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A 2-dimensional stochastic Burgers equation with dissipative term perturbed by Wiener noise is considered. The aim is to prove
the well-posedness, existence, and uniqueness of invariant measure as well as strong law of large numbers and convergence to

equilibrium.

1. Introduction

The paper is concerned with the 2-dimensional Burgers
equation in a bounded domain with Wiener noise as the body
forces like this

du=@Au+ (u-V)u)dt+dW, on[0,T]x D,
u(t,x)=0, te€[0,T], x € 0D, 1)
u(0,x) =uy(x), x€D,

where u(t,x) = (u'(t, x),u*(t, x)) is the velocity field, v >
0 is viscid coefficient, A denotes the Laplace operator, V
represents the gradient operator, W stands for the Q-Wiener
process, and D is a regular bounded open domain of R?.
Burgers equation has received an extensive amount of atten-
tion since the studies by Burgers in the 1940s (and it has
been considered even earlier by Beteman [1] and Forsyth [2]).
But it is well known that the Burgers’ equation is not a good
model for turbulence since it does not perform any chaos.
Evenifa force is added to equation, all solutions will converge
to a unique stationary solution as time goes to infinity.
However, if the force is a random one, the result is completely
different. So, several authors have indeed suggested to use the
stochastic Burgers” equation to model turbulence, see [3-6].
The stochastic equation has also been proposed in [7] to study
the dynamics of interfaces.

So far, most of the monographs concerning the equation
focus on one-dimensional case, for example, Bertini et al. [8]

solved the equation with additive space-time white noise by
an adaptation of the Hopf-cole transformation. Da Prato et
al. [9] studied the equation via a different approach based
on semigroup property for the heat equation on a bounded
interval. The more general equation with multiplicative noise
was considered by Da Prato and Debussche [10]. With
a similar method, Gyongy and Nualart [11] extended the
Burgers equation from bounded interval to real line. A large
deviation principle for the solution was obtained by Gourcy
[12]. Concerning the ergodicity, an important paper by
Weinan et al. [13] proved that there exists a unique stationary
distribution for the solutions of the random inviscid Burgers
equation, and typical solutions are piecewise smooth with
a finite number of jump discontinuities corresponding to
shocks. For model with jumps, Dong and Xu [14] proved
that the global existence and uniqueness of the strong, weak,
and mild solutions for a one-dimensional Burgers equation
perturbed by Lévy noise. When the noise is fractal, Wang et
al. [15] get the well-posedness.

The main aim in our paper is to study the large time
behavior of stochastic system. There are lots of the literature
about the topic (see [16-20]).

Burgers system is a well-known model for mechanics
problems. But as far as we know, there are no results about the
long-term behavior of stochastic Burgers’ system. We think
that the difficulty lies in the fact that the dissipative term Au
cannot dominate the nonlinear term (u - V)u. However, in
many practical cases, we cannot ignore the energy dissipation
and external forces, especially considering the long-term



behavior. Therefore, we introduce dissipative term f(u) and
study the ergodicity of the following equation:

du=[Au+w-V)u- f(u)]dt+dW, on[0,T]xD,

u(t,x)=0, tel[0,T], x € oD,

u(0,x) =uy,(x), x¢€D,

2)

where f(u) = Ou(t, x)[Pu(t, x), 9> 0,|-| denote the absolute
value or norm for the real number or two-dimensional vector,
respectively.

We believe that our work is new and is worth researching.
The methods and results in this paper can be applied to
stochastic reaction diffusion equations and stochastic real
valued Ginzburg Landau equation in high dimensions. But
we cannot extend our result to dynamical systems with state-
delays. Since in order to show the existence of an invariant
measure, we should consider the segments of a solution.
In contrast to the scalar solution process, the process of
segments is a Markov process. We show that the process of
segments is also Feller and that there exists a solution of which
the segments are tight. Then, we apply the Krylov-Bogoliubov
method. Since the segment process has values in the infinite-
dimensional space C([-r,0], H), boundedness in probabil-
ity does not automatically imply tightness. For solution
processes of infinite-dimensional equations, one often uses
compactness of the orbits of the underlying deterministic
equation to obtain tightness. For an infinite-dimensional
formulation of the functional differential equation, however,
such a compactness property does not hold. For ergodicity
of stochastic delay equations, we can see [21]. We believe
that stochastic Burgers’ system with state-delays is a very
interesting problem.

In order to study ergodicity of problem (2), we use a
remarkable dissipativity property of the stochastic dynamic to
obtain the existence of the invariant measure. For uniqueness,
we try to use the method from [22] to prove that the
distributions P(t, x, -) induced by the solution are equivalent.
It is well known that the equivalence of the distributions
implies uniqueness, a strong law of large numbers, and the
convergence to equilibrium.

The remaining of this paper is organized as follows. Some
preliminaries are presented in Section 2, the local existence
and global existence are presented, respectively, in Sections 3
and 4. In Section 5, we obtain the existence and uniqueness of
the invariant measure as well as strong law of large numbers,
and convergence to equilibrium. As usual, constants C may
change from one line to the next; we denote by C, a constant
which depends on some parameter a.

2. Preliminaries on the Burgers Equation

Let u(t, x) = (u}(t, x), u*(t, x)) be a row vector valued func-
tion on [0, 00) x R%. And it denotes the following:

2 j
2 il2 j ou ..
ul” = E ul, ouw:=—, ij=1,2. 3
lul i=1| | ! 0x; J 3
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Let [C*®(D)]* be infinitely differentiable 2-dimensional vec-
tor field on D, and let [CSO(D)]2 be infinitely differentiable
2-dimensional vector field with compact support strictly
contained in D. We denote by H* the closure of [C®(D)]?
in [H*(D)]?, whose norms are denoted by |- |l g«, when
a#0. Let H',H be the closure of [Cg"(D)]2 in [H'(D)]?
and [L%(D)]?* whose norms are denoted by Il gz and || - |
respectively. Without confusion, set (-, -) as the inner product
in H or L*(D). For p > 0,let] - [l;» be the norm of vector filed
in Lebesgue spaces [Lf D). |- g« represents the norm in
the usual sobolev spaces H*(D) for real valued functions on
Dand«a € R;| - |, stands for the norm in the usual Lebesgue
spaces L? (D) for real valued functions on D. Denote A := —A;
then A : D(A) ¢ H — H and D(A) = [H*(D)]* n H,. Since
Hé coincides with D(A'/?), we can endow Hé with the norm
lull;p = ||A1/2u||H. The operator A is positive self-adjoint
with compact resolvent; we denote by 0 < «; < o, < --- the
eigenvalues of A, and by e}, e,, ... the eigenvectors which is a
corresponding complete orthonormal system in H satisfying

i) ¢ € [C5° (D)),
(i) [e; ()] <C, |Ve; ()] < Cyar, (4)
xeD,i=12,....,

for some positive constant C. We remark that IIuIIfql >

o IIuIIf{. We define the bilinear operator B(u, v) : H'xH' -
H'as

(B(u,v),2) = jDz @) W@ -Vr©d,  ©)

forallz € H'. Then, (2) is equivalent to the following abstract
equation:

du(t) + [Au(@®) + B (), u®) + f ()] dt = dW (£).
(6)

W is the Q Wiener process having the following representa-
tive:

Wt = Y e, (1), teloT], %
n=1

in which Y72, A, < oo and By are a sequence of mutually
independent 1-dimensional Brownian motions in a fixed
probability space (Q), &, P) adapted to a filtration {F},5,.

It can be derived from [23] that the solution to the
linear problem corresponding to (2) with the following initial
condition:

du = Audt + dW,
u(t,x)=0, te€l0,T], x €D, (8)
u(0,x) =uy(x), x€D,

is unique, and when u, = 0, it has the form of

W, (t) = Lt AW (s) . )
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Let

V() =u(t) - W, (t), t>0, (10)

then u is a solution to (2) if and only if it solves the following
evolution equation:

%+Av+B(v+WA,v+WA)+f(v+WA)=0,
v(t,x) =0, tel[0,T], xe€aD, (1)

v(0) = u,.

So, we see that when w € Q is fixed, this equation is in fact
a deterministic equation. From now on, we will study the
equation of the form (11) to get the existence and uniqueness
of the solution a.s. w € Q.

3. Local Existence in Time

Definition I (see Definition 5.1.1 in [24]). We say a (F(t)),so
adapted process v(t) is a mild solution to (11), if v(t) €
C([0,TT; HS) and it satisfies

t
v(t) = ey, + J B (v Wy, v+ W) ds
o (12)
- J T (v W,)ds, tel0,T].
0

Lemma 2. For any 0 € (0,1), if Y2, Ai(e)? < oo, then
AY?W, has a version which is a-Holder continuous with
respect tot € [0,T], x € D with any « €]0,0/2].

