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We prove an abstract result on random invariant sets of finite fractal dimension. Then this result is applied to a stochastic semilinear
degenerate parabolic equation and an upper bound is obtained for the random attractors of fractal dimension.

1. Introduction

The notion of random attractors is a generalization of the
classical concept of global attractors for deterministic dynam-
ical systems (see, e.g., [1-3]). Random attractors are compact
invariant random sets attracting all the orbits. The asymptotic
behavior of a random dynamical system (RDS) is captured
by random attractors, which were first introduced in [4].
The existence of random attractors associated with stochastic
partial differential equations has been extensively studied by
many authors [4-9].

As in the deterministic case, finite dimensionality is an
important property of random attractors which can be estab-
lished for several random dynamical systems. In [10], Crauel
and Flandoli developed a method to obtain finite Hausdorft
dimension of a random invariant set. However, their assump-
tions are very restrictive. They proposed certain bounds on
the derivative of the RDS as well as on the rate of approxima-
tion of the RDS by its derivative to hold uniformly in w € Q
(Q denotes certain probability space). This drawback was
overcome by using a “random squeezing property” in [11].
In [12], Debussche used the method involving the Lyapunov
exponents (see [3]) to obtain an upper bound on the Haus-
dorff dimension for a random invariant set, and this method
was developed in a recent paper [13] for bounding the fractal
dimension of random invariant sets. Motivated by [14], we
give a new criterion for the upper bound on fractal dimension
of random invariant sets. This result does not require C'-
smoothness of the RDS. Therefore, it can be applied to
more stochastic models. However, as mentioned in [14], the
estimate based on our theorems usually turns out to be
conservative.

In the next section, we formulate and prove our main
abstract results. In Section 3, we apply our abstract results to
the random attractor for the RDS generated by a stochastic
semilinear degenerate parabolic equation and obtain an
upper bound of fractal dimension of the random attractor.
Throughout this paper, we denote by |- [x the norm of
Banach space X. The inner product and norm of L*(Q)) are
written as (-, -) and || - ||, respectively. The letter ¢ denotes any
positive constant which may be different from line to line
even in the same line.

2. Preliminaries and Main Results

In this section, we give the main abstract results for the finite
fractal dimension of a random invariant set. For that matter,
we need some basic concepts.

Definition 1. Let M be a compact set in a metric space X. The
fractal (box-counting) dimension dim M of M is defined by

. . In n(M,¢)
dim M =1 e
R T (1/e)

where n(M, ¢) is the minimal number of closed balls of the
radius & which cover the set M.

) )

For other alternative formulations of the definition of
the box-counting dimension, see Definition 3.1 in Falconer’s
book [15].

Definition 2. Let X be a complete metric space endowed with
the metric d and let M be a bounded closed set in X. Assume
that g is a pseudometric defined on M. Let BC M and & > 0.



(i) A subset % in B is said to be (¢, p)-distinguishable if
o(x,x') > eforany x,x' € %, x#x'. We denote
by m,(B,¢) the maximal cardinality of an (¢, 0)-
distinguishable subset of B.

(ii) The pseudometric g is said to be compact on M if and
only if m, (M, €) is finite for every € > 0.

(iii) For any r > 0 we define a local (r, ¢, g)-capacity of the
set M by the formula

€, (M;r,¢€) = sup {ln m, (B,e) : BC M, diam B < Zr}.
(2)

We next recall some notions related to RDS. The reader
is referred to [4-8, 16] for more details. Let (Q, #,P) be a
probability space and let X be a Banach space.

Definition 3. (1) (Q, F, P, (6,),cg) is called a metric dynam-
ical system (MDS) if 6 : Rx Q — Qis (B(R) x F,F)-
measurable, 0, is the identity on Q, 0,,, = 0, o 0, for all s,
teR,and 6, = P forallt € R.

(2) An RDS on X over an MDS (Q, #,P, (0,);cr) is a
mapping ¢ : R" x Ox X — X, (t,w,x) — ¢(t, w, x) which
is (B(RY) x F x B(X), B(X))-measurable and satisfies, for
P-as. w € Q,

(a) ¢(0,w,-) =idon X,

(b) ¢(t +s,w,-) = ¢(t, 0w, -) o (s, w, -) (cocycle property)
on X foralls,t € R.

An RDS is said to be continuous on X if ¢(t, w) : X — X
is continuous for all t € R* and P-a.s. w € Q.

