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An experimental study on the vibration control of a single-degree-of-freedom model is carried out to verify market-based control
(MBC) strategy effect. Results show that the MBC strategy can reduce both displacement and acceleration responses. Additionally,
the MBC strategy is applied to a long-span bridge considering the travelling wave effect. Numerical simulations indicate that the
displacement and acceleration responses of the long-span bridge with the travelling wave effect are smaller than those without, and
the larger the velocity of travelling wave is, the better the control effect of MBC is. Based on the MBC theory and multimarket-
based control (MMBC) presented here it is further applied to a large-space structure considering multiple dimensional features of
structural model and ground motions. It is concluded that the MMBC strategy reduces the displacement response of the large-space
structure, especially on vertical displacements, but has limited control effects on accelerations.

1. Introduction

The concept of structural control in civil engineering was first
proposed in 1970s [1]. Since then, this technology has been
developed greatly. According to the energy source (external
or internal), structural control systems can be classified
as passive, active, semiactive, or mixed control strategies.
For active and semiactive control techniques, the control
force is often determined by the control laws. Some typical
control laws, that is, linear quadratic regulator (LQR), modal
control, smart control, H, and Hoo, and so forth, have
become hot research topics rapidly in recent years [2-5] For
general structures, these control laws usually use a central
computer responsible for the control of the entire system, but
they exhibit limitation for large complex structures due to
numerous degrees of freedom of the large complex structure.
The market-based control (MBC) as a special control theory
introduces the price mechanism of free market economy into
the field of structural control in civil engineering. The MBC
is developed based on an analogy between the relations of

control force-energy sources and those of supply-demand in
the market economy. The optimal problem of control force
from actuator is transformed to that of allocation resources
in the market.

The MBC concept was proposed by Clearwater [6]. It was
applied to solve the optimal decentralized control problem
of complex dynamic systems, allocate and coordinate the
actions of different mechatronic systems, and develop a
multi-agent system for realizing the traffic intelligent con-
trol [7-9]. In addition, some prior research works about
MBC used in various fields were carried out, such as the
telecommunication, mechanism, and mission plan [10-12].
Application of the MBC in civil engineering to reduce the
structural response under environmental loads has been
carried out after the twenty first century [13-17].

However, previous researches mainly focused on ordi-
nary structures, and few emphasized on applications of MBC
in long-span and large-space structures. There are still exist-
ing problems in applications for these kinds of structures,
such as travelling wave effect and multiple dimensions of



ground motion. The structural control technology in long-
span structure have drawn many researchers’ attention [18-
21]. Because an earthquake excitation consists of superposi-
tion of a large number of waves carrying different charac-
teristics, the different positions along a long-span structure
are generally with different motions. Bridges as typical long-
span structures; their control techniques considering multi-
support and travelling seismic wave effects have been carried
out by various researchers [22, 23]. These research results
showed that control effect had an obvious distinction between
uniform ground motion and differential ground motions.
Large-space structures generally have thousands of degrees
of freedoms and outstanding spatial characteristics; hence,
multiple dimensional features, such as the spatial model
and inputted ground motions, should be taken into account
together. Additionally, theoretical researches have verified
that the MBC is an effective control strategy, but experiments
with the approach for model or actual structure have not been
reported till now. Based on the above reason, a model test
is carried out to validate the effectiveness of MBC in this
paper, and the MBC strategy is applied to a long-span bridge
considering the travelling wave effect and to a large-space
structure considering multiple dimensional ground motion
inputs, respectively.

2. Fundamental and Experiment

2.1. Basic Theory. The main objective of this study is to
solve problems in structural control by the usage of MBC.
In the MBC, power sources and controlled devices in a
control system are abstracted to sellers and buyers in a free
market. The relationship between the energy demand and
supply in a control system corresponds to the supply-demand
relation in the free market. The supply-demand relation is
influenced by the equilibrium price, and the equilibrium
price is certainly affected by the supply-demand relation
in return. Take a virtual free market and single-degree-of-
freedom system as an illustration to show the application of
the MBC in structural control area.

The governing equation of motion for a SDOF system
with controller can be expressed as

mi () + cx (t) + kx (£) = —=F (t) + U (1), )

where x(t), x(t), and %(t) represent the displacement, veloc-
ity, and acceleration of the SDOF system, respectively; m and
k are the system mass and stiffness, respectively; c denotes the
viscous damping coeflicient; U(t) is the controlling force from
the actuator; F(t) is the environmental load.

