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This paper studies a continuous-time dynamic mean-variance portfolio selection problem with the constraint of a higher borrowing
rate, in which stock price is governed by a constant elasticity of variance (CEV) process. Firstly, we apply Lagrange duality theorem to
change an original mean-variance problem into an equivalent optimization one. Secondly, we use dynamic programming principle
to get the Hamilton-Jacobi-Bellman (HJB) equation for the value function, which is a more sophisticated nonlinear second-order
partial differential equation. Furthermore, we use Legendre transform and dual theory to transform the HJB equation into its dual
one. Finally, the closed-form solutions to the optimal investment strategy and eflicient frontier are derived by applying variable

change technique.

1. Introduction

The main purpose of this paper is to focus on the portfolio
selection problem under the constant elasticity of variance
(CEV) model. The CEV model was originally proposed by
Cox and Ross [1] as an alternative diffusion process for Euro-
pean option pricing. It is a natural extension of the geometric
Brownian motion (GBM). The advantage of the CEV model
is that it can explain the empirical bias exhibited by Black
and Scholes [2] model, such as volatility smile. Therefore, the
CEV model was often applied to analyze the option pricing
formulas, for example, Schroder [3], Phelim and Yisong [4],
Davydov and Linetsky [5], and so forth. Recently, the CEV
model has been introduced into annuity contracts to study
the optimal investment strategy in the defined contribution
and defined benefit pension plan (referring to Xiao et al. [6],
Gao [7, 8]), but those models were all considered in the utility
function framework. In the existing literatures, as far as our
knowledge, the CEV model in the mean-variance framework
has not been reported.

In most of the real-world situations, different interest
rates for borrowing and lending are often faced by the
investors. It is clear that portfolio selection models with

borrowing constraint will make it more practical. This attracts
the attention of many authors, referring to Paxson [9],
Fleming and Zariphopoulou [10], Vila and Zariphopoulou
[11], Tepla [12], and Zariphopoulou [13]. However, those
models were usually dealt with under expect utility criterion,
and the risky asset price was usually supposed to be driven
by a GBM. In addition, the risk and return relationship
is implicit in the utility function approach and cannot be
disentangled at the different level of the optimal strategy. As
a matter of fact, the optimal investment strategy under the
utility maximizing criterion is not necessarily mean-variance
efficient.

This paper introduces a CEV model and borrowing
constraint into the classical portfolio selection problem
in a continuous-time mean-variance framework. For the
mean-variance portfolio selection problem, stochastic linear-
quadratic (LQ) control technique is an effective method (e.g.,
Zhou and Li [14], Li et al. [15], and Chiu and Li [16], Xie et al.
[17]). But borrowing constraint forces this problem to become
piecewise linear-quadratic and is hence no longer a LQ
control problem (see [18]). In addition, the introduction of
the CEV model gives rise to some new difficulties, which are
not easily dealt with in solving the associated HJB equation.



In this paper, we firstly apply Lagrange duality theorem to
change an original mean-variance problem into an equivalent
optimization one. Secondly, we use dynamic programming
principle to get the Hamilton-Jacobi-Bellman (HJB) equa-
tion for the value function, which is a more sophisticated
nonlinear second-order partial differential equation. Further,
we use Legendre transform and dual theory to transform
the HJB equation into its dual one. Finally, the closed-form
solutions to the optimal investment strategy and efficient
frontier are derived by applying variable change technique.
There are several innovations in this paper: (i) stock price
is supposed to follow the CEV model, which is a natural
extension of geometric Brownian motion; (ii) we consider
a dynamic mean-variance portfolio selection problem with
borrowing constraints under a CEV model and assume that
the borrowing rate is larger than the risk-free interest rate;
(iii) the closed-form solutions to the optimal investment
strategy and the efficient frontier are obtained.

The paper is organized as follows. In Section 2, we intro-
duce a CEV model and describe portfolio selection problem
with borrowing constraint in a mean-variance framework.
In Section 3, the closed-form solution to optimal investment
strategy is derived by applying Legendre transform and
dual theory. Section 4 gives the main results on the optimal
strategy and the efficient frontier. Section 5 concludes this

paper.

