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This paper is concerned with the existence of mild and strong solutions on the interval [0, T] for some neutral partial differential
equations with nonlocal conditions. The linear part of the equations is assumed to generate a compact analytic semigroup of
bounded linear operators, whereas the nonlinear part satisfies the Carathéodory condition and is bounded by some suitable
functions. We first employ the Schauder fixed-point theorem to prove the existence of solution on the interval [§, T] for § > 0 that
is small enough, and, then, by letting § — 0 and using a diagonal argument, we have the existence results on the interval [0, T].
This approach allows one to drop the compactness assumption on a nonlocal condition, which generalizes recent conclusions on
this topic. The obtained results will be applied to a class of functional partial differential equations with nonlocal conditions.

1. Introduction

The purpose of this paper is to study the existence of mild and
strong solutions for the following neutral evolution problem
with nonlocal initial conditions:

% [u(t) + F (t,u ()] = —Au(t) + G(t,u(t)), tel0,T],
u(0) + g (u) = up,
@

in a Banach space (X, || - [|), where T > 0 and —A generates
an analytic compact semigroup T(-) on X. The functions F,
G, and g will be specified later. The Cauchy problem with the
nonlocal condition x(0) + g(x) = x, was first considered by
Byszewski [1], and since it reflects physical phenomena more
precisely than the classical initial condition x(0) = x, does,
this issue has gained enormous attention in the past several
years. For more detailed information about the importance
of nonlocal initial conditions in applications, we refer to the
works of Byszewski [2], Byszewski and Lakshmikantham [3],
and to many other authors [4-7] and the references therein.
Equation (1) has been studied by many authors under
various assumptions on the linear part A, the nonlinear terms
F, G, and the nonlocal condition g see, for example, [8-14].

A basic approach to this problem is to define the solution
operator @ : C([0,T], X) — C([0,T], X) by

(@u) (£) = T (t) [tg + F (0, (0)) — g ()]

t

CF(bu() + L AT(E=9F(su(®)ds ()

+jtT(t—s)G(s,u(S))d5
0

and to use various fixed-point theorems, including Schauder
fixed-point theorem, Banach contraction principle, Leray-
Schauder alternative, and Sadovskii fixed-point theorem, to
show that @ has a fixed point, which is the mild solution of
(1). When using fixed-point theorems, it is necessary that the
semigroup T'(t) generated by the linear part of (1) be compact;
that is, T'(t) is a compact operator, for all £ > 0, so that the
norm continuity of T(t), for t > 0, becomes a key point in the
study of the existence of mild solutions. Thus, because of the
absence of compactness of the solution operator att = 0, most
of the papers on the relevant topics (e.g., [8-10, 14]) assume
complete continuity on the nonlocal term g. However, it is
too restrictive in terms of applications.



Recently, Liang et al. [15] observed the nonlocal Cauchy
problem [1, 3, 4, 6] that the nonlocal condition g is completely
determined on [6, T], for some § > 0; that is, such g ignores
the fact that t = 0; for instance, in [4, 6], the function g(u) is
given by

p
gu) = Zci” (t:), (3)
i=0

where ¢s are given constants, and in this case, we have
measurements att = 0 < t, < t; < --- < t, < T rather
than just at t = 0. Thus, by assuming that thereisa § € (0,7T)
such that

g($)=g(w), Vo,@eY,:={pecC(0,T],X);]e®)]

<r, Vtel0,T]},

with ¢(s) =y (s), sel[6,T],

(4)

the authors utilize fixed-point theorem twice to deduce the
existence results. More recently, Liu and Yuan [16] gave
existence results using Schauder fixed-point theorem and a
limiting process under the following hypothesis.

Thereisa § € (0,T) such that F(¢) = F(y) and g(¢) =
g(y), for all ¢, ¢ € Y,, with ¢(s) = y(s) and s € [§,T],
with the nonlinear term F being bounded by an integrable
function.

Motivated by the works in [15, 16], we drop the compact-
ness assumption on the nonlocal condition g and discuss the
existence of solutions for (1). The obtained results generalize
recent conclusions on this topic.

The present work is organized as follows. Section 1
is devoted the introduction of the problem we studied.
Section 2, we explain some known notations and results we
will use. The basic hypotheses on (1) are also given in this
section. In Section 3, we study the existence of mild solutions
to (1) and in Section 4, we investigate some conditions for (1)
to come up with strong solutions. In Section 5, an example is
given to illustrate the existence results.

2. Preliminaries

Throughout this paper, T > 0 will be a fixed real number, X
will be a Banach space with norm || - [, and —A : D(A) ¢
X — X is the infinitesimal generator of a compact analytic
semigroup of uniformly bounded linear operators T'(-) such
that 0 € p(A). Then, there exists a constant M > 1 such that
IT()|| < M, fort > 0anditis possible to define the fractional
power A%, for 0 < a < 1, as a closed linear operator on its
domain D(A%) with inverse A™ (see [17]). The followings are
the basic properties of A%,

Theorem 1 (see [17], pages 69-75). The following assertions
hold:

(i) D(A%) is a Banach space with the norm |x|, := [|A%x],
for x € D(A%).