The demand function Jj, is determined by its energy con-
sumption Qp, energy price p, and responses of the dynamic
system Y (t); the sellers’ supply function Jg is determined by
its own original energy Qg and energy price p. Buyers and
sellers both pursue their maximum interests at any time. This
process has to be restricted by commodity quantities Q,,,
and virtual wealth W, ... The relation is shown as follows:

QS < Qmax’

max Jg (Qs p)

max ]D (QDI’ b Y (t)) p- QD < Wmax'

2)
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In the free market, there is a general equilibrium rule
between the supply and demand. The rule can be expressed
as

Qs = QD- (3)

Actually, the supply-demand relation is a core of the
overall MBC theory. There have been several mathematical
models reflecting the supply-demand relation by now, such
as linear-supply and linear-demand model [14], linear-supply
and power-demand model [16], advanced linear-supply and
power-demand model, and linear-supply and exponential-
demand model [16]. Detailed introductions of these supply-
demand models can be found in corresponding references. A
simple relation of the supply function and price, linear model,
is used here as

Qs=n-p(t). (4)

And the advanced linear-supply and power-demand model
(ALPM) demand function is chosen to depict the relation of
the demand and price as

_ W (t) |ax (£) + B (1))
p)

where 7 is the parameter that reflects the energy supply, x
and x are the story-displacement and story-velocity of the
structural system and « and f3 are the weighting coeflicients.

Substituting (4) and (5) into (3), an equilibrium price is
obtained through solving (3) at any time step. The distribu-
tion of scarce resources reaches maximized benefits under
the equilibrium price. The solution of (3) is called the Pareto
optimal solution in economics [13]. Then, the control force is
written as

QD > (5)

w (#) - (ax () + Bx (1))
p ()
where K is the gain coeflicient related to the actuator.

Substitute (6) into (1); the MBC is implemented in the
structural vibration control.

U@ =-K , (6)

2.2. Experiment. A single-degree-of-freedom of structural
model is made of steel and organic glass plates. The organic
glass plate is chosen to model the floor of structure, and
steel plates are as structural elements for resisting lateral
force. Two piezoelectric ceramic thin plates are affixed on
the surface of steel plates, one of which named the PZT-1
is an exciting device at the beginning of experiment, and it
becomes an actuator to control the structural response after
the excitation and another of which named the PZT-2 is a
collecting sensor for the structural response. The structural
model and piezoelectric ceramic thin plates are shown in
Figure 1 and their parameters are listed in Tables 1 and 2.
The model vibrates under the excitation by the PZT-1 at
the beginning and the vibration makes the PZT-2 deformed
and results in electric signals change. The response of struc-
tural model is obtained from collecting and processing the
electric signals. The PZT-1 is an actuator during structural
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TABLE 1: Parameters of the structural model.
Component Mass (kg) Size (mm) Elastic modulus (Pa) Number
Organic glass 0.496 350 x 120 x 10 — 2
Steel 0.471 500 x 120 x 1 2.06 x 10" 2
TABLE 2: Parameters of the piezoelectric.
. . . . Relative freedom dielectric constant Piezoelectric constant (10" C/N)

Piezoelectric ceramic Size (mm)

€13 &1 D;, D, Dys
PZT-1 304004 1400 1550 160 350 500
PZT-2 15x15x%x0.4

(b) PZT-1

(a) Model

(c) PZT-2

FIGURE 1: Structural model in test.

model vibration. The value of control force from the PZT-
1 is calculated by the MBC strategy based on the structural
response status from the PZT-2. The whole control process is
shown in Figure 2.

Experimental devices include a PC with the MBC strat-
egy, input and out control board, and piezoelectric driving
device. All these devices are shown in Figures 3, 4, and 5.

The natural vibration frequency of model is 18.1Hz
through the swept-frequency method. When the frequency
of the environmental load equals natural frequency of the
model, the vibration response of the structural model reaches
maximum value. Thereby, the exciting load is defined as

P(t) =sin (18.1¢). (7)

Figures 6 and 7 show proportional acceleration and
displacement responses of the structural model, respectively.
The proportional acceleration is a signal measured directly
from the PZT-2. It can be transferred to an absolute accel-
eration through multipling a parameter related to the piezo-
electric. In this study, the main objective of this experiment
is focused on comparing the effectiveness of the MBC.
Therefore, the proportional response is used here directly.
It can be seen that the response of model controlled by the
MBC has an obvious reduction than that of model with free
vibration (FRE).

Figure 8 shows the relation of theoretical control force
and time, which is equal to the ratio of actual force to gain
coefficient. Figure 9 illustrates that the price has the same

| Electrical signal-1 H PZT-1 (as actuator) |

| MBC strategy | | Structural vibration |&
| Electrical signal-2 F' PZT-2 |

FIGURE 2: Experimental program.