2. Mean-Variance Model

In this paper, we consider a financial market where two
assets are traded continuously over [0,T]. One asset is a
bond with price P, at time t, whose price process P, with
borrowing constraint can be expressed in the following
ordinary differential equation (see Fu et al. [18]):

_ | rPadt,
ab = {RPtdt,

where the constant » > 0 is the interest rate of the bond and
R is the borrowing rate being larger than r.
Letting x~ = — min(x, 0), then (1) can be rewritten as

if B,>0, t €[0,T]

itp, <0, tefo,r]> Ho=P>0 O

dP, = (rP,—~(R-1)P])dt, Py=p,>0.  (2)

The another asset is a stock with prices S, at time t, whose
price process S, is supposed to follow the constant elasticity
of variance (CEV) model:

ds, =S, [pdt + kSfdw,|, S, =3, >0, 3)

where y (u > R > r) is the instantaneous return rate of
the stock. k and f3 are constant parameters, the elasticity

parameter f satisfies the general condition: 8 < 0. ka
is defined as the instantaneous volatility of the stock, and
W, is a one-dimensional standard and adapted Brownian
motion defined on the filtered complete probability space
(Q, F, PAF }100)-

Remark 1. Note that there are four special interpretations for
the elasticity parameter S:

Journal of Applied Mathematics

(i) if B = 0, the CEV model is reduced to a geometric
Brownian motion (GBM);

(ii) if B = —1, it is the Ornstein-Uhlenbeck process;

(iii) if B = -1/2, it is the model first presented by Cox
and Ross [1] as an alternative diffusion process for
valuation of options;

(iv) if B < 0, this means that the instantaneous volatility

ka increases as the stock price decreases and can
generate a distribution with a fatter left tail (referring
to Gao [7]).

Suppose that short-selling of the stock is allowed and
transaction cost and consumption are not considered. We
denote by X, the wealth of the investor at time t € [0,T]
and by N;(¢) the share of asset ith held by the investor at time
t,i = 1,2. Let m, = N,(t)S, be the amount invested in the
stock at time ¢, t € [0,T]. Clearly, the amount invested in
the bond is 7} = N,(t)P, = X, — m,. The wealth process
X, = N,(t)P, + N,(t)S, corresponding to trading strategy 7,
is subject to the following stochastic differential equation:

dX, = N, (t)dP, + N, (t) dS,
=N, (t) (rP,— (R-7) P)dt
+ N, (1) S, (pdt + kSFAW,) (4)
=(rN, (t) P, = (R—r) N, (t) P, ) dt
+ 71, (pdt + kSPAW,).
That is, we have

X, = (rXt +(p-r)m - (R-r(X, - nt)_) dt
(5)
+ ntkath, Xo =%y >0.

The investor’s objective is to find an optimal portfolio 7,
such that the expected terminal wealth satisfies EX = C, for
some constant C € R, while the risk measured by the variance
of the terminal wealth

Var X; = E[X; - EX;]’ = E(Xy - C)° (6)

is minimized. The problem of finding out such a portfolio 7,
is referred to as the mean-variance portfolio choice problem.

In the modern portfolio selection theory, a portfolio 7,
is said to be admissible if it is integrable and {#,},. ,-adapted,
and (5) has a unique solution corresponding to 7,. In this case,
we refer to (X, 71,) as an admissible pair. Therefore, the mean-
variance problem can be formulated as a linearly constrained
stochastic optimization problem:

Minimize Var X; = E(X; - C)z
subject to EX; =C (7)

(X, ;) satisfies (5).
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Finally, an optimal investment strategy of the above problem
is called an efficient portfolio corresponding to C, the corre-
sponding (C, Var X ) is called an efficient point, whereas the
set of all the efficient points, when the parameter C runs over
[xoe’T, +00), is called an efficient frontier.

Remark 2. If m, < 0, this means that the investor is short-
selling the stock. If X, — 7, < 0, then the investor needs
borrowing the money from the bank at interest rate R and the
amount to borrow is | X, — m,|. Otherwise, we do not borrow
the money to run the portfolio.