(ii) T(t) : X — D(A%), foreacht > 0.
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(iii) A“T(t)x = T(t)A%x for each x € D(A*) and t > 0.

(iv) For every t > 0, A“T(¢) is bounded on X, and there
exist M, > 0 and § > 0 such that

(04 M“ — M(X
AT ()] < e o < - (5)

(v) A™ is a bounded linear operator in X with D(A%) =
Im(A™).

(vi) If 0 < & < 3, then D(AP) — D(A%).

Let X, be the Banach space D(A”) endowed with the
norm | - [|,. Then, we denote by C, the operator norm of
A%, that is, C, = [|A™"|, and let E be the Banach space
C([0,T], X) endowed with the supnorm given by

lullg = sup |u(®)],

for u € E,
0<t<T (6)

and, for any 8 € (0,T), set E5 = C([5,T], X). Moreover,
let E,, be the Banach space C([0,T], X,) endowed with the
supnorm given by

lullg, = sup l|lx ()l for u € E,. )

0<t<T

The following hypotheses are the basic assumptions of this

paper.
(H1) There exist § € (0,1) and L, > 0 such that the
function F: [0,T] x X — X satisfies

|APE (t,x) - APE (s, p)| < L (It = sl + = y]), (®)

forallt,s € [0,T]and x, y € X.
(H2) The function G : [0,T] x X — X satisfies the
following conditions.

(i) For each t € [0,T], the function G(¢,-) : X — X is
continuous, and, for each x € X, the function G(-, x) :
[0,T] — X is strongly measurable.

(ii) For each k € N and t € [0, T1], there exists a positive
function g; € L'([0, T],R*) such that

llstnlpk IG (&)l < gi (1) )

and there is a y > 0 such that
T

liminflj gi (s)ds =y < oco. (10)
k—oo k 0

(H3) The function g : LY([0,T],X) — X is continuous,
and there exist constants L,, L; > 0 such that

lg @) < Lyllullg + L, an

foru € E.
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3. Mild Solutions

Definition 2. A continuous function u : [0,T] — X is called
a mild solution of (1) on [0,T] if, for each t € [0,T], the
function s — AT(t — s)F(s,u(s)) is integrable on [0, t), and
the following equation is satisfied:

u(t) =T @) [ug+ F(0,u(0)—gw]

—F(t,u(t)) + L AT (t —s)F (s,u(s))ds (12)

+fTa-gcuM@»m,
0

forallt € [0,T].

To see the existence of mild solution of nonlocal problem
(1), we will, in view of (12), locate the fixed point of a mapping
® defined on E by

(Qu) (£) =T (¢) [ug + F (0, (0)) - g ()]

CF(hu()+ JO AT F(su(e)ds 3

+JtT(t—s)G(s,u(s))ds, 0<t<T.
0

For this, we first observe the following result, where for all
keN,welet B, ={u € E: |u(t)| <k, t €[0,T]}.

Lemma 3. Assume that hypotheses (H1)-(H3) are satisfied,

and, in addition, there holds the following inequality:
(H4)

Tk
M(L,+y+CgLy)+L, (c,; +M1ﬁf> <1. (14

Then, @By, C By, for some k € N.
Proof. Suppose, on the contrary, that, for each k > 0, there

exist u;, € B and t; € [0, T] such that ||(Duy)(t,)|| > k. Then,
we have

k < [[(®uy) (1)
< | T (t) [0 — g (i) + F (0,14 (0))]]]

+ |[F (t e (8))]

# [ 1T (- 9 F s o)) ds

+ J.Ok [T (tx = 5) G (s, (5))| ds

< |7 ()|
x (ol + g ()]l + |47 APF (0,1 0))])

+ |APAPF (t, e (1)

s) APF (s, (s))” ds

bk

+ | T (=) G (s, ()| ds

+ jtk |a" P (8 -
0

0

< M ([Juo]| + Lo e + L5)
B
+ C13(1+M)+M1 ‘Bﬁ)

% (Ly (Jugll s +T) + ||AﬁF ©0,0)])

+M J gk (s) ds.
(15)
Dividing the two sides by k and taking the lower limitas k —
+00, we have

TP
M(Ly,+y+CgLy)+L, Cﬂ+M1_ﬂF >1, (16)

which is a contradiction. This completes the proof. O

By Lemma 3, we see that the mapping® : E — E defined
by (13) maps By into itself. We will show that ® has a fixed
point in By. To see this, note first that @ is continuous by the
continuity of F, G and g. We decompose ® as ® = O, + O,,
where

(@yu) (t) = =F (t,u(t) + Lt AT (t —s)F (s,u(s)) ds,

(Dyu) (8) =T (8) [ug + F (0,u(0)) - g ()] 17)

+ JtT(t - 5)G(s,u(s))ds.
0

We show that @, is a contraction in By, and ®, is a compact
operator in By.

