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This paper investigates the problem of dependent stability criteria for neutral type neural networks with mixed time-varying
delays. Firstly, some new delay-dependent stability results are obtained by employing the more general partitioning approach and
generalizing the famous Jensen inequality. Secondly, based on a new type of Lyapunov-Krasovskii functional with the cross terms
of variables, less conservative stability criteria are proposed in terms of linear matrix inequalities (LMIs). Furthermore, it is the first
time that the idea of second-order convex combination and the property of quadratic convex function applied to the derivation of
neutral type neural networks play an important role in reducing the conservatism of the paper. Finally, four numerical examples
are given to show the effectiveness and the advantage of the proposed method.

1. Introduction

During the last two decades, delayed neural networks have
drawn a great deal of attention because of their extensive
applications in various scientific and technical areas, such
as pattern recognition, power systems, parallel computing,
signal processing, finance, associative memories, mechanics
of structures, and other scientific areas [1-30]. It is well known
that time delay regarded as a major cause of instability and
poor performance often appears in many neural networks.
Therefore, the stability analysis for delayed neural networks
has been investigated extensively in recent few decades. Gen-
erally speaking, studying the dynamical behavior of delayed
neural networks can be mainly classified into two types:
delay-independent stability and delay-dependent stability. As
is known to all, delay-dependent stability criteria are less
conservative than delay-independent ones when the size of
time delay is small.

On the other hand, due to the complicated dynamic
properties of the neural cells in the real world, there exist
many neural network models such as distributed networks,

chemical reactors, and heat exchanges that cannot character-
ize the properties of a neural reaction process precisely. It is
natural and important that these systems will contain some
information about the derivative of the past state to further
describe and model the dynamics of the complex neural
reactions. This new type of neural networks is called neutral
neural networks or neural networks of neutral type. However,
many researchers have focused on the global stability of
neural networks of neutral type only with constant time delay
in recent years, which is very restrictive. Hence, described
with neutral functional differential equations with discrete
and distributed delays, these neural networks called neutral
type neural networks with mixed time-varying delays have
a lot of research on space. The differential expression not
only defines the derivative term of the current state but also
explains the derivative term of the past state. Furthermore, it
is necessary to have some information about the derivative
of the past state in the systems to characterize the dynamics
of such complex neural reactions. Practically, neutral type
phenomenon always appears in studies of automatic control,



chemical reactors, distributed networks, dynamic process
including steam and water pipes, population ecology, heat
exchanges, microwave oscillators, systems of turbojet engine,
lossless transmission lines, vibrating masses attached to an
elastic bar, and so on. For this reason, there has been a
growing research interest in the study of delayed neural
networks of neutral type in the recent years. Therefore,
some less conservative stability criteria for neutral type
neural networks with mixed time-varying delays have been
reported in recently [25, 31-35]. Many methods have been
proposed in these results to reduce the conservatism of
the stability criteria, such as model transformation method,
free-weighting matrix method, the method of constructing
novel Lyapunov-Krasovskii functionals, delay decomposition
technique, and weighting-matrix decomposition method. In
[36], the authors derived some less conservative stability
criteria by considering some useful terms and using free-
weighting matrix technique. By considering the relationship
between the time-varying delay and its lower and upper
bound, the results obtained in [36] were improved in [37].
By constructing a new Lyapunov-Krasovskii functional and
using free-weighting matrix method, some more less con-
servative criteria than those obtained in [37] were proposed
in [38]. Further, the problems of stability analysis of neutral
type neural networks with discrete and distributed delays
have been investigated in [39]. By using a delay-partitioning
approach, a new type of Lyapunov-Krasovskii functionals was
constructed to obtain some less conservative stability criteria.
However, time delay in [39] is not only constant delay, but
also the delay-partitioning approach is equational; hence, this
method has some limitations.

Motivated by this technique, it is the first attempt to
investigate the integral nonuniform partitioning method to
be extended for neutral type neural networks with mixed
time-varying delays. In the paper, the reduced conservatism
of Theorem 6 benefits from the construction of the new
Lyapunov-Krasovskii functionals in (17), which contain some
integral nonuniform partitioning method and triple-integral
terms, which play an important role in the improvement of
less conservative results. Secondly, a novel handling method

is given to establish the relationship among f;h Xx(5)S5x(s)ds,

'[:_h xT(s)ds and x(t — h), which play an important role in
reducing the conservatism of stability criteria further. Fur-
thermore, compared with previous results by using the first-
order convex combination property, our derivation makes
full use of the idea of second-order convex combination and
the property of quadratic convex function given in the form of
a lemma without employing Jensen’s inequality. Finally, four
numerical examples are given to illustrate the effectiveness
and the advantage of the proposed main results.

Notation 1. Notations used in this paper are fairly standard:
R" denotes the n-dimensional Euclidean space, R is the
set of all n x m dimensional matrices; I denotes the iden-
tity matrix of appropriate dimensions, T stands for matrix
transposition, the natation X > 0 (resp., X > 0), for
X € R™" means that the matrix is real symmetric posi-
tive definite (resp., positive semidefinite); diag {r,,1,,...,7,}
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denotes block diagonal matrix with diagonal elements r;, i =
1,2,...,n, the symbol * represents the elements below the
main diagonal of a symmetric matrix, and (M), is defined
as (M), = (1/2)(M + M").

2. Preliminaries

Consider the following neural networks of neutral type with
mixed time-varying delays:

z(t)=-Wyz(t) + W,g(z (1)) + Wog (z (t — h(t)))

t 1
+w3j g" (z(s))ds+ W,y (t —h(t) +], W

t-r
where z(t) = [z,(t),..., zn(t)]T € R"isthe neural state vector,
g(z(®) = [g(z,®)),... ,g(zn(t))]T is the neuron activation
function, J = [J},..., ]n]T € R" is an external constant input
vector, and W, = diag{wy,, ..., wy,} > 0, W, W,, W;, and W,
are the constant matrices of appropriate dimensions.

Assumption A. The time-varying delay h(t) is continuous and
differential function that satisfies

O<h(t)<h, h@)<hp<l. )

Assumption B. For the constants &}, 8;, the nonlinear func-
tion g;(-) in (1) satisfies the following condition:

- gi (@) = g; () <

8 < <é;,
«-p (3)
Va,BeR, «a+f, i=12,...,n
Here, we denote ¥ = diag{s},...,8}}, £ = diag{s},...,5,},
¥ = diag{max{|6]],16]1},...,max{|5,|, |5, |} = diag{s,,...,
8,5 2, = diag{66,,...,6,6,}, £, = diag{(6] + 6,)/2,...,
(67 +6,)/2}.
Assumption C. For given positive scalars p; satisfies:
O=py<p<--<p=1 (i=1,..,]). (4)

It is clear that under Assumption B, the system (1) has
one equilibrium point denoted as z* = [z],...,2:]". For
convenience, we firstly shift the equilibrium point z* to the
origin by letting x(t) = z(t) — 2%, f(x(t)) = g(z(t)) — g(z");
then the system (1) can be transformed into

% () == Wox (£) + W, f (x (£)) + W, f (x (£ - h (1))

t (5)
oW [ ST ) ds W h ),
t-r
where x(t) = [x,(f),...,x,()] € R" is the state vector of
transformed system, f(x(t)) = [fl(xl),...,fn(xn)]T € R".
It is easy to check that the transformed neuron activation
function f;(-) satisfies
5 <@ o5 f)=o0,
o (6)

a#0,

Ya € R, i=12,...,n
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The following lemmas are introduced, which will be used in
the proof of the main results.

