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We establish some strong convergence theorems for a common fixed point of a finite family of relatively nonexpansive mappings
by using a new hybrid iterative method in mathematical programming and the generalized projection method in a Banach space.
Our results improve and extend the corresponding results by many others.

1. Introduction

Let E be a smooth Banach space and E* the dual of E. The
function @ : E x E — R is defined by

¢ (3x) = [y” =2 (. Jx) + IxIs )

for all x,y € E, where J is the normalized duality mapping
from E to E*. Let C be a closed convex subset of E, and let T
be a mapping from C into itself. We denote by F(T') the set of
fixed points of T. A point p in C is said to be an asymptotic
fixed point of T' (see [1]), if C contains a sequence {x,,} which
converges weakly to p such that the strong lim, _, . (x, —
Tx,) = 0. The set of asymptotic fixed points of T will be
denoted by F(T). A mapping T from C into itself is called
nonexpansive, if

|Tx = Ty| < [lx -y )

for all x,y € C, and relatively nonexpansive (see [2]), if
F(T) = F(T) and

¢(p.Tx) < $(p.x), (3)

forall x € Cand p € F(T). The iterative methods for approx-
imation of fixed points of nonexpansive mappings, relatively
nonexpansive mappings, and other generational nonexpan-
sive mappings have been studied by many researchers; see [3-
13].

Actually, Mann [14] firstly introduced Mann iteration
process in 1953, which is defined as follows:

X =x€C,
(4)

Xy = 0,x, + (1 —a,) Tx,, n=>0.

It is very useful to approximate a fixed point of a nonex-
pansive mapping. However, as we all know, it has only weak
convergence in a Hilbert space (see [15]). As a matter of
fact, the process (3) may fail to converge for a Lipschitz
pseudocontractive mapping in a Hilbert space (see [16]). For
example, Reich [17] proved that if E is a uniformly convex
Banach space with Fréchet differentiable norm and if {«,} is
chosen such that Y2 &, (1-a,) = 00, then the sequence {x,}
defined by (3) converges weakly to a fixed point of T

Some have made attempts to modify the Mann iteration
methods, so that strong convergence is guaranteed. Nakajo
and Takahashi [18] proposed the following modification
of the Mann iteration method for a single nonexpansive
mapping T in a Hilbert space H:

xo=x€C,

In = 0 Xy + (1 - (xn) Txn’



C,={zeC:|z-y| <|z-=xl}>
Q,={zeC:(x,-2z x-x,) >0},

Xp1 = Pong® n=012...,

©)

where Py denotes the metric projection from H onto a closed
convex subset of H. They proved that if the sequence {a,} is
bounded above from one, then {x,} defined by (5) converges
strongly to Ppr)x.

The ideas to generate the process (5) from Hilbert spaces
to Banach spaces have been made. By using the properties
available on uniformly convex and uniformly smooth Banach
spaces, Matsushita and Takahashi [10] presented their idea
of the following method for a single relatively nonexpansive
mapping T' in a Banach space E:

xo=x €C,
=T (@], + (1= ) JTx,),
H,={z€C:¢(zy,) < ¢(z.x,)}, (6)
W,={zeC:(x,-z Jx-Jx,) >0},
Xp1 =y qw,x n=0,1,2,...,

where ] is the duality mapping on E and Ilgq)x is the
generalized projection from C onto F(T).

In 2007 and 2008, Plubing and Ungchittrakool [19, 20]
improved and generalized the process (6) to the new general
process of two relatively nonexpansive mappings in a Banach
space:

Xy =x €C,
Yn = ]_1 ((xn]xn + (1 - ‘xn) ]Zn) >
2= (B Txu + BT T, + BT,

Hn: {ZGC:¢(Z>)’n) S¢(Z,Xn)},
W,={zeC:(x,-z Jx-]x,) >0},

n

7)

Xp1 =g qwx n=0,1,2,...,

xy=x€C,
yo =T (@ Jx+(1-a,)Jz,),
20 =T (B Tx + BT, + B ISx,),
H,={z€C:¢(z.5,) < p(z.x,) (8)
+ o, (Il + 2 (Jx, = Jx,2) )}
W,={zeC:(x,-z Jx-Jx,) >0},
Xpp1 = Uy qw % n=0,1,2,....

