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We study the stability issue of the generalized 3D Navier-Stokes equations. It is shown that if the weak solution u of the Navier-
Stokes equations lies in the regular class Vu € L?(0, co; Bgm(R"’)), Qa/p) + (3/q) = 2,2 < g < 00,0 < « < 1, then every weak
solution v(x, t) of the perturbed system converges asymptotically to u(x, t) as ||v(t) — u(t)|,2 — 0,t — oo.

1. Introduction and Main Result

In this study, we consider the Cauchy problem of the gener-
alized 3D Navier-stokes equations:

U+ (N u+@-VYu+Vr=f, (xt)eR’x(0,00),

V.-u=0,

u(x,0) = u,.

@

Here, 0 < a < 1, and u and 7 denote unknown velocity and
pressure, respectively. f is the external force and u, is a given
initial velocity.

It is well known that when o = 1, system (1) becomes
the classic Navier-Stokes equations. For the Navier-Stokes
equations, it is proved that it has a global weak solution

u(x,t) € L (0, ;L) nL*(0,T;HY), VI>0 (2)

for given u, € L*(R?) with V - u, = 0 [1]. However, the
regularity of Leray weak solutions is still an open problem
in mathematical fluid mechanics even if much effort has
been made [2-4]. It is an interesting problem to investigate
the stability properties of the Navier-Stokes equations and
related fluid models [5-11]. As regard to the above system (1),
the asymptotic stability of weak solution of the generalized
3D Navier-Stokes equation is described as follows. If u is
perturbed initially by w, without any smallness assumption,

then the perturbed system v is governed by the following
equations:

v+ (A v+ (v-V)v+ V= f,
V-v=0, 3)
v(x,0) = uy + wy,

where w, is the initial perturbation. There is large literature
on the stability issue of the classic Navier-Stokes equations
and related fluid models [12-17]. The aim of this paper is
to show the stability of weak solution in the framework
of the homogeneous Besov space. More precisely, with the
use of the Littlewood-Paley decomposition and the classic
Fourier splitting technique, we can show that when the initial
perturbation w, € L*(R?), then every weak solution v(t) of
the perturbed system (2) converges asymptotically to u(t) as
lv(t) —u(®)ll: — 0,t — oo.
Now our result reads as follows.

Theorem 1. Let f € L*(0,T; H*(R?)), w, € L*(R?); Suppose
that u(x,t) is a weak solution of (1) and that v(x,t) is a weak
solution of the perturbed problem (2), respectively. Moreover, if
Vu also lies in the following regular class:

2—“ + i = 2«,

Vu e L (0,005 B , (R?)), ,

2<g< oo,

(4)
then |v(t) —u(®)|: — 0 (t — o0).



The remainder of this paper is organized as follows. In the
Section 2, we first recall the Littlewood-Paley decomposition
and the Bony decomposition; then we give three key lemmas.
And we prove asymptotic stability of the weak solution in the
Section 3.

2. Some Auxiliary Lemmas

We recall some basic facts about the Littlewood-Paley decom-
position (refer to [18]). Let & (R?) be Schwartz class of rapidly
decreasing functions; supposing f € &(R’), the Fourier
transformation & is defined by

FF@ =[x )

Choose two nonnegative radial functions y, ¢ € S(R?), sup-

ported in B = {& € R*,|E| < 4/3}and € = {£ € R?,3/4 <
|&] < 8/3}, respectively, such that
X®+Ye(278) =1, EeR’. ©)

=0

Leth =
as follows:

Aif=¢ (Z_jD) f

:23jj h(2jy)f(x—y)dy, for j >0,
R3

F'pand h = F 'y, we define the dyadic blocks

Sif=x(@7D)f= ) Auf )

“1k<j-1
= 23fJ h(2y) f(x-y)dy,
R3

AL f=8f Ajf=0 forj<-2

We can easily verify that

AAf=(278)p(27%E) f=0, if |j—k|=>2
Aj(Sk—lfAkf)=90( ) ( e 1)5)
p(27€) f=0, if [j-k|=5.

(8)

Especially for any f € L*(R’), we have the Littlewood-Paley
decomposition:

F=S%N+Yaf fes (R). )

=0

Now we give the definition of the Besov space. Let s € R
and p,q € [1, 00]; the inhomogeneous Besov space B;,q(R3)
(see [18]) is defined by the full-dyadic decomposition, such as

B (R)={fes (R): oo}, (0)
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where

00 1/q
<ZZquAjf“i> , 1<g<oo,
Iy, ==

?:—P;zjs"Ajf“Lp’

n

q= 0o,

and &' (R?) is a dual space of S(R?).
The Bony decomposition (see [19]) will be frequently
used; it is followed by

uv =T+ Tu+R(@uv), (12)
where

TMV:ZSj_luAjv, R(u,v) = Z A jud jiv. (13)
3 1i'-jl<1

The following Bernstein inequality (see [18]) will be used
in the next section.