Let O be a measure-preserving ergodic transformation on
(Q, #,P) and let S(w) be a family of maps from X to X.
We assume that o/ (w), w € ), is a compact measurable set
satisfying, for P-a.s. w € Q,

S(w) o (w) = o (Bw) . (3)

Our aim is to study the fractal dimension of the sets o/ (w),
w € Q. We define a discrete RDS {S",n € Z*} by §"(w) :=
$(0,-,0)S0,_,w) - - - S(Ow)S(w). In the proof of the following
theorem we keep track of the “c-approximate v volume”:

V,(X,¢) =e'n(X,e). (4)
Our main results read as follows.

Theorem 4. Let X be a Banach space, and S(w) satisfies, for P-
a.s. w € Q, the following:

(i) S(w) is Lipschitz on 9 (w); that is, there exists L > 0
independent of w such that
[S (@) vy =S (@) vyl < Lvy = v2]lxo  viov2 € (@),

)
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(ii) there exist compact seminorms n,(x), ny(x) (indepen-
dent of w) on X such that

IS (@) vi = S(@) o x < nllvy = sl
+K[n (vy=v,) +n, (6)
X (S (w)v; = S(w)v,)],

for any v,,v, € o(w), where 0 < 1 < 1/2e and K > 0 are
constants independent of w (a seminorm n(x) on X is said to
be compact if and only if for any bounded set B C X there exists
asequence {x,} C Bsuch that n(x,,—x,) — 0asm,n — ©0).
Then of (w) has finite fractal dimension in X; that is, for P-a.s.

w € Q,
gek(1+12)"
#) -

df&f(w)sln m0< 1= 2en
where my(R) is the maximal number of pairs (x;, y;) in X x X
possessing the properties

2 2
el + Il < R
. . (8)
n, (x,- —xj)+n2 (yi —yj) >1, i#j.
Proof. We set g, (x, y) = K(n;(x — y) + n,(S(w)x — S(w) y));
then, for every w € Q, g, is compact on &(w) in the sense

of Definition 2. From [14], we see that the local (r,¢,¢,)-
capacity of the set &/(w) admits the estimate

2.1/2
©,, ( (w);r,e) <In m()(M)
w ‘ )

P-a.s. w,

where m1,(R) is the maximal number of pairs (x;, y;) in X x X
possessing the properties

il + Il < 2,
(10)
n, (xl- —xj)+n2 (yl- —yj) >1, i#].

For any fixed ¢, > 0, we assume that {B; : i = 1,...,
n(df (w), &)} is the minimal covering of &/ (w) by closed balls
of theradius ¢,. Set F; = BN (w), i =1,...,n(f(w),&,). Let
6 = (1/4e)—(n/2) and let {x;;j =1,...,m;} C F;beamaximal
(8¢, 0,,)-distinguishable subset of F,. Since g, is compact,
this finite set exists, and then we have

n; =m, (F,0¢) < exp {ng (o (w) ;80,880)}

<2K(1+L2)”2> )
smy| ———— | =¢,

n(d (w)&) n;

o (w) ¢ U1 LB,
=1 j

1

(11)

B ;= {v €F o, (v,xg) < 680}.
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Therefore,

n(d (w),ey) n;

S wc |J US(w)B,] (12)
i=1  j=1

Forany yy, y, € B; ;(C (w)), we get from (6) that

d (S (@) y1, S (@) y5) <1 (31, 32) + @0 (315 %)) + 00 (¥2: X))

<2(n+9)eg,.
(13)
Thus diam S(w)B; < < 2(n + 6)¢g, for any i, j. Therefore,
n(S(w)  (w),2(n+98)g) <nn(d(w),e)
(14)

<e'n(d(w),g).

For general n € N, replacing g, S(w), and /(w) by g
S(0,w), and S"(w) (w), respectively, in the above procedure
and noting that §"(w) </ (w) = #/(6,w), we can get that

n((0,w),&) n

U Us (6,0) B,  (15)

i=1 j=1

S(60,w)S" (w) o (w) C

where n, < e”, and
n(S(0,0)S" (w) o (w),2(17+90) &) < nn (A (6,0),e)

<e'n(d(0,w),¢).
(16)

Thus,

" (Sn+1 (w) o (w),2 (,,] + 5) go) <e'n (Sn (w) & () >80) .
(17)