PZT-1
(as exciter)

FIGURE 3: Computer of control system.

changing trend as the theoretical control force in time history.
The change regularity of price in the market is consistent with
that of control force from actuator illustrated efficiency of the
MBC algorithm.

3. Application of the MBC in
Long-Span Bridges

3.1. Governing Equation considering the Multiple Support. The
equation of motion for the bridge considering multi-support
is written as

[Mss Msb] {)"(s}_l_licss Csb:| {Xs}
My, My, | X, Cos Cob | Xy
JEa ISR Y
Kbs Kbb Xb Ub Pb ’

(8)
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FIGURE 5: Piezoelectric driving power.
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where M, C, and K are the mass, damping, and stiffness
matrices, respectively; U and P are the control force vectors
from actuator and environmental force; X, X, and X are
the absolute acceleration, velocity, and displacement response
vectors, respectively. Subscripts s and b stand for the structure
and the support. Equation (8) can be rearranged as

MssXs + CssXs + Kssxs = Ps_ Us_ Mszb - Cszb - Kszb'
)

The displacement X is expressed by
Xs = de + Xss’ (10)

where X4, and X, are the dynamic response and the pseudo-
static response. Additionally, for the pseudostatic response of
the structure, there is the following relation:

XSS = _KSSKSbXb = _RXb, (11)

where R = K, 'K, Substituting (10) and (11) to (9), there
is

MsstS + Css)'(ds + Kssts
) . (12)
= Ps_Us_ (MssR + Msb) Xb_ (CssR + Csb) Xb'

The damping item (Ci R + Cg))Xy, has little influence on
structural responses and can be neglected. Equation (12) is
then simplified to

Mssts + Cssts + Kssts = I“s - Us_ (MssRs+ Msb) Xb'
(13)
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FIGURE 10: Schematic diagram of the long-span bridge.

1 6 16 23 30 40 45

FIGURE 11: Finite element model of bridge.

TABLE 3: Parameters of MRD.

D(mm) L(mm) d(mm) h(mm) yp(Pas) 1., (Pa)
250 500 100 2 1 50

3.2. Supply-Demand Relation Model. In this section, linear-
supply and exponent model [16] was used as control function.
The supply function is written as

Qg; =1 p- (14)

The demand function is expressed by
Qp, =W loxg; + kgl e, (15)

where #; is the parameter that reflects the energy supply
of ith actuator, x and X are the relative displacement and
velocity at ends of the ith actuator, o; and ; are the weighting
coeflicients, W; is the initial wealth of the ith buyer, and p; is
the equivalent price of the ith actuator.

The equilibrium price p is solved through defining (14)
and (15) equal. Then, control force of the ith actuator is
expressed based on the price as follows:

Ui=mn;-p. (16)

3.3. Numerical Example. A long-span bridge shown in
Figure 10 has 660 meters length. Bidirectional sliding bear-
ings are set on the abutments and continuous piers. In order
to analyze the control effect of the long-span bridge under
the earthquake using the MBC strategy, The Taft earthquake
record (July 21,1951, the acceleration peak value is adjusted to
400 gal) is selected as an environmental load.

Planar beam elements are used to simulate piers and
beams of the bridge. The long-span bridge is modeled
with 70 finite elements and 197 freedoms. Figure 11 shows
finite element divisions and some typical nodes numbers for
convenient expression.

32 Magnetorheological dampers (MRDs) are installed
on the abutments, I and IV piers. The modified boundary
Hrovat algorithm [21] is used here for numerical simula-
tions. The maximum force from a MRD is 2000 kN. Table 3
shows parameters of these MRDs, where D is the cylinder
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FIGURE 12: Displacement and price time history of no. 6 node.

diameter, L is the effective length of the piston, d is the
diameter of the piston, / is the gap spacing, y is the apparent
viscosity of the liquid, and 7,,,,, is the maximum yield stress
of the liquid.

The traveling wave speed as the known parameter is given
during the dynamical time history analysis of the long-span
bridge considering multiple supports. In order to find the rule
of the response influenced by traveling wave, the velocities of
traveling wave v, are set at 400 ms ', 1000 ms™", 3000 ms ™",
and infinity.

Figure 12 shows the price and displacement time history
of the no. 6 node with the travelling wave speed at 3000 ms™*
It can be seen from these figures that (a) the MBC strategy
reduces displacement responses; (b) the displacement chang-
ing trend is consistent with the price response in whole time
phase. The phenomena of the energy demand increasing by
the displacement and velocity are also inflected from (4).
It also means that the energy supply also increases by the
displacement because of energy demand equaling to energy
supply. In addition, it can be drawn from (6) that energy
supply is proportional to the equivalent price. Therefore,
both the displacement and equivalent price have the same
changing trend.