Lemma 4. Assume that hypotheses (H1)-(H4) are satisfied. If
uy € X, then @, is a contraction in By.

Proof. Observe that, for t € [0,T] and u, v € B, we have the
assumption (HI) as follows:

I(@u) (8) = (@,v) ()]
<|IF(tu) - Ftve)l

+ J ||AT (t — s) [F (s, u(s))
0

—F (s,v(s))]ll ds



4
< CgLy lu(t) v (@)l
L ([ ) sup o - v
0 (t—s)7P 0ss<T
TA
<L, (cﬁ + Ml_ﬁf) Sup lle (s) = v ().
(18)
Hence,
|®,u - @y, < Lilu - vl (19)

where L := LI(C/; + Ml,ﬁ(Tﬁ/[S)) which is, by (H4), less than
1. Thus, @, is a contraction. O

Lemma 5. Assume that hypotheses (H1)-(H4) are satisfied,
and, in addition, the following is given.

(H5) There exists a & € (0,T) such that F(-,u(-)) =
F(,v()), GGu() = G, v() and g(u) = g(v), for any
u,v € B, withu(s) = v(s) and s € [§,T].

Then the problem (1) has at least one mild solution in By
for some k € N.

Proof. Let 8 be given by (H5), and let
B (0) ={u e C([6,T],X): lu@®)| <k, Vte[5T]}.

(20)
For any u € B,(6), let u € B, be defined by
_ o [uw, te[dTl,
“ = {u ©), te0,0). =
Now, we define @5 on Eg by
(Dgu) (t) == T (t) [ty + F (0,7 (0)) - g ()]
- F(t,u(t))
+ Lt AT (t —s)F (s,u(s))ds (22)

N JtT(t—s)G(s,ﬁ(s))d&
0

6<t<T.

Then, by Lemma 3, we see that ®5B,(6) ¢ B, (5). Consider
Oy as the sum @5 = @, 5 + D, 5, where

(@) 5u) (1) = =F (t,u (1))
+ Jt AT (t —s) F (s,u(s)) ds, (23)
0

Yu € B, (8),t € [6,T],
and @, 5 is defined on By (J) by
(@y5u) (1) = T (2) (g + F (0, (0)) = g ()

+ Jt T (t—-s)G(s,u(s))ds, (24)
0

teld,T].

Abstract and Applied Analysis

With a similar argument as in the proof of Lemma 4, one sees
that @, 5 is a contraction on By(9).

For the compactness of ®,4, note first that @, is
continuous by the continuity of G and g. Now, to show
that the set {®,su : u € By(J)} is relatively compact in
C([8,T], X), we will prove that, for each ¢t € [§,T], the two
sets

{T (t) (uy + F(0,u(0)) — g (@) : u € B, (8)},

t (25)
V(t):= {J T(t-s)G(s,u(s))ds:ue B (6)}
0
are relatively compact in X and that
{T () (up + F (0,5 (0)) - g () : u € B (6)}
(26)

{LT(- —$)G(s,7i(s))ds : u € B, (5)}

are equicontinuous families of functions on [§, T]. In fact, it
follows from (H3) and the compactness of T'(¢), for ¢t € [, T
that, for each t € [, T],

[T () (up + F(0,@(0)) - g (@) : u € B (D))

is relatively compact in X.

(27)
Moreover, since for each t > 0, and € € (0, ), the set

{T(s) JHT(t e )G (s, (s))ds: u € By (3)} (28)

0

is relatively compact, then, in view of

JtT(t -95)G(s,u(s))ds
0

T (e) JH T(t—e-5)G (s, (s))ds

0

. (29)
< L IT(E = $)llx) G (s, w ()N ds

—€

t
< MJ gx (s) ds,
t

—€

we see by (H2) that there are relative compact sets arbitrarily
close to V(t), and, hence, V() is also relatively compact in X.
Now, by the norm continuity of T'(t), for t > 0, we see that

|(T ¢+ k) =T ()] (ug + F (0, (0)) — g @) — 0
(30)

ash—0
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independently of u € By, and, hence, {T'(-)(1, + F(0,u(0) —
g@)) : u € Bi(8)} is an equicontinuous family of functions
on [§, T]. Finally, let e > 0 be arbitrarily small, and we see that

t+h
J T(t+h-s)G(s,i(s)) ds
0

_rTQ—QG@ﬁ@D%
0

< JH IT(t+h—s)

0

=T (t-3s)] G(s,u(s))|ds

+Jt IT(¢+h-s)-T(-s)]

(31)
x G(s,u(s))|ds

t+h
+ J IT(t+h-s5)G(s,u(s))|ds

t—e
< L IT( s +h)~ T - 90

t

X gi (s)ds + ZMI gi (s)ds

t—e€

t+h

+ MJ gi (s) ds,
t

which is, by the norm continuity of T'(t), for t > 0, arbitrarily
small and independent of u € B, as h — 0. Therefore,
{'[(; T(- — s)G(s,u(s))ds : u € Bi(8)} is an equicontinuous
family of functions on [8, T and so is {®@, su : u € Bi(6)}. It
follows from Arzela-Ascoli’s theorem that {®, su : u € B, (5)}
is relatively compact on E;. Thus, the mapping @, 5 defined
by (24) is compact.

