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Let X be an infinite dimensional Banach space, and ® : B(X) — B(X) is a nonlinear Lie derivation. Then ® is the form § + 7
where § is an additive derivation of B(X) and 7 is a map from B(X) into its center Zx,, which maps commutators into the zero.

1. Introduction

The local actions of derivations of operator algebras are
still not completely understood. One is the well-known
local derivation problem. The other is to study conditions
under derivations of operator algebras that can be completely
determined by the action on some sets of operators. In recent
years there has been a great interest in the study of Lie
derivations of operator algebras (e.g., see [1-6]). In particular,
the structure of additive or linear Lie derivation on ring or
algebra has been studied by many authors (e.g., see [7-10]).

Let X be a Banach space and let B(X) be the algebra of
all bounded linear operators on X. Some progress has been
made towards understanding the Lie derivation recently.
In [11], it was shown that letting X be a Banach space of
dimension greater than 2, if § : B(X) — B(X) is a linear
map satisfying 6([A,B]) = [6(A),B] + [A,§(B)] for any
A,B € B(X) with AB = 0, then § = d + 7, where d is
a derivation of B(X) and 7 : B(X) — CI is a linear map
vanishing at commutators [A, B] with AB = 0. In [12], it
was shown that every nonlinear Lie derivation of triangular
algebras is the sum of an additive derivation and a map into
its center sending commutators to zero. Ji and Qi [13] proved
thatletting 7 be a triangular algebra over a commutative ring
R,ifd :  — T isan R-linear map satistying 6([x, y]) =
[6(x), ¥] + [x,6(y)] for any x,y € T with xy = 0, then
6 =d+1,wheredisaderivationof 7 and1: 9 — Z(9)is
an R-linear map vanishing at commutators [x, y] with xy = 0.
Bai and Du [14] proved that letting .# be a von Neumann

algebra with no central summands of type I,,if @ : /4 — M
isanonlinear Lie derivation, then @ is of the form o+, where
o is an additive derivation of .# and 7 is a mapping of ./ into
its center Z , which maps commutators into zero.

Nevertheless, it would seem desirable to investigate non-
linear Lie derivations of B(X). The present investigation
attempts to do this by using the properties of nonlinear Lie
derivation and previous research. A map § : B(X) — B(X)
is called an additive derivation if it is additive and satisfies
O0(AB) = 6(A)B + AS(B) for any A, B € B(X). A linear map
0 : B(X) — B(X) is called a Lie derivation if §([AB]) =
[6(A), B] + [A,8(B)] for any A,B € B(X), where [A,B] =
AB — BA is the usual Lie product. More generally, a map
® : B(X) — B(X) (without the additive assumption) is a
nonlinear Lie derivation if ®([AB]) = [®(A), B] + [A, ®(B)]
for any A, B € B(X).

Recall that B(X) is called prime algebra if aB(X)b = 0
implies a = 0 or = 0. An operator P € B(X) is an idempotent
provided that P> = P. In this paper, we suppose that B(X)
is a prime associate algebra. We prove that every nonlinear
Lie derivation of B(X) is the sum of an additive derivation
and a map from B(X) into its center sending commutators to
the zero. We want to mention here that there is no additive
assumed.

2. Result and Proof

Fix a nontrivial idempotent P, € B(X) andlet P, = I — P,.
In what follows, we write &/;; = P,B(X)P; for, j = 1,2. Then



every operator A € B(X) can be written as A = le 1A
Note that A;; notation denotes an arbitrary element of &/;;.

ij*

Definition 1. Letting S be a set of B(X), we call
Zs={AeB(X)|[AB]=0, VBe S} 1)

the centralizer of S about B(X).
Clearly, Zpy, is the center of B(X).

Lemma 2. Consider that Ly, =dij+ Zyxyp 1<Si#j<2.