Proof. LetT > 0 and s, ¢ € [0, T]; then

2
E|A"?W, (t,x) - ATPW, (s, %)

OZOZA,- Jt |A1/ZS (t-1)e (x)|2ds
= (13)

+ 2/\,. L |AM2(8(¢ - ) = S(s - Dleyo| de

cL(ts,x)+ 1 (t,s,x).

Then, we have

I, (t,s, %)

(o) t
< CZAioc,- J e 2% gy

i=1 N

[e) 1- e—z(t—s)ai
=CQ e (T)

1

3
< CZAi(cxi)glt e
i=1
L (t,s, x)
< —CZA,(X,- J |[ef(t71)“" ef(H)“"]'ZdT
2 i=1 0
[ee]
= CZ}Ll(xz% [(e_(t_s)“" 1)2 (e_m" e_s‘x")z]
i=1 1
< CY (o)l - sl
i=1
(14)
So, by the estimate of I; and I,, we arrive at
(o]
E|A"?W, (t,x) - AW, s, x)|2 < CZA,.(a,.)9|t e
i=1
(15)
Fort € [0,T],x, y € D, we get
E[APW, (t.x) - AW, (&, y)[
oo t
S [ N1
i=1 0
© , (16)
< ZAi|ei (x) - (y)|
i=1
© 0 0
< D Aileg) |x = y[".
i=1
Therefore,
E|A1/2WA t, x) - A*wW, (s, y)'2
17)

SC(|t—s|9+ |x—y|9).
As AI/ZWA(t, x)—Al/ZWA(s, y) is a Gaussian random variable,

we obtain

E'AI/ZWA t, x) — AW, (s, y)|2m
m0O mo (18)
SC(lt—sl +|x—y| ),

for m = 1,2,... By Kolmogorov’ test theorem, we get the
conclusion. O

Remark 3. An example of the noise satisfying condition of
Lemma 2 is

dw (t) = f VAuendB, (). (19)
n=1

where {f,} is a sequence of independent 1-dimensional
Brownian motion, and {A,} satisfies

A, = n (1429, a,=n VneN. (20)



It is so because the eigenvalues «,, of the operator A, in 2-
dimensional space, behave like n.

Remark 4. Another example of stochastic noise satisfying
Lemma 2 is

A7YLAW (1), (21

where W(t) = Y72 e,f3,(t), Lis an isomorphism in H, and

1
—+0. 22
y=zo+ (22)

To prove the local existence of the solution of (1) in sense
of Definition 1, we introduce the space %,, defined by

By ={v:veC([0,T"];Hy), IVl < m,Vt € [0,T*]},

(23)

where T*
p>0.

> 0 which in fact is a stopping time and m > 0,

Lemma 5. For u, = (11(0), 4%(0)), luollyp < m, and u'(0) is
adapted to F , i = 1, 2; then there exists a unique mild solution
v in sense of Definition 1 to (11) in 9B,,,.

Proof. Choose a vin 3,,, and set

ZL(v) = e_tAuO
v L I (v W) VI (v W) ds oy

t
- J e_(t_s)Af (v+W,)ds.
0
Then,
1L W)l < e a0 .,

+

t
J e oA [(v+W,) V] (v+W,)ds
0 H!

t
J- eI (v W) ds

0

+

Hl
(25)

For the second term on the right hand side of (25),

[ [+ W) - V(v + W),

- w1,

1)
<3l o],

Ay, e

—(t—-s)A_ 2
+ |e u“o,u |H1
(t-9)A, 1
+ |e 9410,u |

=1L +L+1;+1,.
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In the following, we will estimate I;, respectively, i = 1,2, 3, 4.
Since {e_tA}tZO is contraction on L?(D), p = 1, it is known
that

—tA

|72 < Cut T P2, (27)

W2

for all z € W' (D),s;,s, € R,s; < s,,7 > 1,and C, only
depends on sy, s,, and r. Before calculating each I;, we outline
the Sobolev embedding principle in fractional Sobolev spaces
as follows:

W'llaPl (D) C W”Z’ql (D) , (28)
when
i——('1 )€~ (29)
2 b 9 D

where # is the dimension of the spatial. Let , = 3/4, p, =
2, 1, = 1/4, q, = 4 satistying (29) such that

w2 (D) c W/ (D). (30)

For I;, by (27) and Theorem A.8 in [25], we get

-7/8 1
I, <Cylt -] /|al(u ‘HM

=Cylt - s|‘7/8|A”8(u1)2|H (31)

=Cylt—s| 7ot AU + R|,

where
2
R= Al/S(ul) 2481, (32)
satisfying
2 2
IRlp < |Al/16u1 Lt < 'u1|H1' (33)

The last inequality follows by (30). For the other term added
to R, we have

|2u A1/8u1|H |u1|L4 + |Al/8 1 1S Z'u | (34)
So, by (31)-(34), we have
1, <3G, It - s 7Ful[]. (35)
Similarly, we get for I, that
L <3G, It - s 7] (36)

For I5, by Theorem A.8 in [25], we get
33

_ |e—(t—s)A [A1/4 (u A1/4 1) (A1/4 1) (A1/4 2)

(t-5)A, 2 41/2 1
u A u|H1

1] |H1’
(37)
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where
R, = A (u All4, 1) [A1/4uz] [A1/4u1] LAV
(38)
For R;, we have
e,
< Cylt = s |R, |,
(39)
<Clt-s"|a At

_ 2 2
<Gyt -s| 172 (|ul|H1 + 'u2|Hl).

For the first term on the right hand side of (37), by (27), we
have

'ef(tfs)AA1/4 (1/12141/4141)'1_11

_ |e—(tfs)AA3/4(u2Al/4u1)|H

<C)lt- s|_3/4|u2A1/4u1|

(40)

<Cylt - S|73/4 ('u2| 'A1/4 1|L4>

112
|u |H1)‘

For the second term on the right hand side of (37), by (27),
we obtain

|e—(t—s)A[A1/4u2_A1/4 1 |

< Cylt — s ('u2|2 +

"
< Cylt—s| P |A 2 AT (41)
Gt (e, < ).
From (37) to (41), we get for I, that
L<C(t-s e le= o) ('] + ). (42)
Analogously, for I,, we get
< Cle=s ™ aje= s (Ju', + 2,). @3)
By (26), (35), (36), (42), and (43), we have
e [+ Wa) - V] (v + W),
<C(lt=sI" 41t =57+
x (i + )

Asu =v+W,, by (44), fort < T", we have

t—s| %) (44)

Lt ds)e 9 (v W) - V] (r+ W),

<C(t"® 4 +t”2)< sup [[vliip + sup "WA”Hl)'
t€[0,T*]
(45)

5
Since by Lemma 2,
2
sup [Wy [z < oo (46)
te[0,T]
For the last term on the right hand side of (25), we have
R ACER TN
<Clt =™ (v + Wal3) (47)
< Cle = sl (Wl + IVI30)
Therefore,
t
I eI (v W,)ds
0 H
t
SC(1+m3)J |t—5|_1/2d5 (48)
0
<C(1+m’)T""
So by (25), (45), and (48), when T™ is small enough,
LWl < m. (49)

Foreachv,,v, € B,,,setu; = v;+W,,i = 1,2. To simplify the
notation in the following calculation, we denote u; = (u], u?),
i = 1,2. Then,

Z () =Z ()

:ﬂﬁ”mwfwm—wfw%ws

(50)

o[ eI ) - f )]s

So,
1< () = Z ()|

t
< | I ) - G Dl ds gy

t
o [ e 1 ) = £ )]s
In order to simplify the notation, we set

(uy - Vuy = (uy - Vuy = (fi + foo 5+ fu) (52)

where
fi= %al [(”1)2 - (U;)Z] >
= ”fazui
fr=50,() - ()],

15 2
fa=u 00y -

— udyuy,
(53)

15 2
U,0,U5.



6

Then, we estimate f;, i = 1,2,3,4, respectively. For f;, we
have

e
= | A [(uf - ) (] + )],
<Cle—s 7P| ()" - (18)] |,
= Clt—s| 7P| [(w) - ui7) (uy +ud) ]|,
(-

)] (s + o),

+Clt - s|77/8|[A1/8 u} + uf)] (“1 —uf) +R2|H.

