑡−𝑖

(𝑦
(𝜆)

],2𝑛+1)






𝑥 − 𝑦

(𝜆)

],2𝑛+1






𝑚−(𝑡+𝑖)

≤ 𝐶

𝑚−1

∑

𝑡=1

𝑚−1−𝑡

∑

𝑖=0






𝑅
(𝑡)
𝜑
𝑡


∞

𝑛
𝑡

{
{

{
{

{

𝐴𝑛,𝑡+𝑖 (𝑥) , if 0 < 𝜆 < 1
2

;

𝐵𝑛,𝑡+𝑖 (𝑥) , if 1
2

≤ 𝜆 < 1.

(158)

Proof of Theorem 2. Using Lemmas 29, 30, and 31, it is similar
to the proof of Theorem 1.

4.2. Proof of Theorems 3 and 4

Proof of Theorems 3 and 4. Suppose that 𝑚 = 1, 3, 5, . . ., and
let

Λ 𝑛+1,𝑚 (𝑥) :=

𝑛+1

∑

𝜇=1

𝑚−1

∑

𝑖=0









𝑒𝑖,𝜇𝑙
𝑚

𝜇,𝑛+1
(𝑥) (𝑥 − 𝜉

(𝜆)

𝜇,𝑛+1
)

𝑖






. (159)

From (17), we know that





𝐻𝑛+1,𝑚





= sup
𝑥∈[−1,1]

Λ 𝑛+1,𝑚 (𝑥) . (160)

Let 𝑥0 be the least positive zero of 𝑃𝜆,𝑛(𝑥). Then, we have

Λ 𝑛+1,𝑚 (𝑥0)

≥ ∑

−1/2≤𝜉
(𝜆)
𝜇,𝑛+1≤0













𝐸𝜆,𝑛+1 (𝑥0)

𝐸


𝜆,𝑛+1
(𝜉
(𝜆)

𝜇,𝑛+1
)













𝑚

× (






𝑒𝑚−1,𝜇







𝑥0 − 𝜉
(𝜆)

𝜇,𝑛+1

−

𝑚−2

∑

𝑖=0






𝑒𝑖,𝜇







(𝑥0 − 𝜉
(𝜆)

𝜇,𝑛+1
)

𝑚−𝑖
) .

(161)
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Since we know from (42), (34), and (47)

∑

−1/2≤𝜉
(𝜆)
𝜇,𝑛+1≤0













𝐸𝜆,𝑛+1(𝑥0)

𝐸


𝜆,𝑛+1
(𝜉
(𝜆)

𝜇,𝑛+1
)













𝑚 




𝑒𝑚−1,𝜇







𝑥0 − 𝜉
(𝜆)

𝜇,𝑛+1

∼ ∑

−1/2≤𝜉
(𝜆)
𝜇,𝑛+1≤0

1

𝑛

1

𝑥0 − 𝜉
(𝜆)

𝜇,𝑛+1

∼ ∫

0

−1/2

1

𝑥0 − 𝑡

𝑑𝑡 ∼ ln 𝑛,

∑

−1/2≤𝜉
(𝜆)
𝜇,𝑛+1≤0













𝐸𝜆,𝑛+1(𝑥0)

𝐸


𝜆,𝑛+1
(𝜉
(𝜆)

𝜇,𝑛+1
)













𝑚
𝑚−2

∑

𝑖=0






𝑒𝑖,𝜇







(𝑥0 − 𝜉
(𝜆)

𝜇,𝑛+1
)

𝑚−𝑖

∼

𝑚−2

∑

𝑖=0

1

𝑛
𝑚−𝑖−1

∑

−1/2≤𝜉
(𝜆)
𝜇,𝑛+1≤0

1

𝑛

1

(𝑥0 − 𝜉
(𝜆)

𝜇,𝑛+1
)

𝑚−𝑖

∼

𝑚−2

∑

𝑖=0

1

𝑛
𝑚−𝑖−1
∫

0

−1/2

1

(𝑥0 − 𝑡)
𝑚−𝑖
𝑑𝑡 ∼ 1.

(162)

Thus, we have

Λ 𝑛+1,𝑚 (𝑥0) ≥ 𝐶 ln 𝑛. (163)

Therefore, we have the result from Lemma 29.

