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The migration of melt through the mantle of the Earth is governed by a third-order nonlinear partial differential equation for the
voidage or volume fraction of melt. The partial differential equation depends on the permeability of the medium which is assumed
to be a function of the voidage. It is shown that the partial differential equation admits, as well as translations in time and space,
other Lie point symmetries provided the permeability is either a power law or an exponential law of the voidage or is a constant. A
rarefactive solitary wave solution of the partial differential equation is derived in the form of a quadrature for the exponential law

for the permeability.

1. Introduction

The one-dimensional migration of melt upwards through the
mantle of the Earth is governed by the third-order nonlinear
partial differential equation

o 0 ¢ \]

where ¢(t,z) is the voidage or volume fraction of melt, t
is time, z is the vertical spatial coordinate, and K is the
permeability of the medium. The special case in which K(¢)
is a power law,

K(¢) =¢" (2)

has been studied extensively, and solitary wave solutions have
been derived [1-12]. In this paper K(¢) will initially not be
specified. For arbitrary forms of K(¢), (1) does not depend
explicitly on t and z, and therefore it admits the Lie point
symmetries

X, ==, X,=-—. (3)

We will determine the forms of K(¢) for (1) to admit other
Lie point symmetries besides the Lie point symmetries (3).
This would be a significant property for (1) to posses because
invariant solutions could then be constructed. One of the
forms obtained for K(¢) is an exponential law relating the
permeability to the voidage. We will derive a new rarefactive
solitary wave solution of (1) with the exponential law for the
permeability.

The variables ¢, t, z, and K(¢) in (1) are dimensionless.
The voidage ¢(t, z) is scaled by the background voidage ¢,.
The background state is therefore defined by ¢ = 1. The
characteristic length in the z-direction, which is vertically
upwards, is the compaction length §, defined by

85 _ K(¢O) (E + (4/3) ’7) 1/2) (4)

¢

where y is the coefficient of shear viscosity of the melt and
& and # are the bulk and shear viscosity of the solid matrix,
respectively. We will assume that & and # are constants as did
Barcilon and Richter [3]. Scott and Stevenson [1] assume that



& and 7 are power laws of the voidage ¢. The characteristic
time is ¢, defined by

_ %[M@+MBDqU2 ©
0~ >
gbel  K(g)

where g is the acceleration due to gravity and Ap is the
difference between the density of the solid matrix and the
density of the melt. The permeability is scaled by K(¢,) and
therefore

K@1)=1. (6)

When the voidage is zero, the permeability must also be zero
and therefore

K (0) = 0. @)

In the derivation of (1), it is assumed that the background
voidage satisfies ¢, < 1. An outline of the derivation of (1)
when K(¢) satisfies the power law (2) is given by Nakayama
and Mason [5]. The derivation is readily extended to the
general case in which K = K(¢).

An outline of the paper is as follows. In Section 2 the
Lie point symmetries of (1) are investigated and the forms of
K(¢) are determined for (1) to admit, as well as the Lie point
symmetries (3), other Lie point symmetries. In Section 3 a
new rarefactive solitary wave solution of (1) is obtained when
K(¢) depends on ¢ through an exponential law. Finally, the
conclusions are summarized in Section 4.

2. Lie Point Symmetries

In this section K(¢) will not be specified initially. We will
investigate the Lie point symmetries of (1) and the forms of
K(¢) for these symmetries to exist.

Equation (1) is as follows:

dK
de ¢>

where a subscript denotes partial differentiation. We look for
Lie point symmetries of the form

¢t + ¢ ¢z¢'tz - K¢tzz =0, (8)

1 a 2 a a
X=8 (tzd) 5 +8 (t,z,fb)&w(t,z,gb)%. (9)

The coefficients £ and # in the Lie point symmetry (9) should
not be confused with the bulk and shear viscosities in the
characteristic quantities (4) and (5). The invariance criterion
is

X[3] <¢t ¢z ¢z¢)tz - K¢tzz> =0, (10)
d¢ ¢ ®
where the third prolongation of X is of the form
B 0
X0 _ gt 2
5t s ”a¢ i 39, *ag 36,

5 5 1)
" CIZ@ ! 6122 a¢tzz "
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The remaining terms in X Bl are not required in (10) and