= Clt - 5| 7¥|[ A

(54)

We first consider

|R2|H < C'Al/16 (u} - u;) o Al/16 (u} + ué) L
(55)
< C'ui - 1,¢;|H1 . |ui + u§|Hl.
For the other term added to R,,
[A" (w1 +18)] (4 - )],

(56)

< ]u} + uélHl ) 'u} - u2|H1.
By (54)-(56),

e ] = Clt = st =2t + s 57)
Analogously, for f5,

[ fol < Cle =57} — 20 (58)
For f,, by (53), we have

e | = e (it - 130,
<|e 4 (uf (O - 0m)),,  (59)
+ e () - 13) 1) -
For the first term on the right hand side of (59), we have
e (u3 (3,141 - 0y15) ),

< |€ (t-s)A (Ll A1/2(

1 1
Juy +uy) -

u2))|H1

(60)
_ |e—(t—s)A{ ne [ A1/4( ”z)]
- [A1/4u%,A1/4 (“1 - uz)] - R3HH1.
For R;,
R,

<|t- s|71/2|R3|H
(61)

< |t—s|71/2|A1/4 2| 'A1/4 —u;) .

=|t- s|_1/2’uf|H1 . |u1 - u2|H1.
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For the first term on the right hand side of (60), we arrive at
(t-5)A 41/4 1/4
'e .\ [u A ( uz)”H1

AR A (- )],

< [t = s i AV () — )|, (62)
< ft = s ud] L - |AY (4 - )

< ft = sl - - ) e

For the second term on the right hand side of (60), we obtain

e ) (47 - )

< e=s A [ (- )],

(63)
<t - s|_1/2|A1/4uf o Al (u - u;) "
<t- s|71/2|uf.H1 . 'u} - u;'Hl.
By (59)-(63), we get for f, that
e,
<C(lt=s+1e—s7*) (64)
X (el + sl ) s = w2l
Similarly, we get for f, that
el
<C(ft=s™+1t-s7*) (65)

X (il + ol ) oty = v -

By (52), (53), (57), (58), (64), and (65), we have

" e (uy - V) uy - (uy - V) ] ”H

IN
N

e,
1

<C(lt=sI" 41t = w1t - s 7%)

X (ol + laall ) ety = ]

<C@2m+1) (|t - s|’1/2 +t - s|’3/4 +t - S|77/3)

X ||lvi - Vz"Hl-

(66)
For the second term on the right hand side of (51), we have
fw) = f () = (b, hy), (67)
where

hy = |”1|2”} - |”2|2”;
(68)

h, = |“1|2“f - |“2|2”§
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Then,
|e(t—s)Ah1| }
<Clt- 1/2||u1| .
SClt—s|_1/2||u1|2 = |uy] u1|
-1/2

+ Clt - 5| ||u2|2u} - |u2|2u;|H

< Clt = |Jvy = vyl - (] + [val + 2 (W) - Jul] |,

1201, 12 [t
+ Clt - 5| /||u2| -|v1—v2||H

<Cl|t - s|_1/2||v1 vy - |(|v1| +|v,| +2|Wy)) - |u} L

+CJt - 5|_1/2||V1 - V2||L4 ) ”“2“12_4

< Cle =572 v = valls (Il + Il +1)

< Clt =572 vy = vallgs (Il + Il + 1)

(69)
Similarly, we can get the same estimate for ,. So, we have
t
J, I 1 )= f ()]
(70)
<C (1 + mz) % sup vy () = v, )] -
te[0,T*]
By (51), (66), and (70), we have

||3(V1) Z (v “Hl

<C [T*l/2 +T T*I/S] . ( S[(l)lp [v: - v2||H1).
t
(71)

By (49), (71), and fixed point principle, we get the conclusion.
O

Remark 6. By making some minor modifications in the proof
of Lemma 5, we can see that the conclusion in Lemma 5 is
also true for (1). Our original aim is to get the global well-
posedness of (1), but we find that the dissipative term Au
cannot dominate the nonlinear term (u-V)u. So, we introduce
the dissipative term |u|*u which will also play an important
role in obtaining the ergodicity.

4. Global Existence

Theorem 7. With conditions in Lemma 2, for v € C([0,T];
Hé) satisfying (12), when 9 > 1/16, one has

Wl < (Cr + vollin ) €7 (72)

Subsequently, one gets the existence of the global solution be-
longing to C([0,T1; Hé).

Proof. Let {u?l}n21 be a sequence of vectors which satisfies
”2 = (ug’l, ug,z) and ufl" € Cy°(D),i = 1,2,n > 1, such that

U — Uy, asn— 0o, (73)

in sense of |- |lg. Let {W,},., be a sequence of regular
process, such that

t
AW = A L AW, (s) — AW, (1),

(74)

as n — 00,
in C(T x D) whena = Oora = 1. For h = (h,h,),

hy € C([0,T] x D;R),hllcrxpy = Yt Miloirupy Where
|hi|C(T><D) = sup(t’x)e[O)T]xDlhiI. Then, by (74), we have

{i‘g’}”WX”c(TxD) < o, (75)

{n>1} t€[0,T] (76)

If v, satisfies

t
v, = etAug + L =94 (v, +Wy)-V] (v, + W,)ds

. (77)
- J I (v, + W),
0
then, v,, is regular, such that
avn n n ny _
o + AV, +B(v, + WLy, + W)+ f (v, + W}) =
(78)
Taking inner product with respect to v, in (78), we have
0
<%, vn> + (Av,,v,)
(79)

+ (B(v, + Wi, v, + Wy),v,)
+(f (v, + W3),v,) = 0.

For simplicity, we calculate the third term on the left hand
side of (79) first as follows:

(B (v, 4 Wi, + W), v,)
= (e Wii)a (v + W) v)
{0+ W) 22 (v + Wia) o)
{0+ Wh) 2 (v + W3a) v2)

+<(vfl+WX)2) 2(1/ + ") >

=L +1L+I;+1,,

(80)



where W = (W} |, W},). For I,, we have
L= (0 + W) 30 (v Wi ) v)
= (V01V V) + (Wi 101v,, ) (81)
+ (VWi ) + (Wh 0 Wh v, )

In the following, we estimate the four terms for I;, respec-
tively. For the first term,

<vr1181v,11,v:,> = J (v;)zalv;dx
D

1\3 (82)
:J 81|:(Vn) :|dx=0.
D 3

For the second term, by (75), we have

1 .1
<Wg,lalvn’ Vn>

1

vl’l

<C

; +€ JD (alvi)zdx (83)
< C|Vi'; + s|v:1';1.
similarly, for the third term,
|<ViBIWZ’1, v;>'
= UD (vj,)zale{,ldx’
= ”D Wz’lal(v;)zdx| (84)
<C UD v;al vildx’

112

<
<Clv gteE

n

112
Vol

For the last term, by (75) and (76),

'<WX,181WX,1’ V:l>'
< c” alv;dxl (85)
D

<C+ e'vH;.
By (81)-(85), it follows that
1< C(1+ vally) + 4ellvallin- (86)
Similarly,
I, < C(1+ val,) + delv - (87)
For I,
Iy = (v,0,Vp, Vo) + (v, 0, W 5, V)

(88)
+ (W} ,0,v2,v2) + (W) 0,W),, v2).

Abstract and Applied Analysis

For the first term on the right hand side of (88), we deduce
that

1 2 2
|<Vnalvn’ Vn>

-] jD XGRS
1
- 3{J, 2 (2

< %|vi

(89)

1
Vol

2
o

4 1y 12
st £|Vn'Hl’

< }Le‘vi

where € > 0. For the second term on the right hand side of
(88), we have

(Wi vi)| < el + €I (90)

Analogously, for the third term on the right hand side of (88),
we see that

(Wi v vi)| < CIV' s + el D

For the last term, by (75) and (76), we have
[(Wa Wi vi)| < C+ eV (92)

By (88)-(92), we get

1y 24 € 112
s 20l S "
+ 3¢, + Cllvally +C.
Analogously, for I, it follows that
1y g4 €N 2112
I < 4_€ Y 4 Z n|| gt (94)

+ 3¢, |2 + Clvall3, + C.