Figures 13 and 14 indicate that forces of MRDs are
dependent on not only the displacement but also velocity.



In order to validate the effectiveness of the MBC with
various travelling wave speed, the reduction rate is defined
as

Xg— X

y = x 100%, 17)

Xo

where x,, and x are responses of the bridge without and with
actuators, respectively.

Figures 15 and 16 illustrate maximum displacement and
acceleration comparisons of typical nodes with various trav-
eling wave speeds. It is found that there are significantly
differences of the responses of bridge among these travelling
wave speeds. For the bridge without control, the displacement
and acceleration responses at these nodes grow with the
increase of travelling waves speeds. The greater the travelling
wave speed is, the larger the reduction rate becomes. There-
fore, effectiveness of the structural control using the MBC
without considering the travelling wave effect is superior to
that with consideration.

4. Application of the MBC in
Large Space Structures

4.1. Basic Theory. A free market, which is a large unity,
usually consists of many submarkets. The equilibrium price
of commodity in each submarket is formed depending on its
own supply-demand relation. However, the price tendency
of each submarket is toward the whole equilibrium price.
Thus, the price of whole market is a dynamic “cobweb” model,
and price of each submarket has more or less influence
on the price of the whole market. This theory based on
multiple submarkets is called the multiple market-based
control (MMBC). The advantage of MMBC can realize
the decentralized vibration control in the structural control
area through the similarity between the submarket and
substructure. In each substructure, the controlling force only
depends on its own supply-demand relation. Only the supply
and demand functions for the MMBC are introduced here,
because the framework of MMBC is similar to that of the
MBC.

The supply function of the kth seller in the jth submarket
is expressed by

Qsk,j = Mk,j Pj- (18)

The demand function of the ith buyer in the jth submar-
ket can be written as

_ W,jGij|oj Xa;+ Bij xd,i,j|
b

Qpj = »; 19)

where x;; ; and %, ; are relative displacement and velocity
of the ith seller in the jth substructure, respectively; W, ;, ¢;,
«; ;» and B ; are the initial wealth, demand coeflicient, and
weighting coeflicients of the ith buyer in the jth submarket;
pj is the price in the jth submarket; 7 ; is the parameter that
reflects the kth seller in the jth submarket.
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F1Gure 13: Control force versus displacement.
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FIGURE 14: Control force versus velocity.

Then, supply-demand relationship of whole market can
be written as

22w =D ) Qoo (20)

j=1i=1 j=lk=1

where r is the number of the actuators, # is the number of
energy demand sources, and w is the number of submarkets.
The equilibrium price p; is solved from (20) through itera-
tions. The controlling force Uj is proportional to the energy
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FIGURE 15: Displacement response with and without control at various velocities of travelling waves.

supply at the price p;. The force from actuator can be drawn
as

_ i,j “i,j
U, = -K, ,
J

Wicilaixy i+ B % |
Jj Mo, j i,j *vd.i,j
, (21)

where K; ; means the gain coefficient of controlling force from
the ith actuator of jth substructure. Substituting (21) into
the structure dynamic equation, application of the MMBC to
structure may be realized.

4.2. Numerical Example. A reticulated shell structure (RSS)
with 40 m span, 8 m high and 5 span-height ratio is shown in
Figure 17. It has four support positions at node Number 127,
140, 151, and 163. The RSS consists of two kinds of circular
4 mm thick steel tubes: one is 133 mm in diameter; another
is 140 mm in diameter. The first one is used for string bar
elements of RSS and the second is adopted for support bars.
In order to validate the effectiveness of MMBC for the large-
space structure in three dimensions, a 3-dimensional finite

element model is established and the El Centro earthquake
record (NS, May 18, 1940, the acceleration peak value is
adjusted to 400 gal) is inputted in the RSS along X, Y, and Z
directions. The MRDs are installed at node Number 133, 145,
157, and 169 shown in Figure 17. There are three MRDs, each
is aligned with X, Y, and Z directions at each nodal position.
The RSS is distributed into three substructures named as
the substructure-X, substructure-Y, and substructure-Z for the
MMBC strategy application.

