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We use the improved general mapping deformation method based on the generalized Jacobi elliptic functions expansion method to
construct some of the generalized Jacobi elliptic solutions for some nonlinear partial differential equations in mathematical physics
via the generalized nonlinear Klein-Gordon equation and the classical Boussinesq equations. As a result, some new generalized
Jacobi elliptic function-like solutions are obtained by using this method. This method is more powerful to find the exact solutions

for nonlinear partial differential equations.

1. Introduction

The nonlinear partial differential equations play an important
role to study many problems in physics and geometry. The
effort in finding exact solutions to nonlinear equations is
important for the understanding of most nonlinear physical
phenomena. For instance, the nonlinear wave phenomena
observed in fluid dynamics, plasma and optical fibers are
often modeled by the bell-shaped sech solutions and the kink-
shaped tanh solutions.

Many effective methods have been presented, such as
inverse scattering transform method [1], Bécklund trans-
formation [2], Darboux transformation [3], Hirota bilinear
method [4], variable separation approach [5], various tanh
methods [6-9], homogeneous balance method [10], simi-
larity reductions method [11, 12], (G'/ G)-expansion method
[13], the reduction mKdV equation method [14], the trifunc-
tion method [15, 16], the projective Riccati equation method
[17], the Weierstrass elliptic function method [18], the Sine-
Cosine method [19, 20], the Jacobi elliptic function expansion
[21, 22], the complex hyperbolic function method [23], the
truncated Painlevé expansion [24], the F-expansion method
[25], the rank analysis method [26], the ansatz method [27,
28], the exp-function expansion method [29], and the sub-
ODE. method [30], Recently, Hong and Li [31] put a good

new method to obtain the exact solutions for the general
variable coefficients KdV equation by using the improved
general mapping deformation method based on the gener-
alized Jacobi elliptic functions expansion method. In this
paper, we use the improved general mapping deformation
method based on the generalized Jacobi elliptic functions
expansion method to obtain several new families of the exact
solutions for some nonlinear partial differential equations
such as the generalized Klein-Gordon equations and the
classical Boussinesq equations which are very important in
the mathematical physics.

2. Description of the Improved General
Mapping Deformation Method

Suppose we have the following nonlinear PDE:

F(ty thyy Uy Uy Uy Uy - - -) = 0, (1
where u = u(x, t) is an unknown function, F is a polynomial
in u = u(x,t), and its various partial derivatives in which the
highest order derivatives and nonlinear terms are involved.
In the following, we give the main steps of a deformation
method.



Step 1. The traveling wave variable

u(et)y=ul), &=x-Vt, (2)

where V is a constant, permits us reducing (1) to an ODE for
u = u(&) in the following form:

p (u, v i v v ) =0, (3)
where P is a polynomial of u = u(§) and its total derivatives.

Step 2. Firstly, we assume that the solution equation (1) has
the following form:

u@ =Y A4 €+ YBo" (&), (4)
i=0 i=1

where { = x - Vtand A;, B; (i = 0,1,2,...,N),and V are
arbitrary constants to be determined later, while ¢(&) satisfies
the following nonlinear first-order differential equation:

4
¢ €)=Y ad &). )

i=0

Step 3. The positive integer “N” can be determined by
considering the homogeneous balance between the highest
order partial derivative and nonlinear terms appearing in (1).

If “N” is not positive integer. In order to apply this method
when “N” is not positive integer (fraction or negative integer),
we make the following transformations.

(1) When N = p/q, q+#0 is a fraction in lowest term, we
take the following transformation:

u(@) =" @E). (6)

(2) When N is negative integer, we take the following
transformation:

u@®=y"E ™)

and return to determine the value of »n again from the new
equation. Therefore, we can get that the value of n in (2) is
positive integer.

Step 4. Substituting (4) into (3) with Condition (5),
we obtain polynomial in ¢/(£)¢°(§), (s = 0,1;j =

.»=2,-1,0,1,2,...). Setting each coefficients of this
polynomial to be zero yields a set of algebraic equations for
A, B (i=0,1,2,...,N),and V.