By (80) and the estimates of I}, I, I5, and I,, see (86), (87),
(93), and (94), we have

(B vy + Wi + W), )
€
<C(t+lnli)+ (514 Inlin (o5

1
¢ Ll
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For the last term on the left hand side of (79), we have
(f (v, + Wa)sv)
= Ol +39 [ ol (i, + viW,) d
IR AE
D
+9 JD (viW}, + viWh, ) (Wil dx (96)

21
[

2 0 121 22
+ |WA’2| |vn' )dx

+29 JD (|WX’1
+49 J WX)IWX,ZV:,vfldx
D
<@O+e ||v,,||i4 +C (1 + ||vn||§{) )
By (79), (95), and (96), we get
10
L2 e bl Sl
<C(1+ ) + (Z N 148) a2 ©97)
1 4
# (o e) Il

Rearranging the above inequality, we deduce that

10 €
Sall+ (1= S - 14e) ol

. (98)
(9= 2 —e)Inli <c(1+ wliy).
Let € € (1/49,4), and ¢ be small enough, such that
1€ 1450, 9-~_e>o. (99)
4 4e

So, we integrate with respect to t on both sides of (98) to
obtain

t
ol + Ce | I lnds
’ (100)

t
< IO+ Ct+C [ Inlids

where C, = 2(1 — €/4 — 14¢), by Gronwall’s inequality, we
arrive at

Ive ®l; < (Jv, O, + Ct) e <Cp. (10D)

By (100) and (101), we have

t
L [v,, (9)|2:s < Co. (102)

Multiplying Av,, on both sides of (78), and integrating with
respect to x € D, we have

(S0, )+ (An A + (f (7, + W) Av,)

t (103)
= (B(v, + Wy, v, + W), Av,),
which is equivalent to
10
551l + Il
(104)

== <f (Vn + WZ) ’Avn>
+(B(v, + Wi,v, + W), Av,).

We first estimate the second term on the right hand side of
(104) as follows:

(B(v, + Wi, v, + W), Av,)
= <vi‘ + wg,lal (vil + Wz)l),AvD

+ vy + Wi,0, (v, + W4, ), Av,)

(v
(105)
+ <vil + Wy 0, (Vf; + WX’Z) ,Avi>
+ <vfl +Wy,0, (vf1 + Wz,z) ,Avfl>
:Il +]2+]3+]4-
For J,, we have
15 1 1 1 1
J, = <vnalvn, Avn> + <vn81WZ)1,Avn>
W, ov:, Av? W2 o,Wi,, Av} (106)
+ < Al 1V Vn> + < A1Y1"V AL Vn>
=k, +k, +k;+ky
For k,, we have

2
wht*

112
nir4

1
n

2
k, < s|vil.H2 +Clv, |, v (107)

By interpolation inequality, there exists some C > 0, such that

1 11121 11172
|Vn Lt = C|V”.H 'V"|H1 ’
(108)
1 L11/4) 113/4
Vlpys S C|vn i Valge
Then,
112 132 1 1 113/2
ky < €|V”'H2 + C|V”|H ' | ”'Hl ’ 'V”|H2
112 112 116 114
< s|vn ot s|vn ot C|vn'H|vn'H1 (109)
112 14
< 28|Vn wt Crlv, ey
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where the last inequality follows from (101). For k,, we deduce

that

1
k, <elv,

PR ROARCAUDES

112

112
< e.vn|H2 + C'vn|H

2
T Cr

1
< s.vn
For k5, we arrive at

1 1 1|2 1|2
ky<C JD 'alvn . Avn' dx < s|vn mt C|Vn'H1~

For k,, we obtain

2
H*'

1
ky<C+elv,

By (106) and (109)-(112),

112

1|2 14
Ji £ 5£|vn'H2 + CT'vn|H1 + C'vn|H1 +Cr.

Similarly, for J,, we infer that

2

2 214 212
I, < 5£|vn wt CT"’n|H1 + C'vn|H1 + Cr.

For J,, we have
I, = <vfl62vil,Avil> + <WZ’262v:l,Av:l>
+ (ViO, W4 1, Avy) + (W ,0,Wh |, Av,)
=L+L+15+]1,.

By interpolation inequality and (101), we deduce that

; 112 212 112
1 < s|vn wt C|vn o vn'wm
112 ) ) 2 113/2
= €|Vn mt C|V”'H ' |V”'H1 ' |V”.H ’ ' ”|H2
1|2 214
< 28|V, |, + Cr|Vap-
For I, we have
LeC| o] |avi|dx <!, + il
2= D ZVn Vn x_svnH2+ VnHl'
Similarly, for I,
L<cC| |- |av dx<sv12 +C
3 = D n n = n|g2 T
As for I, we get
12
Iy < eV + Cr
By (115)-(119), we arrive at
12 214 12
I, < Ss"vn"H2 + Crlv, mt C”vn"H1 + Cr.

Analogously to J,, we have

2|12 14 2|12
J; < 58”1/" wt CT”vn"H1 + C“vn"H1 +Cr.

(110)

(111)

(112)

(113)

(114)

(115)

(116)

(117)

(118)

(119)

(120)

(121)

Abstract and Applied Analysis

By (105) and the estimates of ], — ], see (113), (114), (120), and

(121), we get that
(B(v, + Wy, v, + W}), Av,)
< 10elv, | + Crllvalin

+ C||1/,,||;(1 +Cr.

122)

For the first term on the right hand side of (104), we have

[(f (v + W), Av,)|
< vl + Cllva + Wil
< vl +Clvall + Cr
< elvallzp + Crllvallin lvalli + Cr
< elvallzp + Cr (1+ vl ) -

By (104), (122), and (123),

10 2 2
L+ Il

< tielu e + Co (L Il ) Il +Cr.

By the Gronwall inequality, we get
I @1z
< (O + ) o
< (”vn (0)||;1 + CT) .
Letn — o0, by Fatou Lemma,

v @Iz < (Iv O3 +Cr) .

5. Invariant Measures

(123)

(124)

(125)

(126)

5.1. Existence. In this section, we will establish the existence
of invariant measure for (2). Analogously to [24], we extend

the Wiener process W(t) to R by setting

W(t) =W (), t<o0,

(127)

where W' (t) is another H-valued Wiener process satisfying
conditions in Lemma 2 and being independent of W (t). For

any 7 > 0, we consider the following equation:

du, + [Au, + B(u,,u,) + f (u,;)] dt = dW,
on [0,T]xD, u,(-71)=0.

(128)

By Theorem 7, we know that there exists unique solution. In
order to obtain the invariant measure, we should show that
the family of laws {Z(1,(0))},5, is tight. Since H W o g



Abstract and Applied Analysis

is compact, for any & > 0, we only need to show that
{Z(1,(0))},5, is bounded in probability in H 140 As we know,

YW (s), teR (129)

t
UACHS|
—00
is the mild solution of (8) with the following initial condition:
0

AW (s). (130)

w0 |

Making the classical change of variable v_(t) = u,(t) — W,(t),
(128) is equivalent to

% = Av, (1) + B(v, () + W, (1), v, (£) + W, (1))
+ (v, () + W4 (@),
(131)
with initial condition
v (-1) = =W, (-1). (132)

In order to get the invariant measure of (131), it is enough to

show that v,(0) is bounded in probability in H'*°, for some
d > 0. That is what we have to do in Theorem 8 below.

Theorem 8. With conditions in Lemma 2, when 9 > 1/4, there
exists an invariant measure for (2).

Proof. Multiplying (131) by v, and integrating on D, we get
1d
5 gilve Ol + e Ol
+(f (v, )+ Wu (1), v, (1) (133)
= <B (V‘r (t) + WA (t) > V‘r (t)

+W, (1), v, (1)) .

For the third term on the left hand side of (133), we deduce
that

(f (e O+ W, (1), v, (1))
= 9{|v, (0) + Wa O (v (6) + W (1), v, (6) + W ()
=9 (Jre () + W O (v, () + W, (), W, ()
=9, (1) + W, ()]s
=9 ([lve O+ Wa O (v (0 + Wa (), W, (1))
> 9[|ve )]« ~ [Wa )] ]"
=9 (v O+ Wa O (v, () + Wa (), Wa (8))
> Ollv, (O] = 49]lv O [Wa )]
= 49]lv, O« [Wa O]

(v, O+ WA @O (e () + W4 (). WL (D).
(134)

1

Substituting (134) into (133), we have

%%HVT Ol + v Ol + 9, O
< 49v, )34 [Wa )]
+ 49y, ()]s [Wa O
#9 Iy 0+ Wa OFF (v, 0+ W, 00). W, )

+ (B(v () + W, (), v, (1) + W4 (D), v, (1)) .
(135)

For the third term on the right hand side of (135), we get by
the Young inequality that

v O+ Wa @ (v () + W4 (1), WA ()

(136)
< elv, O3 + CWa @5+
For the last term on the right hand side of (135),
(B(v; (1) + W4 (), v, () + W, (1)), v, ()
={(ve ) - V) v, (1), v, (1))
+{((Wy @) - V) v, (£),v, (1)
(137)