By the fixed-point theorem of Sadovskii [18], this shows
that @4 has a fixed point in By (§); that is, there is a ¢ € B, ()
such that

¢ (t) =T (t) [uy + F (0,9 (0) - g (9)]
~F(t,p(t)+ Lt AT (t - s)F(s,¢(s))ds (32)
+J:Ta—sﬂﬂgaﬁndg §<t<T
Now, define a function y on [0, T] by
Y (£) =T () [ug + F (0,9(0) - 9(9)]

-F(t,p(t) + L AT (t —s)F (s, 9 (s))ds (33)

+JtT(t—s)G(s,¢(s))ds, 0<t<T.
0

Then, v = ¢ on [§,T], and v € B,. Consequently, (H5)
guarantees that

v () =T () [uy + F (0,9 (0) - g (y)]

-F(t,y(t)+ L AT (t - s)F(s,y (s))ds (34)

+rT(t—s)G(s,1//(s))ds, 0<t<T.
0

That is, v is a mild solution of (1). O

For the main results in this section, we introduce a family
of nonlocal neutral problems as follows. Firstly, we define, for
each § € (0,T), an operator %5 on E by
u(6),
u(t),
for all u € E. It is clear that B is bounded on E and
[#Bsll @ < 1, and, hence, BB C By. Now, for each § €
[0,T], we define g5 : E — X by

95 () = g (Bsu),
F5:[0,T]x X — Xby

0<t<é,

35
S§<t<T, (35)

(Bsu) (t) := {

Yu € E, (36)

Fs(t,u(t)) = F(t, Bsu(t)), Vuc€E, (37)
and G5 : [0,T] x X — X by
Gs (t,u(t) =G(t,Bsu(t)), Vu€kLE. (38)

Consider the following nonlocal neutral problem:
u' (t) + Fs (t,u(t)) = Au(t) + Gy (t,u(t)), te[0,T],

u(0)+g W) =uy, € X.
(NNP;)

In view of (35)-(38), the following result is an immediate
corollary of Lemmas 4 and 5.

Lemma 6. Suppose that (H1)-(H4) are satisfied. Then, for any
8 € (0,T], the problem (NNPy) has at least one mild solution
in Bk’

Theorem 7. Suppose that, hypotheses (H1)-(H4) are satisfied.
Then, problem (1) has at least one mild solution in By, for some
keN.

Proof. Choose a decreasing sequence {6, },cny € (0, T) so that

lim, , .6, = 0, and, then, by Lemma 6, we see that for each
n € N, there is an u,, such that

Uy (t) =T (t) [uy + F (0,(Bs5 u,) (0))
~9(Bs,un) | = F (6, (B5,u,) ()
t
+ L AT (t —s)F (s, (%an“n) (s)) ds (39)

+ L T (t-5)G (s (Bs uy,)(s))ds,

0<t<T.



Now, for each 71 € N, we define ®; on By by
(@g,1t) (£) = T (¢) [ty + F (0, (Bs,u) (0)
-gs, ) ]
(1 (%) )

+ It AT (t —s)F (s, (935,1”) (s)) ds (40

0
t
+ J T({t-5)G (s, (%5nu) (s)) ds,
0
0<t<T.
Then, (39) implies that @5 has a fixed point in B, which is

a mild solution for the nonlocal Cauchy problem (NCPy ).
Decompose @5 as @5 =@, 5 + @, ;5 , where

(6 (Rs0) )

+ L AT (t—s)F (s, (‘%5,1”) (s)) ds,

((Dl,a,,”) (t) =

0<t<T,
Dy 5u(t) =T (t) [ty + F(0,(Bs,u) (0)) (41)
~s, ) |

+ L T(t-s5)G (s, (%anu) (s)) ds,
0<t<T.