Setting g = 2(1 + §), then by a standard induction procedure
we deduce that

n(S" (w) o (w),q"ey) <e'n(d (w),¢). (18)

ny v
g, we get

Multiplying (18) by g
V, (8" (w) & (w),q"ey) < g7 egn (o (w) , &)
=«"V, (4 (w),¢),

where k = ge = 2(57+6)e < 1. Then we can get from the above
inequality that

V, (4 (0,0),q") <«"V,(d (w),¢). (20)
Therefore,
V, (o (w0),q"e,) <"V, ( (0_,w),¢) - (21)

On one hand, for the above g, setting 8 = In g ™', then we have

-(B+8)<Ing<-(B-0), foranyd>0. (22)

3
That is,
~(B+8)k<Ing"<—(B-0)k
(23)
for any k e N, any § > 0.
This implies that
~(B+Ok _ K ~(B-8)k
ge <qge<e o>
q & 0 (24)

for any k € N, any 6 > 0.

On the other hand, for any M > 0, we consider the following
set:

Qp={weQ:V, (I (w),g) < M}. (25)

Then, Qy; € Qy forany M; < M, and Q = (Jp1o Qpp- We
can choose M, large enough such that P(Q,,) > 0 forall M >
M,. It follows from the Poincaré recurrence theorem (see
[13]) that, for every element w € Q,; (M > M,), there exists
a sequence k]- = kj(w) — 00 such that G,kjw € Qy (M =

M,). Therefore, from (21), for all w € Q,; (M > M,)),
v, (szi(w) qkfso) KV, (szi (0,kjw) ,so) < M. (26)

From (24) we see that g"e, satisfies the assumptions of
Lemma 2.2 in [13]. Then, (26) and the related result in [13]
yield that

dim,of (0) < v, @€ Qy (M = M,). (27)
Since P(Qy;) — lasM — oo, this yields that the above
inequality holds for P-a.s. w € Q. The proof is complete. [

As in the deterministic case [14], the following result can
be easily deduced by Theorem 4.

Theorem 5. Let X and Y be Banach spaces such that Y is

compactly embedded in X. Let of (w) be a compact measurable

set invariant under S(w). Assume that, for P-a.s. w € Q,
[S(@)v, = S(w)v, ||y <

L|v, v, v, € A (w),

(28)

- V2||X’

where L is a constant independent of w. Then o (w) has finite
fractal dimension in X and admits the estimate

dimfd (w) <In myy (8eL), P-as. w, (29)
where my x(R) is the maximal number of points x; in the ball
of the radius R in Y possessing the properties ||x; — x|l > 1
i#j.

Remark 6. Recalling that we have defined n(M,e) in
Definition 1, we call 7 (M) := log,n(M, ¢) the Kolmogorov
e-entropy of M. Then the number my y(R) can be bounded
by the Kolmogorov entropy. To show this we assume that i is
the compact embedding of Y into X in Theorem 5 and denote



by By (R) the ball of the radius R in Y. By the definition of
my x(R), one can easily show that

iy (R) < 1 (iBy (R), %) (30)

That is,

My x (R) < 2711 Br(R) _ o7 p(RiBy) _ 5% By) (37

where By = By(1). Moreover, the Kolmogorov entropy is
closely related to the entropy numbers e, (i), k € N (see
definition in [17]). Thus, one can estimate my y(R) by using
the entropy numbers, and here we omit the details. We refer
the readers to [17] for more details about the entropy numbers
ek(i).

In the concrete application of Theorems 4 and 5, one can
define

S(w)=¢(T", w)

where T™ is independent of w and ¢(¢, w) is an RDS on X over
an MDS (Q, #, P, (0,);cr)- Then from the cocycle property
we have

§" (w) := ¢ (nT", w)

=¢ (T*’G(n—l)T*w) o ¢ (T*’e(n—Z)T* “’) orrrog (T*, w)
=S (e(nfl)T* w) N (e(n—Z)T* w) oo §(w)

for some T" > 0, (32)

=5(0,_ ,w)°S(0, ,w)o-- oS (w).