Remark 32. Similarly, if we let 𝑥𝑇 be the least zero of 𝑃𝜆,𝑛(𝑥)
with 𝑥𝑇 > 𝑐 and if we consider Λ 𝑛+1,𝑚(𝑥) for (−1 + 𝑐)/2 ≤
𝜉
(𝜆)

𝜇,𝑛+1
≤ 𝑐, then we have for −1 < 𝑐 < 𝑑 < 1

max
[𝑐,𝑑]

Λ 𝑛+1,𝑚 (𝑥) ≥ 𝐶 ln 𝑛. (164)

Proof of Theorem 4. Suppose that 𝑚 = 2, 4, . . .. Let 𝑥0 be the
least positive zero of 𝑃𝜆,𝑛(𝑥). Then, similarly to the proof of
Theorem 3, we have using the assumption (27)

Λ 𝑛+1,𝑚 (𝑥0)

≥ ∑

−1≤𝜉
(𝜆)
𝜇,𝑛+1≤−1/2













𝐸𝜆,𝑛+1(𝑥0)

𝐸


𝜆,𝑛+1
(𝜉
(𝜆)

𝜇,𝑛+1
)













𝑚

(






𝑒𝑚−1,𝜇






−

𝑚−2

∑

𝑖=0






𝑒𝑖,𝜇






)

≥ 𝐶 ∑

−1≤𝜉
(𝜆)
𝜇,𝑛+1≤−1/2

𝜑 (𝜉
(𝜆)

𝜇,𝑛+1
)

𝑛

𝑛
𝜆−1
𝜑
(𝜆−1)(𝑚+1)

(𝜉
(𝜆)

𝜇,𝑛+1
)

∼ 𝑛
𝜆−1
∫

−1/2

−1+1/𝑛2
𝜑
(𝜆−1)(𝑚+1)

(𝑡) 𝑑𝑡 ∼ 𝑛
(1−𝜆)𝑚−2

.

(165)

Here, we used the followings:

𝑛
𝜆+𝑚−2

𝜑
−𝜆+𝑚
(𝜉
(𝜆)

𝜇,𝑛+1
)

− 𝐶1

𝑚−2

∑

𝑖=0

𝑛
𝑖

𝜑
𝑖
(𝜉
(𝜆)

𝜇,𝑛+1
)

≥ 𝐶2

𝑛
𝜆+𝑚−2

𝜑
−𝜆+𝑚
(𝜉
(𝜆)

𝜇,𝑛+1
)

,

∫

−1/2

−1+1/𝑛2
𝜑
(𝜆−1)(𝑚+1)

(𝑡) 𝑑𝑡 ∼ 𝑛
(1−𝜆)𝑚−1−𝜆

(166)

because ((𝜆−1)𝑚+𝜆−1)/2 < (−3+𝜆)/2 < −1.Thus, we have
‖𝐻𝑛+1,𝑚‖ ≥ 𝐶𝑛

(1−𝜆)𝑚−2, and it implies (28) from (20).

Proposition 33 (see [6, (8.21.10)]). For 𝜀 ≤ 𝜃 ≤ 𝜋 − 𝜀,

𝑃𝜆,𝑛 (cos 𝜃) =
Γ (𝜆 + 1/2)

Γ (2𝜆)

𝑛
𝜆−1
𝜋
−1/2
2
𝜆sin−𝜆𝜃

× cos{(𝑛 + 𝜆) 𝜃 − 𝜆𝜋
2

} + 𝑂 (𝑛
𝜆−2
) .

(167)

Proposition 34 (see [11, Theorem]). For 𝜀 ≤ 𝜃 ≤ 𝜋 − 𝜀,

𝐸𝜆,𝑛+1 (cos 𝜃) = 𝑛
1−𝜆
𝜋
−1/2
2
2−𝜆sin1−𝜆𝜃

× cos{(𝑛 + 𝜆) 𝜃 − (𝜆 − 1) 𝜋
2

} + 𝑜 (𝑛
1−𝜆
) .

(168)

Lemma 35. For 𝜀 ≤ 𝜃 ≤ 𝜋 − 𝜀,

𝐹𝜆,2𝑛+1 (cos 𝜃) = −2
Γ (𝜆 + 1/2)

Γ (2𝜆)

× 𝜋
−1sin1−2𝜆𝜃 sin {2 (𝑛 + 𝜆) 𝜃 − 𝜆𝜋} + 𝑜 (1) .

(169)

Proof. It is proved from (167) and (168).