With the same argument as in the proof of Lemma 4, we have
that @, 5 is a contraction. Furthermore, since the sequence
{Bs,u }neN lies in By, then a similar argument as in the proof
of Lemma 5 (see (27)-(31)) shows that, for each t € [0, T], the
sets

{T® (uo+F(0,u(0)-g (%m“n))}new

t T({t-s)G (s, (e%’gnun) (s)) ds
! i

are both relatively compact in X and that the sequence of
functions

(42)

neN

{JO T(-5)G (s, (935”14") (s)) ds}nEN (43)

is equicontinuous on [0, T]. Hence, it follows from Ascoli-
Arzela theorem that

”o T(=5)G(s(Bs5,un) () ds}

is relatively compact on E.

neN (44)

Now, let {€,,},,eny C (0,T) be a decreasing sequence such that
lim, , €, = 0,andlet {u, }, .y be a subsequence of {u,,},,¢-
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Then, a similar argument as in the proof of Lemma 5 insures
that {T'(:)(u, + F(0,u(0)) — g(%’a ))} o is an equicon-

tinuous sequence of functions on [61, T]. Thus, Ascoli-Arzela
theorem guarantees that the sequence

{10 (o + F(0,u(0)) - g (Bs,u

e

is relatively compact in C ([e;, T], X).

(45)

Thus, by (44) and (45), we see that {uno }n0 e is relatively com-
pactin C([e;, T, X), and, hence, we can select a subsequence
of {u,, }, en denoted by {u,, },, <, which is a Cauchy sequence
in C([e;,T], X). By a similar process, we can select a subse-
quence of {u, }, v denoted by {u,, },, .y, which is a Cauchy
sequence in C([e,, T], X). Repeat the above argument, and
use a diagonal argument to obtain a subsequence of {u,, },, e
denoted by {v, },,cn- Then, for every t € (0, T], {v,(t)},en 18 @
Cauchy sequence in X, and thus, we can define the function
Voo DY

0, t=0, 16
Voo (£) = hmv(t) 0<t<T. (46)
It is clear that v, is strongly measurable, v, € B, and
T
J v, (6) = vy (0)] dt < 2Tk. (47)
0

It therefore follows from Lebesgue’s dominated convergence

theorem that there is a subsequence {7}, 0f {3, },, e SUCh
that
T
L (8., v.) ©) = v, ()] dt
T
< L |(®.,v.) @®) = v, )] dt )

T
# [ I ® - v @ de — 0
0
as n — O0.

This shows that the sequence {%B; u,},y is relatively com-
pact on E, and, hence, by the continuity of g, it follows that

{T ¢ (”0 +F0,u(0)-g (‘9‘95y,un))}neN

(49)
is relatively compact on E.

By (44) and (49), we see the relative compactness of {u,,},,en
on E. Thus, there is a subsequence of {u,}, .y denoted by
{u,},en and a function u,, € E such that

VangO”“v - ”OOHE =0. (50)



Abstract and Applied Analysis

It is clear that u., € By. Since

H%’avuv—um" = sup "9{)’614 (t) -ty (t)“

E 0<t<T

U, (1)

< sup "uv (8 ) -
0<t<6,

+ sup Hu () —uy (t)||

8,<t<T

< 1 (6

v) ~ U (61/)” (51)
+ sup |ug, (8,) — i @]

0<t<$,

* "uv - ”OOHE

< 2fjuy = vt

+ sup |ug, (8,) =ty @) 5
0<t<s,

then (50) and the uniform continuity of u., imply that
lim, , |65 u, - uoo||E = 0. By taking limits in (39), we
see that u,, is a mild solution of (1) and this completes the
proof. O

We will consider the case more generally; that is, the
nonlocal condition g is defined on E rather than L'([0,T], X).

Theorem 8. Suppose that, hypotheses (HI) and (H2) are satis-
fied, and, in addition, there hold the following hypotheses.
(H6) The function g : E — X is continuous, and inequal-
ity (11) also holds.
(H7) lime_,osup(PeBk llg(¢) — g(¢°)llz = 0, where

¢ (€,
¢ (1),

0<t<e,

52
<t<T. 52)

¢ (1) ={

If inequality (H4) holds, then, problem (1) has at least one mild
solution in By, for some k € N.

Proof. Let {u,}, oy and {€,},n be the sequences defined as in
the proof of Theorem 7. With the same arguments as in the
proof of Lemma 4, we see that ®B, C By, for some k € N.
Moreover, it follows from the same arguments as in the proof
of Theorem 7 that (44), and (45) also hold, and, for every
subsequence {u,, }, e Of {t4,},en, there exist a subsequence
{v,}o2, and a function v, : (0,T] — X such that v, is
continuous on (0, T] and, for every ¢,

Jim, max v, (1) - ve, ()] = o
53
or - lim |58, [v, - veol| ; =

Let ¢ > 0 be given. It follows from (H7) and (53) that there is
ad > 0 such that

lg (¢) - g ()] < 2 whenever ¢ =y on [8,T] (54)

and that, for every k € N, there is an Ny such that n > N
implies that

"g( o [Vy = Voo )|'<§1 (55)

Choose K that is large enough so that e < &, and define
¢:[0,T] - Xby

Ve (ex), 0<t<eg,
9= {voo t), ex<t<T. (56)

Thus, (H7), (54), and (55) insure that

lg (v) = g )l < |9 (v) - 9 (B0
+]g(Begvn) -9 (9)|
57)
+|a(e) - 9 (B.va)|

+ "g ('%EKVM) -9 (Vm)" <&

And, hence, by the continuity of g and the compactness of
T(t), for t > 0, (49) is also valid in this case. Therefore,
a similar argument as in the last paragraph of the proof of
Theorem 7 shows the existence of a mild solution for (1). [

4. Strong Solutions

Definition 9. A mild solution u is called a strong solution if u
is continuously differentiable on (0, Tl with u' e LY[0,T], X)
and satisfies (1).