Figures 18 and 19 illustrate displacement and acceleration
time history responses of the RSS with and without control.
Tables 4 and 5 show the maximum response and reduction
rate of typical nodes. It is obviously found from the above
figures and tables that the displacement response can be
controlled effectively, especially on the displacement in Z
direction. However, the effectiveness of the acceleration
controlling is limited. The reason is that the deformation
of the RSS in Z direction is larger than that in X and Y
directions, and the acceleration response is not sensitive to
such flexible RSS.



Journal of Applied Mathematics

7 7.5
6.5 ,
E Ea
‘!I} ‘UJ
E 6} £
[=} =}
g £65
< I+
855 3
g 3
< <

(=)
T

4‘5 1 1 1 1 1 1 1
1 6 16 23 30 40 45
Number of nodes
(a) v, = 600 ms™!
22
N R
20} Ny .

H
e}
{
\
II
.

—_
S
T

Acceleration (ms™?2)
—_
(o))

—_
[\S]
T

—_
(=}

1 6 16 23 30 40 45
Number of nodes

--- FRE
—— MBC

(c) v, = 3000 ms ™!

5.5 1 1 1 1 1 1 1
1 6 16 23 30 40 45
Number of nodes
(b) v, =100 ms™!
25
k“*k e -
S \\\ _____ - _.’/
'v 20 b .
E
=]
2
=
5
Q
315+ E
<
10 1 1 1 1 1 1 1
1 6 16 23 30 40 45

Number of nodes

FRE
—— MBC

(d) Consistent excitation (v, = inf)

FIGURE 16: Acceleration response with and without control at various velocities of travelling waves.

TABLE 4: Maximum displacement response and reduction of typical nodes.

Displacement (mm)

Nodes Reduction y; (%)

X Y Z X Y Z
1 2.16/1.88 1.53/1.28 5.50/3.72 12.9 15.9 32.3
9 2.14/1.86 1.41/1.19 5.94/4.15 12.9 15.8 30.1
25 2.01/1.77 1.22/1.04 7.68/5.91 12.1 15.2 23.1
27 2.03/1.86 1.45/1.19 5.67/4.42 8.8 18.3 22.1
52 2.98/2.36 2.26/1.84 4.26/3.67 20.9 18.5 13.9
85 4.39/3.74 4.95/3.71 7.59/7.11 14.8 25.1 6.4
127 6.61/6.07 6.36/5.96 10.3/9.53 8.2 6.4 7.7

Figures 20 and 21 show the price and control force time
history of three various substructures. Since the price p is
a function of supply-demand model and responses of the
RSS, it varies from different submarkets. In addition, the
same regularity and changing trend between displacement
and price in each substructure also is observed from these
figures.

5. Concluding Remarks

In this paper, a vibration control experiment is carried out
to validate the MBC effectiveness. The MBC is then applied
to a long-span bridge considering the travelling wave effect.
On the basis of MBC theory, the MMBC is presented here
and applied to a large-space structure, taking into account
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TABLE 5: Maximum acceleration response and reduction of typical nodes.
. ) . 9
Nodes Displacement (ms ) Reduction y, (%)
X Y Z X Y Z
1 4.95/4.90 5.19/5.21 4.56/4.38 0.9 -0.3 3.9
9 4.99/4.30 5.23/5.26 5.09/4.89 1.1 -0.4 3.8
25 5.11/5.06 5.17/5.18 5.95/5.71 11 -0.3 4.0
27 5.29/5.23 5.09/5.11 5.03/4.84 1.0 -0.2 3.6
52 5.46/5.46 4.95/4.90 5.65/5.56 0.0 0.9 1.5
85 5.26/5.20 4.92/4.97 9.42/6.97 1.2 -1.1 4.8
127 6.31/5.86 7.08/6.61 10.2/9.32 71 6.6 8.3
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the multiple dimensions of ground motions. The following
conclusions are drawn in this study.

(1) The experiment validates that the MBC is an effective

control strategy offering significant controlling force
and value to be applied in actual structures.

(2) The travelling wave effect has a distinct influence on

responses of the long-span bridge. The MBC strategy
can reduce displacement and acceleration responses
of the bridge both with and without the travelling
wave effects. The greater the velocity of travelling
wave of ground motion is, the larger the response of

bridge is and the better the control effect is. Therefore,
it is necessary to take the travelling wave effect into
consideration during the analysis of vibration control
of long-span structure using the MBC.

(3) As the large-space structure is commonly flexible,

especially in the vertical direction, the multiple
dimensional responses and control effect of this kind
of structure have to be considered. Numerical results
have indicated that the displacement response of the
large-space structure in the vertical direction are
usually larger than those in horizontal directions, and
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FIGURE 21: Control force time history of substructures.

the MMBC has better control effect on the displace-
ment response than the acceleration response.
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