{;i=D;i(n)-¢D; (&), i=12
D;(g) - ¢:D; (§), i=1.2, (12)
Gijk = Dy ((ij) - ¢:D (8), =12

with summation over the repeated index, s, from 1 to 2. The
total derivatives D, and D, are defined by

0 0 0
D, :Dt:a""/st%""/’tta_d)t*"pzta_ﬁbz"'”U

+¢z% +¢tzai¢t +¢zz£ +

5 (13)
D, =D, =<
1 z a

We replace ¢,,, in the determining equation (10) using
the partial differential equation (8) and then separate the
determining equation according to the following partial
derivatives of ¢:

o8 _
¢ttz . E =0,
a 1
¢z¢ttz : % = 0’
2
¢zzz : % =0,
(14)
. 5'52 _
¢t¢zzz : % =0,
8211 B
P otdg 0
2
¢t¢zz =y a¢2 =0.

It follows directly from (14) that

g=f1t), =g, = ¢A(2) + B(t,2), (15)

where f(t), g(z), A(z), and B(t, z) still have to be determined.
Using (15), the invariance criterion separates further into the
following system of equations:

¢#n:[§§—fﬁﬁ) iz

L5 45 peo

]A( )
(16)
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dK dA dK 0B
, (17)
dyg _
- K(¢) T2
dKdA
¢t¢z d(I) dz > (18)
d*K ¢ (dK
oo [ (5 ]
2
ST
dK 9*B df dg
" d¢ oroz ¢< Tz ) 0
' dzA L $dK 1 dK
(20)
dg
- Zd—z =0,
. dKdA 0’B  dK 0B
Remainder: ¢%d_z -K(¢) 502" 46 52
(21)
aB
at =0.
For arbitrary forms of K(¢), (16) to (21) are satisfied by
A(z) =0, B(t,z) =0, ft)=¢, g()=¢
(22)

where ¢, and ¢, are constants and (1) admits the Lie point
symmetries (3). We will seek possible forms of K(¢) for which
(1) admits, as well as (3), other Lie point symmetries. From
(18) we see that there are two general cases depending on
whether the permeability, K, depends on ¢ or is constant.

2.1. Permeability Depends on Voidage. Consider first the case
in which K(¢) depends on the voidage, ¢; that is, the perme-
ability is not constant, so that

dK
% #0. (23)

Then, from (18), A(z) = A, where A, is a constant. By differ-
entiating (20) with respect to ¢ we find that B = B(z), and
from (21) it follows that B(z) = B,, where B, is a constant.
Hence, from (15),

n(¢) = Agp + By. (24)
From (17),
E=g@=cz+c, (25)

where ¢, and ¢, are constants. Also from (16) and (19),

af
E = Ao - (26)

and therefore

g=f)=(A

where ¢; is a constant. Equations (16) to (21) reduce to

d’K 1 (dK\’ dK
(A0¢+BO)(d—¢2—?<%> )‘I’AO% =0, (28)

oG )tta, (27)

(Agd + By) Z— - 26K = 0. (29)
It is readily verified that if K(¢) satisfies (29), then K(¢)
satisfies (28) identically. Equation (28) therefore does not
need to be considered further.

When (23) is satisfied Lie point symmetries of (1) exist
provided that K(¢) satisfies (29) and are given by (24), (25),
and (27). This case separates into two subcases depending on
whether A;#0o0r A, = 0.

2.1.1. The Case Ay+0. Consider first Ay#0. The general
solution of the ordinary differential equation (29) for K(¢)
is

K (¢) = Ko(Ao + By)" '™, (30)

where K|, is a constant. But since K(0) = 0, it follows that
B, = 0, and since K(1) = 1 we obtain

2¢,

K(¢)=¢", n= e (31)

Since K is not a constant, n # 0. Equations (27), (25), and (24)
become

g =22-nt+c,
n

E@)=qz+c, (32)

2¢
L.

n

n(¢) =

The three Lie point symmetries of (1) with the power law (30)
for K(¢) are presented in Table 1. The results agree with those
derived by Maluleke and Mason [7, 9] for the generalized
magma equation with m = 0, where m is the exponent in the
power law relating the bulk and shear viscosities of the solid
matrix to the voidage.

