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It is shown that a strong solution of the Degasperis-Procesi equation possesses persistence property in the sense that the solution
with algebraically decaying initial data and its spatial derivative must retain this property. Moreover, we give estimates of measure

for the momentum support.

1. Introduction

Recently, Degasperis and Procesi [1] consider the following
family of third order dispersive conservation laws:

@

2 2 2
Up + Gy + YUy — O Uy = (Clu T ou, + C3l’ll’£3c;c)x’
where «, y, ¢, ¢, ¢, and ¢; are real constants. Within this
family, only three equations that satisfy asymptotic integra-
bility condition up to third order are singled out, namely, the
KdV equation

Uy +u, +uu, +u,,, =0, (2)
the Camassa-Holm equation
Uy — Uy + 33U, = 2u, U, + U, (3)
and a new equation (the Degasperis-Procesi equation, the DP
equation, for simplicity) which can be written as (after rescal-
ing) the dispersionless form [1]
Up — Uy + AU, = 3u,u, + Ul (4)
It is worth noting that in [2] both the Camassa-Holm and
DP equations are derived as members of a one-parameter

family of asymptotic shallow water approximations to the
Euler equations: this is important because it shows that (after

the addition of linear dispersion terms) both the Camassa-
Holm and DP equations are physically relevant; otherwise the
DP equation would be of purely theoretical interest.

When ¢, = —3¢;/2a” and ¢, = ¢;/2 in (1), we recover the
Camassa-Holm equation derived physically by Camassa and
Holm in [3] by approximating directly the Hamiltonian for
Euler’s equations in the shallow water regime, where u(x,t)
represents the free surface above a flat bottom. There is also
a geometric approach which is used to prove the least action
principle holding for the Camassa-Holm equation, compared
with [4]. It is worth pointing out that a fundamental aspect of
the Camassa-Holm equation, the fact that it is a completely
integrable system, was shown in [5, 6]. Some satisfactory
results have been obtained for this shallow water equation
recently, we refer the readers to see [7-19].

Although, the DP equation (4) has a similar form to the
Camassa-Holm equation and admits exact peakon solutions
analogous to the Camassa-Holm peakons [20], these two
equations are pretty different. The isospectral problem for
equation (4) is

\Px - \Pxxx - /\y‘{’ =0, (5)

while for Camassa-Holm equation it is

Y., - i\}/ - ¥ =0, (6)



where y = u — u,,, for both cases. This implies that the inside
structures of the DP equation (4) and the Camassa-Holm
equation are truly different. However, we not only have some
similar results [21-23], but also have considerable differences
in the scattering/inverse scattering approach, compared with
the discussion in [5, 6] and in the paper [24].

Analogous to the Camassa-Holm equation, (4) can be
written in Hamiltonian form and has infinitely many con-
servation laws. Here we list some of the simplest conserved
quantities [20]:

H_, = J. u3dx,
R

H, = J ydx, H, = J yvdx,
R R

Hy= | s = [ (007 ey ) ds

(7)

wherev = (4—6326)7114. So they are different from the invariants
of the Camassa-Holm equation

E(u) = J‘ (u2 + ui) dx, F(u)= J (u3 + uui) dx. (8)
R R
SetQ = (1 - aﬁ); then the operator Q7'in R can be

expressed by

1

Q'f=Grf=3 [ ©

Equation (4) can be written as
35
u, + u, + 0,G <£u ) =0, (10)
while the Camassa-Holm equation can be written as
1
u, + uu, +0,G * <u2 + Eui) =0. (11)

On the other hand, the DP equation can also be expressed in
the following momentum form:

Vet Y= =3yu,
y= (1 - ai)u.

This formulation is important to motivate us to consider
the measure of momentum support which is the second
object of this paper, since we found that (12) is similar to the
vorticity equation of the three-dimensional Euler equation
for incompressible perfect fluids (U is the speed, and w is its
vorticity)

(12)

w+U-Vo=(w-V)U,
divU =0, 13)
curlU = w.

The stretching term (w - V)U in (13) is similar to the term
—3yu, in (12).

One can follow the argument for the Camassa-Holm
equation [8] to establish the following well posedness theo-
rem for the Degasperis-Procesi equation.
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Theorem 1 (see [23]). Given u(x,t = 0) = uy € H'(R), s >
3/2, then there exist a T and a unique solution u to (4) (also
(10)) such that

u(x,t) € C([0,T); H (R) nC' ([0,T); H ™ (R)). (14)

It should be mentioned that due to the form of (10) (no
derivative appears in the convolution term), Coclite and
Karlsen [25] established global existence and uniqueness
result for entropy weak solutions belonging to the class
L'(R) n BV(R).