Proof. Itis clearly that o/;; + Zp(x) C Zypl<itjs<2
Conversely, without loss of generality, we proof that

2
Zy, © 9+ Zpy). ForanyT =%, Tj; € Z , we have

T A+ ThHA = ATy + ApTy, YA edy (2)

Thus

Ty Ay, =T, PLAP, =0, VYA € B(X), (3)

ThA,=ARTy VA, ed),. (4)
From (3), noting that B(X) is prime, we obtain T, P, = 0, that
is, T,; =0.By A;A,, € &4,, we have

T11A11A12 = A11A12T22 = A11T11A12’ 5)

(Ty,Ay — A Ty) PLAP, =0, VA€ B(X).

Since B(X) is prime, we have T};A;; = A;T};. We write
T,y = Z,P,, where Z, € Zpy,. Since A,A,, € o,,, we
have

T11A12A22 = A12A22T22 = A12T22A22)

(6)

P AP, (A Ty~ TpAy) =0, VA€ B(X).

Since B(X) is prime we have T), A,, = A,,T,,. Wewrite T, =
Z,P,, where Z, € Zp . From (4) we have

(z,-2Z,) P AP, = Z,P,AP, — P,AP,Z,P,
=T,,P,AP, - P,AP,T,, = 0. 7
So
(Z,-2,) P = 0. (8)
Thus
(Z,-2,)AP, = A(Z,-Z,)P, =0, VAeB(X). (9)
So
Z, = Z,. (10)
It follows that

T=T,+2ZP +2,P,

(1)
= T12+Zl E‘Q{12+ZB(X)' D
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Lemma 3. Consider that Zpx)=Zy NZy, .

Proof. From Lemma 2, we have

Zy,NZy = (o1, + ZB(X)) N (ey + ZB(X)) = Zpx)-
(12)
O

Theorem 4. Let X be an infinite dimensional Banach space,
and © : B(X) — B(X) is a nonlinear Lie derivation. Then
@ is the form 8 + T, where § is an additive derivation of B(X)
and 7 is a map from B(X) into its center Zp xy, which maps
commutators into the zero.

Proof. Now we organize the proof in a series of claims.

Claim 1. Consider that ®(0) = 0; moreover, T; € B(X) such
that ®(P) - [P, T;] € Zpx) and ®(A;) = PO(A;)P; +
(A T;), ®(A ;) = P;O(A ;,)P; + [A j;, T;] for arbitrarily A;; €
A (1<i#j<2).
Obviously ®(0) = ([0, 0]) = [©(0),0] + [0, P(0)] = 0.
Moreover, for arbitrarily Aij,

ji>

©(4;) = ©([P.4,]) = [®(R). Ay + [P @ (4;)]
=0 (P) Ajj—A;®@ (P) + P,® (Aij)

- ®(A;)P.

1

(13)

In (13), the left and right sides are, respectively, multiplied by
P; and P;, and we have

P®(P)PA;; = A;P;® (P) P;. (14)

In (13), the left and right sides are respectively multiplying by
Pj and P;, and we arrive at

P®(A;)P, =0. (15)

For arbitrarily A ;,
CD(Aji) = (D([Aji’PiD = [(D (Aji)’Pi] + [Aji’q)(Pi)]
=0 (Aji) P - pRo (Aji) AP ()

0 (R) A,
(16)

In the previous equation, the left and right sides are, respec-
tively multiplied by P; and P;, and we have

A ;PO (P,) P, = P;}®(P)P;A ;. (17)
This together with (14) shows that
[P® (P) P+ P (P) P A, ]

(18)
= [Piq)(Pi)Pi*'ij)(Pi)Pj)Aji] =0.
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From Lemma 3, it is that
PO (P) P, + @ (P,) P; € Zp). 19)
Denote T; = P,®(P)P; — P;®(P)P,. Therefore
@ (P) - [P,T;] = B® (P) P, + P;® (P) P; € Zpx). (20)

At the same time, [A;,T;] = P,®(P)PA;; -

ij> ~i AI]P](D(PI)PI
From (14),

(A4 T:] = P,® (P) PA,; - A;P,® (P) P,

+ PO (Pi)PiAij - A;P;® (Pi)Pj (21

=0 (Pz) Aij - Aijq) (Pz) .