In the following, we establish a result of a strong solution
for (1).

Theorem 10. Let X be a reflexive Banach space. Suppose that
there hold the following hypotheses.

(H8) The function F : [0,T] x X — X, is a continuous
function and there exists L, such that

[AF t.3) - AF (5.9 < Ly (e =l + [x = o). 69)

forallt,s € [0,T] and x, y € X.
(H9) G(.,-) is Lipschitz continuous; that is, there exists a
constant L, > 0 such that

IGtx) -G ) <Lo(lt=sl+[x=y). (59

forall (t,x), (s, y) € [0,T] x X.
(H10) The function g : LY([0,T], X) — X is continuous,
g(u) € Xy, forallu € E, and

lg@)], < Lslull + Le, (60)

for some Lg,L¢ > 0.
(H11) There holds the following inequality:

L,(Cy+MT) +2MTL, < 1. (61)

Ifuy € X, and inequality (H4) also holds with L\, L,; Cp is

replaced by L, Ls; and C, := A7, respectively, then (1) has
a strong solution on [0, T1].



Proof. Let @ be the operator defined by (13). By (HS8), (H9)
and (H10), one can use a similar argument as in the proof of
Lemma 3 to deduce that there is a k € N such that ®B, C B,.
For this k, consider the set

B = {u c€E: ””"E Sky "L{(t)—u(s)”
<L|t-s|, Vt,s € [0,T]},

for some k and L that are large enough. It is clear that B is
nonempty, convex, and closed. We will prove that ® has a
fixed point on B. Obviously, from the proofs of Lemmas 4 and
5 and Theorem 7, it is sufficient to show that, for any x € B,

[(@u) (£,) = (@u) ()| < L|t, —t,],  Vtpt, € [0,T].

(63)

We first fix an element w € B and observe that, for any s €
[O) T] b

I[AF (s, u ()l
< A [F (s,u(s)) — F (0, ()]l
+[lAF (0, u (0))]
SLy(s+fuls) —u(0)) + |AF (0,u (0)
< L, (T +2k) + ko,
IG (s, u () (64)
<G (s, u(s) -G (s,w ()l
+1G (s;w(s)) = G (0,w ()]
+ G (0,w () < Lg [lu(s) —w (s)]
+Lo(1+L)s+[G(0,w(0)
<Ly[2k+ (1 +L)T] +ky,
where k := [ AF(0,w(0))[| and k, := [|G(0, w(0))||. Now,

[[(®u) (£,) = (@u) (t,)]

- J AT (5) [ug + F (0,1 (0)) - g ()] ds

t

+ ||F (tpu(ty)) = F (b, u(8))]

+ Jtz AT (t, — s) F (s,u(s)) ds
0

_ r AT (t, —s)F (s,u(s))ds
0

+ Jtz T (t,—s)G(s,u(s))ds

0

_ J“ T(t, - )G (s,u(s) ds
0

<

t
J AT (s) uyds
ty
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N r T (s) AF (0,1 (0)) ds

t

_rT(s)Ag () ds
t

1

+ CA[F (6 u () - F (t,u ()]

+ JtlT(s)A[F(tz—s,u(tz—s))
0

—F(t; —s,u(t;—s))]ds

+ Jtz T (s)AF (t, —s,u(t, —s))ds

t

+

Lt T [G(t, - sult, - )

-G(t; —su(t; —s))]ds

+ rz T (t,—s)G(s,u(s))ds

1

(65)
Thus, from (H8), (H9), and (H10), it follows that
(@w) (£,) = (@u) (t,)]
< M || Aug| [t; — 1]
+ M [|AF (0,u (0)]l |t - £,
+M (kLs + Lg) |t — 1]
+C Ly (1+L)|t, -t
+MTL,(1+L)|t, -t
+ M [Ly (T +2k) + ko] |t - t,]
+MTLy(1+L)|t, - t,]
+ M{Lq [2k+ (1 + L) T] + k }|t, - ]

<{Ky+L[(C, + MT)L,+2MTLy}|t, - t,|,
(66)

where K| is a constant independent of L. Since (H11) implies
that

K" :=L,(C;y+MT)+2MTL, < 1, (67)
then

I(@w) (t,) = (@u) (t,)| < L|t, - t,], V.1, € [0, T],

(68)

whenever

(69)