2. Unique Continuation

The purpose of this section is to show that the solution to (10)
and its first-order spatial derivative retain algebraic decay at
infinity as their initial values do. Precisely, we prove.

Theorem 2. Assume that for someT > 0 and s > 3/2, u €
C([0, T]; H (R)) is a strong solution of the initial value problem
associated with (10), and that uy(x) = u(x, 0) satisfies that for
some 6 > 1

|uo (x)] 5 0,1 ()] =O (xie) as x T oo. (15)
Then
| (x,t)], |axu (x, t)| =0 (x_e) as x T oo, (16)

uniformly in the time interval [0, T].

Notation. We will say that

|f@)]=0(x7) asxToo if limlfL)(:)l:L, 17)

X —00 x_
where L is a nonnegative constant.

Proof. We introduce the following notations:

F(u) = éuz, (18)
2
M = sup [u(®)]gs-
te[0,T] " (19)

Multiplying (10) by u**~" with p € Z* and integrating the
result in the x-variable, one gets

| w v, +0,G 5« Fa)dx =0, 20

The first term in (20) is

(e} 00 2p
J uzPilutdxzj- L du dx

-0

R 1 d
- = IR S Oy,

(1)
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and for the rest, we have

© ap
U uP uy, dx

—00

© 2
=U uPu dx

-0

<l Ol ol @135,

<l @135 0,G # F ) (O],

U uzP_laxG * F(u)dx 2p
) (22)

From the above inequalities, we get

%nu (Dllp < ity Oll oIl Olloy + [0.G * F @), 23)

and therefore, by Sobolev embedding theorem and Gronwall’s
inequality, there exists a constant M such that

1Oy < (1 Oy + [ 1.6+ F @l ). 29

Since f € L'(R) N L*(R) implies

q—

taking the limits in (24) (note that 0,G € L'and F(u) e L' n
L) from (25) we get

t
lu (Do < (llu Oleo + L |0.G « F (u)"ood‘r) M. (26)

We will now repeat the above arguments using the barrier
function

1, x <1,
on ()= 1% xe(1,N), (27)
N% x>N,

where N € Z*. Observe that for all N we have

0< q);\, (x) <O0py (x) ae xeR. (28)

Using notation in (18), from (10) we obtain
(upy), + (upy) uy + @nO,G * F (u) = 0. (29)

Hence, as in the weightless case (26), we get

[ only <@ ol
t (30)
+eM J. [n0xG * F (W) dT.
0

A simple calculation shows that there exists C, > 0 depend-

ing only on 6 such that, forany N € Z",
1 oyl
5PN (x) € ——dy < C,. 31

o PN

3
Thus, for any appropriate function f one finds that
[on0.G + £ ()]
1 & —|x—
= ‘;PN () LO sgn (x =) e 712 () dy’
(o) lx 1
< B ™ b0 () F () f () dy
2 Joo on (7)
oN (x) [ e*|X*)’| )
< d
(227 ol
< Collonfloall o
(32)

Combining with (30), we get

t
e @, < € (ool + [ Towadidr). 9

where C; = C,(M;T,) > 0. By Gronwall’s inequality, there
exists a constant C for any t € [0,T] such that

lontleo < Clluopnlle, < 6"“0 : max(l’xe)”m' (34)

Finally, taking the limit as N goes to infinity in (34) we find
that for any ¢ € [0, T]

|u (x,1) xe| < 6“140 . max(l,xe)“oo. (35)
From (15), we get |u(x, t)| = O(x_e) as x T oo.