(33)

This implies that {S"(w)},,cy is @ discrete RDS over the MDS
(Q,F,P,(0,),c7) on X, where

0, (w) =0, (w). (34)

3. Applications

Our abstract results can be applied to many stochastic mod-
els. In this section, we consider the following stochastic semi-
linear degenerate parabolic equation with variable, nonnega-
tive coefficients defined on an arbitrary domain (bounded or
unbounded) D ¢ RY with N > 2 (we refer the reader to [9]
for more details):

du+ [~ div (o (x) Vi) + du + f )] dt = ) hjdw;
j=1
in DxR";  (35)
u(x,t)=0 onoDxR";
u(x,0) =uy(x), in D,

where A > 0 and the nonlinear term f € CYR, R) satisfies
the following assumptions:

f)=o,

with positive constant I.

fl(s)=-l, VseR, (36)
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(1) The case when D is bounded is as follows:
olsl? =B < f(s)s<aylslP =B,y VseR, (37)
with positive constants «;, «,, f3;, and f3,.
(2) The case when D is unbounded is as follows:
fxs)s= 0‘1|5|‘D —ky (%),

(38)
|f (x,8)] < alslP™! + Kk, (x),

with positive constants &, and «,, and k, € L' (D) n L*(D),
and k, € L*(D) n LY(D), where (I/p)+(1/q) = 1.

The degeneracy of problem (35) is considered in the sense
that the measurable, nonnegative diffusion coeflicient o(x) is
allowed to have at most a finite number of essential zeros. We
assume that the function 0 : D — R* U {0} satisfies the
following assumptions:

(Z,)o € L}OC(D) and, for some a € (0,2),
lim inf, _, ,|x — z| “o(x) > O for every z € D, when
the domain D is bounded;

(%Z?ﬁ) o

lim inf _)oolxl_ﬁa(x) > 0 for some 5 > 2, when the
domain D is unbounded.

o

satisfies condition H and

o

We use the natural energy space 2, (D, o) defined as the
closure of C;° with respect to the norm:

1/2
oo = (|, o 1vulax) " 9

The space D*(D,0) is a Hilbert space with respect to the
scalar product:

u,v), = JD o (x) VuVvdx. (40)

Moreover, 9(1)’2(D, o) — L*(D) compactly for both bounded
(when assumption %, holds true) and unbounded (when
assumption # gf’ﬁ holds true) domain D.

We consider the following parameterized evolution equa-
tion:

% +Av+ v+ f (v+2z(6,w0)) = -Az (B,w), (41)

where v(t) = u(t) — z(6,w) and u(t) is a solution of (35). Also
Av = —div(o(x)Vv) and z is an Ornstein-Uhlenbeck pro-
cess.

We denote by ¢(t, w, u,) = u(t,w, u,) the RDS generated
by (35) and &/ (w) the random attractor in L*(D) for the RDS
¢. We now verify the compact Lipschitz condition (28) as
follows.

Lemma 7. Under the assumptions (36), (37), and ¥, for
bounded domain ((36), (38), and %’;f’ﬁ hold for unbounded

domain, resp.), one has that, for any t > 1 and P-a.s. w € Q,
¢ (. w0, 110,) = ¢ (£, 0, “0,2)"9}]’2(1),(;) <ce 1o, — 1ol

Vg, Uy, € L (D),
(42)

where c is independent of w.
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Proof. Setting vy, = uy; — z(w) and vy, = 1y, — z(w), we
assume that v, (t) and v, (t) are two solutions of (41) with the
initial functions v, and v, ,, respectively. We consider the
difference w(t) = v, (t) — v,(t), and then w(t) satisfies

w, () + Aw (t) + Aw () + [ (t,w) w (t) = 0, (43)

where I(t, w) = JOI f’[s(vl(t, w) + z(0,w)) + (1 — s)(v,(t, w) +
z(0,w))]ds.

We first take the inner product of (43) with w(t) in L*(D)
to get

w2 gy + Al + (1 (1 @) w,w) = 0. (44)

Also f "(u) > -1 implies that I(t, w) > -1, and we can get from
the above equation that

d
Il + 2wl gy + 2M Il < clwl. (45)
It is easy to deduce from (45) that

lw @O < e“llw ()],

For any t > 0, we integrate (45) into (¢,t + 1) to get

t>0. (46)

t+1 ) ) t+1 5
L ||w(s)||9(1],z(D’U)ds <cllw @) +c J; lw(s)°ds. (47)

Putting (46) into the above inequality we obtain that

t+1
[ IOl ppads < lw@P.  (8)
t

Next, we multiply (43) by Aw, and we have

1 d 2 2 2
EE||U)||911],2(D,[,) + ”Aw” + A”wllgéxz(D)a) (49)
+ (I (t, w) w, Aw) = 0.
This implies that
d
10 O 00) < clw O 125,0) (50)

Applying the uniform Gronwall lemma (noting that the uni-
form Gronwall inequality also holds true when the right-
hand side of (48) is dependent on t!), it yields that

lw 23250 < ce™w O (51)

Finally, using the relationship u(t,w,uy) = v(t,w,v,) +
z(6,w), one can easily deduce the result. This completes the
proof. O

Choosing t = 1 in Lemma 7 and setting S(w) = ¢(1, w),
we see that S(w) satisfies the assumptions in Theorem 5 with
X = [*D)and Y = 2,*(D,0). Therefore, we have the
following.