2.1.2. The Case A,=0, B, #0. When A, = 0 but B, #0, the
general solution of (29) is

2¢
n=—, (33)

= Ky exp (ng), B
0

K(¢)

where K| is a constant. Since K(¢) is not constant, n # 0, and
because the permeability increases as the voidage increases,
n > 0. Also, K(1) = 1 and therefore

K(¢) =exp(n(¢—1)), n>0. (34)



TABLE 1: The permeability K(¢) and the corresponding Lie point
symmetries of (1).

Permeability Lie point symmetry
0 0 0
X, =(Q2-nt— +nz— +2p—
1=@2-n) at+nzaz+ gba¢
" 0
K@) = ¢ -
_9
ot
X, =-nt—+nz_—+ 22
! 0 o 0¢
0
K(¢) = exp[n(¢ - 1)] X, = 3%
0
X, = —
ot
0
X, = f()—
= fOF;
e
2= %5
_9
0z

0 . d
X, = cosh(ZZ)a +¢ smh(ZZ)%

X, = sinh(2z)2 + (,bcosh(Zz)3

0z 160)
X = B(t, z)%, where B(t, z) satisfies
0B OB _
ot 0tdz:
When ¢ = 0, then
K (¢) = exp (-n) #0. (35)

If »n is large, K(0) is small. However, the exponential law
(34) for K(¢) does not satisty the condition K(0) = 0. It
is not a suitable model for physical phenomena with small
values of the voidage. For instance, it would not be suitable
to describe compressive solitary waves which contain ¢ =
0 [8, 10-12]. It is suitable for describing rarefactive solitary
waves which satisfy ¢ > 1 and this will be considered in
Section 3. Equations (27), (25), and (24) become

&= —qt+ 6,

&) =qz+c, (36)
_2a
n(¢) = e

The three Lie point symmetries of (1) with the exponential
law (34) for K(¢) are presented in Table 1.

2.2. Constant Permeability. Finally, consider constant perme-
ability, K(¢) = K. Since K(1) = 1, it follows that K, = 1.
The model does not satisty K(0) = 0 and it cannot be used
to describe physical phenomena in which the permeability
depends on voidage.
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When K(¢) = 1, (16) to (21) are reduced to

dA d’g
244 A9 _ (37)
dz dz?
d*A  _dg
22 2, (38)
dz* T dz
3
9B _ 0B _ (39)
ot  0toz?
Integrating (37) and (38) once with respect to z gives
d
2A(2) - d—‘z =c, (40)
dA
== _9 =c, 41
1, 9@ =q (41)

where ¢, and ¢, are constants. By eliminating A(z), we obtain

d g
—= —4g =2 (42)
122 g )

and therefore

g (z) = ¢; cosh (2z) + ¢, sinh (2z) - %, (43)

where ¢; and ¢, are constants. From (40),
A (z) = ¢ sinh (2z) + ¢, cosh (2z) + %1 (44)
Thus, from (15)
Fo=rw,

E(z) = ¢ cosh (2z) + ¢, sinh (22) — %,

n(tz,¢)=¢ (c3 sinh (2z) + ¢, cosh (22) + %) +B(t,z),
(45)

where f(t) is arbitrary and B(t, z) satisfies (39) which is the
partial differential equation (1) with K(¢) = 1. The Lie point
symmetries of (1) with constant permeability are presented in
Table 1. The results agree with those derived by Maluleke and
Mason [7,9] forn=0and m = 0.

There are therefore three forms of K(¢) for which (1) has
Lie point symmetries in addition to (3), namely, the power law
(31), the exponential law (34), and constant permeability.The
Lie point symmetries of (1) with the three forms of K(¢) are
presented in Table 1. Equation (1) with the power law has been
studied in detail. In Section 3 we will consider the exponential
law and investigate rarefactive solitary wave solutions of (1)
with K(¢) given by (34).

3. Rarefactive Solitary Wave

When the permeability satisfies the exponential law (34), the
partial differential equation (1) becomes

d >
202 ewine-vi(1-22)] <0 uo
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We now derive a rarefactive solitary wave solution, with
¢ > 1, of the partial differential equation (46).