Next, differentiating (10) in the x-variable produces the
equation

3
Uy + Uthy + U2+ 02G * <§u2> =0. (36)

Again, multiplying (36) by u2?™',(p € Z*), integrating the
result in the x-variable, and using integration by parts

co co 2p
J () dx = J u&dx
-0 -0 2p (37)
= —é Jﬁoo ux(ux)Zde,

one gets the inequality

d
e O, < 20, Ol ©1, + |02G + F (u)||2p,
(38)

and therefore as before

t
s 0l < (e Ol + [ 026+ F @] e ) .
(39)



Since 832€G = G — §, we can use (25) and pass to the limit in
(39) to obtain

e Oy < (e Ol + [ 526 = F o e ) 2
(40)

from (36) we get

at (ux(PN) + U, PN t+ (ux(PN) U, + (PNaach * F (Lt) =0.
(41)

We need to eliminate the second derivatives in the second
term in (41). Thus, combining integration by parts and (28),
we find

(e9)

2p-1
[ g™ ax
—-00

[ i (0. i) - el )

0 u 2 2p-1
I u (Bx (ﬂ> —upp(upn)” )dx

—c0 2p

< i (I Ol + 0,20 1)) 0,1 |52
(42)

Since ach = G - 0, the argument in (32) also shows that

lon02G # 2 ()] < Collpn flool Moo 43)

Similarly, we get

Jux ) oxlloo

t (44)
< CZ "ux (0) ¢Nl|00 + “u (T) gDN“oodT ’
0

where C, = C,(M; T).
Then, taking the limit as N goes to infinity, we find that
foranyt € [0,T]

i 0] <G (e @], [ @] ). )

Since |u(x, t)| = O(x"g) as x ] oo and (15), we get
|axu (x, t)| =0 (xie), as x T oo. (46)

This completes the proof. O

3. Measure of Momentum Support

It is known that, for the Degasperis-Procesi equation, the
momentum density y(x,t) with compactly supported initial
data y,(x) will retain this property; that is, y(x,t) is also
compactly supported [21]. However, the same argument for
u(x, t) is false [21]. Note that a detailed description of solution
u(x, t) outside of the support of y(x,t) is given in [26, 27].
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Moreover, the exponential behavior of u in x outside this
support is obvious. The comparison of the DP equation and
the incompressible Euler equation above implies that the
momentum y(x,t) in (12) plays a similar role as the vorticity
does in (13). This motivates us to estimate the size of supp
y(t,) for strong solutions. The approach is inspired by the
work of Kim [28] and the recent work [29].

We first introduce the particle trajectory method. Let u €
C([0,T], H*(R)) n C'([0, T], H*(R)) be a strong solution of
(4) guaranteed by the well posedness Theorem1. Let s €
[0,T],4(t; «, s) be the solution of the following initial value
problem:

dq(t;a,s)

a€R,
dt

u(s+t,qt;a,8)),s,s+t€[0,T],
q0;a,5) =a, acR.
(47)

Then, g(t;-,s) : R — R is an increasing diffeomorphism. It
is shown [21, 23] that

y(q(t:x,0),t) qi (t;x,0) = y(x,0); (48)

this implies that the support of y propagates along the flow.
Set D(t) to be the support of y(-,t). Let v € L*(D(s)), and let
y' € L*(D(s + t)) be given by the following:

v (qtas) =y(a). (49)

Moreover, we also want to mention the standard argument
on the first Dirichlet eigenvalue problem. Let Q be an open
interval in R, and, A,(Q) be the first Dirichlet eigenvalue of
the Laplacian on Q. Then we have

2 .
vy | @ € Hy (@) with @], = 1}

(50)

A4 (@) = inf {[¢’

It is just (7r/ |Q])? and the normalized eigenfunctions are the
suitable translations of

2\ . X
i(ﬁ) sm<ﬁ>. (51)
Theorem 3. Let y € C([0,T]; H'(R)) n C'([0, T]; L*(R)) be

a strong solution of (12). Let D(t) be the support of y(-,t) for
t € [0, T] with its initial D(0) being connected.

(I) Suppose there exists a positive constant K such that
u,(x,k) > —K for (x,t) € R x [0, T]. Then

|D (0)] e—(eXP(5KT/2)||;Vo 2 )t

(52)
<ID@®)| < |D(0)] e(eXP(5KT/2)||J’o||L2<R))f_
(I) y, does not change sign or
Yo (x) <0, x € (—00,xp),
(53)
Yo (x) =0, x € (x4, 00),
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and y, € HYR) n LY(R); then, for allt > 0

ID (0)] e Peliter < |D (1)

(54)
< |D (0)| e||)’o||L1(R)t .
Proof. (I) The relation of momenta y and u gives
L d
ulxt) =7 L€ y @& 1)d8, (55)

u, (x,t) = % JR sgn (£ — x) e_lx_ﬂy &t dE.  (56)