+ ((VT (t) : V) WA (t) > Ve (t)>
+{((Wa (6) - V)W, (1), v, (1))
=1 Ty T Ty
Since v,(t) is vector field, we denote it by v () =

(vi(t), vi(t)), where V;(t) is real valued function, i = 1, 2. For
1, we have

= (v ()0 vs () + V2 (v (1), v, (1)
+{vh (1) 0,V2 () + V2 (1) 02 (1), V2 (1))
= (Vv (1), v, (1)
+{vi ()0, V: (1), V2 (1))
< —% CRAGHC (t))2>
. % (a0, (7))

V(1)

(138)

4
4

< }L|a1v; o[, + }L

1 4
o),

+ }L|Bzv3 (t)|2 + }L

1 1
< v Oy + v Ol
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Similarly for r,,
ry = (Way ()0Vh (B) + Wy, ()0} (1), v, (1)
+ (W) (£)0,V2 (1) + Wy (1) 0yV (1), V2 (1))
=~ (oW, 1), (v0)")
- (W, 0, (v 0)") (139)
- (W 0,(2®)")
- (oW, 0, (2 ))
< el Ol + CIWa O
Analogously to r,, we deduce that

ry = (v ()W, () + V2 ()9, Wy, (1), v; (D)

+(VE ()0, W, () + 2 (£) 0, Wy, (), v2 (1)) (140)

<ellv, (O]1 + C[W4 @)]5-
For r,, we have
ry= (Way ()0, Wa, () + W, ()0, W, (5,71 ()
+ (Wt ()0, W, (8) + Wy, (1), W, (), 72 (1))
< el O, + CWa, ()3, Wa, O,

2
+e|vi ()], + CWa, (0 0,W,, (O]},

e O, + CIWa, (9, Wa, O,
+ e (O, + CIWa, (00, W, O,

< elvt O+ [Was OFF - [Way OF
+C|Wy, (f)|i4 Was (t)lévlv‘*
Fep 2O+ CIWay O [Was Of
+CWas O - Wz O

< ellv. @)l + CIWa O3 - [Wa @)
(141)

Since {AY W, (£)},cg is a Gaussian process, we infer that

E(law, o) < c[e(jaw, o). 042

Abstract and Applied Analysis

Then, with the proof of Lemma 2, we know that IIWA(t)Ilé\,m
is continuous with respect to ¢. By (137)-(141), we have

(B(v: () + Wo (), v, (1) + Wa (1)), v, (1))
1 1
<(G+e) @l + (G +2) el aas)
+ C(IWa O+ [Wa O WA OFF00).

By (135), (136), and (143), we arrive at

e e

1 1
< (538 I O+ (5 +e) e @l 49

+C[W, () +C.
It is equivalent to

1d 2 3 2
Sl Ol + (5 -¢) v 0l

#(9- 53¢ I L 149
< C(1+ Wy ®Opns)-
Since 9 > 1/4, let € be small enough, such that

3 1
——e>0; 9-=--3e>0. (146)
4 4

Then, the above estimates can be changed into

d
e Ol +allve Oy +C, v, Ol
(147)

< C(1+ Wi ®lfyae) -
By the Gronwall inequality, we get
Ive O < [Wa (o)|Le

t
iC j (14 [Wa () gee ) €€ s

(148)
< [Wa (o)ffe

0
+C J_ (1 + "WA (s)“é\/M) RACOEN

Similarly to the argument of [26], we will prove that
W4 (8)lly1+ has at most polynomial growth, whent — —co
a.s. So, we conclude that

supT||vT(t)||; <00. as. (149)

0<t;t<
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Multiplying ¢® on both sides of (147) and integrating with
respect to t, we have

t
[ e, ol
t
< W ol van [ 0lds

t
iC j_ (14 [Wa O € ds

(150)
<e WA (-
0
+oy j 665"1/1. (s)”;ds
+cj (1 + Wy Ol 00) s
As
0
j_ (1+|w, (t)||évl,4) e*ds < co, (151)
by (149), we have
t
sup J eésnvr (s)||ipds <00. as. (152)
0<Tst<T J—1

By Theorem 7, we know that for problem (131) there exists
unique mild solution, which has the following:

v, (0) = e™W, (-7)

+ JO e“B((v, (1) + Wy (t),v, (t) + W, (1)) dt

+J0 e f (v, (1) + W, (1)) dt
T A

=T

(153)

Then, for any ¢ € (0,0)N(0,1/4), where the 0 is the parameter
in Lemma 2,

[4". ),

< et A% w1,

+ f ||A(1+C e “B((v, (£) + Wy (), v, (£) + W, (t))”Hdt

+ J_O A2 f (v, (1) + Wy (1)t
(154)

Since

B((v, (1) + Wa (1), v, (£) + W4 (1))
(v: ()
+(Wa () V) v (6) + (Wa (1) - V)W (1),

= (v, ()-V) v (t) + V)W, (1) (155)

13

then,
| AR 4B (v, (8) + Wy (1), v, (8) + WL ()],

< ||A(1+C)/ZetA [VT (t) . V] v, (t)”H

AUFD/2 1A VW
Ao wwel,

+ ||A(1+O/26tA [WA (t) . V] v, (t)”H
o S (ORI TAG]

=z, +2,+2; + 2,
For z,, we have

2 < |A(1+C)/2efA [v: (1) 0,v; (t)”H
+ |A(”O/zem [Vi (£)9,v, (t)] |H

AR a o], 09

i |A(1+O/zem [Vi (t)0,v; (t)] |H

=zt 21,1213 1214

In the following, we use Theorem 6.13 in chapter two of [27]
to estimate them respectively as follows:

Ll A a+0)/25 (.1)2
211 = E|e Al al(vr) |H

1 2
< 2|etA 1_(3+2()/4(Vi) | "
H (158)

_ 2

< C|t| (3+20/4e6t‘( ! ‘
- H/2

< Cltl (3+20)/4 5t|2 (t 1/4 1 +R |

the last inequality follows by Theorem A.8 in [25], where
6 > OR, = A1/4(vi)2 - 2v, 'AY4)! and [Ryly <

C|A1/8Vi(t)|i4 < Clvi(t)lzl. So, by Hoélder inequality and
interpolation inequality, we have

2y < Clt P v, ()7 (159)
For z, ,, we have
= .A(”()/ZetA [vf (t) O,v, (t)] 'H
'A(1+()/2 tA[ 1/4( t) A4, l(t))”
(160)
+ 'A(1+<)/zetA [Am"i (t) A4 2 (t)”
+ 'A(1+()/ZetAR5'
H)
where
Rs = A" [v2 (1) A*E (1)
- [AYL @), AV ()] (161)

A ().
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Analogously to estimating z, ;, we have

21, < Clt| O |2 (1)

1
Ve @O s

—(1 2 S8t 1
+Clt| (1+0)/ e | ()|

v (t)

<C (|t|*(3+2f)/4 + Itl*(lJr()/Z) B&HVT (t)H‘Z/Vl/ZA

wl/z4 Wl/i24

(162)
< C (ltl_(3+20/4 + |t|_(1+0/2) 68t|IVT (t)“ill

Similarly, we can get the same estimates for z, ; and z; .
Therefore,

2 <C(IE O e O X v, 7. (163)
Analogously to estimating z,, we can get for z,, z5, and z, that

z, < C (|t|—(3+20/4 + |t|—(1+()/2)

" (IWa Ol + v 0l

Z; < C (|t|—(3+2()/4 + |t|—(1+()/2)

(164)
x e ([Wa Ol + v Ol

z, < C (|t|_(3+20/4 + |f|_(1+0/2)
< W Ol
So, by (163)-(164) and (156), we get
|AS O 4B (v, (6) + Wy (0), v, (8 + Wa )],

<C (|t|—(3+zc)/4 " |t|—(1+<)/2) (165)

" (W Ol + e Oln) -
For the third term on the right hand side of (154), we obtain
AR A f (v, (1) + Wy )],
< Cl 02 (e (O + IWa O1z)

< Cltl—(l'*'o/z
(166)
x & (v Ollgg - [ve Ol + [Wa O3

< Cle| 102
5 2 2
(e Ol + W2 1)
since [lv.(t)ll, and eatIIWA(t)IIf{I are bounded for t,7 €
(—00, T, the last inequality follows. For the first term on the

right hand side of (154), we have

(167)

eTAA(H-()/ZWA (_T)"H < 6—61

(1+O/2WA (_T)“H'