They proved that both iterations (7) and (8) converge strongly
to a common fixed point of two relatively nonexpansive
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mappings S and T provided that the sequences satisfy some
appropriate conditions.

Inspired and motivated by these facts, in this paper,
we aim to improve and generalize the process (7) and (8)
to the new general process of a finite family of relatively
nonexpansive mappings in a Banach space. Let C be a closed
convex subset of a Banach space E and let T, T,,..., Ty :
C — C be relatively nonexpansive mappings such that F :=
ﬂf\i \F(T;) # ¢. Define {x,} in the following way:

xy=x €C,

Vo =T (0 )x + BuJx, + YuJ2,) s

N
z,=]" (A(no)]xn + ZAS)]T,-xn) ,
i

Hy={zcCi¢ (o) < (o) ©

+ o, (Il + 2 (Jx, = Jx,2) )}
W,={zeC:(x,—-z Jx-Jx,) >0},

Xpr1 =y qw, % n=0,1,2,...,

where Il ny, is the generalized projection from C
onto the intersection set H,[\W,; {,}, {B.} {y.} {A(no)},
{A(nl)},..., {/\(nN)} are the sequences in [0, 1] with «,, + 3, +
Y, = land ZZO AS) = 1forall n > 0. We prove, under certain
appropriate assumptions on the sequences, that {x,} defined
by (9) converges strongly to Ppx, where P, is the generalized
projection from C to F.

Obviously, the process (9) reduces to become (7) when
N = 2,«, = 0 and become (8) when N = 2, 3, = 0.
So, our results extend and improve the corresponding ones
announced by Nakajo and Takahashi [18], Plubtieng and
Ungchittrakool [19, 20], Matsushita and Takahashi [10], and
Martinez-Yanes and Xu [21].

2. Preliminaries

This section collects some definitions and lemmas which will
be used in the proofs for the main results in the next section.
Throughout this paper, let E be a real Banach space. Let J

denote the normalized duality mapping from E into 2F ’ given
by

J@)={f € E" (x f) = x| f], U<l = [ f]}, VxeE

@
where E* denotes the dual space of E and (-,-) denotes the
generalized duality pairing.

A Banach space E is said to be strictly convex if ||x +
yl/2 < 1for ||x]l = [yl = 1 and x# y. It is also said to
be uniformly convex if lim, | Jllx, — y,ll = 0 for any two
sequences {x,}, {y,} in E such that ||lx, || = [y, = 1 and
lim, _, (lIx, + ¥,l1/2) = 1.LetU = {x € E : |x]| = 1}
be the unit sphere of E, then the Banach space E is said to
be smooth provided that lim, _, o((lx + tyll — lIx])/t) exists
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for each x, y € U. It is also said to be uniformly smooth if
the limit is attainted uniformly for each x, y € U. It is well
known thatif E is smooth, then the duality mapping J is single
valued. It is also known that if E is uniformly smooth, then
J is uniformly norm-to-norm continuous on each bounded
subset of E. Some properties of the duality mapping have been
given in [22]. A Banach space E is said to have Kadec-Klee
property if a sequence {x,} of E satistying that x, — x € E
and |x,| — Ilx[, then x, — x. It is known that if E is
uniformly convex, then E has the Kadec-Klee property; see
[22] for more details.