The solution ¢ = ®(t,z) is an invariant solution of (46)
provided that

X(¢p-@(t2) -0 = 0, (47)

where X is a linear combination of the Lie point symmetries
of (46). The Lie point symmetries of (46) are given in
Table 1. Consider the invariant solution generated by the
linear combination

9] 9]
X:CIE +02$> (48)

(47) becomes

oD oD

—+c¢— =0, 49
ot T2 49
where ¢, and c, are constants. The general solution of (49) is
readily derived, and since ¢ = ®(¢, z) we obtain

¢=v(@,

where ¢ = ¢,/¢;,. The group invariant solution (50) is a trav-
elling wave solution and the constant c is the dimensionless
speed of the wave.

Substitute (50) into (46). This gives the third-order
ordinary differential equation

(=z-ct, (50)

2

d d
- leplntu-v) (1+5% )| -0
and integrating (51) once with respect to £ we obtain

d’y A cy
— - 5 52
& ey ephy-n] "

where A is a constant of integration. Since the right hand side
of (52) depends only on v, we integrate (52) with respect to

. Now
dy 1d ((dy)
72 ((%) o

and (52) becomes

2%«%)) S i) R iy
(54)

but

JV’ dy _ 1
exp[n(y-1)]  nexp[n(y-1)]

J‘” dy _ (1+ny)
exp [n(y - 1)]

(55)

T e n(y-1)

and integrating (54) once with respect to y, we obtain

(%) - s

 c(l+ny)
n?exp [n(y —1)]

(56)
-y +B,

where B is a constant.

In order to obtain the three arbitrary constants, A, B,
and ¢, we impose three boundary conditions suitable for a
rarefactive solitary wave. The background state is v = 1.
Three boundary conditions for a rarefactive solitary wave are

dy d*y
y=1:—=0 — =0,
d ag
¢ ¢ 57)
_y. Y _
yv=VY: T =0.

The amplitude of the solitary wave is ¥ — 1 and y({) has
a local maximum when v = V. Using (52) and (56), the three
boundary conditions give

4 (1+2”)C+1—B=o,
n n
A+c-1=0, (58)
A c(1+n¥) LY_Bo
nexp [n(¥-1)] nPexpn(¥-1)]
Hence,
mY-1)-Dexpn(¥-1)]+1 (59)
expln(Y-1)]-n(¥-1)-1
and, expressed in terms of ¢,
A=1-g B:%(c+n+n2). (60)
Equation (56) becomes
dy\?
) = 61
(%) -rw. (61

where
2 2
fW)= Zx[nre—nt(y-1)

—(n+c+nc(1//—1))exp[—n(1//—1)]].

(62)
Now from (53) and the boundary conditions (57),
df
f@=0o, dy (1) =0, f¥) =0 (63)

and since the left hand side of (61) is nonnegative, for a
solitary wave to exist it is necessary that f(y) > 0 for
1<y <V



Before proceeding further with the solution, we first
investigate the properties of f(y). In order to do that we
define

(n(y-1)-Dexp[n(y-1)]+1
F = 64
W= ey =0l -nty-n-1 |
From (59), it follows that
F(¥)=c. (65)

Equation (62) can be written in terms of F(y) as follows

f) = 5 0= (eny-1)esp [-n(y - 1)]]

y [F(\P) —F(w)] o0
F(¥) '
Now,
dF _ an’ exp [n(y ~ 1)
dy  Jexpln(y-1)]-n(y-1)-1]’
(67)

2
-1 -1
. [sinm("(‘” R ]
2 2
and since sinh®x > x? for x #0, it follows that for n# 0 and
1//# 1)

dF

Hence, F(y) is an increasing function of y. Also,
F(1) =n. (69)

Consider first n > 0. Since F(y) is an increasing function of
Y, it follows that F(y) > n > 0 and F(¥) - F(y) > 0 for
1 <y < V. Also, it can be verified that

L en-1)

expln(y 1] " 7o

for ¢ > 1. Hence from (66), f(y) > 0for1 < v < Y anda
rarefactive solitary wave solution exists. Consider next#n < 0.
Then from (64), F(y) — 0asy — 00, and since F(1) =
n < 0 and F(y) is an increasing function of y, it follows that
F(¥) < 0. We still have F(¥) — F(y) > 0 by (68) and (70)
is still satisfied for n < 0. Hence from (66), f(y) < 0 for
1 < y < V¥ and a rarefactive solitary wave solution does not
exist.