L> .
1-K*
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Therefore, ® has a fixed point u which is a mild solution of
(1). By the above calculation, we see that, for this u(-), all of
the functions

p)=F{tu(t),

q(t) =T ) [uy+F(0,u(0)) - gw)],

x(t) = r AT (t — s) F (s,u(s)) ds, (70)
0

y(t) = JOT(t—s)G(s,u(s))ds

are Lipschitz continuous, respectively. Since u is Lipschitz
continuous on [0,T] and the space X is reflexive, then a
result of [19] asserts that u(-) is a.e. differentiable on (0, T]
and /() € L1([0,T], X). A similar argument shows that p(-),
q(-), x(), and y(-) also have this property. Furthermore, with
a standard argument as in [17] (Theorem 4.2.4), we have

X (t) = AF(t,u () - A Jt AT (t — ) F (s, u (s)) ds,
0

71
Y () = G(m(t))—ALIT(t—s)G@,u(s))ds. ()
So the following holds, for almost all t € [0, T]:
&+ Fu )
= 4170 (up + FOu (@) - g )]
+x (1) +y (1)
= —AT (t) (xo + F (0,u(0)) — g (1)) (72)

+AF (t,u(t)) - Ax (t) + G (t,u (t)) — Ay (t)
= =A[T (t) (u + F (0,u(0)) - g (w))
“-Ftbu@®)+x®)+y®)]+GEtu(?))
=-Au(t)+G(tu(t)).

This shows that u(-) is also a strong solution to the nonlocal
Cauchy problem (1), and the proof is completed. O

The following result is an immediate corollary of Theo-
rems 8 and 10.

Corollary 11. Suppose that the hypotheses (H7)-(H9), and
(H11) are satisfied, and in addition, there holds the following
hypotheses.

(H12) The function g : E — X is continuous, g(u) € X,
for all u € E, and inequality (60) sustains.

Ifuy € X, and inequality (H4) also holds with L, L,; and
Cgis replaced by L, Ls; C, = A7, respectively, then (1) has
a strong solution on [0, T].

5. An Example

In the last section, our existence results will be applied to solve
the following system:

9 [u(t,x) + Jlb(x,s)u(t,s)ds]

ot 0
aZ 1
= —zu(t,x)+h(t,x,J u(t,s)ds),
ox 0
0<t<T, (73)
u(,0)=u(t1)=0, 0<t<T,

T 1
u (0, x) + J k, (t,x)J ky (r,u(t,r))drdt = uy (x),

0 0
0<x<1,

where 0 < T < 1and u, € X := L*([0, 1], R) equipped with
L* norm || - |.
The operator A : D(A) ¢ X — X defined by

D(A)={feX: ff" eX,f(0)=f(1)=0},
Af =—f".

Then, —A generates a compact, analytic semigroup T(-) of
uniformly bounded linear operators. It is well known that 0 €
p(A), and, thus, the fractional powers of A are well-defined
where the eigenvalues of A are n’z* and the corresponding
normalized eigenvectors are e, (x) = \V2sin(nnx), n =
1,2,.... Moreover,

(74)

o
Az = annz (z,e,)e,, Yz eD(A)),

n=1

(75)

w1
ATz = Y =(ze)e, VzeX,
n=1n
with |A™?|| = 1, and the operator A% s given by
[ee)
APz =Yn(ze,) e, (76)

n=1

with domain D(A'?) := {f € X: ¥ n(f.e,)e, € X}.

We need the following assumptions to solve (73) with our
results.

(A1) The function b : [0,1] x [0,1] — R satisfies the
following conditions.

(a) (x, ¥) = (0/0x)b(x, y) is welldefined and measurable
with

1 rl/ 5 2
C:= J J (ab(x, y)> dydx < co. (77)

0 Jo

(b) b(0,x) = b(1,x) =0, for each x € [0, 1].
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(A2) The function ki : [0,T] x [0,1] x R — R satisfies
the following conditions.

(a) For each (x, y) € [0,1] x R, the function h(:, x, y) is
measurable.

(b) For each (t, y) € [0,T] x R, the function h(t, -, y) is
continuous.

(c) Thereisan! € R" such that

[t p1) =k (ty % 30)| <L(|ts = t5] + 31 = 32]) s
Vx € [0,1].

(78)

(A3) The functions k; and k, satisfy the following condi-
tions, respectively:

(a) ky € L*([0,1] x [0, T1),
(b) k, € L*([0, T] x R) and there is an I, such that
lk, (£, ) = ks (s, 2)| < By (It = sl + |y — 2]),
Vt,s € [0,T], y,z € R.

(79)

Let E be the Banach space C([0,T],X) equipped with
supnorm, let F: [0,T] x X — X be defined by

1
@@@ﬂw=meﬂ¢@m

(80)
(t,p) € [0,T] x X, x €[0,1],
andlet G: [0,T] x X — X be defined by
1
(G(t,¢)) (x) =h (t, X, J. & (s) ds)
0 (81)

(t,¢) € [0,T] x X, x € [0,1].