Let E be a smooth Banach space. The function @ : E X
E — Ris defined by

¢ (3x) = [y” =2 (. Jx) + IxIs (1)

for all x,y € E. It is obvious from the definition of the
function ¢ that

@ Uxll = Iyl < ¢(y, x) < Uyl + Ixl?),
(2) ¢(x,p) = d(x,2) + P(z, y) + 2{x — 2, Jz — ]x),

() ¢(x, y) = (%, Jx = Jy) +{y —x, Jy) < [xlllJx - Tyl +
Iy = Iy,

for all x, y € E; see [4, 7, 23] for more details.

Lemmal (see [4]). IfE is a strictly convex and smooth Banach
space, then for x, y € E, ¢(x, y) = 0 if and only if x = y.

Lemma 2 (see [23]). Let E be a uniformly convex and smooth
Banach space and let {y,},{z,} be two sequences of E. If
¢(V,n2,) — 0 and either {y,} or {z,} is bounded, then
Vo —2, — 0.

Let C be a closed convex subset of E. Suppose that
E is reflexive, strictly convex, and smooth. Then, for any
x € E, there exists a point x, € C such that ¢(x,,x) =
min ,.c$(y, x). The mapping IIc : E — C defined by
ITx = x, is called the generalized projection (see [4, 7, 23]).

Lemma 3 (see [7]). Let C be a closed convex subset of a smooth
Banach space E and x € E. Then, x, = Ilox if and only if

(xg=y, Jx—Jxg) 20, VyeC. (12)
Lemma 4 (see [7]). Let E be a reflexive, strictly convex, and
smooth Banach space and let C be a closed convex subset of E
and x € E. Then, ¢(y,1ox) + ¢(Ilcx, x) < ¢(y, x) forall y €
C.

Lemma 5 (see [24]). Let E be a uniformly convex Banach
space and B,(0) = {x € E : ||x|| < r} a closed ball of E. Then,
there exists a continuous strictly increasing convex function
g:[0,00) — [0,00) with g(0) = 0 such that

IAx + uy + vz < Axl + | y] + izl = g (|x - y]).
(13)

forallx, y,z € B,(0) and A, u,v € [0,1] with A+ p+v = 1.

Lemma 6 (see [19]). Let E be a uniformly convex and
uniformly smooth Banach space and let C be a closed convex
subset of E. Then, for points w, x, y,z € E and a real number
aeR thesetK :={veC: ¢,y <, x)+(v,Jz—Jw)+a}
is closed and convex.

3. Main Results

In this section, we will prove the strong convergence theorem
for a common fixed point of a finite family of relatively
nonexpansive mappings in a Banach space by using the
hybrid method in mathematical programming. Let us prove
a proposition first.

Proposition 7. Let E be a uniformly convex Banach space and
B,(0) = {x € E : ||lx|| < r} a closed ball of E. Then, there exists
a continuous strictly increasing convex function g : [0,00) —
[0, 00) with g(0) = 0 such that

ikixi

i=1

2 n n n
< ;Ai"xiuz - %g (ZZ "xi - xj||> ,  (14)

i=1j=1
foralln>3,x; € B,(0)and A; € [0,1] with Y A, = 1,i =
L2,...,n

Proof. IfA;+A, -+ +A, #0, using Lemma 5 and the convexity
of || - ||*, we have

= Ax + Ax, + (A +---+A,)

X< A3x3 + + /\nxn )
Ay+---+ A, A+ 4+ A,

2

< A+ Aglll + (A + -0+ 1) (15)
Asxs A, ’
X|[— " —
Ay+---+ A, Ay +--+ A,

-MAg ("xl - x2||)

< Z/\i“xillz = MA2g ([x1 = xa)-
i=1

IfA; + Ao+ + A, = 0, the last inequality above also holds
obviously. By the same argument in the proof above, we
obtain

n

Z)L,-x,-

i=1

2 n
< YAl - Ag(
i=1

%), 06




foralli, j € {1,2,...,n}. Then,

n 2

ZAixi

i=1

2
n

YY) XOWISE )

i=1j=1

< nZZ;)ti”xi“Z -g (ZZAI‘AJ “xi - xj”) )

i=1j=1
17)