Fact 1 (Boyd et al. [40], (Schur complement)). For a given
symmetric matrix X = X' = [X“ X“] where S;; € R,
the following conditions are equivalent:

1) X <0

(2) Xy1 <0, X5y = X[ X7 Xy < 05

(3) X, <0, X, — X, X0 X1 <0.

Lemma 1 (see [41]). For symmetric matrices Yy, Y, Y,, and a
vector &, Let f(a) = &) Yo&, +a&l Y, E,+E Y & with Y, < 0.
Then we have f(«;) < 0 and f(a,) < 0 = f(a) <0, Va €
[y, o]

Lemma 2 (see [42]). LetW > 0, and let w(s) be an appropriate
dimensional vector. Then, we have the following facts for any
scalar function 3(s) = 0 Vs € [a,b]:

@ - f: o (sWa(s)ds <
ZEtTF1 Lf w(s)ds;

b - o) FWTEE, +

) —f:[:’(s)wT(s)Ww(s)ds < f: B(s)dsETFW R, +

26TF, [ Bls)(s)ds;

3) - [ f" OWa(s)ds < (b - @l W EE, +
267F, [1 B(s)w(s)ds,

where matrices F; (i = 1,2,3) and a vector &, independent

of the integral variable are appropriate dimensional arbitrary
ones.

Lemma 3 (see [43]). For any constant matrix 0 < R = R' €
R™", ascalarr > 0 and a vector function x : [0,7] — R” such
that the integrations concerned are well defined; then

- JO xT (s)Rx (s) ds

< —%(f_ x(s) ds)TR <f_ x(s) ds) :

- JO Jt x! (s)Rx (s)dsdO
t+6

([ [ o)

Lemma 4 (see [44]). For any constant matrix R € R”", R =
RT >0 a scalar function h := h(t) > 0, and a vector-valued

T

([ o).

7)

function x : [-h,0] — R" such that the following integrations
are well defined:

of oo [ 4 T2 A]L%)
W

-~ joh J;G 7 (s) R (s) ds d6
@) 17 hx (1)
lf_hi(s)ds:| [ 15 —l;] [J;t_hjc(s)ds] '

(8)

Lemma5. Let x(t) € R" has continuous derived function x(t)
on interval [0, h). Then for any matrix Z™" > 0, scalar h > 0,
the following inequality holds:

t
—hJ i (5) R (5) ds
t—h

h

t T 1t
—J x(s)ds [R —R] —J x(s)ds
t-h t=h
x(t—h)

)

Proof. From Lemma 3, we can get

%(Jh [ s )dsde) ( [ [ s de)
L h (J R d5> (f_hx(s) ds) 46
J

t 0
J 0 (t - h)) %" (s) Rx (s) ds d6
t—h Jt-h (10)
J;hJ; (0 (t_h)

2
J (h——(s_”h) )xT(s)Rx(s)ds
“n\ 2

< %J %! (s) Rx (s)ds

T

IA

IN

IN

(s) Rx (s)dfds

T

Notice that
t 0 T . e
(L_h L_h X9 ds de) R (L_h L_h & (s) ds d@)
¢ T . a
J x(s)ds R -R J x (s)ds
= t-h [—R R :| —h
hx (¢ = h) hx (t - h)



Therefore, we get

- Jt x(s)Rx (s)ds

t—h

1 (! ’ 1 (!
< 2 —J x(s)ds R -R —J x(s)ds
= _z h Jin -R R h Jin
x(t—h) x(t—h)
(12)
This completes the proof. O
3. Main Results

In this section we will give sufficient conditions under which
the system (5) is asymptotically stable.

Theorem 6. For given scalars h > 0 and hp, < 1, the system
(5) with the neuron activation function f(x(t)) satisfying the
condition (6) is asymptotically stable if there exists P > 0,
RIE=R>031=123),Q =Q >0(=12),8 =8>
0@G(=1,...,8), ZiT =Z;>0(=1,...,1), diagonal matrices
G; = diag{g;;, 95> -..>gin} > 0, K; = diaglk;;, k,, ..., k;,} >
0, L, = diag{ly,L,....L,} > 0, = 1,2,3) and M =
diag{m;,m;,...,m,,} > 0, (i = 1,2,3,4), T; (i = 1,...,5)
and F; (i = 1,...,6) with appropriate dimensions such that
the following symmetric linear matrix inequality holds:

I, hF' hF] hF}
* —hR; 0 0

Bi=] % x —Q 0 <0, (13)
h
* * * -
3
I, + I, hF] hEl hF!
% -hR;, 0 0
B, = " % -Q, 0 <0, (14)
* * ¥ ——
3Q2

where
T

I, = <2 le; e;+eg] Pley e —ey]

+2[e, O]R,[0 e, + eS]T

T
+2[e, O] Ry[he; es] >5 +[e; e]
T
X (R, +Ry) [e; e]

—(1-hp)[e; es]Ry[e ea]T
—[e; es] Ry[e 64]T+h[31 e)] Ry

x [e; eZ]T te, (h2Q1 + h3Q2) ezT
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+ (2F [e; ey —e)]" +4F [hey - ;)"

+ 6F3T[he3 - e7]T

+2F{ ey e~ e;]' —4Fj e —6Fje; )
+teg (S +S,) ez -

T T
(1 - hD) 1051619 — €115€y;

T T T

—esS4es t €, (S +5,) e~ (1-hp) esSze;
W 4

e, (hS5 + ?SG) eZ - ZeIS6e1T + Eelsdg

2 T
—e,Sse,

h

4
+ —615688

h
2 4
o (%t a) e e (s %)
o <h3 T S6> esT

<rS7 —Sg + Z - pi)rZ; >

648567 648568

h? h?