Moreover, ifu : [0,T]x[0,1] —» R,wedefineu:[0,T] —» X
by
u®) () =u(t). (82)

Assumptions (A1) and (A2) imply the following conclu-
sions.

Theorem 12. The functions F and G have the following
inequalities.

(a) F satisfies hypothesis (HI) with $ = 1/2 and L, = C
that is,

[A"E (6 00) = AF (b ) < Cllg — o] (83)

(b) G satisfies the hypothesis (H2) with g, = (T + k) +
IG(0,0) and y = I; that is,

|G (t1,01) = G (. 0,)| < (|t = 1] + 91 = 92]]) 5

||fpl||lpk |G (t,¢)|| < 1(T + k) + |G (0,0)].

(84)
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Proof. (a) By the definition of F and assumption (Al), we see
that F(-,-) € D(A) and

|A2E () - AVt 0)|

[ (26961 0) -9 01)) e

(85)

0

<[ [ (e st -eor

<Cl¢, - ¢’2||2’

for all (t,,¢,),(t,,¢,) €
hypothesis (H1).

(b) By the part of (c) of assumption (A2) and Holder’s
inequality, we have

[0,T] x X. Hence, F satisfies

IG (t1,91) = G (t2,9,)|

1 1
= ( J h(tl,x,J N (s)ds)
0 0
1 2 1/2
_h<t2,x,J ®, (s)ds) dx>
0

< ( Ll <12 |t, o] (86)
Jl @, (s)ds - Jl @, (s)ds

) 1/2
0 0 > dx>
< l(|1.‘1 - t2| + <Ll |go1 (s) -9, (s)|ds>)

<1ty =] + lor = o) -

+

So G(t,) is a continuous function from X into X, for each
t € [0, T]. Moreover, let k € N be arbitrary, and it follows that

sup |G (1.¢)]
e

< sup (|G (t.¢) - G(0,0)] + G (0,0)])
llgll<k (87)

< sup (L(t +[¢]) + G (0,0)])
llpll<k

<I(T +k)+|G(0,0)].
So G(+, -) satisfies (H2). O

Now, we define g : E — X by

T (1
(gw) (x) = L L k, (t,x) ky (r,u (t,r)) drdt, 55)

VueE 0<x<1.
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Theorem 13. g satisfies the following properties.

(a) g is a continuous function from E into X.
() Ng @ < ollky 20 1pej0.20 24l + 19(O)1l.
(c) If ¢ € E, then lime_>osup¢€3k lg($)—g(d)ll = 0, where

e\ @), 0<t<e
¢(t)_{¢(t), e<t<T. (89)

Proof. (a) This follows since

lg @) - g )|

(1

Jl ky (t,x)

0

X [ky (r,u(t,1))

2 1/2
—k, (r,v(t,r))] dr dt> dx)

(L Lo

2 1/2
x (I lu(t,r)—v(t,7)) drdt) dx) (90)

kal (t,x)

0

X (lo sup Jl |u(t,r) — v(t,r)|dr>

te[0,T] JO

2 1/2
xdt> dx>
1 T 2 1/2
< yllu - V”E<J <J- ky (¢, x)dt) dx)
o \Jo

< Iollkey | 20,1 0,7y 1 = V-

(b) This is clear from the proof of part (a).

(c) Let k € N and # > 0 be arbitrary. Since ¢ € E, then ¢
is uniformly continuous on [0, T'], and, hence, thereisa d > 0
such that [¢(t) — ¢(e)ll < n, for all t € [0, €], whenever 0 <
€ < 6. Thus, 0 < € < & implies that [|[¢ — ¢°|l; < 7. Since g
is continuous from E into X by the part of (a), the assertion
follows. O

1

Theorem 13 show that g satisfies the hypotheses (H6)
and (H7) with Ly, = Lylkll201x0rp 2a0nd Ls = lig(0)]
respectively. Consequently, since (73) is transformed into

O+ Fbu®) = Au) + Gu ),
tefo,7], OV
u(0) + g (u) = z,,
the following result is deduced by Theorem 8.

Theorem 14. If

(lo||k1||L2([o,1]x[o,T]) + l) +2C(1+M,p) < 1, (92)
then (73) has a mild solution.

Theorem 12 also shows that G satisfies (H9) with L, = .
If k, also satisfies.

(A4) k,(x, y) is twice differentiable with respect to x,
(0%/0*x)k, (x, y) € L*([0,1] x [0,T]), and

. Ll 32 2
C:= L L (%b(x, y)) dydx < co. (93)

then Corollary 11 indicates the following result.

Theorem15. Assume that assumptions (A2)-(A4) are satisfied
and the function

uy (x) := u(0,x) € W ([0,T]). (94)

If inequalities (92) and C(1 + M) + 21 < 1 hold, then (73) has
a strong solution.
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