Lemma 2. Assume thatk,j € Zand1 < p < q < o0, for
fe S(R?), one has

f‘fﬁ"a‘x Jf“m - < C2ik+3i(/p)- 1/q)"A]f||U(R3), (14)

and the constant C is independent of j and k.

In the following, we will introduce two lemmas, which
will be employed in the proof of our theorem.

Lemma 3. Suppose that u,w € L*(0,T;L*) n L*(0, T; H®),
forall T > 0, Vv € LP(0, oo;Bg’oo), (2a/p) + (3/9) = 2a,
2 < g<oo.

Then the trilinear form

T

F (u,v,w) =J

J- (u-Vv)wdxdt (15)
0 Jr

is continuous and

1/ 1/ 1/
IE (u, vow)] < Cllull 2o Wl 02wl

W 16)
1-(1
X ”w"Lz O;Ha ”VV"LP(O,T;Bgm)'

In particular, ifu = w, then

T
|F (w,v,w)| < = J A% w||L2dt + CJ lwl? ||Vv||§2mdt
(17)
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Proof of Lemma 3. We borrow the idea of [20] to prove this
lemma. By using of the Littlewood-Paley decomposition and
the Bony decomposition, we obtain

T

F (u, v, w) :J

0

T . .
= Jo ,[Rs (Tuiw +T,u +R (u ,w))
x <ZA]-81-V> dx dt
i

T .
= Z J- J St A wA ;0;vdx dt
lk=jl<a 70 IR’

JRa (u w) O;vdx dt

T .
+ Z J. J3Aku’8k_1wAjaivdxdt
lk—jl<a 70 IR

+ Z Z J J AkuiAk:wAjaivdxdt

lk—k'|<1 kk'2j-3
=1L+, +1I;.
(18)

Then we estimate I}, I,, and I; one by one. Applying
the Holder inequality and the Bernstein inequality (40), we
derive

T .
L] <C Z Z Jo ||Ak’”l||L2q/(q—z)"Akw"L2

Ik=jl<4 k'<k-2

T ! .
<C Y Y |2 A gl
Ik—jl<4 k' <k—2 0

A ja,-v"qut

Aja,-v“mdt

<CY Y [ )

|k—jl<4 k' <k-2
x (278w

((3/9)~(a/ P'VK ~(a/ Pk g,
(19)

x[a,94],2

where (1/p) + (1/p') =
Since |k - j| < 4, k < k and 2et/p) + (3/q) = 2« with
2 < g < 00, then

2(B/a)~(/ DK (/P _ 5((3/a)=oct(a/ p)K'~(o~(a/p)k

, (20)
_ 2CRK k) _ -

Thanks to the Sobolev embedding B‘x/ P R} <

a/ P (IR3 )= H* 4 (R?), we have the following estimate:

T
Inl<c j Vol g Nl 190t @)

Similarly, for I,, we also have

T
IL|<C L loal g 10 IV g0l (22)

To estimate the last term I5, by using the Hélder inequal-
ity and the Bernstein inequality we obtain

mse Y 3 [ sl acul

lk=K'|<1 k' >j-3

<C ) J || LA pwl,.
k=K' |<1 k!> -3
L)t
" (o atpn
<C L (22 gu )

k-k'|<1 kk'>j-3
X (2(oc/p')k' ||Ak,w||L2>

X HAJVV” =Gla)j ~(elp ) ktk') g
L4

(23)
Since [k -k'| < 1, k,k' > j—3and Qa/p)+(3/q) =2a, 2 <
q < 00, we have
2 Gl p kK'Y _ 5=Gla)j-G/2k+k)1/) 591 ¢
(24)

T
IL|<cC L el Nl 150t

So, we can derive

|F (u, v, w)|

T
<C L Metll s 10l e IV Vg i

T 1/2p' , 1/2p’
P o'
< c(L ||u||Ha/p,dt> (j lwl, dt> (25)

(j 12, dt>1/p

< Clul g gt N0l g IV P o -

Applying the interpolation inequality, we have

1-(1/p") 1/p'
”u”LzP'(O,T;HD‘/P,) < C” "LOO(O,T;LZ) : ” "LZ(O)T;H{X)
(26)
1/ 1-(1/p)
< Clll ey Il 2000
Then
1/ 1-(1/p) 1/
IE (v, w)| < Clull} 2 o Ml ol 2 |
27

1/p)
)Wl ot IVVI im0 -



Especially if u = w, by using the interpolation inequality,
we get

T
IF 30 < C [ 1wl 19415y e
2(1-(1/p") 2/p'
_CL Il A w2 vl de

T
< % L IA“w|?dt + cj Il Vv, dt.
(28)