!
T
Z enviZi€ns
1)

1:1

1 T
- (ery + - +ey)Sylen +--+eppy)

_ 2 S.el
r_ze12+l 8€12+1

+e, (3K, - 3G, + L 3)e; +2¢,(G, - K, +Ly)e;
+2e; (SK, - 2G, + LX) el +2¢5 (G, - K, + L) ef
+2¢, (ZK; — 2Gy + LyX ) g +2e(Gy — Ky + Ls) ey
T T T
+e; (EM 2 - M,%,) e, +2e,M,%,ey —e;M;%e5
+ 263M32261T0 — ey (M; + M,) eg
_310M3610 e, M, 21‘34
+ 2e4M422e1T1 +e, (—T1 - TIT) eg
T T T T
—enMyey; —2e,W; T e,
T T
+2e,T\Wyey + 2e,T)W,e;,
T
+2e,TyWs(epy + -+ +e1141)
+ 2@2T1W4e§ - ZeszeZ +e (—T2W0 - WOTTZT) elT
T T
+2e,T,Wey +2e, T,W,e;,
T
+2e,T,Ws (e, + -+ +eyp4)

+ 2e2T2W4e§ - 2ezT3TeZ
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- 2e1W0TT3TegT + 269T3W261T0

+ ey (T3W1 + WITT3T) eg +2e,TsWi(eqy + -0+ + elm)T
+ 2e5W4T T;F egT - 262T4Te1T0 + 69W1T T4Te1T0
+e10(TW2+W T, )ew

+2e10TWs(e, +--- + ell+l)T

+ 2e5W4TT4TelTO + 265W4TT;Fe;F

- ZeszTeg - 261W0TT5TeST

+ esT5WIe§ + esTg,erlT0 + 2e; (T5W4 + W4TT4T) esT

T TrT T
teny) —2eWiT, e,

+2esTsWs (e, +

I, <2 (e, 0

+4Fle] +6Fje] ) ,
S

)R (e, €)' —4Fl el —6Flel

(15)

with

Oe=2[O+OT], €= Oty Lo Omizein]

1

2
(i=1,...,12+]).

(16)

Proof. Consider a novel augmented Lyapunov-Krasovskii
functional for the system (5) as follows:

V(%) = Vi (%) + V5 (%) + V5 (%) + Vi (x,) + Vs (x,)
(17)
+ Ve (x,) + V5 (x,),

where

Vi (%) = ET (t) P&, (1),

vV, (x;) :J n )Ez (t,s) {[EIEZ] R, [ElEz]T} & (t,s)ds

+ Jt—h EZT (t,s) {[EIEZ] Rz[ElEz]T} &, (t,s)ds,
(18)

Vs (x;)
- J;—h (h ot s) £2T (t’ s) {[E2E3] R3 [EzEs]T} Ez (t, S) ds

" L_h (h—t+9°E (t,5) [E;QET}E, (¢, ) ds

" L_h (h—t+9°E (t,5) [E;QET} &, (6, 9)ds,
(19)

Vy(x)

) J;—h(t) fT (x () S, f (x(s)) ds
+ L_h fT (x(s)) S, f (x(s)) ds 0
t
' J;—h(t) i(9) S5 () ds
t
i J i' () Sy (s) ds,
t-h

V() = [ et 9 ¥ 05k ds
(21)
0 0 ct
’ .[—h L LH i' (5) S () dsdA do,

t
Vg (x,) = L (r—t+s) 1 (x(s)S, f (x(s))ds

0 0 pt .
+<[ L J;+,\f (x(5)) S f (x(s))dsdAdO (22)

—-r

v ZZ J_p’ J F ) Zif (x(5)) ds b,

V; (x,) = 22911 J ! (fi (s) =8 s)ds

N Zilu r’m (f, (s) +8.5) ds

(t=h(t))
[ - as

0

+ 22921

no Cx(t-h()
. szz,j (&'s— fi(s)ds  (23)

i=1 0

n x;(t—h(t))
+2)0, J (f. () + 8,5 ds

i=1 70

0

Xi

1 x;(t=h)
* 22931‘ J (fi(s) - 68;s)ds
i=1
(t=h)
(67s— f;

n
+2) ks;
i=1 0

(s))ds

n ex(t-h)
+2), J (f.() + 8:5) ds,

i=1 70



with
T _ | T Yoo
Fo- o Sl
& ts)=[x"® x"(s) " (s)]
& =[x"@t) " "t -h@) x"(t-h)

L(t-ht) " t-h ],

t-h(t) t
EZ(t) = [ L . x! (s)ds J

t—h(t

x"(s)ds fT(x(t))
)

et =h) fT(x(t—h))],

t-r

& (1) = “:WfT (x(s))ds- - rp“r £ (s))ds],

£ (1) = [ HORACRAC jo j fT(x(s))dsdG]
3 4 5 +0 >

—r Jt

T

Ei = [Onx(i—l) Inxn 0n><(3—i)] (l =12, 3) .

(24)

The time derivative of V(x,) along the trajectory of system (5)
is given as

v (xt) = Vl (xt) + Vz (xt) + V3 (xt) + V4 (xt)
(25)
+ Vs (%) + Ve (%) + V5 (),

where

Vi (x,) = 28] (t) P&, ()
=267 () [e; e, +es] Ple, e —e,]' ),

Vy(x) < [x" (0 " O] R [+ @) "]
T ! T T, 17
+2[%" (@) o]R, Lhm [x" () %" (5)] d(s)
—(1=hp)x [x"(t) x"(t-h)|R,
<[« (&) A"t -ne)] +[x"®) " @®)]R,
< [xT (1) " (t)]T+2 [+" ) o]R,
¢ T
xj h[xT(t) (] de) - [« @) «"t-h)]
o

xRy« (1) x"(t—h)]"
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=8O { (e e)Riler @) +2(e 0)
xR(h(t)e, e) —(1-hp)
x (e, e5)Ry(e; e;) +(e; e))
xRy(e; €) +2(e, O)R,
x(hey e, +e5) ~(er @)
xRy(e, ) E(),
Vi (x,) = B, (1) {[ B, Ry[E,ES] 16, (8:1)
+x7 (1) (KQ + B’ Q) % () + V,, (x (1))
=80 {h(er e)Ry(er €)'

+e, (hZQ1 + h3Q2) e;r} E@)
+V, (x(t).
(26)

Here, V,,(x(t)) is the sum of all integral terms expressed as

Ve (x (1))

t

T Jt—h 2 (5:9) {[E2E3] R3[E2E3]T} 1, (t,s)ds
_ L_h 2(h—t+)m, (t,9) {EsQ ET} 1, (8,5 dis
_ Lh 3(h—t+ 5, (65) {E;QES 1y (1, 5) ds
t=h(t) .
< - Jt Ly (t,s) {[E2E3] R3[E2E3] } 1 (t, S) ds
t=h(t) )
_ L 2(h—t+s)n,(ts) {E3Q1E3},72 (t,s)ds
t=h(t)
_ J-t 3(h—t+ 5)2,,,2 (t,s) {E3Q2E3T} 1, (t,s)ds
B J-t ) 1, (£, ) {[E2E3] R, [E2E3]T} 1, (t,s) ds
- jt—h(t) 2(h(t) =t +3s)m, (,5) {E3Q1EZ} 1, (t,s)ds

_ Lhm 3 (1)~ t + ), (8,5) {EsQ,ET}

x 1, (t,s)ds

=V, (x(1).
(27)
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Apply Lemma 2 to Vu(x(t)),

V,c(®) < & 0 f(h-h ) FTR'F, +2F] [e; ey —e,]"
+(h-h(®)’F,Q'F,
+4F [(h-h(t)e; —e;]"
+3(h-h(t)FiQ'F,
+6F [(h—h(t) e, —e,]"
+h(t) FTR;'F, +2F (eg e, —e;)"
+H () FYQ,'Fy + 4FL [h(t) e, —eg)"
+3h(t) ETQ; Fy + 6EL [ (t) e, — eS]T}
x&(t),
Vi(x) < fT(x0)S, f (x (1))
—(1=hp) fT (x(t = (®) S, f (x(t-h(®))
+ £ (x(0)S,f (x(8)
— fT (et =m) Syf (et =) + &7 (1) Sy (1)
—(1=hp) & (t —h(t)S;x (t - h(t))
+x7(£) 4% (t) — %7 (t — h) S,% (t — h)
=& @) {e9 (S, +S,) ez -(1-hp) elOSlelT0
- 61182(31T1 +e,(S;+S,) ezT
(1= hp)esSses — esSseg | £ (1),
(28)