Step 5. In order to obtain some new rational Jacobi elliptic
solutions of (5), we assume that (5) has the following
solutions:

P& =c+ae@)+of()+6g@)+qh(@), (8
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where ¢; = ¢ (i = 0,...,4) are arbitrary constants to be
determined later, and the functions e = e(§), f = f(&), g =
g(&), h = h(&) are expressed as follows [32, 33]:

1
€= p+qsn(€,m)+rcn(§,m)+ldn(§,m)’

B sn(&,m)
prgsnEm)+renEm)+ldn(Em)

f
€)

3 cn (&, m)
- p+qsn&m)+ren(&m)+ldn(Em)

b= dn (&, m)
B p+qsn&m)+ren(&m)+ldn(Em)

g

where p, g, r, and [ are arbitrary constants and sn(&,m),
cn(&,m), and dn(§, m) are Jacobi elliptic functions with the
modulus m < 1.

Step 6. We substitute (8) and (9) into (5). Cleaning the
denominator and collecting all terms with the same degree of
sn(&, m), cn(&,m), and dn(&,m) together, the left-hand side
of (5) is converted into a polynomial in sn(&,m), cn(&, m),
and dn(&, m). Setting each coefficients sn(&, m), cn(§, m), and
dn(§,m) of this polynomial to be zero, we derive a set of
algebraic equations for¢; (i = 0,...,4), p,g,r,and L.

Step 7. With the help of symbolic software package as Maple
or Mathematica, we solve the system of algebraic equations
which is obtained in Step 4 with the system obtained in Step 6
to calculate for A;, B; i = 0,1,2,...,N), V,and ¢ (i =
0,...,4), p,g-r,and L.

Step 8. Substituting the results in Step 7 into (4), (8), and (9),
we will construct many new exact solutions for the nonlinear
partial differential Equation (1).

3. Application of the Improved General
Mapping Deformation Method

In this section, we use the proposed method to construct
Jacobi elliptic traveling wave solutions for some nonlin-
ear partial differential equations in mathematical physics,
namely, the generalized nonlinear Klein-Gordon equation
and the classical Boussinesq equations which are very impor-
tant in the mathematical physics and have been paid attention
by many researchers.

3.1. Example 1. The Generalized Nonlinear Klein-Gordon
Equations. The generalized nonlinear Klein-Gordon equa-
tion [34] is in the following form:

2 1- +1
Uy — KUy +ou—Pu "y =0,

n>2, (10)
where k, «, 8, and y are arbitrary constants. These equations
play an important role in many scientific applications, such as
the solid state physics, the nonlinear optics, and the quantum
field theory (see [17, 18, 24]). Wazwaz [19, 35] investigated the
nonlinear Klein-Gordon equations and found many types of
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exact traveling wave solutions including compact solutions,
soliton solutions, solitary pattern solutions, and periodic
solutions using the tanh-function method. The traveling wave
variable (2) permits us to convert equation (10) into the
following ODE:

(V2 - kz) u' +au - Bu' " ™ = 0. (11)

Considering the homogeneous balance between the highest
order derivative 4" and the nonlinear term v in (11), we
get N = 2/n. According to Step 3, we use the following
transformation:

u=[y©®)" (12)

where y(£) is a new function of &. By substituting (12) into
(11), we get the following new ODE:

(V2 - kz) [2 Q-n)y”+ 2m//u/"]
(13)
+an’y? - pn’ + yrtyt = 0.