Similar to [26], we can prove that IIA(”O/ ZWA(—T)” g has at
most polynomial growth when r — ©o. For the reader
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convenience, we sketch a proof. By Lemma 2, we know that
Wi(t) - W(s)is a D(Ae/ 2) valued Brownian motion, for s <
t < 0. So, by the law of iterated logarithm, we have

W () =W ()| e

w,:= sup ————————— <00,

L, i s|1/2+(c_9)/4 as.ncZ. (168)

n<s<t<n+l

Obviously, w, is a i.i.d sequence. By the law of large numbers,
there exists an integer-valued random variable n,(w) > 0,

when n > ny(w), we have

w W_, + -+ W,
<——— < Ewy,+1<oo0.
n n

—n

(169)

This implies that

<C, (w)n, (170)
for all n > 0. In other words,
W)l < Co @) I[s]]- It —s
when s <t < [s]+1. By the law of iterated logarithm, we have

IW Ol < Cy () 18], (172)

W () - |20 (171
t € (-00,0],

for some positive random variable. By Theorem 5.14 in [23],
we know that
t
W, () = J Ae I (W () = W (s)) ds. (173)
—-00

So, we have that

[A% "W, 0],

< Jt ||A1+1/z+(/2e7(tfs)A W -w (S))“Hds
)

Mmmwnwwummm‘wmm%

—00

J~t 76(1‘ s)

< o It 1+1/2+ [-6)/2 ”W (t) -w (S)"Hods
< —5(t s) . ”W (t) W (S)”Hg
T g - s EOA |y g 20

N R A oY (LG R )
—oo |t _ S|1+((70)/4 |t _ S|1/2+((76)/4

Jt e—&(t—s)
<
-1t —s

|1+(:-9)/4
[tl-1
a
—00

< (Cy (w) + C; (w)) (It + 1),

-Cy (w) |[s]| ds
¢, (w) (1t + Is))

(174)

since s < [t] — 1, the fourth inequality follows. By (167) and
(174), we know that

sup"eTAA(H( Pw, (- T)“ <00, as. 175)

720
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If welet { = 1/2 < 6, repeating the argument of (174), we
can see that [W, ()[4 also has at most polynomial growth,
whent — —o00 a.s., since we have the Sobolev embedding

H*? ¢ W™, Consider the second term on the right hand
side of (154), by (165),

f |42 AB (v, (1) + Wa (8) v, () + W (8)]

< JO C(Itl_(mm N |t|—<1+c>/2)
-T
x e ([ @)z + v )70 ) dt

0
< J 1C(|t|—<3+zo/4 10

x e (IWa Oz + v Oy )

-1
+ J Ce” (|Wa O + |ve O30 dt < 0,

(00

(176)

where the last inequality follows by (152). Analogously, we can
prove that

J'_O “A(Hc)/zetAf (v, () + W, (t))"Hdt

< JO C (|t|—<1+<:)/2)

x & (v Ollgllve Ol + [Wa Ol

< 00,

(177)

where we used (149) and (152) for the last inequality. By (154)
and (175)-(177), we get

ATy )], <Ew), as, (178)

for some positive random variable &(w). As H'*® ¢ H' is
compact, by Prohorov Theorem, we know that the family of
laws for (v,(0)),, taking values in H Lis tight. Since v,(0) =
u,(0)—W,(0), then so does the law of (1,(0)) -, taking values
in the same space. For t > 0, set

(P.f) (x) = Ef (u(t,50,x)),

where f € C,(H,). Following the arguments in [24], for all
ty<s<tandallu, € H,, by proving

E (f (u (t; to,uto)) | 9/75) =P_, (u (s; to,uto)) ,

we can show that u is a Markov process. Here, & is the o-
algebra generated by W(r) for r < s. So, (P,),s is the Markov

semigroup. Define a dual semigroup P;" in the space P(H,) of
probability measures on H; as follows:

(179)

(180)

|, sa@w=| prau (81
HO HO
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Let y, be the law of u,(0), which is the solution of (2) with
initial condition u(—7) = 0. Then, we have

u. (f) = Ef (u_, (0)) = Ef (u(z,+0,0))

- (.NO = P fas, 1)

o PRCIGESE

where we use the fact that u(z, -; 0, 0) and ©,(0) have the same
law, the second equality follows. Therefore,

Py, = e, (183)
Since (u4,),s is tight, then by Prokhorov theorem, we know
that (u,),so is relatively compact. We can choose a subse-
quence of (y;)», denoted by (y, ),en such that for p €
P(H?),

| EneuaE
Hy

lim JHI (P.f) () i, (dx)

n—00

= ,}Lngoj f () Py, (dx) (184)
Hy
= Jim [ F @ @)
Hy
= J 1f(x)y(dx).
HU
0

5.2. Uniqueness. The main result of this part is as follows.

Theorem 9. Assume 0 > 1/2 in Lemma 2 and 9 > 1/4; then,

(i) the stochastic Burgers equation (2) has a unique invari-
ant measure (i;

(ii) for alluy € Hy ¢, Hy — R, such that .[Hl lpldy < oo,

1 (T
lim — J ¢ (u(tuy))dt = J- edy  a.s; (185)
T—ooT 0 H}
(iii) for every Borel measure u* on Hy, one has that
1P v =y — 0 ast — oo, (186)

where || - |l stands for the total variation of a measure. In
particularly, one has that

P'u* (B) — u(B), ast— oo, (187)

for every Borel set B € 9B(H,)(the Borel o-algebra of Hy ).
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In order to prove Theorem 9, we only need Theorem 10
below, see [28, Theorem 4.2.1]. We define P(t, x,-),t > 0, x €
Hy, to be the transition probability measure that is,

P(t,x,B) = P8, (B) = P(u(t;x) € B) (188)

for B € =%’(HS).

Theorem 10. Assume that the probability measures P(t,
X,),t>0,x € Hé, are all equivalent, in the sense that they are
mutually absolutely continuous. Then, Theorem 9 holds true.

In the following, we will prove the irreducibility and the
strong Feller property in Hy to get the equivalence of the
measure P(t, x,-). For the two notations, we outline them
below. For y € Hy, e > 0, let

B(y,¢) = {eré;“x—y"Hl <s}. (189)
(I) For any x, y € H,, such that for all e > 0,
P(t,x,B(y,€)) >0 (190)

for each t > 0.

(S) Forall O € %’(Hé), everyt > 0,and all x,,x € Hé
such that x, — xin Hj, it holds that

P(t,x,,0) — P(t,x,0). (191)

Before checking the condition (I), we need Lemma 11
below. For x € Hé and¢: [0,T] — é, set

u(t,x,d) =v(t,x, )+ (t), (192)
where v(t, x, ¢) is solution of the following equation:
dv
E+Av+B(v+¢,v+¢)+f(v+q5)=0, (193)

for t € [0, T], with initial condition v(0) = x. As it is proved
in previously this equation has a unique solution as follows:

veC([0,T];H,), (194)
when x € Hé and ¢ € C(]0, T];Hé).
Lemma 11. Define ¥(¢) = u(:, x, ¢); then,
(i) the mapping
¥:C,([0,7];H?) — C([0,T];H,y)  (195)
is continuous, where Cy([0,T];B) := {h €

C([0,T]; B); h(0) = O} for Banach space B;

(ii) for every x,y € H>? and T > 0 there exists Z €
Co([0, T); H*'?) such that u(T, x,Z) = y.

Abstract and Applied Analysis

Proof. (i) is proved by (A.30) in the Appendix. To prove (ii),
let x, y,€ H*? and T > 0, define @ as

t €[0,t],

telt,T],

2 (@(t) -7 (t),

(196)

te(tyt).

Obviously, u(t) € C([0,T]; H>'?). Define ¥ as the solution of
the following equation:

%17 +Av+ B, u)+ f (u) =0, (197)
with initial condition ¥(0) = x; then v € C([0, T];H3/2). Set

z = u — v; then it satisfies all the requirements of the lemma.
O

Proposition 12. With conditions in Theorem 9, the irre-
ducibility property (1) is satisfied.