2
Vi (x,) = %" (t) (hs5 + %56) % (f)
- J-t %7 (s) Ssx (s)ds (29)
~h

0 t
—j j &7 () Sgi (s) ds d.
—h Jt+6

From Lemmas 4 and 5, we have

_ jt %7 (s) S (s) ds
“h

T

< _%|:% J’:_hx(s) ds] [ Ss —Ss]

x(t—h) =S5 Ss
1 t
. [zﬁ_h“%],
x(t—h)

0 t
—j J &7 () Sy (s) ds 6
—h Jt+6

T

_ o[, hx (t) [—Ss s, ] thx (t)

TR J x (s)ds Se —Se J x(s)ds |’
t—h t—h

(30)

Then combining (29) and (30), we can obtain that
Vs (xt)
T W T
<& (1) {ez (h85 + 786) )
- 2e186e1r + %elsee§ + %elSse;w
T 2 T
h2 e4$537 (t) e,Sseg — Ee4$5‘e4
2 4 4
ey (S + jaSe) & e (Ss 2% )
2
e (jSs + 5e) 4 } 0,
(31)
Vs (xt)
=rf" (x () S, f (x (1))

t 2
ST DS ) ds 4 T (1) S (x(6)

)
- Ji Lief(x (8)) Sg f (x(s)) dsdo

'M~

Il
—

+

(= i) rf (x () Zf (x (1))

t=piy1 T
- j £ (e (8) Zif (x () ds.

i=1 “t=pT
(32)
From Lemma 3, we get

t
| e@s s w s

t t
_% L £ (x(s)) dsS, JH £ (x(s))ds,

IN

0 (t
B J— Jt efT (x(5)) Sg f (x(s)) dsdb
2
g

IN

JO J T (x (s)) ds d6sS,
L &
X 'L ,[t+9f (x(s))dsdo,

t=piat T
—j FT () Zif (x (s)) ds
t—pit
PR jp £ (x () dsz,
(Pi_Pi—l)r t-p;r

t=piar
« J F(x(s))ds.
t—p;r



Then combining (32) and (33) we can have that
2
Ve (x,) < rfT (x (£)) S, f (x (£) + % T (1) S f (x (1)

1
+ Y (o= p)rf (x(0) Zif (x (1)
i=1

L rt—piyr L rt=—piyr
_ %ZJ T (s))dsS7ZJ_P £ (x(s))ds
t—p;r

i=1 JE=piT i=1

0 (t 0 rt
! t=piat
_Z(p—;)rj T e (9)) dsZ,
=1\Pi — Pic1 t-pir

t=piar
X J; f(x(s))ds

—pir

2 1
,
=& (1) {69 <TS7 + Ess + Z (pi = Pi—1)”Zi) eg
i=1

l

Ee S eT Z;e
T T C12+4108% 1240 T 11+i
r im1 (pi=pii)r

T 1
X Zieyy— - (e + - +e4)

xS, (e +---+eu+l)T} {0}
(34)
V; (x,)
<2[f" (x(®) (G, - K, +Ly)
+x' (t) (K, - 2G, + L,3)]
xx(t)+2(1-hp)
< [f1(x(t=h®) (G, - K, +L,)
+x" (t-h () (EK, - 2G, + L,3)]
X % (t - h(t))
+2[f" (x(t= 1) (Gy - Ky + L)
+x' (t —h) (ZK; - 3G, + L33 ]
X % (t — h)
=287 (1) fe, (K, -G, + L,3) e;
+26,(G, K, +L;) e}
+2e; (2K, - 2G, + L, ) eg

+2e5 (G, — K, + L,) el
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+2¢, (ZK; — 2G5 + Ly ) eg
+2e6(Gy — Ky + Ly) e, JE(8) .
(35)

From (6), for any positive diagonal matrices M; =
diag{m;,,,..., min} (i = 1,2,3,4) one can easily check

0<[x" OZM,Zx(t) - £ (x(£) M, f (x (1))]
+[=x" () MyZ x (1) + 2x7 () M3, f (x (1))
—fT (x () M, f (x (1))]
+[-x"(t - h ) M,
xZ,x(t —h(t)+2x" (t—h(t))
X M2y f (x(t = h(0) - [ (x (£ = h(2))
X M, f (x(t = h (1)) ]
+[ =" (=R MZx (t—h)+2x" (¢t - ) MZ, f
X (x(t=h) = fT (x(t=m) M,f (x(t—h)|
=& (1) {e, (EM,Z - M%) €] +2e, M,y — e; M35
+2e;M33,e], — eg (M, + M,) ey
—eoMsel, — e,M,Z s +2e,M,Zel,

—ellM4elTl}f(t).
(36)

Furthermore, for arbitrary matrices T}, T,, Ts, Ty, Ts with
appropriate dimensions, we have

24T (1) T,
x [ SR (1) = Wyx (£) + W, f (x (1))
WS (et~ B (D)
W, [T @ Wy G- h)
80 fey (-1~ 1T) el - 2T
+2e,T,Wey +2e,T,Whey,

T
+2e,T\Wi(epy + -+ +eypy)

+2e,T\Wyes } £ () = 0,
(37)
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2x7 ()T,

x [ (1) = Wyx (6) + W, f (x (£)) + Wo f (x (£ = R (£)

t

oW, J £T (e () ds + W, (& (¢ - (t)))]

t—r
T T
=& (1) {—231Tze§ te (—T2W0 -Wo TzT) e
T T
+2e,T,W ey +2e, T,W,e;,
T
+2e,TyWs(epy + -+ egpy)

+2e,T,W,es }E(£) =0,

(38)
2T (x () T
< | -0 - Wor 0+ W f (0
FWLf (x (E=h(E) + W, L_ £ (x (s)) ds
+W, (%t -h(1)) ] (39)
=& {—ZeZTIeZ - 261W0TT3Tegw
+ e (T3W1 + WITT3T) eg + 269T3W261T0
+ 259T3W3(€12 +eeet 611+1)T
+2esW, Ts eg } E (1) = 0,
2f T (x(t=h(t) T,
X [ =% () - Wox (t) + W, f (x(£))
+ W, f (x(t = (1)
t
W, j T (x () ds
t—r
+W, (x(t - h(t))] (40)

=& @) {—ZeZTZelTO - ZeIWOTTZelTO
+ €9W1TTIe1To + e (T4W2 + W2TT4T) elTO
+2e10TWs(ep + - + ‘311+1)T
+2esW, Ty ejo} £(£) = 0,
A (E=h ()T
x [ =% (t) = Wyx (t) + Wy f (x(t))
+Wof (x(t-h(t))
W, J: 1T (x () ds