Proof of Theorem 5. Suppose that𝑚 = 1, 3, 5, . . ., and let

Λ̃ 2𝑛+1,𝑚 (𝑥) :=

2𝑛+1

∑

]=1

𝑚−1

∑

𝑖=0









𝑒
∗

𝑖,]𝑙
∗𝑚

],2𝑛+1 (𝑥) (𝑥 − 𝑦
(𝜆)

],2𝑛+1)
𝑖






. (170)

From (18), we know that





H2𝑛+1,𝑚





= sup
𝑥∈[−1,1]

Λ̃ 2𝑛+1,𝑚 (𝑥) . (171)

Let 𝑥0 := cos((𝜆 + 𝑛 + 1/2)𝜋/2(𝑛 + 𝜆)). Then, we know
𝐹],2𝑛+1(𝑥0) ∼ 1 from (169). Then, similarly to the proof of
Theorem 3, we have from (35), (56), and (51), for 𝑥 > 0,

Λ̃ 2𝑛+1,𝑚 (𝑥0)

≥ ∑

−1/2≤𝑦
(𝜆)
],2𝑛+1≤0












𝐹],2𝑛+1(𝑥0)

𝐹


],2𝑛+1(𝑦
(𝜆)

],2𝑛+1)












𝑚

× (






𝑒
∗

𝑚−1,]






𝑥0 − 𝑦
(𝜆)

],2𝑛+1

−

𝑚−2

∑

𝑖=0






𝑒
∗

𝑖,]






(𝑥0 − 𝑦
(𝜆)

],2𝑛+1)
𝑚−𝑖
)

≥ 𝐶 ln 𝑛.
(172)

Therefore, we have the result from Lemma 29.

Proof of Theorem 6. Suppose that 𝑚 = 2, 4, . . .. Let 𝑥0 :=
cos((𝜆 + 𝑛 + 1/2) 𝜋/2(𝑛 + 𝜆)). Then, since we know that
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𝐹],2𝑛+1(𝑥0) ∼ 1 as we see above, similarly to the proof of
Theorem 4, we have using the assumption (30)

Λ̃ 2𝑛+1,𝑚 (𝑥0)

≥ ∑

−1≤𝑦
(𝜆)
],2𝑛+1≤−1/2












𝐹],2𝑛+1(𝑥0)

𝐹


],2𝑛+1(𝑦
(𝜆)

],2𝑛+1)












𝑚

× (






𝑒
∗

𝑚−1,]





−

𝑚−2

∑

𝑖=0






𝑒
∗

𝑖,]





)

≥ 𝐶 ∑

−1≤𝑦
(𝜆)
],2𝑛+1≤−1/2

(

𝜑
2𝜆
(𝑦
(𝜆)

],2𝑛+1)

𝑛

)

𝑚

𝑛
𝜆+𝑚−2

𝜑
−𝜆+𝑚
(𝑦
(𝜆)

],2𝑛+1)

∼ 𝑛
𝜆−1
∫

−1/2

−1+1/𝑛2
𝜑
(2𝜆−1)𝑚+(𝜆−1)

(𝑡) 𝑑𝑡 ∼ 𝑛
(1−2𝜆)𝑚−2

.

(173)

Here, we used the following:

(

𝜑
2𝜆
(𝑦
(𝜆)

],2𝑛+1)

𝑛

)

𝑚

(

𝑛
𝜆+𝑚−2

𝜑
−𝜆+𝑚
(𝑦
(𝜆)

],2𝑛+1)
− 𝐶1

𝑛
𝑚−2

𝜑
𝑚−2
(𝑦
(𝜆)

],2𝑛+1)
)

≥ 𝐶2(

𝜑
2𝜆
(𝑦
(𝜆)

],2𝑛+1)

𝑛

)

𝑚

𝑛
𝜆+𝑚−2

𝜑
−𝜆+𝑚
(𝑦
(𝜆)

],2𝑛+1)
,

∫

−1/2

−1+1/𝑛2
𝜑
(2𝜆−1)𝑚+(𝜆−1)

(𝑡) 𝑑𝑡 ∼ 𝑛
(1−2𝜆)𝑚−1−𝜆

(174)

because ((2𝜆 − 1)𝑚 + 𝜆 − 1)/2 < (−3 + 𝜆)/2 < −1. Therefore,
we have the result.
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