So,

n

ZA,-xi

i=1

2 n n n
< ;)‘illxillz _ %g (zzAiAj | - xj"). (18)

i=1j=1

O

Theorem 8. Let E be a uniformly convex and uniformly
smooth Banach space, and let C be a nonempty closed convex
subset of E and T,,T,,...,Ty C — C relatively
nonexpansive mappings such that F := N~ F(T;)#¢. The
sequence {x,} is given by (9) with the following restrictions:

@a,+p,+y,=1,0<¢a,<1,0<B,<1,0<y, <1
foralln > 0;

(b) lim, _, &, = 0and limsup ,,_, B, <1L;

() A e [0, 1) with YN A =1,i=0,1,2,...,N, for all

n

n>0;
(d) lim,_ A’ = 0and liminf,_  AA > 0,i,j =
1,2,...,N;or

A4 >0,i=1,2,...,N.

(d') liminf,_, A2A}
Then, the sequence {x,,} converges strongly to I1px, where I is
the generalized projection from C onto F.

Proof. We split the proof into seven steps.

Step 1. Show that Py, is well defined for every x € C.

It is easy to know that F(T;),i = 1,2,..., N are closed
convex sets and so is F. What is more, F is nonempty by our
assumption. Therefore, Py is well defined for every x € C.

Step 2. Show that H, and W, are closed and convex for all
n=0.

From the definition of W,,, it is obvious W,, is closed and
convex for each n > 0. By Lemma 6, we also know that H,, is
closed and convex for each n > 0.

Step 3. Show that F ¢ H,[|W, foralln > 0.
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Letu € F and let n > 0. Then, by the convexity of || - 12,
we have

¢ (u.2,)
N
=¢ (u, J! </\§f) Jx, + YA ]T,»xn>>

i=1

N

= Jul* -2 <u,Aﬁf” Jx, + YA ]Tixn>
i=1

N 2

+ )L;O)]Xn + ZAS)]T,-xn

i=1

N
<l = 249 (u, Jx,) = 2)AY (I Tix,)  (19)

i=1

N
+ A+ YA T, |

i=1

N
= A (u,x,) + Y A0 (1, Tyx,)
i=1

N
<A (ux,) + Y A (u, x,)
i=1

=¢(wx,),
and then,
¢ (1 y,)
= ¢ (T (o) x + BuJx, +v4)2,))
= [lull® = 2 (u ) + BoJx, + VaJ2,)
+ o T+ Box, + yuJz
< Jull® - 2a, (u, Jx) = 2B, (u, Jx,) = 2y, (. ]z,) (0
a2l + Bl + vzl
= o, ¢ (1, %) + Bup (1 x,) + Y, (2,)
< o, (u,x) + (1 - a,) ¢ (u,x,)
= ¢ (ux,) + o, (¢ (u, x) — ¢ (%))
< ¢ (u,x,) + o, (IxI” +2 (Jx, = Jx,2) ).

Thus, we have u € H,. Therefore, we obtain F ¢ H,, for all
n=0.

Next, we prove F ¢ W, for all n > 0. We prove this by
induction. For n = 0, we have F ¢ C = W,. Assume that
F ¢ W,. Since x,,,, is the projection of x onto H, [|W,, by
Lemma 3, we have

<xn+1 -z, Jx - ]xn+1> 20, (21
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for any z € H,(\W,. As F ¢ H,[|W, by the induction
assumption, F ¢ W, holds, in particular, for all u € F. This
together with the deﬁmtlon of W, implies that F ¢ W,_;.
Hence, F ¢ H, (W, foralln > 0.