+ W, (x(t - h(1))]

9
=" (1) [-2e,T5€] —2e,Wy TS e;
+ e5T5W1eg + e5T5W2e1T0
+2e5TsWs(ep + - + ‘311+1)T
+2es (T5W4 + W4TT4T) eg} &y =o.
(41)

The combination of (26)-(37) gives that
Vix)<E O, +hO I, +IL}E®),  (42)
where ITj, IT; are defined in (13) and (14), respectively, and
I, = (h-h(t) FR}'F,
+(h—h(t)’F)Q,'F, +3(h - h(t)) F, Q'F,

+h(t)F, Ry Fy + W (t) FL Q' Fs + 3h (1) F. Q,'F.
(43)

Note that the scalar valued function ET(t){HO + h(HII; +
I1,}é(t) is quadratic function on the scalar h(t) and the
coefficient of second order is £ (t) [FZTQI’IF2+F5TQI1F5]E(t) >
0 since Q; > 0. This means that the function ET(t){HO +
h(H)IT, + IT,}E(¢) is a convex quadratic function for h(t).
Finally, apply Fact 1 and Lemma 1 in order, then we get

g,<0in (22), E,<0in (23) (44)

& [y + h () T} + 0], <O,
(45)
[Ty + A () IT; +10,],02, <O,

I, +h(t)II, +II, <0, Vh(t)€l[0,h], (46)

which means the asymptotic stability of the system (19). This
completes the proof. O

Remark 7 In Theorem 6, the augmented vector &(t)
has integrating terms of activation function f(x(t))

which are _[:_PrfT(x(s))ds,...,jt_pl’lrfT(x(s))ds and

t-r
_Lor _Li@ fT(x(s))ds d6. By these terms, more past history of
f(x(t)) can be used, which lead to less conservative results.

Remark 8. Compared with those in previous articles, Ours
constructed a new type of Lyapunov-Krasovskii functional
which has three differences: (1) an independent augmented
variable f:_h xT(s)ds; (2) the cross terms between entries in
&, (1), &,(t, s), respectively; (3) quadratic terms multiplied by
first, second, and third degrees of a scalar function h — ¢ + s
by 1 means the number increase of the integral by 1.

Remark 9. Compared with traditional approach to deal with
term like f:_h xT(s)SSJ'c(s)ds, Lemma 5 provides a new han-
dling method. This new handling method can establish the

ht) xL(s)ds, ftt::(t) x'(s)ds and x(t—h),
which may significantly reduce the conservatism of stability

criteria.

t
relationship among L_
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Remark 10. When W; = 0, the system (5) reduces to

x(t) ==Wox () + W, f (x(t)) )
+Wof(x(t=h(@)+W,x(t-h(t)).

Similarly, based on Theorem 6, we can obtain the asymptoti-
cal stability for system (47) as follows.

Theorem 11. For given scalars h > 0 and hp < 1, the system
(47) with the neuron activation function f(x(t)) satisfying the
condition (6) is asymptotically stable if there exists P > 0,
RF=R >0G=123,Q =Q >0 = 1,2),
SiT =S > 0@G = 1,...,6), diagonal matrices G,
diag{gi;» Gin»-- > Gin} > 0, K, = diaglk;, kips ... ki >
L, = diag{ly,l,,....0,} > 0, (i = 1,2,3), and M
diag{m,,,m;,...,m;,} >0, (i = 1,2,3,4),T; i = 1,...,5)
and F; (i = 1,...,6) with appropriate dimensions such that
the following symmetric linear matrix inequality holds:

S

T, hFl hE] hF
* —hR, 0 0

El = & x  —Q, 0 <0, (48)
h
* * * ——
3Q2
T, +hIl, hEl hF!l hF!
_ * -hR; 0 0
EZ = * * _Ql 0 < 0, (49)
h
* * * —
3Qz

where

= - o~ —~ —~ T
o= (2[& &+ Ple, & —ey]
—~ 1T
+2[ez 0] RI[O es]
—~ -~ 1T - o~
+2[52 0] RZ[hel e7+eg] >s+[el 61]
~ ~1T PO
X(R1+R2) [el el] _(1_hD) [51 33]
~ ~1T -~ o~ ~ ~1T - o~
XRl[el 53] _[el 64]R2[e1 54] +h[31 ez]Ra
[ 8]+ (HQ +h'Q,)e;
+ (2F/[& & -8, +4F[ne, - &,)"
+6FT [he, - &,)" +2F1[¢, & —&]" - 4F el
~6F ey ) +2 (S, +82) 8 — (1-hp)2Siél,

e 0T mo T~ T
~ 115,81, ~ €S48 +€, (S5 +8,) &,

2
—(1-hp)&Ssel +&, (hs5 h S6> e

Journal of Applied Mathematics

PR DU

- 2e15661T + ze186e; = e4SSe7 0 648568
(2 (4

& (% ¢ %) o (55 ¢ %) 4
—68(h3 hzsﬁ)e8+e1(21< -G, +L,2)¢e,

+22,(G, - K, +L,)& + 28, (EK2 ~3G, +L,%)
x el +28, (G, - K, + L,) &%,

25, (EK 30,4 L)+ 2,6y - Ko 4 1)
X &, +e (EM,Z - M,¥,) & + 28 M,%,8)

- 53M32153T + 253M32221T0 - (M, + M,) 55
- 510M3€?0 - E4M42151 + 254M4225?1
+€2( T, - T, ) 511M4‘311 2e1W T é;r
+ 2€2T1W15;F + 2é\le‘/VzElTo - 2e1T252T
+é (—T2W0 - WOTTZT) ElT + 2"3\1’1"2‘/\/1‘?5
+2¢ T2W251To + 252T2W455T - 2‘?IWOT T3T ég
+ 28, TyWyely + & (TsW, + WITT )&l
+28,W, T & - 26,T, &), — 26,W, T, &),
+ e W, T, e, + 2y (T,W, + W, T] ) &
+28W, T, ey —28,TL é1 —26,W, Ts e

2
+ & TsWyéy + esTsWyer, — zasséf
4
+ EaS@sT + 285 (TsW, + W/ T, ) &5
TT
+ 2e5W T e10 + 2€2T1W465 -2e,T; &y,

0, =(2(& )R, 0)' -4

~6F, &, +4F, ¢, +6F,¢, ) ,
S

(50)
with
1 T

=5 [0+0"], -

& = [Opeio) Lown O]’ (= 1,...,11).

Remark 12. When W, = 0, the system (5) reduces to

% () == Wox () + W, f (x (1))

(52)

+Wof (x(t-h(t)+ W, L_ T (x(s)) ds.
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Similarly, based on Theorem 6, we can obtain the asymptoti-
cal stability for system (52) as follows.