The difference between F(y) for n > 0 and n <0 is
illustrated in Figurel for n = —0.1,0.5,1, and 2. Forn < 0
the permeability decreases as the voidage, ¢, increases, which
is generally not observed physically. When the permeability
satisfies the power law (30), a rarefactive solitary wave
solution exists for n > 1 and does not exist for 0 < n < 1

[5].
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FIGURE 1: The function f(y) defined by (62) plotted against y for
n=-0.1,0.5,1,and 2 for ¥ = 5.

-60 -40 =20 0 20 40 60

FIGURE 2: Rarefactive solitary wave for n = 1,2, and 3 with ¥ = 5.
The length { is scaled with the characteristic length &, for n = 1.

Now from (61) and (62), the rarefactive solitary wave
solution is given by the following:

(71)
—(n+c+nc(y-1))

<ew(nly-1)]")").

where the wave speed c is given by (59). In Figure 2, the
solitary wave solution (71) is plotted against  for a range of
values of n. In order to compare the solutions for different
values of , the length { is scaled in all cases with the same
characteristic length, namely, §, calculated for n = 1. We see
that the width of the solitary wave increases as # increases.
The increase in the permeability has the effect of spreading
the solitary wave.
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20

15+ n=2

10

¥Y-1

FIGURE 3: Velocity, ¢, of a rarefactive solitary wave for n = 1 and
2 plotted against amplitude ¥ — 1. Both velocities are scaled by the
characteristic velocity, 8. /t,, forn = 1.

Consider now the dependence of the wave velocity, ¢, on
the amplitude of the solitary wave, ¥ — 1. Since F(¥) = ¢, it
follows from (68) that

dc
—_— . 72
e 0 (72)

The velocity increases as the amplitude of the solitary wave
increases, and therefore larger amplitude waves travel faster.
This property also holds for the solitary waves described by
the power law (31) forn > 1 [5]. Equation (72) is a special case
of the general result that F(y) is an increasing function of v
for 1 < y < ¥ which was central to the proof of the existence
of solitary wave solutions for n > 0. There is therefore a
close connection between the property that larger amplitude
solitary waves travel faster and the existence of solitary wave
solutions. We also determine from (69) the limiting value

¥Y-1=0:c=n. (73)

This limiting value also holds for the dimensionless velocity
of rarefactive solitary waves for the power law (31) with»n > 1.

In Figure 3, the dimensionless wave velocity, ¢, of the
solitary wave, given by (59), is plotted against the amplitude
¥ —1forn = 1 and 2. In order to compare ¢ for different
values of 1, the wave velocity is scaled for each value of n
by the same characteristic velocity v, = 6./, calculated for
n = 1. We see that ¢ increases steadily with ¥ — 1 for both
cases in agreement with (72). We also see that as n increases
the velocity ¢ increases. The increase in the permeability as
n increases allows the melt to propagate at a greater speed
through the solid matrix.

4. Conclusions

One of the functional forms which the permeability K(¢)
must satisfy for the partial differential equation (1) to possess
Lie point symmetries besides translation in time and space
is the power law. This relation between the permeability
and the voidage has been studied extensively to model the
migration of melt through the mantle of the Earth. Mainly,

travelling wave solutions have been considered, but more
general group invariant solutions which include the third
Lie point symmetry have been investigated by Harris and
Clarkson [8].

Unlike the power law, the exponential law relating the
permeability to the voidage is not valid at ¢ = 0 because,
when the voidage vanishes, the permeability should also
vanish. It can be used when the migration of melt through the
Earth’s mantle is modelled as a rarefactive solitary wave with
¢ > 1. For both the power law and exponential law, larger
amplitude waves travel faster. There is a close connection
between this property and the existence of solitary wave
solutions.

The conservation laws for the partial differential equation
(1) with the power law for K(¢) have been investigated by
several authors [3, 6, 9]. The number of conservation laws
is finite, except possibly for n = —1 which is not physical.
This indicates that the solitary waves are not solitons. The
conservation laws for the partial differential equation (46)
with the exponential law for K(¢) still need to be investigated.
If it is found that the number of conservation laws is finite
it would indicate that the rarefactive solitary waves with the
exponential law are also not solitons.

We have assumed that the bulk viscosity, &, and shear
viscosity, 77, of the solid matrix are constant. A large amount of
research has been performed on models in which £+(4/3)# is
related to the voidage by a power law with exponent m [1, 4-
12]. The Lie group analysis for the permeability considered
here could be extended to include the viscosity of the solid
matrix.
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