Step 4. Show that |x,,; — x,[ = 0Oasn — oco.
In view of (19) and Lemma 4, we have x,, = P, x, which
means that, for any z € W,,,

¢ (x5 %) <P (z,%). (22)
Since x,,,, € W, andu € F ¢ W,, we obtain
¢ (x0 %) < ¢ (%11, %),
¢ (xpx) < P, %),

for all n > 0. Consequently, lim,, _, . ¢(x,,, x) exists and {x,}
is bounded. By using Lemma 4, we have

¢ (xn+1’xn) < ¢ ('xn+1’x) - (/) (xn’

asn — 00. By using Lemma 2, we obtain ||x
asn — 00.

(23)

x)—0, (24)

n+l _xn” -0

Step 5. Show that ||x, — z,]l = Oasn — oo.
From x,,,, = Py nw, x € H,, we have

¢ (xn+1’ yn) < ¢ (xn+1’ xn)

+ o, (Il +2 (Jx, = Jx, X41)) — 0,

asn — 00. By Lemma 2, we also have ||x,,,;
then,

(25)
-y, = 0,and

”xn - yn” < "yn - xn+1|| + ||xn - xn+l” — 0, (26)

asn — co. We observe that
¢ (2,0 %,)

= ¢ (20 V) + & (Vo

< (2 yn) + ¢ (Y x,)

¢ (20 V) 27)

xn) +2 <Zn ~Yw ]yn - ]xn>

+2 "Zn - yn" "]yn - ]xn“ >

= |zl - 2 (20 Jx + BoJx, + V)2,

+ ||ocn]x + B,Jx, + yn]zn"2

S a?l(p (Z?l’ 'x) + ﬁn¢ (Zn’ 'xﬂ) *
So,
¢ (Zn’ x}’l) S (xn(p (ZVl’ 'X) + :Bn¢ (zn’ 'xﬂ)

+ ¢ (ywxn) +2 "Zn - yn” ”]yn - ]xn" .

Since lim,, _, &, = 0, limsup,,_, B, < L, ¢(y,,x,) — 0,
and ||z, - ynllllfyn = Jx,l — 0asn — oo, we have
¢ (2 x,) < wX)+
5 (29)
+ “Zn - yn” "]yn - ]xn" —0,

l_ﬁn

asn — 00. Using Lemma 2, we obtain ||x,,
n — 0o.

-z, — Oas

Step 6. Show that | x,, — T;x,| — 0,i=1,2,...,N.

Since {x,} is bounded and ¢(p,T;x,) < &(p,x,),
where p € F, i = 12,...,N, we also obtain that
Ux, LT x,}, ..., {JTyx,} are bounded, and hence, there
exists ¥ > 0 such that {Jx,}, {JT;x,},..., UTxx,} € B,(0).
Therefore, Proposition 7 can be applied and we observe that

¢ (p,z,)
N
ol -2 <p, A0+ ZA:‘)mxn>
i1

N 2
+ A(no)fxn + Z)\?]Tixn

i=1

< [pl” =21 (p, Jx,) - ZZW (p.JTix,)

i=1

N
1) el + AT
=1

1 TN (0),0)
-2z 22NN T, = 1Ty

i=1j=1

(30)

N
+2) A0 7%, - ]Tixn“)
i=1

N
=106 (p,x,) + YAV (p. Tix,,)
i=1

oo E3a0

i=1j=1

+2ZA DJx, - JT; n||>

<6050 o SN s, 1)

i=1j=1
N o
230029 15, - mxnn) ,
i=1

where g [0,00) —
increasing convex function with g(0) =

[0,00) is a continuous strictly
0. And

¢ (p’ xn) - ¢ (p’ Zn)
=l =2 (po ) + Il = Il + 2 P2 J20) [zl

< 2]pl 2 = T, + Il = Jaal® — 0,

(31)



asn — 00. From the properties of the mapping g, we have

nllngoA;O)Ag) "xn - Tixn" =0,

o (32)
1im AVAY |Tx, - Tjx,,| = 0,

forall i, j € {1,2,..., N}. From the condition (d"), we have

lx, — Tix,| — 0immediately,asn — oo0,i =1,2,...,N;
from the condition (d), we can also have | x,, - T;x, || — 0, as
n — o00,i=1,2,...,N.In fact, since lim infn_,ooks)/\if) >