Because P;D(A;)P; = 0 so by (13) we get O(A;) =
PO(A;)P; + [A;;, T].
In the same way, we can get ®(A ;) = P;P(A ;)P +

A T,

ji
Remark. It is clear that T — [T, T;] is an additive derivation.
Without loss of generality, we can assume that ®(P,) € Zpy,
and O(ofj) € o;; (1<i#j<2).

Claim 2. Consider that O(&};) € o;; + Zpx) (i =1,2).

Leti = 1, for every T}, € /,;, and write O(T};) =
Y: -1 By From ®(P)) € Zyx and [P}, A] = [A, P,], we can
get CD(PZ) € ZB(X) :

0= ([T, P,]) = [©(Tyy), P,] + [Ty, @ (P)] 22)
= (D(Tn)Pz_Pz(D(Tu)'

From this P,®(T,,)P, = P,O(T};)P, = 0. So we have B, =
B,, = 0. Forevery A,, € &,,,

0=®([T)),Ap]) = [®(T};), Ap] + [T11, P (Ay)] (23)
= By Ay — ApByy + TP (Ay,) - @ (Ay,) Ty

Thus, B,,A,, — A,,B,, = 0, and so B,, = P,Z for some €
Zp(x)- Hence

q)(Tll):BII_P1Z+Z€’Q{11+ZB(X)' (24)

The other case can be treated similarly.

Claim 3. @ is almost additive map; that is, for every T,S €
B(X), O(T +S) = O(T) — D(S) € Zpxy.
We divided the proof into several steps.

Step 1. ForeveryT;, T, andTj; (1 <i# j <2), d(T;+T}) -
O(T;;) - O(T}) € Zpx), Ty +Tj;) — O(T;) — (T ) € Zp -

Let = 1, and let j = 2. For every A,, € o1,,[T}; +
Ty, Al = [Ty, A,l; therefore

(@ (Ty; +T) Ay + [Thy + Thp, @ (Ay,)]
= [®(Ty), A + [T, @ (Ay)].
This yields [O(T;; + T;,) - ®(T};), A,,] = 0. From Lemma 2,
O (Ty, +Tyy) - @ (Ty,)
(26)
=P (O (T, +Ty,) @ (Ty)) P+ Z
for € Zpx).
Since ®(P)) € Zpyyand [P, T] = P,TP, forallT € o/}, &
A 1, ® 9 5,. We have that

(D(P1TP2) = (D([PI’T])

(27)
= [®(P),T]+[P,D(T)] = P,O(T)P,.
Then
P (O (T, +Ty,) - @ (Ty,)) P,
=@ (P, (Ty; + Ty,) P,) - @ (P, (T};) Py) 2%

= O (P,T),P, + P,T,P,) - ®(P,T,,P,)
=@ (P T,P,) = @ (T),).

It shows that (T, + T},) — ©(T};) = O(T},) + Z. The rest of
the other hand is also the same reason.

Step 2. @ is additive on &/, and &,,.
ForT,,S;, € &,,. Because T}, +S;, = [P, +T1,, P, +S;,],
by Step 1, we know that

O (T, +S,) = [®(P,+Tyy), Py +S,]

+ [P+ T, @ (P, +S),)]

[©(P) + @ (T},), Py + )] (29)
+ [P+ Ty, @ (Py) + @ (S),)]

O (T),) + D (Sy,)-

The rest is similar.
Step 3. Forany Ty, € o/1;, T, € 95y, (T}, +T,,) —O(T};) -
D(T,,) € ZB(X).
Let Ay, € oy, and [T}, + Ty, Ayl = T A, — AT,
For Step 2, we know that
(@ (Tyy +Ty) > App] + [Ty + Top @ (A4,)]
= O (T, A) + @ (-A,Ty)
= O ([T, Ap]) + @ ([T, Ayy)) (30)
= [®(Ty,), Ap] + [Ty, @ (A),)]