3. The Optimal Portfolio

To find out an optimal investment strategy for the problem
(7) corresponding to the constraint EX; = C, we introduce
a Lagrange multiplier 24 € R and arrive at a new objective
function:

J (. ) = E[(Xy - C)* +2A(Xy - C)] ©
8
= E(Xp - (C- 1)’ =A%

Letting y = C — A, we obtain the following stochastic control
problem:

Minimize ] (7,,y) = E(Xy - )’)2 -(C- Y)z )

subject to  (X,,7,) satisfies (5).

The link between problem (7) and (9) is provided by Lagrange
duality theorem (see Fu et al. [18] and Luenberger [19]):
Minimize Var X = Max Minf(nt,)t)
AER T
_ (10)
= I\}{[;DIQX MinJ (7).

For a fixed constant y, the problem (9) is clearly equiva-
lent to
Minimize E(X; -7y)’

(X,,m,) satisfies (5).

(11)

subject to
We define the value function H(t, s, x) as

H(t,s,x) = I\/TITin[E ((XT - y)2 | S;=5X, = x) (12)
with boundary condition H(T, s, x) = (x — y)z.

According to dynamic programming principle, H(t, s, x)

can be taken as the continuous solution to the following HJB

equation:

H, +usH, + - k 2P

+ Min { [rx +(u-r)m - (R-r)(x— nt)f] H, (13)

1 2
+z(7rtksﬁ) H,, + kzszﬁ“ntHxs} =0,

where H,, H,, H,, H,, H,,, and H,, denote first-order and
second- order partial derwatives with respect to time t, stock
price S;, and wealth process X,.

Let us firstly describe borrowing situation. Not borrowing
and investing in the bond means that x — 7, > 0 and
borrowing to invest in the stock means that x — 7, < 0. We

define the nonborrowing region ® in the (t, x)-plane to be
0 ={(tx) e [0,T] xR | x—m >0}. (14)

Taking borrowing situation into consideration, we rewrite the
HJB equation (13) as

H, + usH; + k 2Py

SS

+ Min {[rx +(p—r)m] H, + %(ntksﬁ)zH

XX

+ k252ﬂ+1ﬂtHx5} =0, if (t,x) €O,
(15)
H, + usH, + k2 P2y H,,
1
+ Min { [Rx + (u-R)m,] H, + E(ntksﬁ)szx
+ kzszﬁ“ﬂtHxs} =0, if (t,x)¢O.
The optimal value 7;" of (15) is given by
~(u-r)H, - kK** ' H
R , if (t,x) € O, o
T[* — XX 16
t - (nu B R) Hx - szZﬂ-HHxs if ( ®
PRI » If (t,x) ¢ ©.
Putting (16) into (15), we have
2 2p+2 1
H+[ASH+ k HSS+TXHX—M
2
x[(u=r)H, + PH ] =0, if (L) €O,
) ) 17)
2 2p+2
Ht+plSHs+ zk S Hss+RxHx— M
x [(u-R)H, + ks xs]z =0, if (t,x)¢O.
Letting 7 =1, if (t,x) € ®; 7 = R, if (£, x) ¢ O, we get
1
H, + usH, + —kzsz’BJrZHss +1xH,
(18)

2
~ g e BT <o

According to the convexity of the value function, we can
define a Legendre transform:

H(t,s,z) = sup {H (t, s, x) — zx}, (19)

x>0

where z > 0 denotes the dual variable to x.



The value of x which the maximum in the above equation
will be attained at is denoted by g(t, s, z), so we have

gt s z)= Lr;g {x | H(t,s,x) > zx + H (t,s, z)}. (20)

The functions g(t,s,z) and H(t,s, z) are closely related and
we will refer to either one of them as the dual function of
H(t, s, x). In this paper, we will work mainly with the function
g(t,s,z).

The function H(t, s, z) is related to g(t,s,z) by g(t,s,z) =
~H,(t,s,2).

Noting that H(T,s,x) = (x — y)z, we can define the
following Legendre transform at terminal time:

H(T,s,z) = sup {(x —y) - zx},
x>0 (21)
g(T,s,z)= ir;g{(x lx—y)’ > zx+ﬁ(T,s,z)}.