0, it follows that

Tim_ |Tpx, = Tpx,| = 0, (33)

foralli,j € {1,2,...,N}. Next, we note by the convexity of
|- I* and (9) that

¢ (T 2,)

= |7,

N
-2 <zjn,)t(no)fxn + Z)\(n')]Tixn>
i=1

2
+

N
/\(no)]xn + ZAS)]T,»xn
i=1

N
<l = 22 (T 5,) =23 A0 (T I i)
i=1

S Y

N
= /\(,f’%p (T-x xn) + ZAS)q& (T~x T,-xn) — 0,

o o
i=1

(34)

asn — ©00. By Lemma 2, we have lim, _, IT;x, -z, = 0
and

"Tixn - xn" < ”Tixn - Zn" + "xn - zn” — 0, (35)

asn — ooforallie{1,2,...,N}.

Step 7. Show that x,, — Ilpx,asn — oo.

From the result of Step 6, we know that if {x, } is a
subsequence of {x,} such that {x,,} — X € C, thenx €
nﬁlﬁ(Ti) = ﬂf\:’lF(Ti). Because E is a uniformly convex and
uniformly smooth Banach space and {x,} is bounded, so we
can assume {xnk} is a subsequence of {x,} such that {xnk} —
X € Fand w = Ilpx. Forany n > 1, from x,,,; = Iy Ay x
andw € F ¢ H,[|W,, we have

¢ (X015 %) < P (@, %) (36)
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On the other hand, from weakly lower semicontinuity of the
norm, we have

¢ (%, %)
= %% - 2 (%, Jx) + x|

37

< linn_l,ior})f( Xy, g 2< Xy, 2,]x> + ||x||2> (37)

= linrr_1>ior<1)f¢ (xnk, x) < limsup ¢ (xnk, x) <¢(w, x).

From the definition of ITyx, we obtain ¥ = w, and hence,
lim, _, ,¢(x,,,x) = ¢(w,x). So, we have limk_>00||xnk I =
lwl. Using the Kadec-klee property of E, we obtain that
{x,, } converges strongly to Ilpx. Since {x,,} is an arbitrary
weakly convergent sequence of {x,}, we can conclude that
{x,} converges strongly to ITpx. O

Corollary 9. Let C be a nonempty closed convex subset of
a Hilbert space H and T\, T,,..., Ty : C — C relatively
nonexpansive mappings such that F := N~ F(T;)#¢. The
sequence {x,} is given by (9) with the following restrictions:

@a,+B,+y,=1,0<0a,<1,0<B,<1,0<y, <1
foralln>0;

(b) lim,_, &, =0and limsup ,_, B, <L

() A, € [0,1] with YN Al = 1,i=0,1,2,...,N, for all

n=0;
(d) lim, A2 = 0and liminf, ,  AA > 0,i,j =
1,2,...,N;or

%A > 0,i=1,2,...,N.

(d" liminf, _, (AL,
Then, the sequence {x,} converges strongly to Pyx, where Py is
the metric projection from C onto F.

Proof. 1t is true because the generalized projection I, is just
the metric projection Py in Hilbert spaces. O

Remark 10. The results of Nakajo and Takahashi [18] and
Song et al. [11] are the special cases of our results in
Corollary 9. And in our results of Theorem 8, if T} = T, =

o= T A% and @, = 0 for all n > 0, then, we obtain
Theorem 4.1 of Matsushita and Takahashi [10]; if T} = T, =
-+ =Ty_; and 0, = 0 for all n > 0, then, we obtain Theorem
3.1 of Plubtieng and Ungchittrakool [19]; if T} =T, = --- =
Ty-;and B, = 0 for all n > 0, then, we obtain Theorem 3.2
of Plubtieng and Ungchittrakool [19]. So, our results improve
and extend the corresponding results by many others.
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