+[@(Ty), Ap] + [Th, @ (A},)]



So [O(T; +T5,) —D(T,) —D(T,,), Ay,] = 0. From Lemma 2,
O (T, +Ty) ~ O (Ty;) ~ @ (T) € Fyy + Zyxy.  (31)

On the other hand, from (27) we get that P, (®(T}; + Ty,) —
O(T},) — O(T,,))P, = 0. So

O (T +Tyy) = O (Ty,) - D (Ty,) € Zpx)- (32)

Step 4. ForanyT};,S;; € &;; (i =1,2),D(T; +S;;) — O(T};) -
O(S;) € Zpx)-

Leti=1.Forany A, € &1, [T} + S11, Al =T11A L +
S;14A1,. From Step 2, it is that

[ (Ty, + 1), Apy] + [Ty + 8,1, D (A )]
=0 (T)1Ap) + O (S,A4,)
=0 ([T Ap]) + @ ([S115Ar]) (33)
= [©(T1), Al + [T @ (AL,)]
+ [0 (S11) 2 Ap] + [S11, @ (A},)].

So [D(T}, +S,;) —D(T},) —D(Sy;), A},] = 0. From Lemma 2,
O (T +81) ~ @ (Tyy) —@(Syy) € Ay + Zpy (34)

On the other hand, from (27) we get that P, (®(T}; + S;;) —
DO(Ty;) — D(S4;))P, = 0. So

O (Tyy +Sy) =D (Ty,) - @(Syy) € Zyx)- (35)

The other case can be treated similarly.
Step 5. Consider that O(T}; + T); + T;;) — O(T3;) — ©(T);) -
O(T}) € Zpx).-

Leti = 1,andlet j = 2. Forany A, € & ,, [T}, + T,, +
T Al = [Ty, + Tyy, Ayl By Step 3, it is that

[ (Tyy + Ty + T1y) s App] + [Thy + Ty + Ty, @ (A),)]

= [@(T)) + @ (Ty), App] + [Ty + Thy, @ (A})].
(36)

So [O(T, + Ty, + T},) — O(T},) — O(Ty,), A},] = 0. From
Lemma 2, it follows that

O (Tyy + Ty + Typ) = @ (Ty;) = @ (Ty,)

=P (O (Tyy + Ty + Typ) =@ (Tyy) = O (Ty,)) P, + Z
(37)

for some central element Z € Zp y,. From (27) we get that

O (Tyy) = PO (Ty, + Ty, + Tyy) Py (38)
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So

O (Tyy + Ty + Typ) = @ (Tyy) = @ (Ty,) - @ (1)) € ZB((X)')
39

Similarly, (T, + T, + Ty, )~ ®(Ty)~O(T;)~D(Tyy) € Zgx-

Step 6. Forall T, S € B(X), (T +8) — O(T) - O(S) € Zpxy.
Let T € B(X),and write T = T}, + T}, + Ty, + T5,. If we
know that

O (Tyy + Tyy + Ty + Tyy) = @ (Ty) (40)
- (Ty,) =@ (T,,) - @ (T,,) € Zy(x)

then it is right.
Forevery A\, € o 15, [T, + T, + 15 + Ty, Al = [T, +
T, +T,,, A,]. By Step 5, it shows that

(O (Tyy + Ty + Ty +Tyy) s Apy]

+ [Ty + Thy + Ty + Toy, @ (A},)]

(41)
= [@(Ty,) + ©(Ty) + @ (Ty,), A),]
+ [Ty + Ty + Thy @ (Ayy)].
So
[®(Tyy + Ty + Ty +Ty)
(42)
-0 (Tu) -0 (TZI) -0 (TZZ)’A12] =0.
Because O(T,) € 9/4,, we clearly have
(@ (Tyy + Ty + Ty +Tyy) = O (T)y)
(43)

-0 (le) -0 (TZI) -0 (TZZ)’AIZ] =0.