Theorem 13. For given scalars h > 0 and hy, < 1, the system
(52) with the neuron activation function f(x(t)) satisfying the
condition (6) is asymptotically stable if there exists P > 0,
RI =R >0( =123),Q =Q >0(@=12),S =
S > 06 = 1,2,5...,8), 2 = Z, > 0@ = 1,...,D),
diagonal matrices G, = diagl{g,,g,....,9,5 > 0, K, =
diagik;, k,, ..., k,} >0, L, = diag{l;,,,...,1,} > 0,and M =
diag{m,,,my,...,m,,} >0, (i = 1,2,3,4), T; i = 1,...,4)
and F; (i = 1,...,6) with appropriate dimensions such that
the following symmetric linear matrix inequality holds:

M, hF' hEl hF!
*
%

_ ~hR, 0 0
El = % _Ql 0 <0, (53)
h
* * * -
3
T, +hIl, hE] hF! hF!
_ * -hR; 0 0
Ez = ES ES _Ql 0 < 07 (54)
h
* % P R—
3
where
= = = L =1pfs = <17
I, = <2 (&, & +&] Ple, & —&,]

+2[8 0]R[0 &]" +2[¢ 0]

x Ry[he, & +3]") +[a @]
x (R, +Ry) [& g1]T -(1-hp) e e]
xR, e 53]T_[El eq] Ry € 54]T
+hle, &R x[8 &) +& (KPQ +1HQ,)
_ T
><e2 <2F & e3—e4] +4F, [he3—es]
+6F! [he, - &]"

~4Fg ~6F g ) +&(S,+5,)8
hy)eS.e — eS8 +& | h il
-(1- D)essles — 895,85 + ¢, Ss+7sﬁ

T s s, AT S T TST
x e, —2e,5se, + ﬁelSée5 +e,W, T, e

4 4
+8 (T,W, + W, T} ) & + 8 X Seer + (7S a
N 2. ¢ _ (2
h2 645566 - Ee4S5e4 - &5 <h h2 S6> e

/4 L (2 o
_e5<ﬁ h286>66 (ﬁ hzsﬁ)‘36

1

<rS7 SS+Z - pi1)1TZ; >

!
= 1, _
Z p) T e9+iZie§+i == (8t +8y)
) r

1:1

_ T
xS (€0 + - +egy) -

2 _ T

r_2610+188610+l

+28 (3K, -G, + L,2)&, +25 (G, - K, +L,) ey
~ T T T

+& (EMZ - M%) e, +2e,M,%5e, —e;M33 e

T A T T

+2e,TsWheg +28,M,33,8, — &, (M, + M,) e,

— & M2, - &,M,3,E, +28,M,%,e,

+& (-T, - T) )&, —&,M,&; —26,W, T, &

+2e,T\W,& +2&,T\W,&, + 2&,T,W,

X (81 + -+ +80y) — 28, xWIT & —22,Te!

+& (T, W, - W, T, ) & +28,T,W;2;

+28,T,Wyer — 2&,T. e, + 22, T,W,

_ ~ NT o TT T T ST
X (€ + - +8y) —28T,8 —2e,W, T, &,

+& (T,W, +W/'TY ) &)
+ 28T, Wy (80 + -+ + €0yy)
+ 28, T, Wy (80 + -+ +85,)
M= (25 O)R(E &) -4E7e
~6F e +4Fie| +6F,2, ) ,
(55)
with

Oe=>[0+07],

NI'—'

(56)
_ T
& = [0ty Lixn Onxqosip] (=1,...,10+1).

Remark 14. When W; = 0 and W, = 0, the system (5) reduces
to

X (t) = =Wox (£) + W, f (x (£)) + Wy f (x (E - h(2))). (57)

Similarly, based on Theorem 6, we can obtain the asymptoti-
cal stability for system (57) as follows.

Theorem 15. For given scalars h > 0 and hy, < 1, the system
(57) with the neuron activation function f(x(t)) satisfying the
condition (6) is asymptotically stable if there exists P > 0, R] =
R>031=123,Q =Q;>0(31=12),8=8>0(=
1,2,5,6), diagonal matrices G, = diag{gi1, 9> ---> g} > 0,
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K, = diagik,,k,,...,k,} > 0, L, = diag{l;,,,...,L,} > 0,
and M = diag{m;;,my,...,m,} >0, (i = 1,2,3,4), T, (i =

.»4) and F; (i = 1,...,6) with appropriate dimensions
such that the following symmetric linear matrix inequality
holds:

[, hFl hE] hF
*
ES

5 ~hR; 0 0
g = x —Q 0 [<0, (58)
h
* * * -
3@
I, +hil; hF] hEl hEl
. * -hR; 0 0
B, = * *  —Q 0 <0, (59)
h
* * * —_—
3@

. o o o T o T
My = (2[6 &+&]Ple, & —e]” +2[& OJR,[0 ef]

+2[e, O] Ry[he, és+56]T>s+[é1 é ]

e 4T .. . o 1T
X (R, +Ry) ¢ &] —(1-hp)[é; &R, [ ¢&]
- [, é]R,[é 54]T+h[él &R,
(6 &]" +& (KQ +HQ,)e)
+ (2F] (65 & -] +aE[he; - &)
+6F [hé, — &) +2F![¢ & - &,

—4F] & —6F g ) +&,(S,+S,)¢
hZ
— (1= hp) &S,8 —&,8,6) +¢&, (hs5 + ?sﬁ) &

2
_éls666

2
— 28,848 + Eéls6éz + e4S ér

2 .. o (2 T
T he“s-”e‘*_ef’(ﬁ h286>65

g 2 2 5 2
_65<ﬁ h286>e6 <h3 56)66
T

+26,(G, — Ky + L) &) +¢é (3K, - 2G, + L 3) ¢,

hZ

648566

+&, (EM,Z - M%) &l + 28, M,3,8) —&;M;3,¢8]

+28,M3%,8 — & (M, + M,) &)

— 8 M, — 6, M3+ 26,M,3,8
+& (T, ~T)) & ~ &M, ~26,W, T} &
+ 25Ty W, &0 + 28,1\ Wyt — 2e, Ty

+&, (T3 Wy = Wy T, ) &) +2¢, T, Wy

Journal of Applied Mathematics

s 7 TST s Tl sT | o ST
—-2¢,Ty e, —26,W, T, &, +2&,T;W,é;

+& (T,Wy + W]'TS ) &) - 26,T &
26, W, TJ & + &, W T el

+& (T,Wy + W, T} ) & + 2élT2WIé$,

M, =(2(& O)R,(e 0)' -4E e - 6
+4FE +6F) ),
N
(60)
with
1 T
bo=5[0+0"],
(61)
~ T .
€ = [Onx(i—l) Inxn 0n><(9i)] (l =1... ’9) .

4. Numerical Examples

In this section, four numerical examples are given to show the
effectiveness and improvement of the main results proposed
in the paper.