So we have

g(T,s,z) = —z + 7. (22)

According to (19), we have H, (¢, s, x) = z, and this leads to

H(t,s,g)—zg. (23)

Referring to Jonsson and Sircar [20], Xiao et al. [6], and
Gao [7], we get the following transformation rules:

g(t,s,z)=x, H(t s z) =

— 1
H,=H, szz’ Hxxz_A_’
HZZ
_ (29
7 T Hszz Hsz
Hssz’ Hssszs_A > Hxsz_’\ .
HZZ HZZ
Putting transformation rules (24) into (18), we get
H, +usH, + - k2 P20 +(19) 2
(25)
(u- T) z? o
2]{2—2[; (/4 T) SZ =0.

Differentiating H with respect to z, we derive the follow-
ing dual equation:
- T) zg,

g =0,

(u-1)°

k2s2P

gt + ngs + = kz 2‘8+2g55 + <
26

. (26)

(/4 - T) 2
Siigp © 9z~ (M=) 520~

where T = r,if (t,x) € ©; 7 = R, if (¢, x) ¢ ©.
Taking (22) into consideration, we can fit a solution to
(26) with the following structure:

{f“ﬁﬂz+hqﬂxy=sm,
(t,s,z) =
Rty)z+hh @),y =5,

if (t,x) € ©;

if (t,x) ¢ O.
(27)

Journal of Applied Mathematics

Considering 7 = 7, if (t,x) € ©; 7 = R, if (t,x) ¢ ©, we can
rewrite g(t, s, z) as
gtsz)=f(ty)z+h (1), y=sF (28

with boundary conditions given by f*(T,y) = 1/2 and

h'(T) =
Further, we have
g = flz+h, — F(-2p) s,
= £ (2B)s,
9= L ((2B)s 7Y 2 (29)
+ 1y (-2B) (2B - 1) s
9.=f"

Putting the above partial derivatives into (26), we get

9zz = 0.

[ff +(2B(u-21)y+ B2+ 1K) f}

2
-7 (30)
+ (—(‘Mkz ) y—2‘r>f1:| z
+h{ —th" = 0.
Eliminating the dependence on z, we obtain

h{ —th" =0, h(T) =y; (31

£+ (2B(u-20) y+ BB+ 1K) £ + 28K yf,

_ (32)
<(”k2 i y—21>f’=0, f(Ty) = %

The solution to (31) is

h(t) = yeiT(Tft). (33)

Lemma 3. Assume that the structure of the solution to (32) is
FE(t, y) = AT(t)e® 7, with the boundary conditions given by
A™(T) = 1/2 and B (T) = 0; then A" (t) and B’ (t) are given by
(43) and (42), respectively.

Proof. Putting f7(t, y) = A"(t)e® ¥ into (32), we have

AT (1) dBT (t)

+2B(u—21) A" (1) B' (t)

(u-1)°

+2°K° AT (t) B (1) + o

L AT |y
N dAT (t)

B (2B + 1) K*A™ (t) B' (t) — 27A" (t) = 0.

(34)
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By matching the coefficients, we get

% +B(2B+1)K*AT (t) B (t)
(35)
—27A" (t) = 0, AT (T) = %
% +2B (1 —27) B (t) + 28°k*B™ (1)
, (36)
L ]:27) ~0, B (T)=0.
Equation (36) can be reduced to
% = 2p%K*B™ (t) - 23 (u - 27) B (t)
5 (37)
(p-1)

B (T) =0.

K

Let A denote the discriminant of the quadratic equation
—2B%K*B™(t) - 2B(u — 27)B7(t) — ((u — 1)*/k*) = 0.

Easy calculation leads to A = 43%(27* — u*). Assume that

A > 0, that is, —V27 < p < /21, then the quadratic equation
has two real roots:

- —(u-21) + 2712 - i?

"= 28K> ’
(38)
. —(w-2r) -2 -2
my = 5 .
23k
So (37) can be rewritten as
1 T 1 1 .
A (Faom T ) O
mj —mj )y \B"(t)-m] B (t)-mj] (39)
= 2Bk (T -t).
Further, we obtain
' (1 - e—zﬁzkz(mf—mg)(T—t)
BT () = — i _ ) (40)
mt — e 2R - (T
Letting
e —(u=-21) + 272 - 2
1 2[; >
(41)
. —(u-21)— 207 -2
2 Zﬁ .
We get
B (t) =kI" (t),
AT (1 T O —A;)(T—n) (42)
I'@t) =

AT = Aze 2B A5 (T-0)

5

Plugging (42) into (35) yields
AT () = %e— [/ Cr-peprnr @ (43)
Therefore, Lemma 3 is completed. O

Finally, summarizing the above results, we obtain the
optimal trading strategy for the problem (11).