Theorem 8. Let the assumptions of Lemma 7 hold. Then the
random attractor of (w) for the RDS ¢ has finite fractal dimen-
sion in L*(D); that is, for P-a.s. w € Q,

dimf&i (w) <, (52)

where c is a constant independent of w.

Acknowledgments

The authors are grateful to the anonymous referees for helpful
comments and suggestions that greatly improved the pre-
sentation of this paper. The paper was supported by NSF of
China 10871078 and FRF for the Central Universities of China
2012QN034 and 2013ZZGHO027.

References

[1] A.V.Babin and M. 1. Vishik, Attractors of Evolution Equations,
vol. 25, North-Holland, Amsterdam, The Netherlands, 1992.

[2] J. K. Hale, Asymptotic Behavior of Dissipative Systems, vol. 25,
American Mathematical Society, Providence, RI, USA, 1988.

[3] R. Temam, Infinite-Dimensional Dynamical Systems in Mechan-
ics and Physics, vol. 68, Springer, New York, NY, USA, 2nd edi-
tion, 1997.

[4] H. Crauel and E Flandoli, “Attractors for random dynamical
systems,” Probability Theory and Related Fields, vol. 100, no. 3,
Pp. 365-393,1994.

[5] P.W.Bates, K. Lu, and B. Wang, “Random attractors for stochas-
tic reaction-diffusion equations on unbounded domains,” Jour-
nal of Differential Equations, vol. 246, no. 2, pp. 845-869, 2009.

[6] H. Crauel, A. Debussche, and F. Flandoli, “Random attractors,”
Journal of Dynamics and Differential Equations, vol. 9, no. 2, pp.
307-341, 1997.

[7] T. Caraballo, J. A. Langa, and J. C. Robinson, “Stability and ran-
dom attractors for a reaction-diffusion equation with multi-
plicative noise,” Discrete and Continuous Dynamical Systems,
vol. 6, no. 4, pp. 875-892, 2000.

[8] P. E. Kloeden and J. A. Langa, “Flattening, squeezing and the
existence of random attractors,” Proceedings of the Royal Society
of London A, vol. 463, no. 2077, pp. 163-181, 2007.

[9] M. Yang and P. E. Kloeden, “Random attractors for stochastic
semi-linear degenerate parabolic equations,” Nonlinear Analy-
sis: Real World Applications, vol. 12, no. 5, pp. 2811-2821, 2011.

[10] H. Crauel and F. Flandoli, “Hausdorff dimension of invariant
sets for random dynamical systems,” Journal of Dynamics and
Differential Equations, vol. 10, no. 3, pp. 449-474, 1998.

[11] A. Debussche, “On the finite dimensionality of random attrac-
tors,” Stochastic Analysis and Applications, vol. 15, no. 4, pp. 473-
491, 1997.

[12] A.Debussche, “Hausdorff dimension of a random invariant set,”
Journal de Mathématiques Pures et Appliquées, vol. 77, no. 10, pp.
967-988, 1998.

[13] J. A. Langa and J. C. Robinson, “Fractal dimension of a random
invariant set,” Journal de Mathématiques Pures et Appliquées,
vol. 85, no. 2, Pp- 269-294, 2006.

[14] I. Chueshov and I. Lasiecka, “Long-time behavior of second
order evolution equations with nonlinear damping,” in Memoirs
of the American Mathematical Society, vol. 195, American Math-

ematical Society, Providence, RI, USA, 2008.

[15] K. Falconer, Fractal Geometry, John Wiley & Sons, Chichester,
UK, 1990.

[16] L. Arnold, Random Dynamical Systems, Springer, Berlin, Ger-
many, 1998.

(17] D. E. Edmunds and H. Triebel, Function Spaces, Entropy Num-
bers, Differential Operators, vol. 120 of Cambridge Tracts in
Mathematics, Cambridge University Press, New York, NY, USA,
1996.