Determining the balance number N of the new equation (13),
we get N = 1. Consequently, we have the formal solution of
(13) in the following form:

u(€) =Ay+A0& +B¢" (&), (14)
where
4 .
¢ €)=Y ad &). (15)
i=0

We substitute (14) along with condition (15) into (13) and

collect all terms with the same power of </>j (E)[qﬁ'(f)]s, (s =
0,1; j = ...,-2,-1,0,1,2,...). Setting each coefficient of
this polynomial to be zero, we get a system of the algebraic
equations for A, A, By, gy, a;, a5, a3, a4, and V. Also, we
substitute (8) and (9) into (15). Cleaning the denominator and
collecting all terms with the same degree of sn(&, m), cn(&, m),
and dn(&, m) together, the left-hand side of (15) is converted
into a polynomial in sn(§, m), cn(&, m), and dn(&, m). Setting
each coefficients sn(&,m), cn(&,m), and dn(&,m) of these
polynomials to be zero, we derive a system of the algebraic
equations for¢; =¢ (i =0,...,4), p,q, 1, and l.

With the help of Maple, we solve the system of the
algebraic equations for A,, A, By, ay, a;, a,, a5, a4, and V

with the system algebraic equations for¢; (i = 0,...,4), p, g,
r, and [ to get the following results.

Case 1.

_pn 2B

A G \](VZ—KZ)(mZ— 1) (n-2)

>

a= = (V=K (m+1),

-2 (mz—l) 1w (16)
aO_ 4p2 > az_ 2 5
a__pz(mz_l) v

4 > - >
4c}
Ay=B =a,=a;=1l=r=¢

=¢q=6=¢=0 m#l,

where p, 3, V, ¢;, and K are arbitrary constants. In this case,
the rational Jacobi elliptic solution has the following form:

y= \/ . anlbom - (7)
(V2= K2) (m? = 1) (n - 2) [1 + sn (&, m)]

Consequently, the exact solution of the generalized nonlinear
Klein-Gordon equation (10) takes the following form:

2/n
) 21’12/3 cn (E)m)
s N(VZ—KZ) (2 =1) (1=2) [+ &) ] |

(18)

where £ = x — tV. In the special case when m = 0, the
trigonometric exact solution takes the following form:

2/n
u(x,t) = cos (&) ]] . 19

2n*B
(K2 -V?*) (n-2) [1+sin (&)




_ B
A= i%m\j8(V2—K2)(n—2)’

_Lon P
By _ipm\j8(V2—K2)(n—2)’

n
2

y= T (V=K (1) (- 9), 0
pn
—cs(mz—l) - 1+ m?

ag = 4P2 > a, = 5
_P2 -1

a4 (4(:; )> q:p,m;EO

A0:a1:a3:l:r:‘:0:cl:‘;2:‘:4:0’

where p, 3, V, c;, and K are arbitrary constants. In this case,
the rational Jacobi elliptic solution has the following form:

cn (&, m)

1//:+£ ﬁ +£
" m \8(V2-K?)(n-2)[1xsn(m)] m

(21)

[1+sn(§m)]
cn (&, m)

B
% \]8(V2—K2)(n—2)

Consequently, the exact solution of the generalized nonlinear
Klein-Gordon equation (10) takes the following form:

[ B cn (,m)
“m \8(V2-K?)(n-2)[1xsn(&m)
o (22)
W B [1+sn(&,m)]
"m\8(V2-K?*)(n-2) cn(&m) ’
where & = x — Vt. In the special case when m = 1, the
hyperbolic exact solution takes the following form:
B B sech (&)
v [i "\/s (V2_K2)(n—2) [1+tanh (@]
(23)

[1+ tanh (§)] 2
sech (&)

+n\j ﬁ
T\8(V2-K2)(n-2)
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Case 3.

. B
1= \/S(VZ—KZ)(n—Z) (12-1) [(m2—1) G-m?c2]’

\j Bl(m* - 1) —mct]

8(V2-K?) (n-2)(m>-1)’

a= 2 (V2-K?) (m-2),

pr
cfmz—(mz— 1)63
a, = >
0 4q2
a,=—--m, m#=xl,
2
a, = q

(24)

where V, 3, ¢;, ¢;, and q are arbitrary constants. In this case,
the rational Jacobi elliptic solution has the following form:

. B
V= ‘”\js(VZ K (-2 (m2 - D) [P~ 1) & - m2]

(¢ + en (&, m))
sn (&, m)+ \/(cg—cf) / (mz (cf—c§)+c§)dn (&, m)]

J Bl(m-1)é - m'd]]

8(V2-K?)(n-2)(m>-1)

2 2
G —C
([ rrgenem)

x (¢, + csen (&,m)) .