Then, we have by (12) and the lower bound of u,

d 2
T JRy (x,t)dx

=-5 J u, (x,t) y* (x,t) dx < SKJ ¥ (x,t) dx.
R R (57)

Thus
—d 2 <5K 2 (58)
dt H)’ (x, t)"LZ = ||y (x, t)"LZ'

Therefore, (56), (58), and Gronwall inequality imply that

1 1
s o] < 51y 0z < 5™ Pl 59

On the other hand, due to Propositions A.2 and A.3, A;(D(s))
is Lipschitz and differentiable almost everywhere. Moreover,
we have

—4M, A, (D (s)) < %/\1 (D (s)) <4M,A, (D (s)). (60)
Then, it follows that
e M) (D (0)) < A, (D(s) <™ A, (D(0))  (61)

with A,(D(s)) = 72/|D(s)|*. So (52) follows from (61) and
(59).

(I If y, € HY(R) n L'(R) does not change sign, we
conclude that solutions of (10) exist globally in time. Equality
(56) and the conservation of _[R y(x, t)dx yield

1 1
e 0] < Ly Ol = 20 ey (62

By similar arguments of (I), constant M; in (61) can be
replaced by || yy(x)ll;1g)/2; then (54) follows. If (53) is satis-
fied, we know that the solution of (10) exists globally in time
[21, 30]. From (53) and (48), it is easy to get

y(x,1) <0, x € (00,9 (xp,1))
(63)

y(x,t) >0, x € (q(x.t),0),

where we denote g(t; x, s) with s = 0 by g(x, t). By direct com-
putation, we have

o0 q(xg:t)
jR ly (x,0)] dx = J( YD J 3 (x,t) dx.
q(xos —00
(64)

Next, we prove that | y(x, )| 1 ) is decreasing with respect to
time. To this end, one gets, by differentiating (64) with respect
to t and integrating by parts,

[ee)

d
— x,t)|dx = J. x,t)dx
dt J[R{ |)’( )l q(xo-t) yinh)

q(xg:t)
- J v (x,t)dx

-0

—2(yu) (q(x01) 1)

(o)
=—J (you+3yu,)dx
q(xo,t)

q(xg:t)
+ J (yu+3yu,)dx

—2(yu) (q(x0) 1)

q(xq:t)

=-2 J- yudx +2 J- yu,dx
(Xoxt)

q —00

=’ (q(x0, 1), 1) = 143 (q (x0,1) 1)
(x5t)

0o q
= J effy(f,t)dxj
q(xo:t) -0

<0.

eEy (& t)dx

(65)
This implies that
1 1
s ()] < E"J’(x’ Ol < 5")’0 ©pg-  (©66)

Therefore, (54) follows by replacing M; with [y, (x)ll 1 @) /2
in (61). O

Appendix

The following propositions with standard proofs are known
in [29]; we list them here only for convenience of readers.

Proposition A.l. Let s,s +t € [0,T],a € D(s), and y €
H,(D(s)); u,, can be bounded by a constant M; then

()
e Miltl o qe (ta,s8) < Ml (A1)
(b)
[y @] e ™" < (') (gt )]
(A.2)
< |w’ (“)| eM1|t|’



(©)

"V’"LZ(D(s))e_]VI1 e

<lv

[2(D(s+8) (A3)
M, 2
< "1//"L2(D(s))e e,

Proof. (a) Differentiating (47) with respect to «, we obtain

dq
d_oct = Uyly- (A4)

Since g(t;-,s) : R — R is an increasing diffeomorphism,
then g, > 0. Combining the bound of u,, there holds

_Mlqa S Gy S Mlqoc' (AS)
This can be solved as (a).
(b) Differentiating (49) with respect to « to get
Y =¥ (@), (A.6)

then (A.2) is a direct consequence of (A.1).
(c) Equation (49) and the definition of Sobolev norm give
that

"V’t “iz(D(sH)) - I

D(s+t)

o () dx = j
D(s)

S

v’ (&) gode, (A7)

where we have used the change of variable x = g(t; &, s). So
(A.3) follows from (A.1). O

Proposition A.2. Under the hypothesis of Theorem 3, for s, s+
t €[0,T],

A (D(s+1) - A, (D))

lim sup <4M A, (D (9)),
t—0* t

Jim inf 212 (S”)i_ MOO) S v, (D).
t—0"

(A.8)