Similarly, [T}, + Tyy + Ty + Ty, Agy] = [T11 + 115 + Tsp, Ay s
and we can obtain

[ (Tyy + Ty, + Ty +Tyy) = O (T),)

(44)
-0 (le) -0 (Tzl) -0 (Tzz) >A21] =0.
From Lemma 3,
@ (Tyy + Tyy + Ty +Ty) = @ (Ty)
(45)

— @ (Ty,) = @ (Ty,) - @ (Ty,) € Zyx)-

For every A € B(X), from Step 6, we define a mapping v
of B(X) into Zpx, by

7(A) = ®(A) - (P, AP,)
(46)
- ® (P,AP,) - @ (P,AP,) - ® (P,AP,).

Then let §(A) = ®(A) — 7(A).
In the following, we will prove that § and 7 are desired
maps.
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Claim 4. § is an additive derivation.

We divide the proof into the following steps.
Step 1. § is an additive map.

We only need to show that § is an additive on &/;;. Let
A Al ed

i’ ii>

S(Au+AL)-0(A,)-0(A))
=0 (A, +AL)-T(A;+AL)-0(A,) (47)
+7(A;) - @ (AL) +7(AL).

Thus
S(Au+AL) - 0(A,) -0 (AL) € Zpyy Ny = {0}, (48)

and so S(Aii + A;,) = 6(A11) + 8(A’”)

Step 2. For every T;;,S;; € o, T, S; € A3, Sj5 € o5 (1 <
i#j < 2),and 8(Ti,<S,-j) = 5(Tii)5ij + Tii(S(Sij)’ S(Tijsjj) =
O(T}j)S; + T;;0(S;), O(T;;S;) = 8(T;;)S;; + T;;0(S;)-
Let Ty, S;j, Ajj € of;; (i# ),
8 (TiSy) = @ (T3sSy) = @ ([T S5])
= [‘D (Tx) ’Sij] + [Tii’cD (Sij)]
= [5 (Tii)’sij] + [Tii"s(sij)]
= 8(T;) S; + Tud (Sy)
(49)
8(T;S;) = @ (T;8) = @ ([T 85])

[@(T;).8;] + [T @ (557)]
[8(7;) 855 + [13,0(85)]

= 8(T;) S+ T8 (Sy5)-

So
q (TiisiiAij) =8 (T;Si) Ajj + T;;5;0 (Aij) . (50)
On the other hand,
6 (TiisiiAij) =8(T;) SiiAij + T;;0 (SiiAij)
=8 (T;) SiiAjj + T;0 (Sii) Ajj+T;;S,6 (Aij) .
(51)
So (8(T;;S;) = 6(T;)S;;

prime, so

= T;;0(8;:))A;; = 0. Note that B(X) is

8 (T;;S;;) = 8 (Ty;) Sy + T;0 (Sy;) - (52)

Step 3. § is an additive derivation on |, ® &, & >,
and o 0 A, & A .

LetA=A,,+A,,+A, andlet B= B, + B}, +B,, bein
o, &, ® A, By Steps 1and 2, we have

0(AB) =0 [(A), + A, +Ayp) (B + By, + By)]
=08 (ABy;) +8(A1Byy) + 8 (A3By,) + 0 (Ay,By,)
=0 (Ay)By, +A;6(By;) +0(Ay,) By, + A6 (B)y)

+0(A;) By + A0 (Byy) + 6 (Ay,) By + Apd (By).
(53)

From 6(/;;) € o };, we have

ij>
5(A)B+ AS (B)
=0(A;; +A, +Ay) (B + By, +By,)

+(A;; +A,+Ay)0(By; + By, + Byy)
=8(A,;)By; + A6 (Byy) +0(A,;) By, + A6 (Byy)

+08(A,) By + A0 (Byy) +0(Ay,) By + Apd (By).
(54)

So 8(A)B+ AS8(B) = §(AB), and so § is an additive derivation
on o, @ ,®d,,. So from [15, Theorem 4.1] we can see that
d is a derivation. Furthermore, due to the main result in [6],
there exists an operator T' € B(X) such that

85(A) =T'A- AT’ (55)

forallAe o/ @, ® Ay,

Similarly, we can know that § is an additive derivation on
A\, ® Ay ® Ay, s0 there exists an operator S’ € B(X) such
that

8(A)=S'A-AS (56)
forall A e o, @ 9, & A,,.
Step 4. Consider that 8(TijS]-,-) = 8(T,~]-)Sﬁ+Tij8(Sj,~),for every
T;edSjied (I<i#j<2).