Theorem 4. For a given A, T and C > xye’", the optimal
investment strategy with borrowing constraint under a mean-
variance criterion corresponding to the problem (11) is

. i]tht >yp(t), r<u< Vo, )
_(‘ZZ;SZI;) (X —ye ") RR 1),
ingt <yp(t), R<u<2R,

where K*(t) and p(t) are given by (48) and (50), respectively.

Proof. Under the transformation rules, the optimal strategy
(16) is derived as follows:

B (A“ B T) Hx - k252ﬁ+le5
k?s?PH,

*

=

B (AM B T) Hx/Hxx B szZﬁHHxs/Hxx
k2s2P

(45)
(M - T) Zﬁzz - k252ﬁ+lﬁsz
k2s2P

—(p-1)zg, + K’ g,
a k2s2P '

Taking (33),(35), and Lemma 3 into consideration, we have

® (M B T) zg, + szZﬁHgs
e = k2s?P

— (=) 2f T+ K] (—2B) s
k2s2B

~(u—1)(g-h () + k*2A" (t) B* (1) ¥ 7 (-28)
k228
—(u-1)(x =K (1)) + K*B" (t) (~2B) (x - " (1))
k2s2B

—(u=1)(x=h" (1) + 1" (t) (-2B) (x - K" (1))
k2s2B

(H - T) + 2ﬁIT (t) T
- - ).

(46)



Therefore, the optimal strategy is reduced to

(p-1)
k2sP
if (t,x)e®, r<uc< \2r,
(u-R) ~R(T-)\ TR
_kz—Sfﬁ (X, —ye )RR @),
if (t,x)¢®, R<u< V2R,

(Xt _ Ve—r(T—t)) Er (t) ,

Il
A

(47)

o

where

. 2BI7 (1)

K (@) = [1
u—-T

}, T=r, if (t,x) €O,
(48)

T=R,if (t,x) ¢ O.

As the boundary condition of borrowing the money from
the bank is X, — 71, = 0; that is,

(u-R) (Xt

X, + kZSf‘B

—ye "TNRR @) =0, (49)

Denoting by yp(t) the borrowing curve, we yield

_R kzszﬁ -R(T-t) FR
t) = (u=R) i, )62 - © (50)
1+ ((u-R) [k2S7F) KR (1)

Therefore, nonborrowing region © in the (t, x)-plane can be
rewritten as

O={tx)e[0,TIxR| X, >yp(t)}. (51)
Hence, the proof of the Theorem 4 is completed. O

Remark 5. We can draw some conclusions from (44).

()X, 2ypp(t)andr < pu < \2r, the investor need not
borrowing the money from the bank and the optimal
amount invested in the stock can be calculated by the
first equation of (44), while the amount invested in
the bond is X, — ;.

(i) f X, < pp(t) and R < p < V2R, the optimal amount
invested in the stock is given by the second equation
of (44). In addition, investors need to borrow the
money to invest the stock and the amount to borrow
is | X, — 71/ |, while the bond need not be invested.

4. The Efficient Frontier

In this section, we apply Lagrange duality theorem to derive
the efficient frontier for the mean-variance portfolio selection
problem (7). To simplify the presentation, we denote by
either the interest rate r or the borrowing rate R, and letting

GT_M_T

PV (52)
kst

where 7 =, if X, > yp(t) and T = R, if X, < yp(t).
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In both cases above, the wealth equation (5) is reduced to

dX, = (X, + (u—1)m,)dt + ntkath, X, = x, > 0.
(53)

For any fixed y, under the efficient strategy in the Theorem 4,
the dynamics of the wealth equation (5) are

dX, = ((r- (@)K ®) X, + (0")'ye "R (1) dt

-0 (X, -y T KT () dW,, X, = x, > 0.
(54)

Applying It6s lemma to the wealth process (54), we yield
dx? = ( 27+ (67) (R* (1) - 2" (1))] X?
— (07 29T (R (1) - KT (1)) X,
+(91)2(ye_T(T_t)ET (t))z) dt