Proof. Letx € H 3/2 and Z be the same as (ii) in Lemma 11. By
the above lemma, we have that for ¢ > 0, we can find § > 0,
such that

||Z - E"CO([O,T];HM) < 8 (198)

implies that

llee (-5, 2) — w (5 6, 2) ooy < & (199)

If0 > 1/2 in Lemma 2, and denote z and z the corresponding
Ornstein-Uhlenbeck process satistying conditions in the
lemma, then z,Z € C([0, T]; H*?). Choose 8, > 0 such that
8, < dand

z €Uy = {2 € Cy ([0, T1; H?);llz - Zlcorpeery < 01} -
(200)

Then, for z € Us , we have that

||u(T,,x, z)— y“Hl <e (201)
Recall now that the solution u of the stochastic Burgers
equation is equal to ¥(z), z being the Ornstein-Uhlenbeck
process. Then, it remains to show that

Plz( w) €Uy} > 0. (202)
But this is obviously true. So far, we have proved that for
for all £ > 0, for all x,y € H3/2, for all € > 0,

P(t,x,B(y,€)) > 0. (203)
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Next, we will prove for all x, € Hy,y, € H 312, the above
inequality also holds. Indeed, for 0 < h < t, by Chapman-
Kolmogorov equation, we have

P (t, x5, B(yo,€))

- | P=hxdy) P(hyB(3.0)

0

(204)

:j Pt hxdy) P 3, B (3 €)) > 0.
H32

Since P(t — h, x,, H*?) = 1, we will extend (204) to the case
forall x, € H,, y, € H,. If this is not true, there exists t, >
0, X9, Yo € Hy, & > 0 such that

P (ty, X0, B(¥p,€)) = 0. (205)
Then, we can choose y, € H*?,&, > 0 such that B(y,,¢,) C
B(yy, €). By (204), we have

P(ty, x0, B(y1,€1)) > 0, (206)

which is contrary to (205). ]

In this part, it is time to check the condition (S).

We will first obtain the strong Feller property in H, for
modified Burgers equation (208) below, then let R — co to
check the condition (S).

Fix R > 0, let K : [0, 00[ — [0, 00[ satisfy K € C'(R,)
such that [Kg| < 1,|Kg| < 2 and

Kr=1, ifx<R,
(207)
Kg=0, ifx>R+]1.
Consider the following equation:
dupg (t) + Aug (t) dt
+ Kg (lug 07 ) B (g (8) , ug () it (208)

+Kp (””R (t)"iﬂ ) f(ug) @) = dW ().

Proposition 13. There exists a unique mild solution ug(-, w) €
C([0,TT; Hé)for (208) which is Markov process with the Feller

property in H}, that is for every R > 0, t > 0, there exists a
constant L = L(t,R) > 0 such that

[P®¢ (x) - PP ()] < Lix = ]

holds for all x,y € H), and all ¢ € C,(H)) < 1, where
Pt(R)qS(x) = ng ¢(»)Pr(t, x,dy), Pg(t, x,+) is the transition
probabilities corresponding to (204).

(209)

Proof. The proof of existence and uniqueness is similar to
Section 2. Let ¢, = ¢, in (A.28), by the Gronwall inequality,
we know that uy is Lipschitz continuous with respect to initial
value. Using the method in Proposition 4.3.3 in [24], we
can prove that the solution is a Markov process. To prove
the Fell property, we first consider the following Galerkin
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approximations of (208). Let P, be the orthogonal projection
in H defined as P,x = Z;.’:l(x, ej)e;,x € H. Clearly, H, =
P, H for every n. Consider the equation in H,, as follows:

dul® (1) + AuP (t) dt

+ Kg ("“EIR) (t)“; ) BB(u 1), u (1) (210)

K ([P @) £ (P @) = aw o),

with initial condition u;R)(O) = P,u,. This is a finite-
dimensional equation with globally Lipschitz nonlinear func-
tions, so it has a unique progressively measurable solution

with P-a.e. trajectory uflR)(~, w) € C([0,T];H,), which is

also a Markov process in H,, with associated semigroup Pr(:f)
defined as

P (x) = Ep (1, (1)), (211)

forall x € H, and ¢ € C,(H,). For every R > 0,t > 0, we can
prove that there exists a constant L = L(¢, R) > 0 such that

P8¢ (x) - PP (3)| < Llx - ]l

hold foralln € N, x, y € H,,and all ¢ € C,(H,,) with [[¢[;x <
1. Indeed, the following remarkable formula holds true for the
differential in x of Pflﬁ)c/) [29]:

(212)

D, PR (x)-h

X nt

- % E <¢ (uP (%)) L <(PnQQ*Pn)‘”2DXu;R’ (s %)

hdf,©) ).

(213)

for all h € H,,, where f3, is a n-dimensional standard Wiener
process with incremental covariance P,Q and Q is the covari-
ance operator of W(t). Obviously, Q is nonnegative, adjoint,
Hilbert-Schmidt operator with inverse. Since the eigenvalues
«,, of the Stokes operator A, in 2-space dimension, behave like
n,let @ = 1/2 + ¢ for some ¢ > 0, in Lemma 2, we have
D(A) ¢ %(Q) c D(A¥*), where Z(Q) is the image of Q.
Therefore,
|DP%¢ (x) -

X nt

< %E<J: ||(PnQQ*P,,)71/2Dxu£,R) (s5x) - h“;ds)l/z.

(214)
Since for y € H,
|im.aa 8™,
= {(B,Q"R) 'y 7) (215)

= {(AP,QQ"P,A) ' Ay, Ay) < C|y|p
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it follows that

IDPR ¢ (x) -
1/2
< 2cn( || [P 520 bl ) (216)
< 2C® il

where the last inequality follows by the Estimate 4 of the
Appendix (note that C(R) is independent of x € H, and
n € N). Indeed, uﬁlR)(t, x) is given by v, (¢, x) + P,z(t), where z
is the Ornstein-Uhlenbeck process, and v, is the solution of
(A.2). Therefore,

PR (x) - PH¢ (v)|

< sup |D PP (k) 'h' N =yl

Wl <tkeH, (217)

1
< ZC®) [x =yl

In the following step, we will let n — 00 to get the
Fell property for (208). Let x € HS and ¢ € Cb(Hé)
be given. From the Appendix, Remark A.1, we know that
u;R)(t) converges to u® @) strongly in L3(0, T; Hé), p-a.s.. By
the boundedness and continuous of ¢ as well as Lebesgue
dominated convergence theorem, we have

T
EJ |6 (1% (30)) = ¢ (u® (52))|dt — 0, (218)
0
which implies that for some subsequence 7,

E¢ (uy (%)) — E¢ (u'® (%)), (219)
fora.e. t € [0,T]. Take x, y € H), by the previous argument,
we can find a subsequence n; such that the previous almost
sure convergence in t € [0, 7] holds true both x and y.

Thus, from (212), we have

[PY¢ ) - PP¢ ()] < Llx =yl (220)

for a.e. t € [0,T]. As u®(¢; x) has continuous trajectories
with values in HS, the above inequality holds for all t € [0, T].
O

Proposition 14. Under conditions of Theorem 9, (S) holds
true.

Proof. Take t > 0,x,,x € H, satisfying x, — x in H'. For
every R > 0, we have that

1Pk (8 %) = P (6%, )y

= swp  [PP¢(x,)- PP (x)

221
"‘l’"cb(m)Sl ( )

< L, -l — 0,
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asn — 00 by Proposition 13. Then,
“PR (t’ X> ) -P (t’ Xy )”TV
+ ||PR (t,x,")—P(t x, )||TV

PP (x,) - P (x,,)|

= sup
"¢"cb(H1)51

+ sup
"¢"Cb(Hl)Sl

|E (ur (£ x,)) = E (u (8 x,))|

PP (x) - Pp (x)]
= sup
"‘p"Ch(Hl)Sl

+ sup
||¢||cbm1>§1

|E (ug (t;%)) — E¢ (u (t; x)))|

< ZJ Hsuplutesl, >ri P (dw)
QO neN

+2 J;l I{Ilu(t;x)||H1 > P (dw) — 0, as R — oo,
(222)

where the inequality follows by the consistency of u(t; x) and
u®(t; x), when |lu(t; x)|| m < R, and the limit follows by
(A.21). Therefore,

[P (t %) = P (£, %)l 1y
<P (%) = Pr (t: %0 )l
+ "PR (t’ Xn> ) - PR (t’ X, )"TV

+ "PR (ta X, ) - P(t) X, )"TV — Oa

(223)

asn — 00. ]

6. Example

Our theory can be applied to stochastic reaction diffusion
equations or stochastic real valued Ginzburg Landau equa-
tion in high dimensions as follows:

ou

= — Au+|ulfu-u=dw,

3 on [0,T] x D,

(224)

u(t,x)=0, te[0,T],x € oD,

u(0,x) =uy(x), xe€D,

where u(t,x) = @'t x),u%(t, x)) is the velocity field, A
denotes the Laplace operator, W stands for the Q-Wiener
process, and D is a regular bounded open domain of R?,

Appendix

Fix R > 0 and let K : [0, 00[ — [0, 00 satisfy Ky € CI(R+)
such that |[Kg| < 1, |K1'2| <2and
Kp(x)=1, ifx<R,

(A1)

Kr(x)=0, ifx=R+1.
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Consider the following equation:

dv,
dt

+ A, + Ky (v + B9l )

X B,B (v, + Py, v, + Pog) (A-2)
+ K (v + Pglin) £ (v + Pug) = 0,

where ¢ € C([0, T]; H*?).