Hence, the proof of the lemma is complete. O

Let w(x,t) = v(x,t) — u(x,t) denote the difference of
v(x,t) and u(x, t), where u(x, t) is a weak solution of (1) and
v(x, t) is a weak solution of the perturbed problem (2). Thus
w(x, t) satisfies the following equations:

w,+ (A *w+ - VYw+ (w-V)u+Vr=0,

(x,1) € R* x (0,00),
(29)
V-w=0,

w(x,0)=w

Lemma 4. Let w(x,t) be the solution of the above problem.
Then

@ & 1) < e ¥ @, )] + CE| (30)

Proof of Lemma 4. Taking the Fourier transformation of the
first equation of (38), we get

@+ [ T=F[-(v-V)w-(w-V)u-Vr] = GE&1).

31)

We can easily obtain

Flo-Dwlls Y[ v fe]dx < 805l
i,j

Fl-- Vs Y [ fu [ dx < 8] Tolia o
’ (32)

Applying the operator V div to the first equation of (38), we
have

2

0
Am = ;axiax

wi;), (33)

J
and taking the Fourier transformation, we get
2
|£| Fn] = zgiij [_Viwj - wi”j]; (34)
ij

thus

|F (V]| < [¢]IF [7]] < [g] w2 (lulle + VD). (35)

Journal of Applied Mathematics

Then we have

|G & 0 < [&] lwlle (Nl + IVl .2) - (36)

Thus solving the ordinary differential equation (31) and using
(36) gives

20( t |2« _s
@& 0] = @@+ [ G E g ds
e !
< |w, €)|e +Clé] L lwlzz (lullz + IVIl2) ds
<e @, (&) +ClEt,
(37)
which is the desired assertion of Lemma 4. O

3. Proof of Theorem 1

The following argument is follows the classic Fourier splitting
methods which is first used by Schonbek [21] (see also [22]).

Taking the inner product of the first equation in (38) with
w together with the divergence-free condition of v, w we have

1d

o 2
Zdt”w”Lz + J . |A w| dx =— JR3 (w-V)u-wdx. (38)
Applying Plancherel’s theorem to (38) yields

1d

o | m@nrtars | @ Enpa

(39)
= —J (w-V)u-wdkx.
R3

Let f(t) be a continuous function of t with f(0) =
f(t) >0and f '(t) > 0, we can derive the following:

(o] eeors)
+2£ (1) j 3 &% |@ &, )| d&
* (40)

:_2f(1f)J'[R3 (w-V)u-wdx

oo |@Eofe

By integrating in time from 0 to ¢ for (40), we have

Fo | [@Enla
2| r@ ] lel@e ofdgds
(a)

_ Jw @[ d -~ 2 J:f(s) jRa (w-V)u-wdxds

+| rol @EoPdds
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Noting that f(¢) is a scalar function and applying
Lemma 3, we get

J:f(s) JRs (w-V)u-wdxds

%j £ A° w||L2ds+CJ £ O Nwl1vull, ds
1 .
<2 ro] e afda

iC jo £ O Wl IVulfy ds.
(42)

Then,

f0| @& o

! 2« 2
[ o] e rdds
0 R3
(43)

<[ @l [ o [ 1o oPaas
J £ ) hwl1vulf, ds.
Let B() = {€ € R : f(D)E** < f' (1)}, we have
£ JW & @ & 9 dE > ' () jRa @ (&, 5) de

1) L@ @ (&, 5)[dE.
(44)

Then,

ro

R3

@ (& 1) dé
<| I (£>|2d€+6j Ol Ivulf, ds @)
R?’

t
) _ 2
+ Jo f(s) JB(S) |w (&, s)| déds.

In addition,

t , . 5
[0, et
<[ rof (7w oF g ) de
_CLtf’ (s)q &5\, 9| df)
t , fl( ) 5/2a
CLf (S)SZ<fT~:)) ds.

(46)

5
Choose f(t) = (1 +t)%, then
(1+1)? J |@ (& 1)) dE
R3
<C+ CJ- (1 +5)*lwl?- ||Vu||P _ds
' o208
CJ0(1+S)J o (&, s)| déds
4—(5/2a)
+C(1+1) , (47)

(1 + ) (|wll;.
t
—20E1s o
CL(1+S)J (§)| déds
j (14 5Pl Vulf, ds

+C(1 + )6,
By using the Gronwall inequality, it follows that

(1 + ) [|wll3.

s{cjt(1+s)J ~21&* sA(f)l dEds + C(1+ )" (5/206}
0

X exp <J ||Vu||p ds)

(48)
Since
[, @y @F dg <+ 07 — 0, t— oo,
R3

(49)

we derive
t 2
lwl < C1 +t)_2J (1 +S)J &2\, () ds
0 R3 (50

+C(1+1)7 0 0, t— oo,

which completes the proof of Theorem 1.
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