Proof. Lett > 0,¢, € Hy(D(s)) with ||, ]| 2 ), = 1 be a first

normalized eigenfunction on D(s). Then, for ¢ € Hé (D(s+t))
with [l 2514 = 1, we have

A (D(s+1)) = A, (D(s)) = inf ¢’ 12_2<D(s+t>) - [t i2<D(S>>
-2 2
<1 L(D(s+)) “(‘/’i) L(D(s+1))
2
ol | P
(A.9)
Furthermore
-2 ! 2
||¢>i ||L2(D(S+t)) ” ((/)‘1) L*(D(s+t))

Wy [, [ Tt

s ”‘/5i I_,ZZ(D(s+t))e3M1t“¢{ iZ(D(s))

< e4M1t|| (/){

2
LX(D(s)”
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Combing (A.9) and (A.10) together yields
li A (D(s+1) = A (D(s))
im sup

t—0" t

2
< hm sup e4M1t'|¢; L*(D(s)) - ||¢;
t— 0t t

2
20D) (A.11)

= 4M, A, (D (s)).

The second one follows by similar arguments fort < 0. [

Proposition A.3. Under the hypothesis of Theorem 3, for s, s+
te[0,T],

. AL (D(s+1) - A, (D(s))

tlirgl_ su " <4M A, (D (s)),
lim inf 1P (S”)i_h DO S _4m2, (D(s)).
t—0*

(A.12)

Proof. Let ¢, € H&(D(s)) with |¢ll;2p)) = 1 bea first

normalized eigenfunction on D(s), and let ¢, € L*(D(s)) be
such that its t-transport is a normalized first eigenfunction on
D(s+t). Fort > 0, using the left halves of (A.1) and (A.2) and
then the right half of (A.3) we get

"(‘/5;)' ;(D(S+t)) - JD(W) [(gb; (x))/]de

B Jm) [((p;)’]zq“d“

> ¢ 3Mit ID(S) (61 (0] dx

!
2
"‘/’2 ||L2(D(s))

2

= e_3M1t||¢2||iZ(D(s))

12(D(s))
_ 2
=e 4Mlt“¢; LZ(D(s+t))Al (D(s))
= e M) (D (s)).
(A.13)
Hence
lim inf A (D(s+1t)— A, (D(s))
t—0*" t
—aMt
> lim inf “—— 21, (D (5)) (A.14)
t— 0" t
=—4MA; (D (s)).
The other part is similar. O
Acknowledgments

This work was partially supported by ZJNSF, under Grant
nos. LQ12A01009 and LQ13A010008, and NSFC, under Grant
nos. 11301394,11226176, and 11226172.



Abstract and Applied Analysis

References

(1]

(2]

(3]

(4]

(5]

(12]

(13]

(14]

(15]

(16]

(17]

(18]

(19]

A. Degasperis and M. Procesi, “Asymptotic integrability,” in
Symmetry and Perturbation Theory, pp. 23-37, World Science
Publisher, River Edge, NJ, USA, 1999.

H. R. Dullin, G. A. Gottwald, and D. D. Holm, “Camassa-Holm,
Korteweg-de Vries-5 and other asymptotically equivalent equa-
tions for shallow water waves,” Fluid Dynamics Research, vol. 33,
no. 1-2, pp. 73-95, 2003.

R. Camassa and D. D. Holm, “An integrable shallow water
equation with peaked solitons,” Physical Review Letters, vol. 71,
no. 11, pp. 1661-1664, 1993.

A. Constantin and B. Kolev, “On the geometric approach to the
motion of inertial mechanical systems,” Journal of Physics A, vol.
35, no. 32, pp. R51-R79, 2002.

A. Constantin, “On the inverse spectral problem for the
Camassa-Holm equation,” Journal of Functional Analysis, vol.
155, no. 2, pp. 352-363, 1998.

A. Constantin and H. P. McKean, “A shallow water equation on
the circle;” Communications on Pure and Applied Mathematics,
vol. 52, no. 8, pp. 949-982, 1999.

A. Bressan and A. Constantin, “Global conservative solutions
of the Camassa-Holm equation,” Archive for Rational Mechanics
and Analysis, vol. 183, no. 2, pp. 215-239, 2007.

A. Constantin and J. Escher, “Well-posedness, global existence,
and blowup phenomena for a periodic quasi-linear hyperbolic
equation,” Communications on Pure and Applied Mathematics,
vol. 51, no. 5, pp. 475-504, 1998.