Now, we write T' = 37| Tj;and 8’ = ¥ ._,S/.. Then by
Step 3, we have that

T (A +By) = (A + Bzz)T’

, , (57)
=S (Ay +By) —(Ay; +By)S.
Forall A, € &,;, for all B,, € o,,, this shows that
(T"-8") A=A, (T'-5),
(58)

(T'=8') By, = By, (T' - §').

Multiplying the previous two equations by P, and P, from
the left respectively, we can know that

(T2’1 - S;l) A11 =0, (T1I2 - Siz) Bzz =0. (59)



6
Similarly,
! ! ! !
(Tn - Sll)All =Ay (Tu - 311)’
TI ! B _ B TI ! (60)
( 22_822) 22 — 22( 22_822)'
So
sz = Siz’ T2’1 = S;v (1)

! ! ! !
Ty, =S, = APy, Ty =Sy = AP,

for some A, A, € C.
For every A, € &/, and B,, € &,,, using (55), (56), and
(61), we get that

q (AIZBZI) -0 (AIZ) B21

= T’A12B21 - AIZBZITI

- A;,8(By))

- (T,An - A12T,) By,
-Aq (3,321 - 3215,)

= _A12321T’ + AIZT,BZI -

=(A;-
8(ByAp)—8(By) Ay, -

A125’le + AIZBZIS,
A1) ApLBy). 62)
B, 6(A),)

=S'By A, —ByuApS - (S’le - les/) A
- By (S’Alz - Alzsl)
=By A,LS +ByS' A, - By T'Ap, + BZIAIZT/

= (/12 - Al) By Ay,

Since at least one of P, or P, is of rank greater than 2, A’ €
o, and B}, € o, exist such that
A’123;1 =0, B;1A’12 #0 (63)
or
B, A", =0,  A\,B, #0. (64)

We suppose that A|,B,, = 0and B}, A, #0. From (62), we
get

7 ([412Boi]) = @ ([4%. By ]) -8 ([A1 Bai])

= [0 (A1) Bou] + [AL @ (By1)] - 8 ([ Bu])
= [8(4%,), By ] + [410,0 (B,)] - 8 ([4% B, ])
=8 (A,) By - By 8 (AY,) + AL (BY) (65)
5 (BYy) A}

(A - Az)A'uBél + (A,

A, —Ay) By AL,

- 8(A,B),) +8 (B, A))

1ol
- AI)BZIAIZ

I
—~
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From T([AIIZ,BQI]) € Zpxy and B;lA'12 #0,then A, = 1,. So

8 (A1By1) =0 (A1) By + Apd (Byy), (66)
8 (ByAr) =0(By) A, + By 8 (Ay)
forany A, € &/, and B,; € &,,. So
0 (TthJt) =0 (Tij) Sji + T;;0 (Sﬁ) ’ (67)
8(8;Ty) = 8(S;) Ty + ;0 (Ty) - (68)
LetT,S € B(X),and write T = Z” 1Tjjand S = Z” 1 Sijs

SO

8(TS) =08(Ty;S,,) + 6 (T1;S1,) + 6 (T158) + 6 (T1,S,1)
+0(T5,S1,) + 0 (T S1) + 6 (T5,S,1) + 0 (T5,85,)

=8(I)S+TS(S).
(69)
Claim 7. T sends the commutators into zero:
7([A, B]) = ®([A, B]) - 6 ([A, B])

= [®(A),B] + [A, @ (B)] - & ([A, B])

= [6(A),B] + [A, 8 (B)] - 6 ([A, B])

=0.
The proof is complete. O
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