Example 1. Consider the following neural networks of neu-
tral type with discrete and distributed delays:

X()=—-Wox () + W, f (x (@) + W, f (x(t-h(t)))

- (62)
+ W, J;_T [ (x(s)ds+Wyx (t - h(t)),

where

—-1.1398]
0.5045 -0.2111
0.6645 1.1902
—0.3398 —2.2543 |

[-2.5573 —1.3813
—-1.0226 —0.8845
1.0378 1.5532
| —0.3896 0.7079

1.9574

[ 0.2853 —0.0793 0.4694 0.5354 ]
-0.5955 1.3352 —0.9036 0.5529
—-0.1497 -0.6065 —0.1641 —0.2037
| —0.4348 -1.3474 —0.6275 —2.2543 |

[ 0.0265 0.1157 0.0578 —0.0930]
0.3186 —0.1363 —0.0859 0.0742
0.2037 -0.2049 0.0112 0.1457

| —0.3161 —0.2469 -0.0736 —2.2543 |

=
Il

(63)

[-0.3054 0.3682 0.1761 —0.0235]
—-0.0546 —0.2089 —0.0754 0.2668
0.4563 0.0023 0.1440 0.6928
| —0.0115 -0.2349 0.2004 0.1574 |

Wy

W, = diag {1.6305,1.9221,2.5973,1.3775},

T = diag {1.0275,0.9960, 0.3223,0.2113}
< = diag {0,0,0,0} .
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TABLE 1: Maximum allowable time-delay bounds / = r in Example 1.

13

hy, =0 [32] (m=1=2)[39] (m=1=3)[39] (I = 2) Theorem 6 (I = 3) Theorem 6
h=r 1.8630 2.7442 3.0942 4.6531 4.8652
TABLE 2: Maximum allowable time-delay bounds h = r for different values h, in Example 1.
hp 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
Theorem 6 (I = 2) 4.3682 4.1238 3.9862 3.6782 3.5132 3.1230 2.8623 2.5219 1.6725
Theorem 6 (I = 3) 4.5132 4.2685 4.1032 3.8658 3.7216 3.3275 2.9273 2.6312 1.7321
3
0.0030 -0.0004 0.0006 —-0.0005
2 Roi = —0.0004 0.0041 -0.0009 0.0004
31171 0.0006 —0.0009 0.0026 —0.0006 |’
1 ~0.0005 0.0004 —-0.0006 0.0018
S o | [ 0.0307 —0.0024 —0.0035 —0.0050 ]
= M , _|~-00024 00181 00044 -0.0137
17 1-0.0035 0.0044 0.0136 -0.0027 |’
-1 | —0.0050 —0.0137 -0.0027 0.0302 |
) [ 0.0022 -0.0000 -0.0003 0.0005 |
7 - —0.0000 0.0017 -0.0000 -0.0001
, o 27 1 -0.0003 -0.0000 0.0026 0.0010 |’
0 2000 4000 6000 8000 10000 12000 14000 16000 [ 0.0005 —-0.0001 0.0010 0.0045 ]
‘ [ 0.0065 0.0033 0.0006 —0.0023]
— x(0) — x0) 0.0033  0.0058 0.0017 —0.0031 (64)
— 2 — %0 5171 00006 0.0017 0.0049 —0.0010 |’
F1GURE 1: The simulation of Example 1 for h = r = 4.8652, where the [ -0.0023 —0.0031 —0.0010 0.0073 |
initial value is [-3,-2,2,3]", h, = 0,1 = 3. _ -
0.0066 -0.0003 —0.0016 0.0010
S = —0.0003 0.0049 0.0006 -0.0003
27 1-0.0016 0.0006 0.0052 0.0011 |’
From Table 1, it can be seen that the stability criterion pro- 0.0010 —0.0003 0.0011 0.0063
posed in the paper is less conservative than those obtained by i
Fengetal. in [32] and Lakshmanan et al. in [39]. Besides, from 0.0087 -0.0039 0.0032 -0.0014
Tables 1 and 2, the maximum allowable time-delay bounds 1 - | ~0.0037 0.0144 -0.0017 0.0021
h will become larger with the values of I becoming larger. ! 0.0030 -0.0016 0.0061 -0.0009 |’
Moreover, Figures 1 and 2 show that the state vector x(t) | —0.0007 0.0012 -0.0017 0.0092 |
stabilizes to zero asymptotically with different /i, and initial _ -
values. By using the Matlab LMI toolbox, we solve LMIs (13) 0.0131  -0.0008 0.0044 —0.0002
and (14) for the case h, = 0 and h = 4.6531 and obtain T = —0.0043  0.0237  —0.0074 0.0003
2 —0.0012 0.0029 0.0099 -0.0003
0.0048 —0.0009 00017 —0.0003 | —0.0016 0.0014 -0.0025 0.0086 |
p - | ~0:0009 0.0072 —0.0010 0.0004 Example 2. Using this example, we will show the improve-
u 0.0017 -0.0010 0.0045 -0.0009 |’ ment of our results for (52) by two cases (A) and (B). Consider
—-0.0003 0.0004 -0.0009 0.0042 the following parameters as in [32, 39]:
[0.0022 -0.0012 0.0013 —0.0004 ]
R — |~0.0012 00043 -0.0013 0.0006 Case A
21171 0.0013 -0.0013 0.0021 -0.0007 |’ 6 00
| —0.0004 0.0006 -0.0007 0.0015 | Wy=1050{,
) : 007
0.0063 —-0.0006 0.0011 -0.0007
R = —0.0006 0.0085 —-0.0015 0.0006 1.2 -0.8 0.6
22271 0.0011 -0.0015 0.0050 -0.0010 |’ Wy=|05 -15 07 |,
| —0.0007 0.0006 -0.0010 0.0034 | -0.8 -1.2 -14
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TABLE 3: Maximum allowable time-delay upper bounds & = r for i, = 0 in Example 2.

hp =0 [9] [45] [46] [12] [21] [39] Theorem 13
Case A 4.3163 4.4697 4.3324 4.8374 4.4879 4.3763 4.9532
Case B 2.8266 2.9137 2.8317 2.7953 6.8279 7.2368 7.8698
0.8 0.5
0.6 04}
0.4 0.3
0.2
0.2
_ | ol
o) + Y ! >
= 0 o 0
-0.2 [\ﬁ
-0.1
-0.4 —02
-0.6 | 03|
0.8 : : : : : : : 04 - - - -
0 2000 4000 6000 8000 10000 12000 14000 16000 0 2000 4000 6000 8000 10000
t t
— x;(t) — x3(t) — x;(t) — x3()
— x,(t) —— xy(t) — x,()

FIGURE 2: The simulation of Example 1 for & = r = 4.5312, where
the initial value is [-0.8, 0.6, 0.4, O.S]T, hy,=0.1,1=3.

-14 09 05
W,=|-06 12 08],
05 -0.7 L1
-1.8 07 -08 (65)
W,=|06 14 1 |,
-04 -0.6 12
_Jos 0 o0 000
T=[0 05 0|, X={000
0 0 05 000
Case B
09 0 1 -17
Woz[o 0.8]’ Wl:[—1.6 1 ]
1 06 04 0.3
W, = [0.5 0.8]’ W = [0.1 0.2]’ (66)
= [025 o 00
Z‘[o 0.25]’ 2‘[0 0]‘

For the above two Cases A and B of numerical examples,
the maximum allowable upper bounds for guaranteeing the
asymptotical stability of the corresponding systems obtained
from Theorem 13 are listed in Table 3. Table 3 clearly shows

F1GURE 3: The simulation of Example 2 of Case A for h = r = 4.9532,
where the initial value is [-0.2, 0.5, —0.4]T, hp =0.

that our results have larger improvement over those results
of previous literature. In Case A, when h, = 0, h = r,
the simulation result is given as Figure 3, which implies that
under the given conditions, the state vector x(t) stabilizes to
zero asymptotically.