A. Constantin and W. A. Strauss, “Stability of the Camassa-
Holm solitons,” Journal of Nonlinear Science, vol. 12, no. 4, pp.
415-422, 2002.

Z. Guo, “Blow up, global existence, and infinite propagation
speed for the weakly dissipative Camassa-Holm equation,” Jour-
nal of Mathematical Physics, vol. 49, no. 3, Article ID 033516,
2008.

A. A. Himonas, G. Misiotek, G. Ponce, and Y. Zhou, “Persis-
tence properties and unique continuation of solutions of the
Camassa-Holm equation,” Communications in Mathematical
Physics, vol. 271, no. 2, pp. 511-522, 2007.

Y. A. Liand P. J. Olver, “Well-posedness and blow-up solutions
for an integrable nonlinearly dispersive model wave equation,”
Journal of Differential Equations, vol. 162, no. 1, pp. 27-63, 2000.
H. P. McKean, “Breakdown of a shallow water equation,” The
Asian Journal of Mathematics, vol. 2, no. 4, pp. 867-874, 1998.
H. P. McKean, “Breakdown of the Camassa-Holm equation,”
Communications on Pure and Applied Mathematics, vol. 57, no.
3, pp. 416-418, 2004.

G. Misiotek, “Classical solutions of the periodic Camassa-Holm
equation,” Geometric and Functional Analysis, vol. 12, no. 5, pp.
1080-1104, 2002.

S. Shkoller, “Geometry and curvature of diffeomorphism
groups with H' metric and mean hydrodynamics,” Journal of
Functional Analysis, vol. 160, no. 1, pp. 337-365, 1998.

Z.Xin and P. Zhang, “On the weak solutions to a shallow water
equation,” Communications on Pure and Applied Mathematics,
vol. 53, no. 11, pp. 1411-1433, 2000.

Z.Yin, “On the Cauchy problem for an integrable equation with
peakon solutions,” Illinois Journal of Mathematics, vol. 47, no. 3,
Pp. 649-666, 2003.

Y. Zhou, “Wave breaking for a periodic shallow water equation,”
Journal of Mathematical Analysis and Applications, vol. 290, no.
2, pp. 591-604, 2004.

(20]

(21]

(22]

(23

(25]

(26]

[27]

A. Degasperis, D. D. Holm, and A. N. I. Hone, “A new integrable
equation with peakon solutions,” Theoretical and Mathematical
Physics, vol. 133, no. 2, pp. 1463-1474, 2002.

Z. Guo, “Some properties of solutions to the weakly dissipative
Degasperis-Procesi equation,” Journal of Differential Equations,
vol. 246, no. 11, pp. 4332-4344, 2009.

D. Henry, “Persistence properties for the Degasperis-Procesi
equation,” Journal of Hyperbolic Differential Equations, vol. 5,
no. 1, pp. 99-111, 2008.

Y. Zhou, “Blow-up phenomenon for the integrable Degasperis-
Procesi equation,” Physics Letters. A, vol. 328, no. 2-3, pp. 157-
162, 2004.

A. Constantin, “On the scattering problem for the Camassa-
Holm equation,” Proceedings of the Royal Society London A, vol.
457, no. 2008, pp. 953-970, 2001.

G. M. Coclite and K. H. Karlsen, “On the well-posedness of the
Degasperis-Procesi equation,” Journal of Functional Analysis,
vol. 233, no. 1, pp. 60-91, 2006.

D. Henry, “Infinite propagation speed for the Degasperis-
Procesi equation,” Journal of Mathematical Analysis and Appli-
cations, vol. 311, no. 2, pp. 755-759, 2005.

O. G. Mustafa, “A note on the Degasperis-Procesi equation,”
Journal of Nonlinear Mathematical Physics, vol. 12, no. 1, pp. 10—
14, 2005.

N. Kim, “Eigenvalues associated with the vortex patch in 2-D
Euler equations,” Mathematische Annalen, vol. 330, no. 4, pp.
747-758, 2004.

S.-G. Kang and T.-M. Tang, “The support of the momentum
density of the Camassa-Holm equation,” Applied Mathematics
Letters, vol. 24, no. 12, pp. 2128-2132, 2011.

Y. Liu and Z. Yin, “Global existence and blow-up phenomena
for the Degasperis-Procesi equation,” Communications in Math-
ematical Physics, vol. 267, no. 3, pp. 801-820, 2006.