Estimate 1. We have the following estimate in H for (A.2):

"VnHC([o,T];H) + "Vn“Lz([O,T];Hl) <C ("x”H’ ”¢||C([0,T];H3/2)’ T)’
(A.3)

where C(a, b, ¢) indicates a constant C depending on a, b, c.
Analogously to the derivation of (147), we get

d
Slallss # allen + all < C (Il + 1) (A4)

Therefore, for all t € [0,T],

t t
oo OFF+ [ ol = [ Ioalids
(A.5)

<Ixl3 +C L (16 O +1),

Then, we get (A.3).

Estimate 2. We obtain the following estimate in Hé for (A.2):

T
2 2
oo oy + |, oo ©lfeds

(A.6)
< C (Il |Dlcgoryeny T)-
Since we have
d
a"vn (t)”iil + ||Vn (t)“ilz
+ <f (Vn (£) + P,¢ (t)) , Av,, (t)> (A.7)

=(B(v, (1) + P (), v, ()
+P,¢ (1)), Av, (t)) ,

the equation is equivalent to

d
217 Ol + I Ol
+{(f O+ P 1), A(v, (1) + P (1))
= (B(v, () + P,p (1), v,, () + P, (1)), Av,, (1))

+(f (v, () + Pp (), AP,p (1)) .
(A.8)

Denote by u,, := v,(t) + P,¢(t) and u,, = (u},u>); then

<|un|2un, Aun> =3 JD (u;)z(alu;)z

so, we have that

#3 ] () (@)
+3 ] ()@

#3 ] () (0,

<|un|2un, Aun>

dx
)zdx
)zdx

)zdx
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(A.9)

(A.10)
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(A.11)

For the first term on the right hand side of (A.3), we have

<[(un ’ V) un] ’Avn (t)>

<l + L[ bl fas
Substitute (A.11) and (A.12) into (A.8), we get
v O+ I, OF
< (f(a®+P$®), A () (A1)
= (A" f (v, )+ BY (1), A G (1)) .
Denote
1, (1) = v, (£) + P (1) (A.14)
Then,

(AT f (v, 1)+ Pp (1), A9 (1))
< Ol - A7 (jun O, D),
< [ O o2
A, @)y (0 + [, (O] A 0, (2) + R|,,
< [ @O o2
(1A, OF ), 0],

+

|, (0] A, ()], + IRI

= ¢ Ol - [L + L + L5,
(A.15)

where
R= A" (Ju, ®)]"u, )
— (A u, O ) u, () (A.16)

— u, O A, (1) .
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For I,, we have

I < |[(u, ) A, () + R w, (1) (A.17)
where

Ry = A" |u, O = 2u, (1) A, (). (A.18)
So,

I, < Cf|lu, (O] A *u, () + Ry, (1)),

< Cllut, Ot 0]
n 4| Ry |74
+ o, O | Rul (1)

< Cllut, (O] 35 et )] 125
+ et O elltan O gosas
< Cllu, 0|2

Analogously, we can get the same estimate for I, and I5.
Take advantage of the estimates for I}, I,, and I5, we have

d
2l O + v 22
< Cll¢ )]l gy 14 O (A.20)

< C(Iv @l + 16 ©lp)-
By the Gronwall inequality and (A.3), we get (A.6).

Remark A.1. It is standard to show that, for x € H, and ¢ €
C([0, T]; H*'?), there exists a subsequence which converges
to some v, strongly in L*([0, T]; H'), weekly in L*([0, T]; H?),
and weak star in L®([0, T]; H'). Therefore, we have

T
W ORor + | I Oleds
0 (A.21)

< C (Il lbllcqorierey T).

Estimate 3. We compare, only in the case R = co. Let v, v’
be two solutions with the same initial condition x € H'
but with different functions ¢,,¢,, there exists a constant

C("x"Hl) ”(/51 ||C([0,T];H3/2)’ ||¢2 ||C([O,T];H3/2)’ T), SUCh that

“ 12
Vn ™ Valleqo,rag)
<C ("’C”H" "‘/’1 ||C([(),T];H3/2)’ |I¢2"C([O,T];H3/2)) T) (A.22)
x |¢) - ¢2||C([0,T];H3/2)’
for every n, x € H', ¢1>¢$,, T. We have
d"; i i i
—+ AV, + BB (V. + BV, + Py a2

+ 9|vil + P,¢; ? (v’n + Pngb,-) =0,
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with initial condition v/ (0) = P,x, fori = 1,2. Set#, = v\ —

Voo ¥ = 1 — ¢, Then,
Y\ A +PB(v +P P
dt + }7n+ n (Vn+ n¢1”7n+ nW)
+PnB(11n+ Vi +P¢2)

(A.24)
+ S|v,11 + ¢1|2 (vf1 + qsl)

- 9|sz + ¢2|2 (vfl + ¢2) =0
Take inner product in H with respect to A#,,, we have
1d
L
+ <PnB ((vrll + Pn‘bl) > (’/In + an/)) ’Arln>
Ve + Py ), An,)

+9 <|v,11 +</>1|2 (v:l + (/51)

+{P,B(n, + Py (A.25)

_|sz + ¢2|2 (Vfl + ¢2)’A17n> =0.
For the third term on the left hand side of (A.23), we have
<PnB (V;11 + Pn(bl”/]n + an/) > A’7n>

1
Vn + Pn¢1 It

< Nl + Byl

< Nallie Urtall g + llggss) (7 + 1)
(A.26)

1/2

/
lez Wiz + )

Lol (s

(=

< 8|l'1n||2

2
+Clv + [ Ml

Similarly, we can get
(P,B(n, + Py, v, + P, An, )

2
< 8||'7n||fqz +Cl el

(A.27)

2
+Clf e Il

+Cla Lol

+ Cla Lol
Sl (he )= h ol (+4).an,)
< el + Claalis (4 + il + 2+ 1)

+Clylin (v + ol + 172+ 2l ).
(A.28)
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By (A.23)-(A.27), we have

d
e + Il
d

4
"H1

o+ lealln) (429

4
< Cllaale (o5 + s +

2
“Hl Y

s

2 2
v+l + ol ) -

So, by the Gronwall inequality and (A.6), we get (A.'21).
By (A.6), we know that v} converges week star to ' in
C([0,T]; Hé), fori = 1,2, we have

1
vt -

4
e +
H!

2
+Clyliee (V)

’ "C([O,T] ;HY)

< C(I1xle» 1 leqo ey 182l o ryeers) T) (A30)

||‘/51 - ¢’2 ||C([0,T];H3/2)'

Estimate 4. Let us consider only the case R € (0,00), and
denote by v,(t) the solution to (A.2). Let &, be the differential
mapping x — v, in the direction A at point x, defined by, for
given x, h € H as follows:

&, (t) =D, (t;x) - h. (A.31)

Set also

u, (t;x) =v,(t,x)+P,p(t), (A.32)

so that &, is also the differential of the mapping x — u,,(¢; x)
in the direction h at the point x. Thus, &, satisfies

d
afn + Afn
= 2K ([l ) (A0, A8, ) B ,)

+ KR (“unll?{l) {B (un’gn) + B( n> un)}

+ 2K ([l ) (A" A28, ) i,

(A.33)

+ 3K ([l ) [4al o
So,

el + 15
= 2K () (B (4,10, 48,)
e K (Jll,) (B (1, 8,). A2,)
+ K ([ ) (B (6o,) AE,)
+ 2K (lunllz) (A0 A, lun] 110 AE,)

+ 3K (Junll) {Jnl "6, AE,)
(A34)
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Therefore,

d 2 2
i [T A P

< 2K ([letall i) Netll o N Dol e Nl o ot
+ Ke (letallzg ) 1€l NEall s Netall o
o+ Ki (letnllz ) 1€l 0Eall sl
o 2K ([l ) otz NEall g NEal g et
+ 3K (a7 ) 1€l NEl e otz
< CR &l Eall e Nvall e + 0] )
+ CR) & 1657
+C (R &l 18] £
< g€ 2 + C® &

X (1 [valle + 18ln)-

(A35)

By the Gronwall inequality and (A.6), we have
& ®l7 < C R Iz

And therefore, using again the previous inequality,

(A.36)

T
LMA%;wscmwwa. (A37)
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