(25)
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Consequently, the exact solution of the generalized nonlinear
Klein-Gordon equation (10) takes the following form:

s B
L Jsaﬂ—Kao%zxmL4)Kma4)g—m%ﬂ

x (¢ + ¢en (&, m))

E-c
X |:sn (&m) + \jmdn(&m)]

J Bl(m ~1)¢ - mc]

8(V2-K?)(n-2)(m?>-1)

!

E-c
37 Y1
, ——————dn(§,
X |:sn(f m) + \jmz (clz —ci) +c32 n(& m):|
2/n
x (q+esenEm) |,
(26)

where & = x — Vt. In the special case when m = 0, the
trigonometric exact solution takes the following form:

B
u= [in\js VK=& (¢, + ¢ cos (£))

3

. 1 5 ]! pe
X [Sm(E“ GVa _Cf] i"\js(vz —Kzs)(n—Z)
2/n
X [sin &)+ cl Ve - Cf] (c1+¢; cos (E))1:| .

3

(27)

Case 4.

_un 2B
Ao = im\/(Vz—Kz)(rz—Z)’

- 2B
A= +mc3 \j(V2 -K¥)(n-2)"

a= — (V=K (m-2),

n
ot (V- K2) (- 4)
re 4pn )
w-5 4.9,

5
) 2rm?
a, =-1-m’", as = ,
G
a, = rm’ I = +ir
4 Cg > — =k
q=+rVm?* -1, m#0,
Bi=p=g=a=6=¢=0,
(28)

where V, 8, K, ¢;, and r are arbitrary constants and i =
v/—1. In this case, the rational Jacobi elliptic solution has the
following form:

n 2B
]/j:i— -_—
m\](VZ—Kz) (n-2)
_2n 2B
" Z\](v2 “K)(n-2) )

y cn (&,m)
[cn & m)+ Vm? -1 sn (&, m) +idn (E,m)].

Consequently, the exact solution of the generalized nonlinear
Klein-Gordon equation (10) takes the following form:

u=

bn)_ 2
“m\(V2-K?) (n-2)

[ 2
T\ (VoK) (n-2)

“ cn (&,m) o
[cn &m)+ Vm? -1 sn (& m) +idn(é, m)]
(30)

where & = x — Vt. There are many cases that are omitted for
convenience.

3.2. Example 2: The Classical Boussinesq Equations. In this
subsection, we consider the classical Boussinesq equations
[36] in the following form:

1
vi+[A+v)ul,+-u,, =0,
3 (31)

u, +uu, +v, = 0.

The system (31) is integrable and has three Hamiltonian
structures [36]. Wu and Zhang [37] derive three sets of
classical Boussinesq model equations for modeling nonlinear
and dispersive long gravity wave traveling in two horizontal
directions on shallow water of uniform depth. This system is
considered to be one of them.



Let us now solve (31) by the proposed method. To this end,
we see that the traveling wave variables u = u(§), v = v(&), and
& = x—Vt, permit us to convert (31) into the following ODEs:

1
Cl—Vv+(1+v)u+§u":0,
. (32)
C2—Vu+5u2+v=0,

where C, and C, are the integration constants. Considering
the homogeneous balance between the highest order deriva-
tive and the nonlinear terms in (32), we get M; = 1 and
M, = 2. Thus, the solutions of (32) have the following forms:

u@=Ag+ApE + A7 (&),
v(E) = By + B,$ (§) + B¢ (§) (33)
+ B¢ (§) + By > (),

where
4 .
¢ (&) = Yag ). (34)
i=0

We substitute (33) along with Condition (34) into (32) and

collect all terms with the same power of ¢j (E)[(/)'(E)]S, (s =
0,1;j =...,-2,-1,0,1,2,...). Setting each coefficient of
this polynomial to be zero, we get a system of the algebraic
equations for A,, A, A,, By, B, By, By, By, ay, 4y, 4y, as, ay,
and V. Also, we substitute (8) and (9) into (34). Cleaning the
denominator and collecting all terms with the same degree of
sn(&,m), ecn(&, m), and dn(&, m) together, the left-hand side
of (34) is converted into a polynomial in sn(&, m), cn(&, m),
and dn(&, m). Setting each coefficients sn(&, m), cn(E, m), and
dn(&,m) of this polynomial to be zero, we derive a system
of the algebraic equations for ¢; (i = 0,...,4), p, g, r, and L.
With the help of Maple, we solve the system of the algebraic
equations for Ay, A,, By, ay, a;, a,, a3, a,, and V with the
system algebraic equations for¢; (i =0,...,4), p,q,rand [ to
get the following results.

Case 1.
Ag=-v, 4 =DM
0~ > 1= = \/§C3 >
—(7 +m? q2 m* -1
) 8
szé(3Vz+7+m2), C, =V -
-2 (m* -1
p = iq’ ay = : (4q2 )’
1+m? “_qu(mz_l)
h = 5 ag = 4%2 >
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where ¢, V, and ¢, are arbitrary constants. In this case, the
rational Jacobi elliptic solution has the following form:

v gVl -m?  cn(& m)

u=-V+

>

V3c;  [1tsn(&m)]
(36)
L) (1) o @m)
6 6 [1 isn(f,m)]z’

where £ = x — Vt. In the special case when m = 0, the
trigonometric exact solution takes the following form:

u= —Vi LL(E)’
V3c, [1+sin ()]
(37)
-7 -1 cos* (&)
v —+ ————.
6 6 [1+sin(¢)]
Case 2.
qV1 —m?
A, =-V, A=+ ,
0 1 \/§C3
—_m2 —(m*+2
AZ:iC3 1 m) B, = ( )’
V3q 3
£ (v -1) & (v 1)
Bz_ 62 > B4: 2 >
5 69
1, , 5 (38)
C,==-(3V"+4+4 , c, =V,
2 6( m) 1
2
—63(1’}’1 —1)
= 1qg, +1, = s
p=xq m# %=~
1+m? -q’ (m* - 1)
a2= 2 5 a4— 42 >
)

where g, V, and ¢, are arbitrary constants. In this case, the
rational Jacobi elliptic solution has the following form:

V1-m?  cn(&m)

V3 [Lxsn(Em)
+V1—m2[1isn(§,m)]
V3 amEm)
—(7+m2) (mz—l)

v = +
6 6

u=-V+

(39)
cn? (E,m)

[1 isn(E,m)]2
(mz - 1) [1+sn(, m)]2

* 6 cnt(Em)
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where £ = x — Vt. In the special case when m = 0, the
trigonometric exact solution takes the following form:

1 cos() 1 [1+sin(&)]
u=-V+— - +— .
V3 [1+sin(§)] = V3 cos(&m)
, w0
71 cos? (&) _l[lisin(f)]
6 6[1xsin(§)]® 6 cos?(§)
Case 3.
q
A - _\/, A = i >
0 1 \/§I’HCI
2
Azzi%s B0_3+3m >
7 i
B S em2c’ 4T 6>’
1
C,=-(3V*+4-2m7),  C =V, ()
mch 1 2
W= ey
2 .
q *iq
= —, l: It 03
% 4m?c} m m#

BlzB3:a1:a3:P:r:C0:C3:(2:C4:O)

where ¢, V, and ¢, are arbitrary constants. In this case, the
rational Jacobi elliptic solution has the following form:

u= -Vt !
V3[m sn(&m) i dn(Em)]
. [m sn(&m)+idn(Em)]
+ N ,
) (42)
- 3+m B 1
3 6[m sn(E,m) £i dn(E,m)]°
[msn(&m)+idn(é, m)]2
_ - ,
where & = x — Vt. In the special case when m = 1, the
hyperbolic exact solution takes the following form:
1
u=ve V3 [tanh (&) + i sech (£)]
+ % [tanh (&) +i sech ()],
(43)
_ 4 1
3 6[tanh (&) i sech (§)]°

_ é[tanh (&) +i sech (§)]%.