Example 3. Consider the following delayed neural network
given in (47) with parameters:

20 1.6 0.3
Wo = [0 2]’ Wi = [0.3 0.5]’
02 0.1 0.15 0
W = [0.1 0.2]’ Wi= [ 0 0.15]’ ©7)

S|

The corresponding results for maximum allowable upper
bounds of the time-varying delay h(t) are given in Table 4.
From Table 4, it can be clearly seen that the maximum
allowable time-delay bounds h will become small with the
values of hj, becoming large. Furthermore, when h, = 0.1,
the state trajectories of the system (47) are shown in Figure 4.

Example 4. In this Example, we give four Cases (A)-(C) that
show the potential benefits and effectiveness of the developed
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TABLE 4: Maximum allowable time delay bounds # for different values /i, in Example 3.
hp, 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
Theorem 11 9.0123 8.6789 8.4245 8.1237 7.9028 7.4532 71279 6.8325 6.0142
3 TABLE 5: Maximum allowable upper bounds & for different hj, in
Case A.
2 hy, 0.1 0.5 0.9
[36] 3.27 215 131
1 [37] 3.27 2.22 1.58
(38] 3.30 2.53 2.08
s oo b [47] 335 259 213
(48] 3.75 273 2.27
1 [49] 3.70 312 2.59
[50] 3.91 2.79 233
5 [42] 421 315 291
Theorem 15 5.19 3.92 3.36

6000 8000 10000 12000 14000 16000
t

0 2000 4000
— x(t)
— x,(t)

FIGURE 4: The simulation of Example 3 for h = r = 9.0123, where
the initial value is [73,3]T, hy =0.1.

method for delayed neural networks. Consider the delayed
system (57) with the following parameters:

Case A
[-0.0373 0.4852 —-0.3351 0.2336 ]
W - -1.6033 0.5988 -0.3224 1.2352
17103394 -0.0860 —0.3824 —0.5785 |’

| -0.1311 0.3253 -0.9534 —0.5015 |
[ 0.8674 -1.2405 —0.5325 0.0220 ]
0.0474 -0.9164 0.0360 0.9816

Wo=1 18495 26117 -0.3788 0.8428 (68)
| -2.0413 05179 11734 —-0.2775 |

W, = diag {1.2769,0.6231, 0.9230, 0.4480} ,

¥ = diag {0.1137,0.1279, 0.7994,0.2368} ,
3 = diag {0,0,0,0} .

Case B

W, = [0.0530 0.0454] ’

0.0987 0.2750
0.2381 0.9320]

.

0.0388 0.5062 (69)

W, = diag {1.5,0.7}, Y = diag {0.3,0.8},

2 = diag {0, 0} .

TABLE 6: Maximum allowable time-delay upper bounds / in Case B.

hD =0 0.4 0.45 0.5 0.55
[36] 3.99 3.27 3.05 2.98
[48] 4.38 3.60 3.33 3.23
[49] (m =2) 4.39 3.67 3.46 3.41
[19] 4.4801 4.0626 3.8083 3.7064
(18] (m = 2) 5.2420 4.4301 41055 3.9231
Theorem 1in [51] 5.0588 4.2603 4.0604 4.0185
Theorem 2 in [51] 5.3079 4.5267 4,2924 4.1903
Corollary 1in [51] 9.7094 7.7523 6.8570 6.2977
Theorem 15 10.2358 8.8378 7.9531 7.4532
Case C
1 1 0.88 1
] B A L
— 70
W, = {2,2}, Y = diag {0.4,0.8}, (70)
2 = diag {0, 0}.

From Tables 5, 6, and 7, it is clearly shown that Theorem 15
is less conservative than those in the mentioned literature.
In Case A, when hp, = 0.1, the simulation result is given as
Figure 5, which implies that under the given conditions, the
state vector x(t) stabilizes to zero asymptotically. Hence, this
example indicates fully that the method proposed in the paper
plays a major role in reducing conservatism.

Finally, we provide the number of decision variables
involved in the LIM in each of the Theorems 6-15 in
Table 8.

5. Conclusions

This paper is concerned with the stability analysis of neutral
type neural networks with mixed time-varying delays. Some
improved delay-dependent stability results are established by
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TABLE 7: Maximum allowable time-delay bounds # for different values /1, in Case C.

Method [52] [48] [53] [42] [54] Theorem 15
hy =0.8 2.3571 2.8854 2.9144 3.1409 4.1626 6.9785
h, =09 1.6050 1.9631 1.9095 1.6375 3.9766 6.3457

TaBLE 8: Number of decision variables involved in the stability criteria.

Method Number of decision variables Method Number of decision variables
Theorem 6 [(12+ 1) +8(12+ D) +6]n* + (16 + )n Theorem 11 2151* + 15n
Theorem 13 [(10+D*+8(10+1) +6]n* + (14 + Dn Theorem 15 1594 + 13n
0.5 T T T [2] E Beaufays, Y. Abdel-Magid, and B. Widrow, “Application of
04 neural networks to load-frequency control in power systems,”
: Neural Networks, vol. 7, no. 1, pp. 183-194, 1994.
0.3 [3] M. Galicki, H. Witte, J. Dorschel, M. Eiselt, and G. Griessbach,
0o L “Common optimization of adaptive preprocessing units and a
’ neural network during the learning period. Application in EEG
0.1} pattern recognition,” Neural Networks, vol. 10, no. 6, pp. 1153—
:;; 1163, 1997.
or [4] L. O. Chua and L. Yang, “Cellular neural networks: applica-
—0.1 tions,” IEEE Transactions on Circuits and Systems, vol. 35, no.
10, pp. 1273-1290, 1988.
02 [5] B. K. Wong and Y. Selvi, “Neural network applications in
03 finance: a review and analysis of literature (1990-1996),” Infor-
mation and Management, vol. 34, no. 3, pp. 129-139, 1998.
04 0 015 1 1‘.5 2 [6] M. Zhenjiang and Y. Baozong, “Analysis and optimal design
" 10t of continuous neural networks with applications to associative
memory, Neural Networks, vol. 12, no. 2, pp. 259-271,1999.
— ) — %0 [7] Z. Waszczyszyn and L. Ziemianski, “Neural networks in
— x,(0) — xy(t)

FIGURE 5: The simulation of Example 4 for h = 5.19, where the initial
value is [-0.2,0.5,-0.4,0.2]", b, = 0.1.

using a novel approach for the networks. Improved delay-
dependent stability criteria in terms of linear matrix inequali-
ties (LMIs) are derived by employing a new type of Lyapunov-
Krasovskii functionals with three and four integral terms.
Different from previous results by using the first-order
convex combination property, our derivation applies the idea
of second-order convex combination and the property of
quadratic convex function. obtained results are formulated
in terms of linear matrix inequalities (LMIs). Numerical
examples are given to illustrate the effectiveness and the
advantage of the proposed main results.
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