—07 (X, —ye ") KT (D 2X,dW,,  Xg = x5 > 0.
(55)

Taking expectations on both sides of (54) and (55),
respectively, one has

dEX, = ((t = (07)°K" (1)) EX,+(67) ye "R (1)) dt,

EX, = x4 > 0,

(56)
dEX] = ([27+(67)" (K" (1) - 2K" (1)) EX}
= (67 2y (R (1) - KT (1) EX,
(07 (ye " TORT (1)) b, EXg=x}> 0,
(57)

The solution of the linear ordinary differential equation
(56) is

EX, = xel @Rt (-0 [1 _eh (effff(t)dr] ,
(58)
and it results in
EX, = xpeh @R 0@ [1 el (6f>21?1(t)dr] . (59)
Similarly, by solving (57), one has

T  hr\2 321 T 2
[EX?F = el @ ®*®)-2K (t))dt(erTT _ y)

(60)

(07K (t)dt (x

+2ye” Ly e - y) +9%.
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Therefore, the objective function of the problem (9), as a
explicit function of parameter y, is given by

T * 2 2
Jmin (7/,y) = E(X7 = y)" = (C =)
= EX; - 2yEX; +2yC - C°

2 ([T (O R*(1)-2R(1))dt
=7 (e -1) (61)

+2y ( C- erTTeJOT (GT)Z(EZT(t)—ZET(t))dt>

T ot 2T T
+ x2e2Te [y @& 0-2K (ndr _ 2.

Using (10) obtained by Lagrange duality theorem, the mini-
mum variance Var X is achieved for

C - xye'Te [ (R ())-2R* (0))dt

: (62)
T 1— eIoT (07)* (R (1)-2K* (1))dt
In addition, we obtain
2
T * % (C - erTT)
]max min (ﬂt > Vr ) = (63)

ol @VEeO-2Ke @)t _ |

Letting Var' Xy = J o min(7; 5 ¥ ). The optimal value of
y and the minimum variance Var X are

Var X = Max {VaerT, VarRXT}

(C - xoerT)2

el @V ® 02K )t _ (64)

= Max

(C - erRT)2

ely O ®F0-2R @)dr _ ¢

>

y = {y:, if Var’ X = Var X, 65)

ya, if Var®Xy = Var X;.

Putting (65) into the optimal strategy (44) in Theorem 4,
we can summarize our main results in the following theorem.

Theorem 6. The optimal investment strategy for the mean-
variance portfolio selection problem (7) with borrowing con-
straint under a CEV process is

| (‘M—T‘) * _—r(T-t)\ =r
_ kZSf‘B (Xt—y e )K ®),
o ifX, 2y*p(t), r<wp<2r (66)
re (.“_R) « —R(T-t)\ &R
_ kzstzﬁ (Xt—y e )K ),
if X, <y*p(t), R<u<+2R

7
Moreover, the efficient frontier is given by
2
(C - xoerT)
Var X = Max T — - )
el @V ET0-2K"@)dt _ ¢
(67)

(C - erRT)2

elo @ ®R-2RRe)de _

where K'(t) and p(t) are given by (48) and (50), respectively.

Remark 7 When 8 = 0, the results in the Theorem 6 are
reduced to the ones under a geometric Brownian motion
model, which is obtained by [18]. When 8 = —-1/2 and § =
—1, the corresponding results are all given by (66) and (67).
Therefore, extending a geometric Brownian motion to a CEV
model is the most important innovation in our paper.

5. Conclusions

This paper is concerned with a continuous-time dynamic
portfolio selection problem in a mean-variance framework,
in which the constraint of the borrowing rate higher than the
lending rate is allowed and stock price process is supposed
to follow the constant elasticity of variance (CEV) model.
The closed-form solution to the optimal investment strategy
is derived by applying Legendre transform and dual theory.
In addition, the efficient strategy and efficient frontier are
derived by using Lagrange duality theorem.

In future research, we will continue to concentrate on
continuous-time portfolio selection problems under a CEV
model. It would be interesting to extend our model to those
with more sophisticated cases, such as introducing con-
sumption and transaction cost, short-selling constraint, and
liability process. We leave these problems and corresponding
verification theorem for future research.
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