7
Case 4.
A=V, A =t 1 ,
V3 [Gm? - (m? - 1) ]
Loz Aldm - (e -]
0~ 3 > 27 = \/gq >
B, = q
Poelgmt — (m-1)g]
B [clzm2 - (m2 - 1) c32]
4 — 6q2 > (44)
_c121112—(mz—1)c32 ; _l_mz
o= 1 o BTy
2
a, q

T a[dm - (m -1

2 2
- GG
1 mict — (m?> - 1)’

B3:Blzal:a3:p:r:60:(;2:54:0’

where p, B, «, ¢, and ¢; are arbitrary constants. In this case,
the rational Jacobi elliptic solution has the following form:

u=-Vx(q+gen(m))

x| \3[cm? - (m? - 1) ]

2 2

G —c
x | sn(&m)+ \sz - 21_

- (m

) 2 dn (&, m)

| \leem? - (m? - 1) &)

, 2
x | sn(&m)+ 574 dn(§,m)
SR P e EA

X (\/§{c1 +cen (&, m)})_l,

m? -3

3

V=

- ((c1 +gen (€, m))z)



8
x| 6 [clzm2 - (m2 - 1)632
2 1
a-c
3
x | sn(&,m) + ey g l)cgdn (&,m)
- [clzm2 - (m2 - 1)632]
_ 2
2 2
E cj B Cl d 6
x | sn(&m)+ g Y n (&, m)
-1
% (6(c, + gen &, m))z) ,

(45)
where £ = x — Vt. In the special case when m = 1, the
hyperbolic exact solution takes the following form:

Yo Vi ¢ + csech (&)
V3 [cltanh &)+ - cfsech (E)]
[cl tanh () + \/cZ — c?sech (E)]
+ )
V3 {¢ + gsech (&)}
(46)
-2 (¢, + cysech ()

6[c1 tanh (§) + \/c} - cfsech (E)]2
[cl tanh (&) + \/c¢Z — CTSech (E)]Z

6(c; + c;sech (f))2

Also, in the special case when m = 0, the trigonometric exact
solution takes the following form:

¢ + ¢ cos (&)

ﬁ[%sin(f)+ c32—cf ]
[c3 sin (§) + \/c? - cf ]
* V3{g +¢eos(®))

(¢, + ¢ cos (E))2

6[(:3 sin (&) + /¢ - cf]z
[c3 sin (§) + \/c? - cf]z

6(c, + ¢ cos (&)’

u=-V+t

(47)

v=—-1-
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4, Conclusion

In this paper, the improved general mapping deformation
method based on the generalized Jacobi elliptic functions
expansion method with computerized symbolic computation
is used to construct the exact solutions for some nonlinear
partial differential equations in mathematical physics when
the balance number is positive integer or not positive integer.
This method allowed us to calculate many new exact solutions
for nonlinear partial differential equations in mathematical
physics. The Jacobi elliptic solutions that are obtained by
this method are the generalization to the hyperbolic function
solutions and trigonometric function solutions when the
modulus m — 1andm — 0. This method is reliable and
concise and gives more exact solutions compared to the other
methods.

Appendix

The Jacobi elliptic functions sn(§, m), cn(§, m), and dn(&, m)
generate into hyperbolic functions when m — 1 as follows
(38, 39]:

sn (&, m) — tanh (x), cn (&, m) — sech (¢),

(A1)
dn (&, m) — sech (¢),

and into trigonometric functions when m — 0 as follows:

sn(&,m) — sin (§), cn (&, m) — cos (§),
(A.2)

dn(,m) — 1.
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